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1 Introduction
For impulsive differential systems, most published papers deal with the problem with fixed
time impulses [1-3]. However, actual jumps do not always happen at fixed points but
usually at random points. The solutions of random impulsive differential equations is a
stochastic process. It is different from deterministic impulsive differential equations and
also it is different from stochastic differential equations. At present, the properties of solu-
tions to some integer order differential equations with random impulses have been studied
[4-8]. The existence, uniqueness, and stability of fractional differential equations without
random impulses have been shown by many authors [9-18]. However, the properties of
solutions to fractional delay differential equations with random impulses have not been
studied. In [19], the authors study the existence, uniqueness, and stability through con-
tinuous dependence on initial conditions and Hyers—Ulam—Rassias stability for random
impulsive fractional differential equations, but in that paper, the authors did not consider
delay. In some applications, besides impulsive effects, delay effects cannot be ignored.
Motivated by the above consideration, we consider fractional differential equations with
random impulses of the form

“Dix(t) = Ax(t) +f(t,x),  t# &t > to,
x(&) = be(t)x (&), k=1,2,..., (1.1)
Xey = .

Let X be a real separable Hilbert space and €2 be a nonempty set. For the sake of sim-

plicity, we denote R; = [7,+00), R* = [0, +00). Assume that 74 is a random variable defined
from Q to Dy def- (0,dy) for k =1,2,..., where 0 < dy < +00. Furthermore, assume that t;
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and 7; are independent of each other as i #; for i,j = 1,2,.... A is the infinitesimal gen-
erator of a strongly continuous semigroup of bounded linear operators S(¢) with domain
D(A) C X; the functional f : R* x C — X, C = C([-r,0],X) is the set of piecewise continu-
ous functions, r > 0; x; is a function when t is fixed, x,(0) = x(¢ + 0), 0 € [-r,0]; & = o and
E =&+ 1 for k=1,2,..., here £y € R; is an arbitrary given real number. The impulse
moments & form a strictly increasing sequence, i.e., fH = §y < & < & < -+ < limg o0 &k
by : Dy — X for each k = 1,2,...; (&) = lim,_¢ x(t) according to their paths with the
norm |[lx||; = sup,_, ;- |x(s)| for each t satisfying ¢ > £o; || - || is any given norm in X; ¢ is a
function defined from [-r, 0] to X; °D? is the Caputo fractional derivative of order 0 < g < 1.

This paper studies the properties of solutions to system (1.1) by using the theory of func-
tional differential equation, fractional differential equation, and stochastic analysis tech-
niques. Firstly, we investigate the existence of a mild solution for (1.1) by using the Leray—
Schauder alternative fixed point theorem. Secondly, we study the exponential stability in

the quadratic mean of (1.1). Finally, an example is presented to illustrate our results.

2 Some preliminaries
In this section, we shall recall some basic definitions and lemma which will be used in this
paper.

Denote by {B;,t > 0} the simple counting process generated by {§,}, that is, {B; > n} =
{&, < t}, and denote by F; the o-algebra generated by {B;,t > 0}. Then (2, P, {F;}) is a
probability space. Let Ly = Ly(2, F;, X) denote the Hilbert space of all F;-measurable square
integrable random variables with values in X.

Assume that T > ¢, is any fixed time to be determined later and 8 denotes the Banach
space B([to — 7, T1, Ly), the family of all F;- measurable, C-valued random variables ¢ with

the norm

lel= sup Elel?.

to<t<T
Let L9(£2, B) denote the family of all Fy-measurable, B-valued random variables ¢.

Definition 2.1 The fractional integral of order q with the lower limit O for a function f is
defined as

fe)
qu(t)—r(q)f (t_s)l_qu, t>0,q>0,

provided the right-hand side is pointwise defined on [0, 00), where I is the gamma func-

tion.

Definition 2.2 The Riemann-Liouville derivative of order q with the lower limit 0 for a

function f : [0,00) — R can be written as

1

L
REA R v @ (t—s)w Z

ds, t>0,n-1l<qg<n.



Zhang and Jiang Advances in Difference Equations (2018) 2018:404

Definition 2.3 The Caputo derivative of order q for a function f : [0,00) — R can be

written as

k
Cqu(t):LDq|:f(t) Zt (0):| t>0,n-1<g<n.

k=0

Definition 2.4 A semigroup {S(¢),t > fo} is said to be uniformly bounded if ||S(¢)|| < M
for all £ > ¢, where M > 1 is some constant. If M = 1, then the semigroup is said to be
contraction semigroup.

Definition 2.5 A map f: [t, T] x C — X is said to be L2-Carathéodory if
(i) t— f(t u) is measurable for each u € C;
(i) u — f(t,u) is continuous for almost all ¢ € [z, T;

(iii) for each positive integer m > 0, there exists a,,, € L'([z, T], R*) such that

sup |[f(t, u)||2 <au,(t) fortelr,T], ae.

lullp=<m

Definition 2.6 For a given T € (¢, +00), a stochastic process {x(f) € B,tp —r <t < T} is
called a mild solution to Eq. (1.1) in (2, P, {F}}) if

(i) x(¢) € B is F;-adapted for ¢t > ty;

(ii) x(to +5) = p(s) € LY(2,B) , when s € [-r,0], and

+00 k
t)—Z[Hb(r, (t - to)p(0)

k=0

an (%) / (t —$)TS(t — 5)f (s, %) ds

1111

F(l 7 ), (t—s)q 1S - sf(s,xs)ds]l[gk g0, telto, T,
where ]_[;’:m(') =lasm>n, ]_[}]-(:l. bi(t;) = br(ti)br-1(tk-1) - - - bi(7;), and Iy (-) is the

index function, i.e.,

1, ifteA,
0, ifté¢A.

I(t) =

Our existence and exponential stability theorems are based on the following theorem,
which is a version of the topological transversality theorem.

Lemma 2.1 Let E be a convex subset of a Banach space X, and assume that O € E. Let
F : E — E be a completely continuous operator, and let

U(F)={x € E:x=\Fx forsome0< X <1},

then either U(F) is unbounded or F has a fixed point.

Page 3 of 17



Zhang and Jiang Advances in Difference Equations (2018) 2018:404

3 Existence results
In this section, we prove the existence of a mild solution of system (1.1) by using the fol-
lowing hypotheses:
(H1) There exist a continuous non-decreasing function H : R* — (0,00) and § €
L'([z, T],R*) such that

E|f e, )| < s@H(EIv1?)

for every t € [t, T] and for any stochastic process y € C.
(H>) max,-,k{]_[;.(:i 15j(zj) I} is uniformly bounded, that is, there is B > 0 such that

k
Tl <2
j=i

forallteD;,j=1,2,....

Theorem 3.1 Assume (H,)-(H,) hold, then system (1.1) has a mild solution x(t), defined
on [ty, T, provided that the following inequality is satisfied:

T [e9) d
M1/ 8(s)ds</ FSS) (3.1)

where M; = 2M?* max{1, B? }m, c1 = 2M?*B2E||¢||?, and MC > %

Proof Let T be an arbitrary positive number ¢y < T' < +00. Define an operator ® : § — §
as follows:

o(t - to), t e (to—r,t),
12T, bi(T)S(E — o) (0)
i i [T by(m) [ (= 9)T1S(t = 9)f (s,,) ds
+ 1 Ji, (€= 91718 (8 = $)f (5, %) ds gy ty,1) (8), te[t, T).

DOx(t) =

First we establish the a priori estimates for the solutions of the integral equation and
A €(0,1):

Lot - to), t €[ty -1kl
2SS, bi(z)S(E - t0)g(0)
7 P l_[jzi b/(rj)f (£ —$)T71S(¢ - )f (s, %5) ds
+ g Jo, (6 =971 = ) (5,55) sl 1) 0) t € [to, T1.

x(t) =

Thus by (H1)—(H>), we have

)]

gl

k=0

[s=t)le©]
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k

l_[bi(fj)

]—l

&
,/gv (t—s)?1 ||S(t = 8)f (s, %5) H ds

2
1 t
m / (-7 St - s)f (s, %) ds}l[gk fl) (t)}

2

1St~ t0)]* | 00) |1 skskm(t)}

2o

SSERNE

k 1

" (t—s)T! HS(t —8)f(s,%5) ” ds

i-1

2
1 t
+ @ fék (t -7 St = s)f (s, %) ds:|1[§k:5k+1)(t)}

2 p2 2 2 2 (T t0)2 q-1
<2M*B*||p(0)|” + 2M> max{1,B }7“5])(2‘] ). Hf(s,xs)” ds,

2g-1
2 < 2M>B?||@))? + 2M* max |1, B*} Tt /\Vs,xs | ds,

T(g)2q-1)
E|x7
<2M*B’E[|l@|*] + 2M* max{1, B*} % E[|[f(s,2,)]*] ds
<2M*B’E[|l¢|*] + 2M* max{1, B*} % /t: 8(s)H (E[lIx112]) ds,
Jup Elll

<2M*B*E[ll¢)?]

T — 2g-1 t
20 a1, B} S /to s sup E[1l]) s

Let

et)= sup E[lxl2], telt, Tl

to<v=t

Then, for any ¢ € [z, T, it follows that

2 p2 2 2 o (T =) [
€0 < 2M°BE[ o] + 20 max{1, B} o0
-1/,

8(s)H (£(s)) ds
Denoting by u(¢) the right-hand side of the above inequality, we obtain that

Lt) <u(t), telt,T],

u(ty) = 2M*B*E|g|I* = &1

Page 5of 17
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and
T — ty)2a1
u'(t) = 2M? max{ l,Bz} ﬂcﬂt)H(Z(t))
I'g(2g-1)
(T - to)*a™

< 2M* max{1, %} 8()H (u(t)), t€ [to, T].

I'(g)(2g-1)

Then
u'(t) 9 ) w
Hu®) <2M max{l,B }1_( g )S(t) t € [to, T].

Integrating the above inequality from £, to ¢ and making use of the change of variable,

we obtain

t

u(t) d T — ¢ 2q-1
/ Bl <2M2max{1,32}(70) 5(s)ds
to

ulty) HS) — I'(g)(2g-1)
) ) (T _ tO)Zq—l T
<2M max{l,B }m S(S)ds

* ds *® ds
< — = —.
o HES)  Juw) Hs)

From the above inequality and by the mean value theorem, there is a constant K such
that u(¢) < K, and hence £(¢) < K. Since suptofuftE[HxH%] = {(¢) holds for every ¢ € [ty, T1,
we have sup, -, E[||x]|}] < K, where K only depends on T and the functions § and H,

consequently

Elxllz= sup E|x|; <K.
to<v<T
In the next steps, we will prove that @ is continuous and completely continuous.

Step 1. We prove that @ is continuous.
Let {x,} be a convergent sequence of elements of x in B. Then, for each ¢ € [ty, T], we

have

D, (1) Z[]‘[b ()S(t ~ to)¢(0)

k=

‘T Z]‘[b(f,)/ (t — )T 1S(t — 5)f (s, X, ) ds

i=1 j=i

" T gk(t—S)”I St - Sf(S,xns)dS}f[sk £11) (D)

Thus

+00 k
Dx,(t) — Ox(t) = ! b (r]) (t—s)q 1S(t—s) {f(s,xns) —f( s,xs)}
T(q)
i=1 j=i

Page 6 of 17



Zhang and Jiang Advances in Difference Equations (2018) 2018:404

+ %q) /g:(t = )18t — ) {f (s,%n,) = f (s, %)} dS:|I[¥k,Sk+1)(f),

and

— 2q-1 t
(T - to) E|[f (s, %) — £ (5,%,) | ds.

E||®x, — Px|?> < M?*max{1,B?} —————
! ! { }F(q)(2q—1) %

Thus @ is continuous.

Step 2. We prove that @ is a completely continuous operator.
Denote

By ={xeB]|xl} <m)

for some m > 0.

Step 2.1. We show that ® maps B, into an equicontinuous family.

Let x € B, and ty,t € [to, T]. If tg < t1 < £, < T, then by using (H;)-(H>) and condition

(3.1), we have

DOx(ty) — Px(ty)

+00 k
= Z|:1_[ bi(7;)S(t2 — t0)p(0)

k=0 Li=1
1 k K &
‘T ; !:,[ o i1 (b2 = )" S(t2 = 5)f (s, s
+ %q) g (ty — 8)T71S(ty — 5)f (s, xS)dS:|I[Ek'ék+1)(t2)
k

+00 k
_ Z []‘[ bi(t)S(t1 — £0)p(0)
k=0 L i=1

1 k k g
-1
* Wq) Z l_[ bj(z)) /;H (ty — s)T71S(ty — 5)f (s, %) ds

i=1 j=i

t

+ e Ekl(tl —8)T71S(t - 5)f (s, xS)dSi|I[Ekr§k+1)(t1)
+00 k

) Z{H bi(T)S(t: ~ t0)p(0)
k=0 L i=1

1 k k g
+ Wq) Z 1_[ b](f}) '/;il (tZ — S)qfls(t2 _ S)'f(s,xs) ds

=1 j=i

o

1
"T@ Js, (t2 =57t =)/ & xs)ds} (g ) (82) = gy 1,0 (81))

+oo [ k
+ Z |:l_[ bi(T)[S(t2 — to) — S(t1 — t0)](0)

k=0 L i=1
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Z]‘[ (5 f [(t2 = )78t = 5) — (1 — )78ty — 5)]f (5,5 ds

1111
1 4

1 4
Tq) b [(tz =) S(ty—5) — (81 — )T S(ty - s)]f(s,xs) ds

ty

1
+ @ i (tz—S)q—lS(tz—S)f(S,xs)ds:|1[gkyék+1)(t1).

Then
2 2 2
E||®x(t2) — Px(t1)|” < 2E|L 1 + 2E|IL 1%

where

+00 k
I = Z[H bi(t))S(t2 — to)(0)

k=0 L i=1
1 k K b & i )
+ Tq) ; l:[ l(tj) /Si_l (tg —S) (tz _ S)f(s,xs) s
1 2 1
+ Tq) /‘;k (tz - S) S(t2 - S)f(s,xs) ds (I[gk,§k+1)(t2) — I[Skvfku)(tl))

and

+00 k
L= Z |:1_[ bi(t))[S(t2 — to) — S(t1 — t0) ] (0)

k=0 L i=1

* T Z]_[b(t,)/ [(&2 = )7 S(t = 5) — (11 = )T S(t1 — 9)]f (s, ,) dis

i=1 j=i

+ %fl) ./s:l [(t2 = )77 'Sty = 5) = (t1 — )T S(t1 - 8)|f (5, %) ds

+ %q) Az(tz —8)1IS(ty — S)f(s’xS)dsi|1[5k7$k+1)(t1)~

Furthermore,

+00

Tisolise-wllvo}

E|L|? §E<

k=0

k

Z Hb(r,
=1

/ (s = 5 |S(t2 = 9)| [ 5,5 ds

2
* T )/ (2 — )7 || (22 - S)”“fS’xS)“ds:|(I[$kfk+1 (t2) - Iskskﬂ)(tl)))

= 2MZBZE||¢(0) H E(llékfk+1)(t2) - I[Ekéku)(tl))
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(T - to)*a~!

+ 2max{1,Bz}—r(q)(2q D

f [St2 = )| 5.05) | ASE (I 1) (22)

— I, (1)
< 2M*B2E||0(0) | E(ligg 1) (t2) ~ Tty (81))

(T - to)*!

2 2
+2M maX{l,B }m

t2
f 6(S)]'I(f—ﬂ'xllf) dSE(I[Skkau)(@)

to
— I, ()
< 2M2B2E||0(0) | *E(lige 0,10 (82) — T (1))

(T —to)*~t [~

+ 2M? max l,B2 _
{ }F(q)(2q—1) 0

M H(E(m)) dsE (Tigg.)(22)

— L, (1))

— 0, ast; — by,

where M™* = sup{§(¢) : t € [£, T]}.

+00 k
E|L|* < E(Z []‘[Hbi(n)u |S(t2 - t0) = S(t1 = t0) || | 0(0) |

k=0 L i=1

1 k k &

g 216 /E (62 =98t — 8
i=1 j=i -1

= (t = $)T1S(tr = ) || | (s,x,) || ds

1 o L B
) /gk (82 = )78t — 5) — (61 — 9TS(t1 — )| | s, 20| ds

t )
+ %q) /;1 (ty —s)T! ||S(t2 —s) || ”f(s,xs)n dS:|I[gk,gk+1)(t1))

< 3B[S(t2 - to) - S(t1 ~ t0) ||215 le@*

+3max{1,B } tl—to / ||(t2—s )T1S(ty — s)

— (4 —9)T1S(t -5 H Hf S, X H ds
2 (T tO

Coa e [ s s

<3B’ ||5(tz —to) - S(t1 - to)” E||(p(0)||

+3max{1 BZ}(tl—to) || (t, — $)T71S(ty — 5)

F( ) Ji
—(t1 —8)171S(8 —s)|| M*H(m)ds

) (T _ tO)Zq—l ty
[(g)2g-1) Jy

— 0, ast) — t.

M*H(m)ds
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Thus, ® maps B,, into an equicontinuous family of functions.
Step 2.2. We show that ®B,, is uniformly bounded.
From (3.1), ||x||§ < m, by (H;)-(H;), we obtain

+oo [0 k
|ox0)]* < (Z[HIWMH |S -2 [#©)]
i=1

k=0

kK &
- b . )41 S _ x d
5 LTI [ e-9fse-s]lrem]

2
F( )/ (D NI CES] d5:|1[-§k§k+1 (t))

2 2 2 2 2 (T — o)™
<2M*B*||p(0)|” + 2M* max{1, B*} )2 1)/ ’V(s,xs)” ds.

Thus

(T - to)zq—l t )
R ), el

< 2M*B’E||¢(0) |* + 2M? max {1 BZ}MH(X Iyt
- T IT@ee-n "

E| ®x(t)|* < 2M2B2E||(0) |* + 2M? max{1, B?}

This yields that the set {(®x)(¢), |x[|3 < m} is uniformly bounded, so {®B,,} is uniformly
bounded, by the Arzela—Ascoli theorem, & maps B,, into a precompact set in X.
Step 2.3. We show that ®B,, is compact.

Let ty <t < T be fixed, and let € be a real number satisfying € € (0,t — &), for x € B,,, we
define

+00 k
(Dex)(t) = Z[]’[ bi(T)S(t - 1) (0)

k=0

1 k k
"Tw 21:]1_[ (7)) / (£ = $)171S(t — 5)f (s, x,) s

1 t—e€
+ — / (t —s)171S(t — s)f (s, %) ds I g ) (8),  te(to,t—e).
Since S(t) is a compact operator, the set
He(t) = {(@ex)(0): x € By

is precompact in X for every € € (0,¢ — £y). Moreover, for every x € B,,, we have

+00 1

Dx)(£) — (Px)(2) = — tt— -15(¢ — ,sd}l,lt
@90~ (@00 = 3| s [ 9S00 0

X[ [ emorse- d]f
g[w) A L

Page 10 of 17
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By using (H;)—(Ha), condition (3.1), and ||x||2 < m, we have

2(T tO

2 )2t
E|(@n)0) - @ao; < M e / M*H(m) ds.

Therefore, there are precompact sets arbitrarily close to the set {(Px)(¢) : x € B, }. Hence
the set {(Px)(¢) : x € B,,} is precompact in X. Therefore, ® is a completely continuous
operator.

Moreover, the set U(®) ={x e B:x=1Dx for some O0<AX<1}isbounded. Conse-
quently, by Lemma 2.1, the operator ® has a fixed point in B. Therefore, system (1.1) has
a mild solution. O

4 Exponential stability in the quadratic mean

In this section, we will study the exponential stability of the second moment of a mild
solution of system (1.1). For an F;-adapted process, ®(t) : [-r,00) — R is almost surely
continuous in ¢. For the purposes of stability, we may assume that f(¢,0) = 0 for any ¢ > ¢,
so that system (1.1) admits a trivial solution. Moreover, ®(t) = ¢(¢ — £o) for ¢ € [ty — r, %]
and E[|®||? - O as t — oo.

Definition 4.1 System (1.1) is said to be exponentially stable in the quadratic mean if
there exist positive constants C; > 0 and A > 0 such that

E|x@)| < CiEllpl?e™),  t>t,.

Now we introduce the following hypotheses used in our discussion:
(H3) uH() < H(uyr) for all ¥ € R*, where > 1.
(Hy) IS@)|| < Me70) ¢ > ty, where M > 1,7 > 0.

Theorem 4.1 Assume that the hypotheses of Theorem 3.1 and (Hs)—(Hy) hold. If the fol-
lowing inequality is satisfied, then system (1.1) is exponentially stable in the quadratic
mean:

© ds

T
M2/ 8(s)ds < m, (4.1)

where My = 2M? max({1, 32}“07 = 2M2B2E[||¢|12], and MB >

Mg@q-1’ 2 = f

Proof Let ® be the map defined in Theorem 3.1. Using hypotheses (H;)—(H,), we have

=]
+00 k
<’ |:Z|: 1_[ bi()||[| St - )| 0O
k=0 i=1
1 k k &
T ; El[ bi(%;) féil (£ —5)71| St - 5)f (s,x,) | ds

2
v - Iste-artes)] ds}f[sk b <t>}
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2
M2e~2rt-0) “(p H21[5k15k+1)(t)j|

&
(t—5)T ' Me ") £ (s, )| ds

i-1

[Tes

'=i

e
[i[%ii

2
1 t

—_— — 97 M —r(t-s) X, I
* F(Q) (t S) € Hf(s x )“ ds:| [Sk,5k+1)(t):|

k
z[m?"{n””"”’) HQHM%‘”“‘@ v

|:max: H“b (%) || }:| q) Z/t (t — 5)T L Me " Hf(S,xs)H dsl[gk,gkﬂ)(t)Z
k=0 * 0

—ty)%a1
QW [ e, ds

2 p2 ~2r(t-to) 2 2 2
<2M?B le©@] +284° max{1, B e ),

T —ty) 1™
”x”? S 2M232672V(t7f0)”(p”2 +2M2max{l,32}%/ —2r(t—s “_f S, % || dS,
I'(g)(2q

Ellx|;
< ZMZBZefzr(tfto)E[”(pnz]

T — 2g-1 t
% e—2r(t—s)8(s)H(E[||x||S2]) ds

_ 2M2326—2r(t—t0)E[”¢ ”2]

T—t 2q-1 t
+2M* max{1, B*} %e’zr(”‘)) / ez’(s’tO)S(s)H(E[||x||52]) ds,
I'(g)(2q -1) o

+ 2M? max{l,Bz}

e2r(t7t0)E||x”?
< 2M°B’E[|l¢°]

_ 2q-1 t
(T-t)™ 8(s)H (e E[||x[|?]) ds,

+ 2M? max{l,Bz} NP

sup eOE|jx|
to<v=<t

< 2M*B’E[|l¢|1*]

T—t 2g-1 t
et max{1, B} (s ( sup et E[ )] .
I'(q)(2g-1) to to<v<s

Let

€)= sup ¥ VOE|x|?, teto, T].

to<v=t

Then, for any ¢ € [ty, T], it follows that

(T - o)t [t

6(t) < 2M*B*E[ @] + 2M> max{l,Bz}m 8(s)H (¢1(s)) ds

Page 12 of 17
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Denoting by u;(z) the right-hand side of the above inequality, we obtain that

El(t) = Ml(t)r te [tOr T];

ui(to) = 2M*B*E|j¢||* = ¢

and

(T —to)*!
['(g)(2q-1)
(T - )t
['(g)(2g-1)

u (£) = 2M> max{1, B>} S(H (€1(2))

<2M*max{1,B%} S(OH (ur (1)), t € [to, T

Then

(T - )t

mg(t), te [t(), T]

ui (t) 2 2
m S2M max{l,B }

Integrating the above inequality from £, to ¢ and making use of the change of variable,

we obtain
uy () d T—t¢ 2g-1 t
/ Ll < 2M2max{1,32}%/ 8(s)ds
ui (o) H(S) F(Q)(zq— 1) to
T—t 2q-1 T
< 2M2max{1,B2}¥/ 8(s)ds
M@ (2g-1) Jyy
> ds _/OO ds t e [to, ]
%) H(S) u(to) H(S), ” '

From the above inequality and by the mean value theorem, there is a constant K; such
that u,(¢) < Ky, and hence £,(¢) < K. Since sup, -, e W=)E||x||2 = £,(¢) holds for ev-
ery ¢ € [to, T], we have sup, ., €”VE|x|> < K;, where K; depends only on § and H.

Consequently,

le(t_tO)E”x”% = sup eZV(U—IO)E”x”i < 1(1

to<v<T

In the following, we proceed as in the previous theorem. Now, we will show that ® is a
completely continuous operator using a two-step proof.

Step 1. We prove that @ is continuous.

Let {x,} be a convergent sequence of elements of x in . Then, for each ¢ € [ty, T], we
have

E||®x, — Ox|}

(T —t)2at o2
I'(g)(2g-1)

— 0, asn— 0.

t
< M?max{1,B%} t=to) / e CTOE|f(s, %) — £ (5,5 | > ds
to

Thus & is continuous.
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Step 2. We prove that @ is a completely continuous operator.
Denote

By = {x€B] x|} <m}
for some m1; > 0.
Step 2.1. We show that & maps B,,, into an equicontinuous family.
Letx € B, andletty, ¢, € [ty, T]. If to < t1 < £y < T, then by using (H;)—(H,) and condition
(4.1) and then by following a process similar to Step 2.1 of Theorem 3.1, we get
E|| Ox(ty) — d>x(t1)“2 —0 ast)—t.
Thus, ® maps B,,, into an equicontinuous family of functions.

Step 2.2. We show that ®B,,, is uniformly bounded.
From condition (4.1) and (H;)—-(H,), we obtain

k
| x(t)| ) |:m]flx { [,[ |6,z 2 } }MZe—Zr(t—to) lo(0)] 2

. 2
+ 2|:n}’%x< 1, 1_[ ||bj(fi) ” }i|
]=l

1 < /t
X | =——= (t—s)q—lMe—r(t—s) (s,%,) || ds ) e, ., (t)z.
(F(q) ~J 5,29 ds | Tt

0

3

Thus

E||®x(t)|* < 2M2B2e ¥ E|p(0) |

2g-1
(T - tO) 1 e—2r(t—t0)

+2M* max{1, B*} NP

¢
X / e2r(s"’°)M*H(m) ds,

to

where M* = sup{8(t) : t € [ty, T]}. Since e? %) — 0, the right-hand side of the above
inequality tends to 0 as £ — co. That is,

||(<Dx)||[25—>0 as t — 00.

This yields that the set {(®x)(¢), [*||3 < m1} is uniformly bounded, so {®B,,,} is uni-
formly bounded.

Step 2.3. We show that ®B,,, is compact.

Let £y <t < T be fixed and let € be a real number satisfying € € (0, — t,), for x € B,,,, we
define

+oo [ k
(®ex)(6) = Z[]‘[ bi(x)S(t - 1) (0)

k=0 L i=1

Page 14 of 17
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k k §i
’ %61) > T16@) & (t=8)T'S(t = s)f (s,x) ds

=1 j=i

+%q) fé:_é(t—s)q1S(t—s)f(s,xs)dsi|1[§k,§k+l)(t), te (bt —e).

Since S(t) is a compact operator, the set
He(t) = {(q)ex)(t) ‘X € Bml}

is precompact in X for every € € (0,¢ — ty).
Making use of hypotheses (H;)—(H,), condition (4.1), and the fact that [|x[|3 < m;, we
have

(T - to)*a~!

2 2
E|(@x)(t) - (@) <M TQ)2q-1)

t
e—2r(z—t0) / le(S—t())M*H(E”xHE) ds.
t—€

Therefore, there are precompact sets arbitrarily close to the set {(dx)(¢) : ¥ € B,,, }. Hence
the set {(®x)(¢) : x € By, } is precompact in X. Therefore, ® is a completely continuous
operator.

Moreover, the set U(P) = {x € B:x = Adx for some 0 < A < 1} is bounded. Consequently,
by Lemma 2.1, the operator ® has a fixed point in . Therefore, system (1.1) has a mild
solution with ®(£) = ¢(¢—to) whent € [fo—r,ty] and E[|®||? — 0as ¢ — oo. This completes
the proof. O

5 Example
In this section, we provide an example to illustrate our main results. Consider the following

random impulsive fractional differential system:

‘Dlu(t,x) = %u(t, x) + au(x, t — r)u(x,t), t#&,
ulx, &) = qi)neu(x, &), =4,
u(t,0) = u(t,7) =0,

u(t,x) = p(t,x), -r<t<0,0<x<m.

Let X = L*([0,7]) and 7 be a random variable defined on Dy = (0,dy) for k = 1,2,...,
where 0 < dj < +00. Furthermore, assume that 7 follows the Erlang distribution, where
k=1,2,...and 7; and 7; are independent of each otheras i #j for i,j = 1,2,...; g isa function
of k; &g = tpand & = &1 + 7w for k= 1,2,..., here ¢y € R; is an arbitrary given real number.

Define A an operator on X by Au = 3275‘ with the domain D(A) = {u € X | u and 3—: are
absolutely continuous, 2273 € X,u(0) =0 = u(n)}.

It it well known that A generates a strongly continuous semigroup S(¢) which is compact,

analytic, and self-adjoint. Moreover, the operator A can be expressed as

o0
Au = an(u, Uy, u€DA),

n=1
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where u, () = %

ueX,Stu=> . exp(-n’t)(u,u,)u,, which satisfies

sinng, n € N is the orthogonal set of eigenvectors of A, and for every

[S@®)| < exp(-72(t-t0)), ¢>t.

Hence S(¢) is a contraction semigroup.

Equation (5.1) can be reformulated as the following abstract equation in X = L2([0, 7r]):

‘Diz(t) = Az(t) + f(t,z), tH&Et>T,
z(&) = bk(‘rk)Z(Ek_), k=1,2,...,

Zty = P>

where z(t) = u(-, t), i.e., z(£)(x) = u(x,t),z:(0)(x) = u(x, t + 0),t € [ty, T1,0 € [-r,0],z(t,x) =
@(t,x),t € [-r,0],x € [0,]. The operator A is defined as above. The functions f : [t, T] x
C — X and by : Dy — X are given by

f(tz) = aulx, t — r)u(x, t), bi(ti) = q(k)

where a > 0.
It is easy to check that system (5.1) has a mild solution if hypotheses (H), (H;) and the
inequality

) (T_tO)Zq—l T ooi
2max{1,B }4(261_1)”(]) /to 8(s)ds < L HE

hold, where ¢; = 2B%E||¢||%.
Furthermore, by Theorem 4.1, if the following conditions hold
(T _ tO)Zq—l T o Js

2maX{1,Bz}m ; 8(5)d5< j %,

where ¢, = 2B2E[||¢||?], then system (5.1) is exponentially stable in the quadratic mean.
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