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1 Introduction

The purpose of this paper is to establish the existence and uniqueness of solutions for
the following system of fractional differential equations with Riemann-Stieltjes integral
boundary conditions (for short, FBVP):

D§,u(t) + h(2)f (¢,v(t) =0, 0<t<l1,
D, v(t) + h(t)g(t,u®)) =0, 0<t<l1,
u©0)=u'(0)=0,  u(l)= [, u(z)dp(z),
w0)=V(0)=0,  v(1)= [y wt)dB(x),

(1.1)

where 2 < o < 3 is a real number, D, is the standard Riemann-Liouville differentiation,
B is right continuous on [0, 1), left continuous at ¢ = 1, and nondecreasing on [0, 1] with
B(0) =0, fol u(t) dB(r) denotes the Riemann-—Stieltjes integral of u# with respect to 8. Here
the nonlinear terms f,g : [0,1] x (—00, +00) — (—00, +00) are continuous sign-changing
functions and f, g may be unbounded from below, /4 : (0,1) — [0, +00) with 0 < fol h(s)ds <
+00 is continuous and is allowed to be singular at £ =0, 1.

Fractional differential equations play an important role in many engineering and sci-
entific disciplines such as physics, chemistry, aerodynamics, electrodynamics of complex
medium, polymer rheology, diffusive transport akin to diffusion, probability, electrical net-
works, etc. For details, see [1-3] and the references therein. By using a nonlinear alterna-
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tive of Leray—Schauder theorem and Krasnoselskii’s fixed point theorem in a cone, Bai and
Fang in [4] obtained the existence of positive solutions for the following singular coupled
system of nonlinear fractional differential equations:

Du=f(tv), O0<t<l,
DPv=g(t,u), 0<t<l,

where 0 <s<1,0< p< 1, D’ D are two standard Riemann-Liouville fractional deriva-
tives, f,g : (0,1] x [0, +00) — [0, +00) are two given continuous functions. Su [5] estab-
lished sufficient conditions for the existence of solutions for the following coupled system
of fractional differential equations with two-point boundary conditions:

D*u(t) =f(t,v(¢), D*v(2)), 0O<t<],
DPu(t) = g(t,u(t), D’ u(t)), 0<t<l1,
u(0) = u(1) = v(0) = v(1) = 0,

where 1 <a,8<2, u,v>0,a-v>1,8-pn>1,f,g:[0,1] X R x R — R are given func-
tions, and D is the standard Riemann-Liouville fractional derivative. Ahmad and Nieto
[6] extended the results of [5] to a three-point boundary value problem for the following
coupled system of fractional differential equations:

Du(t) =f(¢,v(t), D*v(t)), O0<t<]1,
DPy(t) = g(t,u(t),D'u(t)), O0<t<l,
u(0)=0,  u(l)=yuln),
v(0)=0,  v(1)=yv(n),

where 1 <a,<2, v,y >0, 0 —v>1,B8-u>10<n<l, yn* <1, ynflt<lf,g:
[0,1] x R x R — R are given functions, and D is the standard Riemann-Liouville fractional
derivative. Yang [7] established sufficient conditions for the existence and nonexistence of
positive solutions to boundary values problem for a coupled system of nonlinear fractional
differential equations as follows:

D*u(t) + a(t)f (¢, v(t)) =0, O0<t<l,
DPv(t) + b(t)g(t,u(t)) =0, O0<t<l,
w(0)=0,  u(l)=[) p(Oult)dt,
w0)=0,  v(1)= [y (v dt,

where 1 < o,8 <2, a,b € C((0,1),[0, +00)), ¢, ¥ € L'[0,1] are nonnegative and f,g €
C([0,1] x [0, +00), [0, +00)), and D is the standard Riemann-Liouville fractional deriva-
tive.

Inspired by the above papers and some known results on fractional differential equa-
tions with integral boundary conditions [8-30], this paper is to establish the existence
and uniqueness of nontrivial solutions to FBVP (1.1) under the conditions that the non-
linear terms f, g of FBVP (1.1) are allowed to be sign-changing and unbounded from be-
low. Finally, it is worth mentioning that the main technique used here is the topological
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degree theory, the theory of linear operators. As far as we know, there are few works that
deal with system of fractional differential equations with Riemann—Stieltjes integral con-
ditions where the nonlinear terms may be unbounded from below. The main results here
are different from [4-32, 35-37].

2 Preliminaries and lemmas

Let E = C[0,1] be a Banach space with the norm ||u|| = maxo<;<; |u(t)| for u € E. Let P =
{ue E|u(t)>0,te[0,1]}. Then P is a total cone in E, that is, E = P — P. Let P* = {g € E* |
g(u) > 0 for all u € P}. Then P* is the dual cone of P. Let E* denote the dual space of E,
then by Riesz representation theorem, E* is given by

E* = {v | v is right continuous on [0, 1) and is bounded variation on

[0,1] with v(0) = 0}.

Let E? be equipped with the norm ||(x,v)||; = |||l + ||v||. Then E? is also a real Banach
space and P? = P x P is a cone in E2. Let (u1,v1) > (u,v,) denote u; > uy, v; > v, for
(u1,v1), (U, v2) € E? and B, = {(u,v) € E? | ||(4,v)||y < r} for any r > 0.

Definition 2.1 The Riemann-Liouville fractional integral of order « > 0 of a function
y:(0,+00) — R is given by

1 t
I, y(t) = —/ (t—5)""'y(s)ds,
0+)' F((X) 0 Yy
provided the right-hand side is defined on (0, +00) pointwisely.

Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a function
y:(0,+00) — R is given by

S B AN A O
Do,y(®) = F(n—oe)(dt) /0 TR

where n = [«] + 1, [] denotes the integer part of the number «, provided that the right-
hand side is defined on (0, +00) pointwisely.

Lemma 2.1 Let o > 0. If we assume u € C(0,1) N L(0, 1), then the fractional differential
equation

Di,u)=0

hasu(t) = c;t*  +cot® 2+ -+ ent*N, ¢, €R,i = 1,2,...,N, as unique solutions, where N
is the smallest integer greater than or equal to o.

Lemma 2.2 Assume that u € C(0,1) N L(0,1) with a fractional derivative of order a > 0
that belongs to C(0,1) N L(0,1). Then

I, Dy, u(t) = u(t) + at® et 2yt ™N

forsomec; €R,i=1,2,...,N, N is the smallest integer greater than or equal to a.
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Lemma 2.3 ([31]) Giveny € L(0,1) and 2 <« < 3, then the unique solution of

D§,u(t) +y()=0, 0<t<l,
u(0)=u'(0)=0, u(1)=0,

is u(t) = fol Gol(t,8)y(s) ds, where

e P
_ e » U=s=i=4
Gol6s9) =\ gt 0<i<s<l

Fle) 7

Lemma 2.4 ([31]) The Green function Gy(t,s) has the following properties:
(1) T(a)k(t)qls) < Go(t,s) < (e = 1)q(s) for t,s € [0,1],
(2) T(@)k(t)q(s) < Go(t,s) < (o — 1)k(¢) for t,s € [0,1],

where

oa-1(1 _
kp) = 10 F((fx ) 2

_s(1- 5)%1

) q(s) T

By Lemma 2.1, the unique solution of the problem

D u(t)=0, 0<t<l,
u(0) = #/(0) =0, u(l) =1,

is u(¢) = t*1. Then it is easy to verify, as a consequence of Lemma 2.3, that FBVP (1.1) is
equivalent to the system of perturbed integral equations

ut) = [ Golt, s)h(s)f (s, v(s)) ds + £ [ u(z) dB(z), 1)
W(t) = [y Golt,s)h(s)g(s, u(s)) ds + £ [, v(z) dB(2). '
Define I' = fol "1 dB(¢), gg(s) = fol Go(t,s)dB(t). Then we have the following lemma.

Lemma 2.5 Given y(t) € C(0,1) N L(0,1) and 2 < o« < 3, then

Dgu)+y(t) =0, O0<t<l,
w(0)=u'(0)=0,  u(1)=f, u(r)dp(r),

has the unique solution
1
u(t) = f G(t,s)y(s) ds,
0

where the Green function G(t,s) is given by

a-1

1-T

G(t,s) = g5(s) + Go(t,s), t,s€(0,1]. (2.2)
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Proof Multiply (2.1) by dB(¢£) on both sides and integrate over [0, 1] to obtain

1 1 1 1 1
fo u(t) dB(8) = /O /0 Golt, )y(s) ds dB(z) + /0 = /0 u(x) dB(z) dB(®)
1 1 1 1
= Gy(t, dsd a1 d .
/0 /0 o(6,5)y(s) ds dB() + fo 1 dp(2) /O u(r)dp(z)
Consequently,
1 1 1 1
/0 u(®)dp(e) = —— /0 /0 Golt,s)y(s) dsdp (o).

Replacing fol u(t)dp(r) in (2.1) with the above equality, we obtain

1 a—-1 1 1
)= [ Gutespods+ - [ ([ Gaterasoyoas

1 tot—l
= /0 (Go(t,s) + . Fgﬁ (s))y(s) ds

1
= / G(t,9)y(s)ds.
0

Reversely, if u(f) = [, G(t,s)y(s) ds, then u(0) = 0 and u(1) = [; u(zr)dB(z) via (2.1). Ac-
cording to Definition 2.2, Lemma 2.3, and Lemma 2.4, D{, u(t) + y(¢) = 0 holds. a

By Lemma 2.5, (#,v) € E? is a solution of FBVP (1.1) if and only if

u(t) = [, Gt,s)h(s)f (s, v(s)) ds,
v(t) = fol G(t,5)h(s)g(s, u(s)) ds.

Define
1
(Alv)(t)zf G(t,s)h(s)f(s,v(s)) ds,
0

1
(Ayua) (1) = / Glt, h()g (s, u(s)) ds,
0

A, v)(2) = ((A1v)(@), (A2u)(2)).

It is easy to show that A : E2 — E? is a completely continuous nonlinear operator, and if
(u,v) € E? is a fixed point of A, then (i, v) is a solution of FBVP (1.1) by Lemma 2.5.
For any u € E, define K : E — E as follows:

1
(Ku)(t):/0 G(t,s)h(s)u(s)ds, ueckE. (2.3)

Then K : E — E is a completely continuous linear operator and K(P) C P holds. Since
h e C(0,1) N L(0,1) with fol h(t)dt > 0, by [32], the spectral radius r(K) of K is positive.
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The Krein—Rutman theorem [33] asserts that there exist ¢ € P\ {0} and w € P*\ {0} cor-
responding to the number A; = 1/r(K) relative to K such that

MKo=¢ (2.4)
and
MK*o=w, o()=1. (2.5)

Here K* : E* — E* is the dual operator of K given by

s 1
(I(*V)(s):/(;/o G(t, t)h(r)dv(t)dr, veE".

Now we testify that K* : E* — E* is the dual operator of K. In fact,

1 1 1
K*v(s), = dK*v(s) = G(t,s)h(s)dv(t)d
< v(s) u(s)) /0 u(s) v(s) /0 u(s) /0 (t,8)h(s) dv(t) ds

1/ p1
= / (/ G(t, s)h(s)u(s) dS) av(t)
o \Jo

1
= /0 (Ku)(2) dv(2) = (v(2), (Ku)(2)).

So K*: E* — E* is the dual operator of K.
The continuity of G, the integrability of /4, and the representation of K* induce that
w € C1[0,1]. Let e(t) := '(t). Then e € P\ {0}, and (2.5) can be rewritten equivalently as

1

1
r(K)e(s) :/ G(t, s)h(s)e(t) dt, / e(t)dt=1. (2.6)
0 0

Lemma 2.6 Let 0 <T = [}t dB(t) < 1 and gs(s) = [, Golt,s)dB(¢) > 0 for s € [0,1],
then there exists § > 0 such that Py = {u € P | fol u(t)e(t)dt = §|\ull} is a subcone of P and
K(P) C P,.

Proof Let § = fo 1; e(t )dt. It is obvious that G(t,s) > 0 holds for t,s € (0,1). By
Lemma 2.4 and (2.2),

g1 1 s(1—=s)2t N g5(s)

G(t,s) = Go(t,s) + _Fgﬂ(s)SGO(t’s)+1 ré 8s(s) = MNa-1) 1-T

and

~ ! (1-0s[t@ -5)]*"" (1 -t)t*gg(s)
Glts) = Golbd) + T r&) = . T M- " @-DI-1)

(=t (s(1-9)*" gpls)
T a1 (r(a—1)+1—r)'

Forany u € P,

1
s/ (S(l"s) +g“())h(s)u(s)ds.
0

1
/ G(t,8)h(s)u(s)ds Ma—-1)

0

max |(Ku)(t)| = max
tel0,1] 0,1]



Liu et al. Advances in Difference Equations (2018) 2018:306 Page 7 of 15

Then we have
1 1 pl
/(I(u)(t)e(t)dt:/ / G(t, s)h(s)u(s) dse(t) dt
0 0o Jo

Pt a-get (s0-9 ghls)
Z/o /o a-1 ( T(a-1) + I_F)h(s)u(s)dse(t)dt

1 a-1 1 a-1
- [ ewa [ (TS Y o s

L -pe!
- | U=08 tyat - 1Kul
0 a-1
= §||Kul.
That means K(P) C P,. O

Lemma 2.7 ([34]) Let E be a real Banach space and Q2 C E be a bounded open set with
0 € Q. Suppose that A : Q — E is a completely continuous operator. (1) If there is y, € E
with yo # 0 such that u # Au + Wy, for all u € 9Q and p > 0, then deg(l — A,2,0) = 0.
(2) If Au # pu for all u € 92 and > 1, then deg(I — A, 2,0) = 1. Here deg stands for the
Leray—Schauder topological degree in E.

Lemma 2.8 Assume that the following assumptions are satisfied:
(Cy) There exist ¢ € P\ {0}, w € P*\ {0} such that (2.4), (2.5) hold and K maps P into P.
(Cy) There exists a continuous operator H : E — P such that

[ Hul + [1HvI]

lul+Ivii—+co  ||u]| + V||
(C3) There exist two bounded continuous operators F,G : E — E and uy, vo € E such that
(Fv + vy + Hv, Gu + ug + Hu) € P2 for all (u,v) € E%.
(C4) There exist mg,ng € E and ¢ > 0 such that (KFv,KGu) > (A(1 + ¢)Kv — KHv —

mo, M (1 + £)Ku — KHu — ng) for all (u,v) € E%.
Let A1 = KF, Ay = KG, A(u, v)(t) = (A1v)(t), (Aau)(t)), then there exists R > 0 such that

deg(I - A,Bg,0) =0,
where B, = {(u,v) € E2 | ||(,V)||1 < 7} for any r > 0.

Proof Choose a constant lp = (5A1)7 (1 + ¢71) + |[K|| > 0. By (Cy), for 0 < &g < [y?, there
exists R; > 0 such that ||u|| + ||v|| > R; implies

| Hull + |Hv|| < 80(||M|| + ||V||)' (2.7)
Now we shall show
(0, v) ZA(u,v) + n(¢p,¢) forany (u,v) € 3B and u >0, (2.8)

provided that R is sufficiently large.
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In fact, if (2.8) is not true, then there exist (¢1,v1) € dBg and w1 > 0 satisfying

(Ll, V) =A(u, V) + /’L(¢7 ¢)’ (29)
that is,
(u1,v1) = (KFvy + 19, KGuy + [419). (2.10)

Since ¢ € P\ {0}, e(t) € P\ {0}, fol ¢(t)e(t)dt > 0. Multiply (2.10) by e(¢) on both sides
and integrate respectively on [0, 1]. Then by (C,), (2.6), we get

1 1 1
/ ul(t)e(t)dtz/ (I(Fvl)(t)e(t)dt+u1[ o(t)e(t) dt
0 0 0
1 1
a1 G(t,s)h d d
> (1 +0) /0 /0 (8, h(s)va (s)dselt) dt
1 1
—/ (I(Hvl)(t)e(t)dt—/ mo(t)e(t) dt
0 0
1,1
:k1(1+§)/0 /(; G(t,s)h(s)vi(s)e(t) dsdt
1 1 1
—/ / G(t,s)h(s)(Hvl)(s)e(t)dsdt—f mo(t)e(t) dt
0 Jo 0
1r p1
= (1 G(t,s)h d d
W +¢>/0 [/0 (£, 9(s)e(t) t}vl(s) 5
1 1 1
—/ |:/ G(t,s)h(s)e(t)dt](Hvl)(s)ds—/ mo(t)e(t) dt
o LJo 0
1
:k1(1+§)r(1()/ e(s)vi(s)ds
0
1 1
&) | (H ds — d
H(K) /0 (Hv1)(S)els) ds /0 molt)e(t) dt
1
=(1 d
(1+¢) /0 n(0)elr) dt

— r([()/l(Hvl)(t)e(t) dt — /lmo(t)e(t) dt,
0 0

and

1 1 1
/ vi(t)e(t) dt =/ (KGuq)(t)e(t) dt + le o(t)e(t) dt
0 0 0

1 1 1
> (1+§‘)/o uy(t)e(z) dt—r([()/o (Hul)(t)e(t)dt—/(; no(t)e(t) dt.
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According to the two above inequalities, we obtain

! 1
/ [#1(2) + vi(0)Je(t) dt = (1 + C)/ [1(8) + v1(0)Je(t) dt
0 0
1
KK / [(Hu) () + (H) (0)] (o) de
0
1
- / [m0(2) + no(t) Je(t) dit.
0

Then we derive

1 1
/ [12(6) + v (O]et) de < ¢ [r(K) / [(Hu)(0) + (H)(O)]elt) de
0 0
1
+/ [mo(t)+n0(t)]e(t)dt:|. (2.11)
0

By computation, we obtain

1 1
/ (KHu,)(t)e(t) dt = r(K)/ (Hu,)(t)e(t) dt,
0 0
1 1 (2.12)
/ (KHv1)(t)e(t) dt = r(K)/ (Hv1)(t)e(t) dt.
0 0

By (2.6), (2.7), (2.11), and (2.12), we get

1
/ [ul(t) +v1(t) + (KHvy)(t) + (KHu) () + (Kuo)(2) + (Kvo)(t)]e(t) dt
0
1 1
Sg_l[r(l()/ [(Hvl)(t)+(Hu1)(t)]e(t)dt+/ [mo(t)+n0(t)]e(t)dt]
0 0
1 1
+r(K)/ (Hul)(t)e(t)dt+r(1<)/ (Hv1)(t)e(t) dt
0 0
1 1
Ki d Ki d
+ [ ) oewe s [ (Kuooett ds
1
=0 ) [0 + () O]t e
1 1
+§"1/ [mo(t)+n0(t)]e(t)dt+/ [(Kuo)(2) + (Kvo)(2) |e(t) dt
0 0
1

< MU+ )P (1 Hul + [ ]) + ¢ fo [mol) + mo(D)]elt) dt

1
+/ [ (Kuo)(2) + (Kvo)(2) |e(?) dt
0

<M+ OrE)eo(lluell + VI + 1, (2.13)

where I; = ¢ 71 [/ [mo(t) + no(t)le(t) dt + [, [(Kuo)(£) + (Kvo)(1)]e(?) dt is a constant.
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(Cs3) shows (Fvy + vo + Hvy, Guy + ug + Huy) € P? and (C;) implies p1¢ = 1A K¢ € Po.
Then (Cy), (2.10), and Lemma 2.6 tell us that

u1 + KHvy + Kvg = KFvy + ¢ + KHv, + Kvg = K(Fvy + Hvy + vg) + 1¢ € Py,

v1 + KHuy + Kug = KGuy + pi1¢ + KHuy + Kug = K(Gvy + Huy + ug) + (119 € Po.

The definition of Py yields
1
/ (1 + KHvy + Kvo)(2)e(t) dt > 8|luy + KHvy + Kvg|| = 8|luz || — 8| KHv1 || - 8| Kvoll,
0
1
/ (v1 + KHuy + Kuyg)(t)e(t) dt > 8||v1 + KHuy + Kugl| > 8||v1 || — 8||KHuq || — 81| Kuo|,
0
where § is given in Lemma 2.6. By adding the above two inequalities, we obtain

1
/ (u1 + v1 + KHuy + KHvy + Kug + Kvg)(t)e(t) dt
0
> 8(Ivall + lleell) = 8(IIKHu || + | KHvy [[) = 8 (|| Kutoll + [ Kvo]l). (2.14)

It follows from (2.7), (2.13), and (2.14) that

1
lul + v1]l < 6_1/ (u1 + v1 + KHuy + KHvy + Kug + Kvg)(t)e(t) dt
0

+ |[KHuq || + [|IKHv1 || + || Kuo || + | Kvol
<eo(dnn) " (1 + 27 (llaaall + lvall) + 487"
+&olIK - (Naa |l + [lvall) + 1 Kutoll + [ Ko
= eolo([lur ]| + [vall) + L2, (2.15)
where I, = [;871 + || Kug|| + ||Kvg|| is a constant.

Since 0 < gglp < 1, then (2.15) deduces that (2.8) holds provided that R is sufficiently large
such that R > max{l,/(1 — eolp), R1}. By (2.15) and Lemma 2.7, we have

deg(I — A, Bg,0) =0. |

3 Existence
Theorem 3.1 Assume that the following conditions are satisfied:
(A1) f,£:10,1] x R — R are continuous.
(Ay) There exist nonnegative functions b;(t), c;(t) € C[0, 1] with ¢;(t) # 0 and two contin-
uous even functions B; : R — R* such that

ft,x) > =b1(t) —c1(t)B1(x) forallx eR,

g(t,y) > =by(t) — c2(t)Ba(y) forally € R.

. . . . B; .
Moreover, B; is nondecreasing on R* and satisfies lim,_, ,oo == =0, (i=1,2).
X
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gty
y
(Ag) limsup,_,, |f(;'x) | <A, limsup,_,, |‘@| < Ay, uniformly on t € [0,1].
Here Ay = 1/r(K) is a number and the operator K is defined by (2.3).

Then FBVP (1.1) has at least one nontrivial solution.

(As3) liminf,_, o f(;’x) > Ay, liminf,_ . > A1, uniformly on t € [0,1].

Proof We first show that all conditions in Lemma 2.8 are satisfied. By Lemma 2.6, con-
dition (C;) of Lemma 2.8 is satisfied. (T;u)(¢) = B;(u(t)) (i = 1,2) for any u € E. Obviously
Ty, T, : E — P are continuous operators. By (Aj), for any ¢ > 0, there is L > 0 such that
when z > L, Bi(z) < ez holds. Thus, for w € E with ||w| > L, B;(||wl|]) < ||w|| holds. The fact
that B; is nondecreasing on R* yields (T;w)(t) < T;(]|w|) for any w € P, t € [0,1]. Since
B;:R — R* is an even function, ||T;w| < T;(||w||) holds for w € E. Therefore,

ITiwll < Ty(Ilwll) < ellwll, Vw e E with [w] > L,

that iS, lim”W”_>+oc % =0

Define (Hw)(t) = max{Ci(T1w)(t), Co(Tow)(¢)} for any w € E, t € [0,1], where C; =

. . T . T: T;
maXe(o,1) Cl'(lf), i=1,2. By hm”W“%m % =0, llm”u“.f.”'v”*)_*.w % = 0 holds. There-
fore Timy4 jyj—+o00 W = 0 holds. Then we obtain that H satisfies condition (C,) in

Lemma 2.8.
Take vo(£) = by = maxyep) b1(t) > 0, uo(t) = by = maxeeo1) b2(t) > 0, and (Fv)(t) =
f(t,v(®), (Gu)(t) = g(t, u(t)) for t € [0,1], (u,v) € E?, then it follows from (A;) that

(Fv + vo + Hv, Gu + up + Hu) € P> forall (u,v) € E2,

which shows that condition (C3) in Lemma 2.8 holds.

By (As3), there exist €; > 0 and a sufficiently large number L; > 0 such that
S x) = (1 +e1)x, gt,y) = (L +er)y, VYxy=>L. 3.1)
Combining (3.1) with (A;), the above constants by, b, satisfy

f&,%) = M1 + &1)x — by — c1B1(w),

g(t,y) = A (1 +6e1)y—by—c3B1(y) forallx,yeR,
and so

(Fv,Gu) > (Al(l +&1)v—by —Hv, \{(1+&1)u— by —Hu) for all (u,v) € E2. (3.2)
Since K is a positive linear operator, from (3.2), we have

((KFv)(0), (KGu)(t)) = (A1(1 + &1)(Kv)(2) — Kby — (KHV)(2),

A1+ e1)(Ku)(t) — Kby — (KHu)(t)) vt e [0,1], (u,v) € E%.

Let mq(t) = (Kb1)(2), no(t) = (Kb,)(t). Then condition (C4) in Lemma 2.8 is satisfied.
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According to Lemma 2.8, we derive that there exists a sufficiently large number R > 0
such that

deg(I — A, Bg,0) =0. (3.3)
From (A4), it follows that there exist 0 < &5 < 1 and 0 < » < R such that

[ft,x)] <(M-ehalxl,  |gty)| < (1 -e)Mlyl,

vt € [0,1],x,y € R with |x| <r,|y| <r.

Thus

|A1)(0)] < A=) (KIVI)(®),  (A)(©)] < (1 = e2)hq (K]ul ) (2),

Vt e [0,1],u,v € Ewith |lu|| <r,|v| <r. (3.4)
Next we will prove that
(t,v) # wA(u,v) forall (u,v) € 3B, and u € [0,1]. (3.5)

If there exist (u1,v1) € 9B, and u; € [0,1] such that (i1, v1) # wA(uy,v1), that is,

1
() = Um0 =1 [ Gl (s ) ds
1
vi(t) = (Aqu)(t) = M1/ G(t,5)h(s)g (s, u1(s)) ds.
0
Let z(¢) = |u1(t)| + [v1(¢)|. Then z € P and by (3.4),

2(t) < (1 - &2 [ (Klua]) (2) + (K|w1])(@)]
= (1= e)A1 (K (Jua| + [v1])) (#) = (1 - £2)M1 (K2)(2).

The nth iteration of this inequality shows that z(t) < (1 — &2)"A[(K"2)(¢) (n =1,2,...), so
llz]l < (1—e2)" A |IK"| - |Iz]|, thatis, 1 < (1—g2)"A}||K™||. Thisyields 1 -&3 = (1—g2)A11(K) =
(1 - &2)A limy,, oo /[IK™]| = 1, which is a contradictory inequality. Hence, (3.5) holds.
It follows from (3.5) and Lemma 2.7 that
deg(I - A,B,,0)=1. (3.6)
By (3.3), (3.6), and the additivity of Leray—Schauder degree, we obtain

deg(I — A, Bg \ B,,0) = deg(I — A, Bg,0) — deg({ — A, B,,0) = —1.

So A has at least one fixed point on By \ B,, namely FBVP (1.1) has at least one nontrivial

solution. 0
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4 Uniqueness
Theorem 4.1 Assume that (A1)—(A4) are satisfied. Moreover, the following conditions are

satisfied:
(A5) 0< fo 28(8)h(s) ds < +00 and there exists a constant k < fo a—al)l + ‘%(;))h(s) ds]™!
such that

[f(t,x) —f(t,y)| <klx-yl, |g(t,x) —g(t,y)| <klx—y| foranyx,yeR.

Then FBVP (1.1) has a unique solution.

Proof 1t follows from |f(¢,x) — f(¢,y)| < klx —yl, |g(¢,x) — g(t,y)| < k|lx — y| for any x,y € R
that (A;) holds. Then by Theorem 3.1, FBVP (1.1) has at least one nontrivial solution.

Suppose that FBVP (1.1) has two different solutions (u;(¢), v1(£)) and (u2(t), v2(2)). By

Lemma 2.6, G(¢,5) < 1 =5 a1)1

[y — || = max [(A1v1)(2) — (A1v2)(0)]
te[0,1]

< max] fl G(t, s)h(s)V(s, V1 (s)) —f(s, V2(S)) ’ ds
0

te[0,1

1
< Kl = val max / G(t, $)h(s) s

_ a1
<t [ (RLs e £ Vs as

<|lvi=mnll,

v = vall = max |(A2u1)(2) — (A2u2)(2)|
te[0,1]

1
< max / G(t, s)h(s)[f(s, ul(s)) —f(s, ug(s))’ds

te[0,1] 0

1
< kl||u1 — us| max/ G(t,s)h(s)ds
te[0,1] 0

_ -1
< Kfjur - mn/((rl(as’l) gﬂ”)h()

< w1 — ua|l.

By adding the above two inequalities, we obtain [|v; —va || + |l1 — o || < [|vi —vall + |41 —ua ],

which is a contradictory inequality. Therefore (11 (), v1(2)) = (u2(t), v2(¢)) and FBVP (1.1)
has a unique solution. O

5 Examples
Example 5.1 Consider FBVP (1.1) with

07 [0,%7
BO=1% (32,

1 2

E} §71]r
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h(t) = —Jt(11—_t) and
Fon) Y (=1ia;—(1+ t2)|x|% In(l| +1) + (1 +t2)1In2, xe(-o0,—1),
’x = .
Yo ax', x € [-1, +00),
“.5) Y =a -1+ t4)|y|% ln(|y|% +1)+(1+tYIn2, ye(-o0,-1),
g\Ly)= .
Z?:l aiyl’ VAS [_1: +OO):

where 0 < a; < Ay, a, > 0. Obviously, " = fol 1 dpt) = 23+ 23 < Z <1.Thenh
is singular at £ = 0,1 and f, g are unbounded from below. Take ¢; () = 1 + £, c5(t) = 1 + %,
i)=Y " ai+ (1 +t*)In2, by(t) =Y " a; + (1 + t*)In2, By (x) = x|3 In(jx| + 1), By() =
|x|% 1n(|x|% + 1). Then all the conditions in Theorem 3.1 are satisfied. Therefore, FBVP

(1.1) with the above B(¢), h(¢), f(¢,x), g(¢, ) has at least one nontrivial solution.

Example 5.2 Consider FBVP (1.1) with

O’ [0’ l)’
pey=y, °
37 [§: 1])
—a1 -1 +)In(lx| + 1)+ (1 +£2)1In2, xe(-00,-1),
Sf(tx) =g(t,x) = { arx, xe[-1,1),
ar+ayIn(x+1)+a; —ay —axIn2, x € [1,+00).
h(t) = %ﬂ, where 0 < a; < Aq < ay.

2(5a2+2)/t(1-t)

Take c;(¢) = 1+ 2, b;(t) = a; + (1 +£2)In2, Bi(x) = In(|x| + 1), i = 1,2. Then (A,) is satisfied.
The choice of a;, a, guarantees that (A3) and (A4) are satisfied. By some simple compu-
tation, we obtain that I" = fol L dB(t) = 3% <L |[ft,x) = f(&,y)] < (a1 + %ﬂg + Dx—yl,
lg(t,%)~g(t,9)| < (a1 +3az +1)|x—y| forany x,y € Rand fol(s(;(ofi[xlgl + gl‘i(li) Ya(s) ds < @.
Hence (As) holds. So FBVP (1.1) with the above S(¢), k(t), f(¢,x), g(¢, ) has a unique solu-

tion.
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