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Abstract

A coupled two-dimensional lattice presented by Blaszak and Szum is studied with the
aid of Riemann-theta function and the bilinear method. By utilizing a bilinear form of
the equation, we have obtained one-periodic and two-periodic solutions. In order to
analyze the solution, we study asymptotic behavior and draw the solution plots.
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1 Introduction
The subject of the discrete system has been attracting interest [1-3]. Especially, Toda lat-
tice equations have been discussed by many researchers. In [4], Dai was dedicated to the
study of integrable variable-coefficient Toda lattice by using the dressing method. Naka-
mura in [5] discussed the 3 + 1-dimensional Toda equation and derived the solutions by
using the Bessel functions. The authors in [6] obtained the solutions of 2 + 1-dimensional
Toda lattice by using Darboux transformation. Tian and Hu discussed semi-discrete KP
and BKP equations by utilizing nonlocal symmetries in [7]. By using the Hirota bilinear
method with the help of Riemann—theta function, Nakamura [8, 9] studied some famous
equations such as KdV, Boussinesq, Toda, etc., and Dai et al. demonstrated for KP equa-
tion and Toda lattice [10, 11]. Recently, a lot of researchers have been concerned with the
method [12-15]. However, the coupled discrete system and high-dimensional equations
have less been studied in the previous literature.

In this paper, we consider the two-dimensional lattice presented by Blaszak and Szum
in [16]:

u(n) = u(n)(w(n) — wn - 1)),
vi(n) = u(n + 1) — u(n) + wy(n), (1.1)
we(n+ 1) + wi(n) =v(in + 1) — v(n) — w?(n + 1) + w?(n),

which is a coupled discrete system. Tam and Hu in [17] discussed its bilinear forms and its
solutions. Yu et al. [18] derived its pfaffianization and molecule solutions. We will obtain
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one-periodic solution and two-periodic solution by utilizing the bilinear method and the
Riemann-theta function presented in [8—10].

The paper is organized as follows. In Sect. 2, we obtain one-periodic wave solution and
study its asymptotic behavior. The solution is also studied graphically. In Sect. 3, we obtain
two-periodic wave solutions whose asymptotic behaviors are studied and the plots are
given.

2 One-periodic solution and its asymptotic behavior
In the section, we study one-periodic solution of (1.1). Through the transformation [17],

fn+1)f(n-1) ) DX (n) - f(n+1)

=" " ffne
2.1)
v = (wFZ8)
then (1.1) can be written as
(D.e3Pn — D2e3Pn 4 ¢))f(n) - f(n) = 0, (2.2)
(D:D, - D;D, — 2coshD,, +2 + co)f (n) - £ () = 0, 2.3)

where z is an auxiliary variable, ¢; and ¢, are integration constants. The Hirota bilinear
differential operator is defined as [19]

Dy'Djja(x,y) - b(x,y) = (3, — 0)"(3y — dy)"a(x,) x b(x,y)|x =%,y =y
and the difference operator is defined as

e”a, b, =apab,1,  e"ay-by=a, 1by.,

coshD,a, - b, = %(ambm +ap1bp1).
From the definition of Hirota bilinear operator, we have

DDt - e = (1= 1) (o1 = p)/ e,
where & = [ix + pjy + njn + jo (j = 1,2). Moreover, it is easy to deduce

coshD,e! - €82 = cosh(iy; — 12)€s1%%2, (2.4)
G(Dy, Dy, coshD,)et - € = G(ly — Ly, p1 = pa, 1 — 12)€ 2. (2.5)
2.1 One-periodic wave solution

In view of [8, 9], we consider the Riemann—theta function solution of the bilinear form
(2.2) and (2.3)

f= Z iR+ 2T ) (2.6)

kezN
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where (-,-) is the inner product, k = (ky,...,kx)7, ¢ = (¢1,...,¢x)T and 7 is a symmetric
matrix, §; = pjt + iy + iz + njm + &oj (= 1,...,N). In order to obtain one-periodic wave
solution, we consider the case for N = 1, and we denote k = ky, £ = &1, {o = {o1. The direct
calculations show that wi(tk, k) = wik?t, 2mi(¢, k) = 2wik¢. Thus (2.6) becomes

5]
f= Z eZnik{H{ier. (27)
k=—00

Inserting (2.7) into (2.2) and using the bilinear properties, we have

Fy(D., Dy, e¥)f (n) - f(n)

(D.e?P — D3P + ¢, )f(n) - f (n)

= Z F (DZ,Dt,e%D") exp(2m’k{ + m’kzr) -exp(2nik’§ + nik’zr)
k,k'=—00

= Z F; (Dz,Dt,e%D”) exp(2m’k§' + m’kzr) . exp(2ni(m k) +mi(m - k)zr)
k,m=—00

= Z Fy(27i(2k — m)p, 27 i(2k — m)p, €™ 2<-1)

k,m=-00

X exp (2m’m§ + m’[k2 + (k= m)z]r)

= Z Fi(m)exp(2mim¢) =0,

m=—00

where the new summation index m = k + kK’ has been introduced and F; () is defined by

oo
Fi(m)= " Fi(2mi(2k - m)u, 2 i(2k — m)p, e/ k-mn) ik +omlr, (2.8)
k=—00
Thus,
nd 2
Fi(0) = Z (4nil<,ue2mkn - 16n2k2p262”ik'7 + cl)ez”ik t=0, (2.9)
k=—00
o0
Fl(l) _ Z [27Tl(2k _ I)Men’i(Zk—l)n _ 47T2(2k _ 1)2p267'rl'(2k—1)i7 + Cl]eﬂi[k2+(k—l)2]t
k=—00
= 0. (2.10)
We denote

dy = exp2mik*t, dy = expm'[k2 + (k- 1)2]1,
[ee] o0
A1 = Z dlr A2 = Z er
k=—00 k=—00

an = Z 4 ikd, exp 2mikn, o = Z 2mi(2k — 1)dy expmi(2k — 1)n.

k=-00 k=—00
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Then (2.9) and (2.10) are written as
Mnai + 2(111,,][)2 + C1 Al = O, Maz + 2(121,,][}2 + C1 Ag = 0,

from which we have

0 @21y A1 — a11,, A

a11,n@21 — A21,n411
i i SN Y i e e (2.11)
H= anla —anh 1= ain s —anhA;
Similarly, substituting (2.7) into (2.3), we derive
Fy(D,, Dy, Dy, coshD,,)f (n) - f (n)
= (D;D, - DD, —2coshD, + 2+ cp)f (n) - f(n)
= Z Fy(D,, Dy, Dy, cosh D)) exp (2 ik¢ + wik*t) - exp(2mik'¢ + wik'>T)
k,k'=—00
= Z F, (27ri(2k —m)u, 2wi(2k — m)p, 27w i(2k — m)l, cosh 2 i(2k — m)n)
k,m=-00
x exp (2mim¢ + wi[k* + (k — m)*]7)
0 ~
= Fy(m)exp(2mim¢) =0,
m=—00
where
B [o¢]
Fy(m) = Z F, [2m’(2k —m)u, 27wi(2k — m)p, 27wi(2k — m)l, cosh 27w i(2k — m)n]
k=—00
X exp m’[k2 + (k- m)2]r.
It is easy to know that if F>(0) =0, F5(1) = 0, then all F>(m) = 0 are proved.
nd 2
F,(0) = Z (-1672K*pp + 1672 k*pl — 2 coshdmikn + 2 + ¢3) ™™ = 0,
k=—00
B [ee]
F(1) = Z (47%(2k = 1)*(=pu + pl) — 2 cosh 27i(2k — 1)1 + 2 + ¢3) (2.12)
k=—00

% em’[k2+(k—1)2]r

=0.

Letting bll = Z/ti—oo 167T2k2d1, b12 = Z/ti—oo COSh(47Tik7])d1, ]921 = Z/ti—oo 47T2(2k - 1)2d2,
by =Y e o cosh2mi(2k — 1)nd,, thus, (2.12) can be written as

pl— )by —2b13 + (2+ ) A1 =0,

Pl = )by —2by + (2 + ) Ay = 0.
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Solving the above system, we have

2 by A1 — by b12by1 — byyb1y

l=p+-2F— == 2+cy=2—" =
pbau AL —biiA, by AL = b A,

(2.13)
from which we find that parameter / is dependent on u, 1, and p. In view of (2.11), we can
see that i is dependent on 7 and p.

Then we have derived the Riemann—theta function solution f(n) of (2.2) and (2.3). Fur-
thermore, the Riemann—theta function periodic solutions of (1.1) are obtained by using

transformation (2.1).

2.2 Asymptotic behavior of the one-periodic wave solution
In what follows, we will prove that the soliton solution can be regarded as the limit of the
following periodic solution. Therefore, we write g = exp it and take a limit ¢ — 0 (or

Imt — 00).

Theorem 1 Under the condition ¢ — 0 (or Imt — 00), the Riemann—theta function peri-
odic solution (2.7) of (2.2) and (2.3) tends to the one-soliton solutions of (1.1) via (2.1).

L@+ (L)

u(n =
() (1 +ef)?
z T 1+é
- or?pet sech o 2T (2.14)
v(n) T pTe? sec NP
(e — 1
w(n) = ZnipeSe—lN,
(1 +ef)(1 +estm)
where

~ ~ - ~ 1
¢ =2mi(pt + Iy + uz + nn) + Lo, N =2min, Lo=2Co+ it’

cos’mn

w— —2mp? cotm, [— u+ , ¢ — 0, ¢y — 0.

pr?

Proof Utilizing g = exp wit, the quantities defined above are then expanded in powers of g

M2

o0
A = eZnikzr —14+ 2q2 + o(qz), Ay = Z eZm’[k2+(k—1)2]r — 2q2 + O(qZ)’
k=—00

k=—00

o0
an = Z A ike¥ kN 2mik*T _ g sin(27 n)q* + o(qz),
k=—00
o0
iy = Z _Sﬂ,zkzezniknezmkzr - _1672 cos(27rn)q2 + o(qz),
k=—00
[o¢]
1 = Z 2t i(2k — 1)em kDl =121 _ g sin(rn)g + o(¢°),
k=—00
o0
a1, = Z —27r2(2k _ I)Zem’(Zk—l)neni[k2+(k—l)2]r _ —4-71200s(7rr])q+ 0(615)’

k=—00
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o0
by = Z 167 2k2e2 KT — 327%4% + o(qs),

k=—00

o0
by = Z cosh(dmikn)e*™ T =1 + 2cos(4mn)g* + o(q®),

k=—00

o0
bu= Y 4n?(2k - 1% KV 282G 1 o(g),

k=—00

o0
by = Z cosh 27i(2k — 1)pe™ **+k=DIT _ 9 co5(27n)q + o(q°).

k=—00

052
“;;n’;”, g — 0, ¢y — 0 for

Using (2.11) and (2.13), we have u — —2zp*cotmn, [ — u +
q— 0.

In order to consider the convergence to the one-periodic wave solution (2.7) in the limit
of ¢ — 0, under the transformation ¢, = ¢, — %r, we can get the following convergent

forms:

fn)=1+exp¢ +o(q?),

fn-1)=1+exp(C - +o(q?),

fr+1)=1+exp(C +7) +0(q%),

filn) = 2mipexp¢ + o(q%), (2.15)
fuln) = —4x*p?expl +o(q?),

filn+1) =2mipexp(C +7) +o(q),

fuln+1) = —4x’p*exp(C +7) + o(q?).

After some tedious calculations, we derive (2.14). O

In what follows, Fig. 1, Fig. 2, and Fig. 3 describe the plots of u(t,y,n), v(¢,y,n), and
w(t,y, n), respectively. From these figures, we find that the plots of v(¢,y,n) and w(t,y, n)

have similar forms.

3 Two-periodic wave solution and its asymptotic behavior
In what follows, similar to the one-periodic wave solution, we consider a two-periodic

wave solution of the coupled two-dimensional lattice (1.1).

3.1 Construction of two-periodic wave solution
By letting N = 2 in (2.6), we have f(n) = Y, _,» €27 /(k+7itkk) and substitute it into (2.2).
For convenience of calculations, we have introduced different forms of k and k. Thus, we

obtain

1 , , , .
F]fn fn _ Z F, (Dz,Dt’eEDn)eZm(;,ka(rk,k) .eZm(;,k/Hm(rk/,k’)
kk'eZ?

= Y F(2milk-K,p)2mifk - K, p), e ¢HKom)
kk'ez?
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Figure 1 One-periodic solution plot of u(t,y,n) forz=06,n=2,n=0.1, gzo =2,1=4,p=08,1t=08i,
te[-15,15],y € [-20,20]

Figure 2 One-periodic solution plot of v(t,y,n) forz=06,n=2,n=0.1, Z‘o =2,1=4,p=08,t=038],
t € [-15,15],y € [-20,20]

x exp(2mi(f, k + K)) expri((tk’, k) + (Tk, k)

o0
= Z Z Fy(27i2k - s, ), 2 i(2k - 5, p), ez”i(Zk_s/’”>)

s'eZ? ki kp=—00

X expm’((r (k - s’),k - s’) + (tk, k)) exp(Zni(C,s’))
= Z Fi(s},s5) exp (27i(t,s)) = 0. (3.1)

s'ez?
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Figure 3 One-periodic solution plot of w(t,y,n) forz=06,n=2,n1=0.1, 4:0 =2,1=4,p=08,t =08,
te[-15,15],y € [-20,20]

By introducing the new summation index k + kK’ = s', ' = (s},55)7, k = (ki, k»)T, Fy (s}, s}) is
denoted by

E (s/l,s’z) =

Nk

Fi[27i{2k -5, ), 27i{2k — 8, p), 2K

k],k -0

[
n

x expri((t(k—s),k—5)+ (tk,k))

00 2 2
= Z F (27‘[1’ 2(2/(, - (s; - 25}1))#«;; 2ri Z(Zk, - (s]’ - 28]1))19,-,
kj=—00 j=1 j=1
2
2ri3 (o (420
j=1
2
X expniZ[(kj +8)Tju(k; + 8;1)
=1

+ (5~ 281~ k) + 81) T (5] — 281 — k) + 83)]

- L, . )
Fi(s) = 2,sh)e¥mir-Dmi+2wisma - [ g even,

| Ei(s), sy — 2)e2m i Dm2ninme - g odd, (32)

This relation implies that if ,(0,0) = F,(0,1) = F1(1,0) = F;(1,1) = 0, then F} (s,s5) = 0 for
s}, 85 € Z.
Denoting

8](1’1) _ eni(r(k—m(i)),k—m(j)>+ni(rk,k),

mV =007, m?=107, m¥=017, mP=-0,17,
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we have
nd T
F(0,00= Y [2mi(2k - (0,0)7, p)e™ P00
k1,kg=—00
+ 4712<2k— o, O)T’p>26ni<2k—(0,0)T,n) + Cl]eZni(zk,k>’
nd T
F(0,1) = Z [27i{2k — (0,1)7, p)e™ O
k1,kp=—00
+ 4n2<2k —(, l)T’p>2em<2k—(o,1)T,n) + Cl]eni(r(k—(O,l)T),k—(O,l)T)+m’(rk,k)’
- (3.3)
A0 = Y [2mi(2k - (1,07, p)em 10"
kl,k2:—00
+ 4n2<2k— (1’O)T,p>26ni<2k—(1,0)7',n) + Cl]em’(r(k—(l,o)T),k—(l,O)T)+ni<rk,k),
ad T
A1) = Y [2mi(2k-(1,1)7, p)em P00
k1,kg=—00
+ 4712<2k— a, l)T’p>2eni<2k—(1,1)T,n) + cl]em’(r(k—(l,l)T),k—(l,l)T)+m‘<rk,k)'
Denote
= ' )
aj = Z 2711’(2/(1 - m({))e”’(k”"(/ ms,,
k1,ky=—00
o0 ) )
6112 = Z 27Tl(2k2 - mg))e’mk_m(] ”’>82,
kl,k2=—00
o) ) )
aj3 = Z 4712(2k1 - m(f))ze””k‘”’u g
kl,]Q:—OO
ﬂj4 = Z 4-7'[2(2](2 - m(zl))zem(k—m(/ 'n)(34,
k1,ky=—00

00 .
bj =—C Z 8] - 87‘[2(2](1 - Wl(ll)) (2/(2 - ng))plpgeni(kim({)'méj,

kl,k2=—00

then (3.3) can be written as

M1
Al -
)41
2

S

from which we have u; = %, Uo = %,p% = %,pg = %, where A =detA and A1, Ay, As,
A4 are given A by replacing 1st, 2nd, 3rd, 4th columns with b, respectively.
Similarly, by letting N = 2 in (2.6), then we have f(n) = Y, 2 €7 €K+mithh) and substi-

tute it into (2.3). For convenience of calculations, we have introduced k and &’ of different
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form. We have derived
F2(fn ﬂt) _ Z FZ(DZ: Dt7Dy: CoshDn)eZHi({,k)HTi(rk,k) i eZni({,k’)+ni(rk’,k’)
k' eZ?

- Z E(2rmilk =K, p), 2milk — K, p), 2milk — K, 1), cosh 27 i(k — K, n))
k' €22

x exp(27i(¢, k + K')) exp(mi((tk’,K') + (Tk, k)

= Z Z Ey(2mi(2k — s/, ), 2 i{2k — &', p), 27 i(2k - §', 1),

s'ez2 ky,ka=—00

cosh 27 i(2k — s/, 7))
X exp rri((n(k - s’),k - s’) + (tk, k)) exp(2ni<§,s/>)

= Z Fy(s},s,) exp (27i(¢,s')) = 0. (3.4)
s'ez?
By introducing the new summation index k + k' = s/, k = (ky,k,) 7, F, (s},55) is denoted by

Ey(s},s5) = Z B[22k — s/, ), 27 i(2k — &', p), 27 i(2k — §', 1), cosh 27 i(2k — s, )]

k],k2:—00
x expri((t(k-s), (k-5))+ (tk,k))

~ v i .
F2(5/1 _ 2’S/Z)ean(sl—l)ru+2mszr12’ lis even,

- ~ ol .S .
FZ(S/pS/z _ 2)e2nl(sz—1)r22+2mslr12, lis Odd,

(3.5)

which means that if F,(m%) = 0, thus all F, (s,85) = 0. Through direct calculations, we have

derived
o0
E(m?) = Z [~47%(2k - mY, p)(2k — MY, p) + 4m*(2k — m¥, p)(2k — m", 1)
k1,ko=—00
—2cosh27i(2k —m¥,n) + 2 + ¢,
x grilehk) it (ke-m®) k-m) (3.6)
Let
S -
¢1 = Z 4-7'[2(21(1 — Wl(lj))25j(n)’
k1,ky=—00
S .
Gr= Y 4n’(2k—mY) s n),
lq,k2=—oo
00 . .
¢j3 = Z 4712(2/(1 - m({))(Zkg - mg))éj(n), (3.7)

k1,ky=—00
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oo

Cja = Z 8;(n),

lq,kzz—oo

d; = Z 4cosh2ni(2/<—m(i),77>5,'(”),

k1,kg=—00
then F»(m%) = 0 can be rewritten as

pi(h — 1)
pa(ly — 112)
pi(la = p2) + paly — 1)
2+ ¢y

-d,

from which we have p;(ly — 111) = %» pally — pa) = %, pilly = p2) + po(lh — 1) = %,
2+4¢y = %, where A =detC and A;, Ay, As, Ay are given A by replacing 1st, 2nd, 3rd, 4th
columns with d.

3.2 Asymptotic behavior of the two-periodic wave solution
In what follows, we can verify the asymptotic behavior of the two-periodic wave solution
to be the well-known two-soliton solution given by the Hirota method.

Theorem 2 Let i = expty; — 0, Ay = exp Ty — 0, the periodic solution (2.1) of (1.1) tends
to the two-soliton solution

1+ 651“71 + egz+ﬁ2 + 621+ﬁ1+22+ﬁ2+2ﬂﬁ12)(1 + 651—771 + efz—fzz + 651—ﬁ1+§2—ﬁ2+2ﬂi112)

) = (1 +exply +exply +exp(ly + & + 27iTy2))> ’
Sem)f(n+ 1) = 2f(n)fe(n + 1) + f(n)fue(n + 1)
v(n) = , (3.8)
fn)f(n+1)
iy 0+ 10 £+ 1)
fm)f(n+1) ’
with
B 1 —cosh B 1 —cosh ),
PEmt—n) P - )
- ) ~ ~ 1 . ) .
Ci=2mipit + Ly + iz + nin) + oj, Soi = Soi + = Tiis n;=2min;, i=1,2,

2
amingy 2702 (p1 = p2)(lh — 1 + pa — bp) — cosh(ijy — 1) + 1
e = n-a ,
272(p1 + p2)(h — i1 + b — pa) — cosh(ijy +72) + 1

ang COS TNy — Uy SinmTny =0, 27rp% cosmn, — pysinmn =0,

27 (p1 = pa)? cos (1 — na2) — (11 — p2) sinm (1 — 12)
27 (p1 + pa)* cos (1 + n2) — (11 + o) sinr (1 + 12)

B 272(p1 — p2)(l — b — p1 + pa) —cos 2 (11 — 1m2) + 1
272(p1 + pa)(h + by — p1 — p12) — cos 2 (g + 1) + 1

f(n) — 1+exp 4:1 +exp Ez + exp(fl + 52 +27iT12),

fi(n) = 2mip €8t + 2mipye® + 2mi(py + po)efl TN
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fuln) — —4m2pPedt — am?plet — dm?(py + po) el T2
filn+1) = 2mipr € + 27 ipy e 4 2mi(py + py)el1 IR
fuln+1) — —4712p%e£1”71 _ 47'[219%6{—?”;2 —4n’(py +p2)26€3+52+n”1+rf2+2nir12‘
Proof Let g:i =2ig; + ni%, n; = 2min; for i = 1,2. We expand the two-periodic wave solu-
tion (2.6) (N =2) of (2.2) and (2.3):
f(n) =1 +exp2migy + wit11) + exp(—2mwigy + wit11) + exp(2wisy + wiTyy)
+exp(—27 il + TiTyy) + exp(27i(Sy + o) + ity + 2712 + T22))
+ exp(—2m’(§1 + &) + wi(Ty + 2710 + 122)) CREE

— 1+exply +expl +exp(ly + & + 2mitn), (3.9)
then we have

fi(n) — 2niple£1 + 2711}9265~2 +2mi(py +p2)e£1+£2+2””12,

fir(n) — —4712[1%651 - 471219%652 — 472 (p, +p2)2e£1+£2+2””12, (.10

filn+1) = 2mipr e + 2ripye* N 4 2ri(py + py)elI IR

fuln+1) > —Am2p2elt ™ — 4 p2e2t i _ 4z (py + py)2efIt IR 2TIN,
For convenience, we denote A1 = €™/l A, = €722 In what follows, we expand each func-
tion in £1(0,0) = F1(0,1) = F1(1,0) = F1(1,1) = 0, F5(0,0) = F5,(0,1) = F5(1,0) = F5(1,1) =0
into series of A1, Aq,

151(0, 0)=c + [4niu1(e2”i”1 - e‘z’”"l) + 167T2p%(62”i”1 + e‘z”inl) + cl]ez’m11

+ [4-7TiM2(62an _ e—27rin2) + 167'[2]7%(62”“72 + e—2nin2) + Cl]e2nir22

+o(AT'A), (3.11)
when r; + rp > 4, it is easy to see that ¢; — 0.

l':l(O, 1) = [(27‘(i,u2(e”i'72 _ e—m‘nz) " 47[2}7%(67”‘7)2 n e—nir]z) + Cl)
+ (27rl(2u1 - /.Lz) + 47‘[2(2[)1 —p2)2 + cl)eZNi(Tll—le)
+ (2mi(2u1 + o) + 47 (2p1 + pa)* + cl)ehi(ruﬂu)]enirzz

+o(AAZ) (3.12)
in view of ¢; — 0, from which we have an% COSTTNy — Uy sinmny =0.

£ = [(2ri e ) s 22 e 4 ) s )
+ (27i(2u — 1) + 472 (2ps — p1)* + ¢ )22
TiT1]

+ (27i(2us + 111) + 47222 + p1)? + 1 )T e

+0o(A'A%). (3.13)
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In view of ¢; — 0, from (3.13), we have 277]9% cosmny — i sinmn; =0.

ﬁl(l, 1) = [[27[1([,(,1 + M2)(eﬂi(n1+n2) _ e—ﬂ’i(mﬂn))
+ 4712(101 +p2)2 (eni(mmz) + e—m(nﬁnz))]ezmrn
+2mi(py - Mz)(em(nl’m) - eﬂi(nrnz))

+ 4,”2(191 _pZ)Z(eﬂi(m—nz) + e—ﬂi(mmz))]eﬂi(fu+T22) + 0()‘;1)‘;2)' (3.14)
From (3.14), we have

2 iy — o) (€7 n2) — e=miln=m2)) 4 472 (p; — po)? (7N 2) 4 g7im—m2))

2wiTyy _
€ - 27-[1(“1 + MZ)(eﬂi(’]1+’72) — e—”i(fll"'fm)) + 4.7-[2(p1 +p2)2(e”i(771+712) + e—”i(fll‘WIZ)) ’
(3.15)
In the following, we will consider
F5(0,0) = ¢y + [16112192(12 — o) —2coshdming +2 + cz]ez’”f22
+[167°p1 (I — 1) — 2coshdaing +2 + 2] ™1 + o(A]'A2). (3.16)

From F,(0,0) — 0, we have ¢y — 0.

F,(0,1) = (8712[12(12 — W) —4cosh2mwing +4 + 262)6””22
+ [4712(2191 —p2) 2L —2uy + Iy — ) —2cosh2i(2n; —ny) + 2 + cz]
x "iT-2t12+722)
+ [4712(2p1 +p2)(2h + 21 — Iy — o) —2cosh2mwi(2ny + 1) + 2 + 02]

x Ti2T+2n2+122) 0()»?)\22). (3.17)
From 152(0, 1) — 0, in view of ¢, — 0, we have 27r2p5(uy — Ip) + cosh2min, —1=0.

F(1,0) = (87%p1(ly — 1) — 4cosh2ing + 4+ 2c,)e™ ™
+ [4'7'[2([)2 —]91)(212 - 2,(1,2 - 11 + /J,l) - 2COSh27’[i(27]2 - 7’]1) +2+ C2]
% "2t -2m2+711)

+ [4712(101 +2p2) (2l — 2 + I} — 1) — 2cosh2wi(2n, + 1) + 2 + cz]

x erimr2nas2m) 4 o(31172), (3.18)
For F,(1,0) — 0, we have 27%p; (11, — 1) + cosh 27win; — 1 =0.

F(1,1) = 2[47%(p1 + p2)(l + b — 1 — pha) — 2cosh27i(ny + 1) +2 + ¢ | €™ ™12
+ 2[4712(p1 —pa)(ly — by — 1 + ) —2cosh2mi(ng —n2) +2 + cz]e”i(’1‘+’22)

+0o(A'A%). (3.19)
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In view of F5(1,1) — 0, we have

aming 2701 = pa)(h = pa + o = ) — 2cosh 2mi(ny —ma) + 1
e =—

; . (3.20)
212(p1 + pa)(h — 1 — po + ) = 2cosh2mi(ny +1m2) + 1

This completes the proof of Theorem 2. d
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