Wang et al. Advances in Difference Equations (2018) 2018:292 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1753-1 a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

New concepts of fractional Hahn's
g, w-derivative of Riemann-Liouville type and
Caputo type and applications

Yizhu Wang', Yiding Liu' and Chengmin Hou'"

“Correspondence:
cmhou@foxmail.com
'Department of Mathematics,
Yanbian University, Yanji, PR. China

@ Springer

Abstract

In this paper, we give the definitions of g, w-exponential function and g, @-gamma
function. New concepts of fractional Hahn's g, w-derivative of Riemann-Liouville type
and Caputo type are introduced, meanwhile we discuss some properties. As
applications of the new concepts, we give the existence result of positive solutions for
boundary value problem of fractional g, w-derivatives equations. We also definite
certain g, w-Mittag-Leffler function by solving the initial value problem of fractional

g, w-equations.
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1 Introduction

The quantum calculus began with Jackson in the early twentieth century. The g-calculus
appeared as a connection between mathematics and physics. It has a lot of applications
in different mathematical areas such as number theory, combinatorics, and other sciences
quantum theory. The book by Kac and Cheung [1] covers many of the fundamental aspects
of quantum calculus. In recent years, the topic of g-calculus has attracted the attention of
several researchers and a variety of new results can be found in papers [2-6].

The fractional g-calculus has developed into a popular mathematical modeling tool for
many real world phenomena. Early developments for fractional g-calculus can be found
in the work of Al-Salam [7] and Agarwal [8]. Moreover, the author in [9] generalizes the
notions of fractional g-integral and g-derivative by introducing variable lower limit of in-
tegration.

Quantum difference operators have also been receiving an increasing interest due to
their applications. In [10], Hahn introduced the quantum difference operator D, ,, where
q €10,1[ and w > 0 are fixed. The Hahn operator unifies the two most well-known quan-
tum difference operators: the Jackson g-difference derivative D,, where g € ]0, 1[; and the
forward difference A, where w > 0. Hahn'’s difference operator has been applied success-
fully in the construction of families of orthogonal polynomials as well as in approximation
problems. The right inverse of Hahn’s difference operator was introduced by Aldwoah [11]
who defined the right inverse of D, in terms of both the Jackson g-integral containing
the right inverse of D, and the N6rlund sum involving the right inverse of A,,. Malinowska
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and Torres [12] introduced the Hahn quantum variational calculus, while Malinowska and
Martins [13] studied the generalized transversality conditions for the Hahn quantum vari-
ational calculus. In [14], some concepts of fractional quantum calculus were introduced
in terms of a g-shifting operator ,®,(m) = gm + (1 — q)a. As a research motivation, we
redefine the fractional Hahn ¢, w-calculus with a g-shifting operator on the interval [a, b].
In this paper, we recall some basic concepts on fractional g-calculus, which will be
used in the later section. After preliminaries, in the third section the definitions of g, w-
exponential function and g, w-gamma function are presented. In the fourth section we
discuss some properties of g, w-calculus. After giving the basic properties, the fractional
Hahn g, w-derivative of Riemann—Liouville type is introduced in the fifth section. Then
we change the order of operators, we give the fractional g, w-derivative of Caputo type
in the sixth section. And then, we consider boundary value problems of fractional g, w-
derivative equations. We give the corresponding Green’s function of the boundary value
problem and its properties. By using Krasnoselskii’s fixed point theorem, an existence re-
sult of positive solutions to the boundary value problem is enunciated. Finally, we define a
certain g, w-Mittag-Leffler function by solving the initial value problem of fractional g, w-
equations.
=

Let g €]0,1[ and w €]0, +oo[ be given. Define wg = g Throughout the paper, we as-

sume / to be an interval of R containing wy.

Definition 1.1 (Hahn’s difference operator [10]) Letf : I — R. Hahn'’s difference operator
is defined by

flgtro)-f(6)

~ES it F o,
Dq,azf(t) = /(qt+w)—t ‘ 7/ 0

f (t), ift = o,

provided that f is differentiable at wy.

Definition 1.2 ([12]) Let I be a closed interval of R such that wy, a,b € I. For f: I — R,
we define the g, w-integral of f from a to b by

b b a
[ r0dut= [ 10 dt- [ r0d 0
a [20) wQ
where
fO)dgot = (x(1-q) - 0) Y ¢ (xq" + [Kg0), x€l, @)
“0 k=0
with [k], = “’(llf_;’k) for k € Ny = N U {0}, provided that the series converges at x = a and

x = b. In this case, f is called g, w-integrable on [a, b]. We say that f is g, w-integrable over
Liffit is g, w-integrable over [a, b] for all a,b € I

Lemma 1.3 ([12]) Assume f:1 — R to be continuous at wy. Define

F)= | f(O)dgut.

wo
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Then F is continuous at wy. Furthermore, D, F (x) exists for every x € I and D, F(x) = f (x).
Conversely,

b
fquF x)dgot =f(b) - f(a) ®3)
foralla,bel.

Lemma 1.4 ([12]) Iff,g:I — R are continuous at w,, then

[ 70D dyut =001 [ DnlrONetar + )yt @
forall a,b € 1. This is the integration by parts formula of the Jackson—Norlund integral.

2 Preliminary
To make this paper self-contained, below we recall some known facts on fractional g-
calculus. The presentation here can be found in, for example, [14].

For g €]0,1[, define
1_ m
[m],; = 9 , meR.
l-q

The g-analog of the power function (1 — m)* with k € Ny := {0,1,2,...} is
k-1
n-m)? =1, (n—m)® l_[ n— mq keN,n,meR.
i=0

More generally, if y € R, then

(n—m)(y):nin_mq ., n#0.

n—mq’*
i=0 1

Note if m = 0, then #") = n”. We also use 0%) = 0 for y > 0. The g-gamma function is
defined by

(1 q) t-1)

Lot =g g

teR\{0,-1,-2,...}. (5)

Obviously, I'y (¢ + 1) = [¢],I,(2).

Lemma 2.1 ([9]) For u,«, B € R, the following identity is valid:

[e¢]

Z(l_“ql_")(“(l gD (1= pg)
e Al L T R

(e+p-1)

(6)
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3 The g, w-exponential function and the g, »-gamma function

Let us define a g-shifting operator as
&,(m) =qm + (1 - q)a.
For any positive integer k, we have
aCDI;(m) = acbf;_l(acbq(m)) and qcbg(m) =m.

We also define the new power of g-shifting operator as

k-1

(n— m) =1,(n m);k) = H(n - ﬂfbfi(m)), k € NU {o0}.

i=0

More generally, if y € R, then

with @) (m)=g"m+(1-g")a, y €R.
For any y,n € R, we have

oo

1+i
(n _ ccbq(s))(cy) =(n-c) l_[ 1q7() (8)

o 1- q1+z+y(%)
Using Definition 1.1 and (7), we may obtain the very useful examples of the g, w-
derivatives of the following functions:
Do —a)&) =[] x—a)&,

Dol = ) = ~[ar] 4 (x - wocbq(t))‘“*”.

o
Definition 3.1 The g, w-exponential function is defined as

> 1 (ol (t
eqw 1_[ 1‘”0 ’ eq,w(U)O) =1L
n=

o

Note that e;,(1) = 0 and

1
Dy eqnlt) =— m 7 (wOCDq(t)).

We are now in a position to give the integral representation of the ¢, w-gamma function.
Let o € R\{0,-1,-2,...}. Definite the g, v-gamma function by

1 1 o o
Fq,w(a)sz(J(ﬁ) (t [an) q(wo)) l)eq,w(wOCDq(t)) dq,wt-

1-wo)(1-¢g
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Lemma 3.2 Fora € R,
Fq,w(a + 1) = [a]qrq,w(a); Fq,a)(l) =1

For any positive integer k,

1-490-¢" (1-4)(1-9
(1-q9) (-9 (1-9 Q-9

Fgowlk+1)=[k]!'=

Proof By Lemma 1.4 and Definition 3.1, we can get
Fgola+1)

1 1 a+l ”
S (Gagia) (o) e o@y(0) dyut

o

1 a+l
= / (Wl)(l—q)) (t - woq)q(w()))fj;) [_Dq,w(l - wO)(l - q)eq,w(t)] dq,a)t

1 o ”
) _<m) [(t - woq)q(wo))i)o)eq,w(t)]ﬁ)o

1 1 o .
+ / (m) 40 (00P (D) Dy (£ = @ (@0)) Aot

! 1 « o
= [‘ﬂq[u (m) (t— w0<I>q(a)o))i)O l)eqyw(wod)q(t)) dq,wt

o \(1— o)

= [a]qrq,a)(a):

and

1 1
[yo(l)= /w (m)eq,w (0@ (D)) dg,ot

0

1 1
[ (Gai—a ) I-Paett = 01 = 0] dyot

0

= _eq,w(t)li)o = _eq,w(l) + eq,w(wo) =L ]
Remark 3.3 In [15], authors introduced the g-gamma function as

1 Yt \*!
Iﬂq(Ol):E A (:}) eq(qt) dgt,

where e,(t) = [],20(1 — ¢"t).
To see that I'; () = I'y(«), in fact
Lgoa)

o 1
:((71(1_61) / (£ P(00) 0 (0P (1)) gt

l—a)()) 0
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1 “ - (@-1) .
= (m) (1 q) - kZ:(;qk w0¢’;(1)—wod>q(wo))woleq,w(w0d>’; 1(1))

1 a-1 o0 " oo
B (m) qu (qk) 1(1 — 0)0)“71 1_[(1 _ qn+k+1)

k=0 n=0

) k a—1 oo
- qu(lq?q> 1_[(1 _ qn+k+1)
k=0 n=0

-0 (7))

1

1 t a-1
- | (=) e@t)dt=T,().
l—qo(l—q) o d %t =

4 Concepts of fractional Hahn's quantum integration

In the section, we recall some basic concepts of fractional Hahn’s quantum integration.

Definition 4.1 ([14]) Let v > 0 and f be a function defined on [c, b]. The fractional g-
integral of Riemann—Liouville type is given by (Clgf)(t) = h(t) and

(L2f)(®) = / t(t — @) Vs)edys, v>0,¢€c,b).

1
1—‘q(V)

Lemma 4.2 ([14]) Let o, B € R*, and f be a continuous function on [c,b], ¢ > 0. The

Riemann—Liouville fractional q-integral has the following semi-group property:

LIgf(0) = I LS () = I3 PF (). )

Remark ¢ = wg, we have

(o2 f) () = T / (£~ 0@g) " ugddys, v>0,t€[cb] (10)
q @0
and
w0 qwo af(t) wQ qw() ﬁf(t) - w()I;H- f(t) (11)

Definition 4.3 ([16]) Let v > 0 and f be a function defined on [a, b]. Hahn’s fractional
integration of Riemann-Liouville type is given by (algf)(t) =f(¢) and

(alﬂ‘;wa)(t) =T l(v) f (t- wOCIDq(s))SOfl)f(s) dgws, v>0,t€la,b) (12)
q a

Lemma 4.4 For «, f € R*, the following is valid:

f “x— w®g(0) 0 (2 f) O dgt =0 (wp<a<x<b).

0
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Proof Using (2), we have

(algf) (ad" + [nlg.0)

aq +["]qm
/ (aq" + Mg = wo q(t)) VF () gt

T T, /.

1
= m[(l - Q)(ﬂqn + [n]q,w) - 60]

X qu(aq” + 10— wOCDq(aq +[n+ k]qw))(ﬁ 1)f(aq’”k +[n+ k]q,w)
k=0

_ F@ [(1 - q)a - a)]

% Y g (aq" + [Mgw — w®q(ag" + (Klgw)) f (ag* + [Kly.)
k=0

<[]

[y(a)
x nz_lqk(aq" + g0 = 00®q(aq* + Klgw)) D f (ag" + Klgo) =0,
P
since
(aq" + g — w®q(agq + Klg)) 0"

nzmq+mw—w%%%m¢+mwm_
[T50@q” + g — 0@l oo®ylag™ + (K1)

forO<k<mn-1.

Then, according to the definition of g, w-integral, it follows

[ =@ a0,

0

=[(1-ga-0] Y " (- w®q(ag" + K1gw)" " (Ief) (ad" + (Kly.0)
k=0

=0. O

Theorem 4.5 Let o, 8 € R*. Hahn'’s fractional integration has the following semi-group
property:.

( Ifwal"‘wf) ( I"“r f)( (wo <a<x<b).

Proof By previous Lemma 4.4, we have

(olf oI f ) )
= thﬂ) (x - woq>q(t))if:)_l) (“Ig,af) (t) dq,wt
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1 x B ¢ -
W/ (x-uste), ”fw(f—woﬂb ) g @) dg ot it

wo

1 X -~ a o
[ =) [ (6= i) 00 dyisdy.
| wo

T @T4(B) Juy

Using Lemma 4.2, we conclude that

1

B o _ a+ -
(ol 15 )®) = (ol = s

0

Furthermore, we can write

(ull, oI f ) %)
1 P p—— (- a®) @B 1) dyo
T@p ),

B 1 ¥ (B-1)
Cy(@)T4(B) Juy

Wherefrom it follows

(ul 12 o)) = (52 f) @) + [A - @a— Zc,qf ag" + [Klg.),

=
with
o N
x i 4" (% — v Pq(xq" + [n]q,w))ii_l) (xq" + [1) g0 - woCD];H(“))ii_l)

By using formulas (5) and (7), we get

a+p-1

¢ = ((x—wo)(1-q))
(1 _ z:_:v)qu+1)(a+ﬁ—l) oo (1 _ qn+1)(f5—1)(1 _ Z:_quk—;ﬁl)(a—l) B
Q- #D = (Q-gUia-gen

x5 aa @) [ (6= i) ) dpt ot

(@) [ a00) 510 dyredt.

Page 8 of 21

Putting p = qk = “’0 into Lemma 2.1, we see that ¢; = 0 for all j € N, which completes the
proof. O
Lemma 4.6 For o € R*, A € (-1, 00), the following is valid:
A+l
(- a)®) = PO D e (4 cacxct), (13)

wo

Fgla+X1+1)
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Proof For A #0, according to Definition 4.3, we have

B ) = s | [ 2,0)y V- 0
- / (¢ = () 7 - ) dqwt]

0
Also, the following is valid:

/ (5 )Vt - ) it

0

4" (% = 0@y (ag" + [K] q,,,,))fj;_l) (aq" + [Kl g — a)('\)

o

~[(1-ga-o]

e 104

[0 -@a-0] Y ¢ (s @ @) (k@ -a)? = 0.

>
Il
(=}

Therefrom, using Lemma 2.1, we get

X
-1
f (x - wocbq(t))i‘fo (- a)? ot

0

7 (5 - @5 ) (o @) - )

M2

= [(1 —q)x—a)]

>
Il

0

(1 qk+1)0l 1)(1 q_ka (4)0)

=(1-q)x—wo) ™ (1-g9) (1 - g% — Y
; 1-gP1-g®

( a— wO)Dt+)»

= (- -0 (1= V(- q)‘”(l—x_q%
—_ -1 _ ,\*)
:(1_q)(1 9 q)*( e,

1 —gq)e?

Using (5), we obtain the required formula (13).
Particularly, for A = 0, since the g, w-derivative over the variable ¢ is

Do = ) = ~[ar] (1 = 0 Py(0) " (14)

and using Lemma 1.3, we have

— i ®q(0)" (" Vdyt=——(x—a). O

(aly, 1) (%) = q( 2.

5 The fractional g, w-derivative of Riemann-Liouville type
We define the fractional q, w-derivative of Riemann—Liouville type by

(L) (), « <0,
(D2 ) ®) = 1 f (), =0, (15)
q
(D) alif ), >0,
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where [«] denotes the smallest integer greater or equal to «.

Theorem 5.1 For o« € R*, A € (-1,00), the following is valid:

LA +1)

D% _ MY =
a q,w((x a),)) T —a+ D)

(x — a)fjo_“), (wo<a<x<b).

Proof For A #0, according to (15) and Lemma 4.6, we have

D2, (= a)3)) = Dol 1]~ (o — 2) )

qw g0 g

_ Dm( L0+ d)mra]—a))

X
qw Fq(}" + ra'| —a+ 1) wQ
0 +1)
= DI 4 Ta] —a] (x — g)@*lel-e-D)
Fq()‘ + |—a] -+ 1) P [ ra-| a]q( )w()
F,(a+1)

- T, + f‘ﬂ—a+1)[)‘+ faT—a]q[)L+ f(ﬂ—ot—l]q-..

X [A +[a] —a - ([a'l - 1)]q(x - a),(jo_“)
r,(0+1)

_ o)
rﬂx—a+1fx Do O

Lemma 5.2 For o € R\ Ny, the following is valid:

(Dq,w aDZ,uf) (x) = (aD;‘;)l )(x), (wp <a<x<b). (16)

Proof We will consider three cases. For @ < -1, according to Theorem 4.5, we have

(Dgw aD5uf ) (%) = (Dgaw alyiaf ) %) = (D al o ~'f) ()
= (Dgolgw alyssf) ) = (97 Vf) ()

(aDng ) ().

In the case -1 <o <0,i.e,0<a +1 <1, weobtain

(D D)) = (Do ol )0 = (Do al ™) @) = (DS ).

For o > 0, we get

(Dq,w aDgwa) (x) = (Dq,wD;ﬂ ﬂ]gifj —otf) (x)
= (DR oL f) @) = (D0 f ) ). 0

Theorem 5.3 For o € R\ Ny, the following is valid:

f(a)
Fq (—()l)

(Dq,w aDZ,mf) (x) - (“ngqu"‘lf) (x) =

(x — a)g)_oa_l) (wg <a<x<b).
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Proof We will use Lemma 1.3, Theorem 4.5, and Lemma 4.6 to prove the statement. Let

us consider two cases. If o < 0, then

(Do aD2of ) ®) = (Do al,2f ) ®) = Dy al;% ((alg0Dg.f ) %) + f (@)
= (Dgw al % algwDgaf ) %) +f(@)(Dgew alpis 1) (%)

(x— a)f;o‘")

= (Daoalyfs Dyaf ) +F @Dy,

ol (e —a)e D

—a [_ wQ
= (Do algo algDawf )@ +f(@a) (- +1)

« ( ) o
= (D%, Dyguf ) @) + FJ; @ e a

If o > 0, there exists [ € Ny such that & € (/,/ + 1). Then, applying a similar procedure, we

get

(Dgo oD% f ) %) = (DgDly oIl f) ()
= DI2 150 (g Dy () + £ (@)
=(D %Dq,w algo ulf;a{faDq,af ) (%)

' %Dﬁ((x — a1
fla)

= (DioPae )@ + £

(x— a)gjo‘*’”.

O

Lemma 5.4 Let f(x) be a function defined on an interval (wo,b) and « € R*. Then the

following is valid:
(aDg‘w a[;wf) (x)=f(x) (wo<a<x<b).
Proof For o >0, we have

(D aligf ) ) = (D) algi)™ ol ) @) = (D alii)™*f) (%)

= (aD;(ﬂ algfﬂf)(x) =f(x)
Lemma 5.5 Let a € (0,1), then
(a2, oD% f) @) = f(x) + K(@)(x - @)V (wp <a<x<b),

where K(a) does not depend on x.

Proof Let A(x) = (a1 ,aDj,.f)(x) — f (x). Applying ,Dj , to both sides of the above expres-

sion and using Lemma 5.4, we get

(aD5,A) %) = (aD5 ) alfyaDf of ) ) = (DG, ) ()

= (D ali) D ) %) = (D f ) () = 0.
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On the other hand, according to Lemma 4.6, we obtain
D2 (= @)@ = Dy o1 (6 — @)Y = Ty(@)(Dy 1) (%) = 0.
Hence, we conclude that A(x) is a function of the form
A(x) = K(a)(x - a). O

Theorem 5.6 Let o € (N — 1,N]. Then, for some constants ¢; € R,i = 1,2,...,N, the fol-
lowing equality holds:

(ol aDgy o ) (%) = f (%) + c1 (2 — a)i‘jﬁ)’” +to@-a)s? ey -a)o.

Proof By Lemma 5.5, we have

(alg aDf) ) = (lg o Dgyy algef) ()
= (el lgoDgwDys" alp’f) )
= (fS, DY LN ) @) = DY (LN f (@) (12 1) ()
DY alp, f (@)
= ([ IpN-1 N-afy(y_ _2® Za0 7" ", . (a-1)
(ﬂ g0 “qw 4 qw )( ) l_,q(a) (x )(UO
Dy’ alyo"f(@)
— a-2 -2 gN-«o g0 g (@=2)
= (alq,w Dﬁ;{w alq,w )(x) - W(x - d)wo
~1 7N-—
_ W(x —a)@D
Fq(a) @0

N-—
— (alot—N+1 aDa—N+1 )(x) _ Dq,w alq’wa (61) (x _ a)(ot—N+1)
q.w qw

-1 JN-
- w( )(a—l)
s ) X =)y
=f(x) + cl(x—a)g‘j;‘l) Foo g CN(x_a)S))i)—N)’ -

Lemma 5.7
t

t
Dyo | f(t,s)dges= / Dyof (t,8)dgws + f(qt + o, ).
(o) w,

0

Proof Using (2) and Definition 1.1, we have
t
Dyw | f(t,5)dgws
2%

=Dy, |:(t(1 -q) - o) Z qf (t. ¢t + [k]q,w):|

k=0
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oo

= fro—t +tu ! |:((qt +w)(1-¢) - o) quf(qt +o,(qt + 0)g* + (k] g0)

k=0

— (-9 -0)) d'f(tt + [k]q,w)}

k=0

=_qu+lf qt + o, (qt + 0)g" + [Klg0) + quf (t.tq" + [Klg0)

k=0
==Y df(at+o,(qt+0)qd " +k=11g.) + Y d'F(ttq" + [K]g0)
k=0 k=0
+f(gt +w, 1)

(- -w)y Lt ot o) (bt + (Wse)

o qt+w-—t

+f(gqt + w, 1)

t

Dy f(t,8)dg0s + f(qt + w, ). 0

o

Theorem 5.8 Iff(¢) is defined and finite, then for v >0 with N —1<v <N,

(DLF)(®) = q(_ 5 / — we® s)) f(s oS-
Proof Using Definition 4.3 and Lemma 5.7, we have
(Dy,.f)® = Dy, alyly, f (£)

_DN ( [y(N - l))/ T wo q(S)) (v 1f(S)dq’ws)
q

=Dg;' Dy <m / (£~ @) F(s) d,,,ws>
—DN1|: —\))/ qw ~ wo q( ))NVI)_}C qu

(qt+a)_wo q(t))N v lf(t)i|

N v—.
=D2{;1[F(N7_U)/ — wp®Pql(s ))N D1(5) dgyos
1

i m/ (= on®a(9), ) dgos

1 ¢ -
T T, (-v) / (t—wocbq(s))ﬁu0 VE(s) dyos. -

6 The fractional g, w-derivative of Caputo type
If we change the order of operators, we can introduce another type of fractional g, w-
derivative.
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The fractional q, w-derivative of Caputo type is

L2 ), o <0,
((D5.f) @) = 1 f (), @=0, (17)
DN, «>0,

where [a] denotes the smallest integer greater or equal to a.

Theorem 6.1 For o € R\ Ny and wy < a < x < b, the following is valid:

[@ (x_g)eD o <_1,
(D)) = (D Dy ) ) = 07 . (18)
) o >—1.

Proof Clearly, (18) holds for « = —1. Next, we will consider three cases.
Case 1. o < -1, according to (17) and (3), we have

(D4l ) ) = (aye 1)) = alo ™ ((edgw Dy ) ) + f (@)
= (alq_,Z)Dq,azf) (%) +f((l) (alc;z)_l 1) (%)

f(a)
Fq(_‘x)

= (6D ,Dyguf ) x) + (x - a)i)—oa—l)‘

Case 2. -1 <« < 0, we obtain

(D)) = (aLh® DDy f ) ()

= (oL, Dguf ) ) = (D%, Dgaf ).

Case3.a>0,weassumea=n+& ne€Ng,0<e<1l,thena+1e€(n+1,n+2),s0we
obtain

(6D f) ) = (alg Dyif ) ) = (algiy Dty Daaf ) @) = (oD, Dgf ) )- O
Theorem 6.2 For o € R\ Ny and wy < a < x < b, the following is valid:

aE_ly

Oy
+1 _
(Dq,w ZDZ,J) (%) — (ZD;,w )(x) = D;ﬂf(a) ( )(—a—l) 1 (19)
By (fad=a) = Dy > @> 1.

Proof We will consider two cases.
Case 1. o <0, using Lemma 1.3, Lemma 4.6, and (17), we obtain

(Dgw 6D o ) %) = (Dgo alyef )®) = Dy al iy ((algo D ) %) + f (@)

» [-a]q(x - a) e
= (Dgw algw al iy Dguf ) x) + f (@) W

_ (CDOH—I )(x) + f((l) (x_a)(—ot—l).

a~q,w Fq (—Ol) wo
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By Theorem 5.1, the required equalities are valid both for « < -1and -1 <« <0.
Case2. ¢ >0, weassume o =n+¢& neNy,0<e<]l, thena+1€ (m+1,n+2),by
Lemma 1.3, Lemma 4.6, and (17), we obtain

(Do 605, ) @) = (Do alyry Dy f ) ()
= (Dyw aljj;D;f;f) (x) + Dg;j f(@)(Dgeo a[,};j 1)(»)
Dgfwl (@)

_ (c o+l
_(D )(x)+Fq(n+1—a)

a~q,w

(x — a)g’o_“). 0

Theorem 6.3 Let o € (N — 1,N]. Then, for some constants ¢; € R,i =1,2,...,N - 1, the
following equality holds:

(aly & Dg o ) ) = f (%) + co + €1 (x — ) +erx-a)D + ey —a) Y.

Proof By (17) and Lemma 1.3, Lemma 4.6, we have

(g 6D o ) @) = (ally ol DY ) @) = (uIy, DY f ) (%)
= S (D))~ (DY) @)

DN~
- (D) - P e
q
DY f (a)
_ [ IN=2yN-2 _ g _ _\(N-2)
- (“Iq,w D{J\{w f) (x) Fq(N _ 1)( a)wo
o f(a)
_Tqo _ g)WN-1)
ry0) & e
N2 Dk fa)
_ _ % _A\®
_f(x) kZ(;Fq(k‘*‘l)(x ﬂ)wo‘ D

7 The application
In this section, we deal with the nonlocal g, w-integral boundary value problem of nonlin-
ear fractional g, w-derivative equations:

(«Dg 1) (t) + f (gt + @, ulgt + ) =0, (20)

M(ﬂ) =0, M(b) = M(nlgwu)(n)r (21)

where g € (0,1), 1 <@ <2,0<B<2,0<n<1,and u > 0 is a parameter, aD‘;,w is the
Riemann-Liouville g, w-derivative of Hahn quantum operator type of order «, f : [a, b] X
R* — R* is continuous.

Lemma 7.1 Let M =T y(a + B)(b — zz)((gi)’l) — Ly (a)(n - a)g‘jg*ﬁ’l) > 0. Then, for given y €
Cla, b, the unique solution of the boundary value problem

(D2 u)() +y(qt +©) =0, 1<a <2,
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subject to the boundary condition
u(a) =0,

is given by

u(b) = (oI 1)),

0<B<20<n<],

b
u(t) = / G(t, wOCDq(s))y(qs +w)dges, tela,bl,

where

G(tr woq)q(s)) = g(t’ wOCDq(s)) +

(t-a)oy "
-0

1
Iy(er)

g(t’ wOCDq(S)) =

(t-a) ) _
A(b - woq)q(s))(oi, 1)!

(b~ a)f,ﬁ'o !

(n— “)wo

(b— a)wo
H(1,0,®4(5)) =

( (a+p-1)

n-a)wy

b-a)ss ™V

Proof In view of Theorem 5.6,

u(t) =cr(t-a)V + ot — @) -

where ¢1, ¢, does not depend on ¢, ¢ € [a, b]. Since u(a)

1(aLhe) (), we get

ary condition u(b) =

o= Lyl + B) [
M [T .
q(a +B) / ~ @49
Hence

(e —a)eh
M

(b — 0@y ()G

b— @ ()Y,

M

T (a+/3)/

- t— o ®
Fq(a) a( o

Tyl + B)(t - a)fl‘jg’l)
u(t) = |: a)/

a

— wo q(s

b
:/g@%%®WW+w%m

H (1, wg®q(9)),

(b - woq)q(s))(%_l) - (t - wgCDq(S))(a_l)

wy
a <o, Pyls) <t <b,

a <t =<, Pys) <D,

[0/

= (7 = wPg(8))ey arp-1),
a <oy y(s) <n < b,

a <1 Zpyyls) <b.

1 ¢ o
r @ / (t- wod%;(s))fv0 y(gs + w) dyws,
q a

b
/ (b- wOGJq(s))S;_l)y(qs +w)dgws

1)y(qs +w) dq,ws].

— @ q(s) y(qs + ) dg oS

A-1) y(gs + w) dq,ws]

) y(gs + ) dgos

Page 16 of 21

=0, we have ¢y = 0. From the bound-
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u(t—a)let b
+ TO / H (1, wo®4())y(qs + ) dyos
b
= / G(t, 0 ®4(5))y(gs + @) dgos. 0

Lemma 7.2 The functions g(t, »,,®4(s)) and H(n, ,,P4(s)) satisfy the following properties:
() gt wPy(5)) = 0, (£, wyPy(5)) < glwPy($), w0ePy(8)), @ < 1, 0y Py(s) < b.
(b) H(1,0o®@4(s)) = 0, a < 4y Py(s),n < b.

Proof Let
£— (@-1) _ a—
81(ty Pq(s) = r 1( ) I:((b —a)) (@-1) (b~ woq:'q(s))((; V- (t- wo@q(s))’("o 1):|’
1 (- ﬂ)a%_l a-
&ty @g(s)) = @ [(b EpVy (b- wodnq(s))i)0 1)].

We can easily get g5(¢, ,,®4(s)) > 0, according to property (7), we have

(t- a)("“l)
(b _ )(rx 1)

(@ (@) (b @ (@) Xﬁ(b—wocbi,“(s))
(- @i @) b u®i@) L Lb— 0 ®e(s)

(b= w@g(9) 0 = (£ = 0y @4(s) "

i=0

(t = @5 (5)

QO q

1—[ (t = e @5e(s)

Since

( (b= @y (5)) (£~ 0@y (S)))’

(b= oy ®i%(9)) (£ = 0y 1(5))

= 1 _ i+l i+a i+a i+1
S B PO e R 1 (e ) 2 (b 0))

% (]9 _ a)o@?a (S)) (t _ w()@?l(s)) _ (_qi+a (t _ woq)?l(s)) _ qi+1 (b _ woq)ﬁ;a (S)))
X (b - woé;"l(s)) (t - wo@f;“(s))]

1
" (0= @) — @i (5))? [

_qi+1t2b + qi+at2b _ qi+ab2t + qi+1b2t

+an q)i+a (s)qu w0q>1q+l( )qiﬂx t2 +ap (I)i+ot (S)qi+1b2 q)t+1(s)qi+ah2

wQ q

w0 P ()@ ()G (b = 1) = 0@ (8) 0@y ()9 (b - 1)]
1

L’+1 1+a 2 i+1 i+o 2
(B = 0@y ()2 (£ = 0@y () [(a )= °b) + (¢ — 4" )0t

+ (qi+1 _ qi+a)w0b2 + (q”l _ qi“")(a)éb - a)gt)] >0,
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(b= @51 (5)) (E=a @5 (s))
(b-wg®5(9)) (t=wy®51(s))

we may see that function on s is non-decreasing. Thus, we can get
(£ = 0@ (@)(5 = 0y (@) (b = @ (g PN = @i (@ (5)))
(€ = 0@ (@)D = @i (@) (b= @i (e @gOE — 0p®] (@4 (5))

< (t - woqu(a))(b - woq)?ot—l (61)) (b - wo(qu(a))(t - woq)?at—l(a)) _
= (= @ @) B — 0@ (@) (b — @i (@)t — @i (@)

)

50 g1(%, 0, P4(s)) = 0, we can get g(¢, w,P4(s)) = 0. Clearly gz, o, P4(5)) < g(weP4(), 0, Pg(s))
and H(n, »,®4(s)) > 0 holds trivially. O

According to the property of being non-increasing of (¢ — 6(,0<I>q(s))fjjﬁ)‘l) on s and
Lemma 7.2, we may easily obtain Lemma 7.3 as follows.

Lemma 7.3 The function G(t, ., ®4(s)) satisfies the following properties:
(@) G is a continuous function and G(t, ,,®4(s)) = 0, (£, w,P4(s)) € [a,b] x [a, b].
(b) There exists a positive function p € C(a,b), (a,+00) such that
maxg<r<b G(t, 0, Pg($)) < &wpPy(5), @y ()) + 57 H (My Py(5)) = p(wyP4(5)),
wo®Pq(8),s € (a, ).

Lemma 7.4 (Krasnoselskii [12]) Let E be a Banach space, and let P C E be a cone. Assume
Q1,2 are open subsets of E with 6 € Q; C Qi CQ,andlet T:PN(Q\ Q1) — Pbea
completely continuous operator such that

I Tull > llull, uwePNdQ and ||Tull <|ul, wePNiQy.
Then T has at least one fixed point in PN (Q \ Q7).
Let X = Cla, b] be a Banach space endowed with the norm |||/ x = max,<;<p |u(t)|. Define

the cone P C {u e X :u(t) >0,a <t < b}.
Define the operator T : P — X as follows:

b
(Tu)(t) = / G(t, wOCDq(s))f(qt + o, u(gt + a))) dg,wS. (22)

It follows from the non-negativeness and continuity of G and f that the operator T :
P — X satisfies T(P) C P and is completely continuous.

Theorem 7.5 Let f(¢,u) be a nonnegative continuous function on [a,b] x R*. In addition,

we assume that:

(Hy) There exists a positive constant ry such that
f@u)=«r,  for (tu) € [n, ] x [a,n],

wherea <t <1y <band

02 _ e-1) .
2 [ [ (69 + T 0102,69) ) ]
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(Hy) There exists a positive constant ry with ro > ry such that
ft,u) <Lry, for(t,u)€la,b] x [a,r],

where

b (b - woq)q(s))g)xil) 12 -1
= _— - » wo d,a) .
L [ / (Fq(a)(b_a)(% e @q(s))) : s]

Then the boundary value problem (20), (21) has at least one positive solution uy satisfying

a<ry <|ugllx <rs.

Proof By Lemma 7.2, we obtain max,<¢<p g(£, wg®4(5)) = g(wg®@q(5), ;P4 (s)). Let Q1 = {u €
X : |lu|lx < r1}. For any u € PN 9S24, according to (H;), we have

b
[l Tot| xc = ﬂf‘i[ f 2(t,0o®@4(9)f (g5 + @, u(gs + ®)) dy0s

/1’ u(t —a)iV
+ —_—
a

i H(1,00P4(5))f (g5 + @, u(gs + ) dq,a,s:|

b _ g)(-1)
> f [g(wo@q(s>,wod>q(s)) + “(S%H(n,wo@q(s))]

xf(qs +w,u(gs + a))) A0S

(s — @)y

> K f |:g(w0q)q(s)¢woq>q(5)) + M

1

H(n,woéq(s))] dyg0s
=71 = [lullx.

Let Q9 ={u € X : ||ul|x < rz}. For any u € PN 92y, by (H,), we have

b
|| Tee||x = max / G(t, wOCDq(S))f(qs + w, u(gs + w)) dy0s
ast<b J,
b
=< er / p(woq)q(s)) dq,a)s
a
< llullx = rs.
Now, an application of Lemma 7.4 concludes the proof. g

8 Mittag-Leffler function

Example 8.1 Let 0 <« <1 and consider the fractional g, w-difference equation

(‘D2 ,9)(qt + @) = 2y(8) + £(©),  ¥(0) = ap.

If we apply ,I7, on the equation, we see that

y(t) =ap t+ )“algwy(woq);l(t)) ta I;wg(t)’
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where g(t) :f(w()(b,;l(t)).
To obtain an explicit clear solution, we apply the method of successive approximation.
Set yo(t) = ap and

Ym(t) = ag + Aalgwym_l(woé;(t)) +4 I(‘;wg(t), m=1,2,....

For m = 1, we have

@y @3 ()
(

A - .
70 =a+ / @71 () = o @(9) 0 (8) s +a 15,8(2)

= Ll0|:1 + woq);l(t) — d)i‘;)} +a [(qy,wg(t),

A
Lyl + 1)(

_ o) )"2
(woq)q1 (t) - d)(

ya(t) = g0|:1 + oo T m(wod);l(t) - a)((j:)]

_
Myl +1)
+ hall (g 08) (0@, (0)) +a I ,8(2).

If we proceed inductively and let m — 0o, we obtain the solution

M a1 (ka)
y(&)=ao| 1+ Z m (a)ocbq (1) - ﬂ)wo
k=1 "1

+ /t > )\k(t_wocbq(s))g(ngail)
p Iy (ko + a)

f (wqu;l (t)) dg0S.
k=0

Definition 8.2 For z,zy € C, the Mittag-Leftler function for fractional g, w-difference
equation is defined by

0 )Lk(z _ ZO)(/(O(+/3—1)
Buglh2=20) =) L Gy

k=0

When g =1, we simply use E, (X, z — z0) = Ey1(A, 2 — 20).

According to Definition 8.2 above, the solution of the fractional g, w-difference equation

in Example 8.1 is expressed by

Y(t) = aoEq (A, £ — wy®@q(a)) + / Ega (Mt = ag®q(s)) f(woqp;l(s)) Ay ws.

9 Conclusion

The paper [16] focuses on essentials of fractional calculus on a special discrete time scale
forming the background for the so-called (g, /1)-calculus, which can be reduced to the
quantum calculus (the case & = 0) or to the difference calculus (the case g = 4 = 1). From
this point, in this article, we give a more general extension. The fractional g, w-calculus
is defined in the set of real numbers. The main advantage of our results is that the cor-
responding properties can deal with the fractional ¢, w-calculus equation, the existence
result of the solutions is solved, which is important in physical systems. We trust that the
field here initiated will prove to be fruitful for further research.
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