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Abstract

In this paper, we consider a modified predator—prey model with
Michaelis—-Menten-type predator harvesting and diffusion term. We give sufficient
conditions to ensure that the coexisting equilibrium is asymptotically stable by
analyzing the distribution of characteristic roots. We also study the Turing instability
of the coexisting equilibrium. In addition, we use the natural growth rate r; of the
prey as a parameter and carry on Hopf bifurcation analysis including the existence of
Hopf bifurcation, bifurcation direction, and the stability of the bifurcating periodic
solution by the theory of normal form and center manifold method. Our results
suggest that the diffusion term is important for the study of the predator-prey model,
since it can induce Turing instability and spatially inhomogeneous periodic solutions.
The natural growth rate r; of the prey can also affect the stability of positive
equilibrium and induce Hopf bifurcation.
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1 Introduction
In nature, predation relationship plays a very important role in ecosystems. Many schol-
ars studied predator—prey dynamic models and developed them in many ways [1-9]. Bian
et al. [10] proposed a stochastic prey—predator system in a polluted environment with
Beddington—DeAngelis functional response and derived sufficient conditions for the ex-
istence of boundary periodic solutions and positive periodic solutions. Zhuo and Zhang
[11] considered a discrete ratio-dependent predator—prey model and obtained a new suf-
ficient condition to ensure that the positive equilibrium is globally asymptotically stable.
Liu et al. [12] proposed an impulsive stochastic infected predator—prey system with Lévy
jumps and delays, and investigated the effects of time delays and impulse stochastic inter-
ference on dynamics of this predator—prey model. Liu and Cheng [13] proposed a prey—
predator model with square-root response function under a state-dependent impulse and
analyzed the existence, uniqueness, and attractiveness of the order-1 periodic solution.
Bifurcation phenomenon is widespread in the ecosystem, and it arouses a strong interest
of researchers [14—19]. Ruan et al. [20] carried out the bifurcation analysis for a predator—
prey model and showed various kinds of bifurcation phenomenon, such as the saddle-
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node bifurcation, the supercritical Hopf bifurcation, the homoclinic bifurcation, and so
on. Huang et al. [14] considered a delayed fractional-order predator—prey model with two-
competitor and nonidentical orders, focusing on the Hopf bifurcation. Jiang and Wang
[15] studied global Hopf bifurcation of a predator—prey model by using the time delay as
a bifurcating parameter.

Population dynamics of the predator—prey model with harvesting has been studied
widely by some scholars [21-24], who suggested that the harvesting term was closely re-
lated to the long-termed stability of the population. May et al. [25] proposed the following
model to describe the interaction of predator and prey with harvesting term:

x=rx(l - %) —axy - Hy, (L1)
y=ryy(1-4)—H,
where x and y represent the densities of prey and predator at time ¢, respectively. All pa-
rameters involved with the model are positive, r; and K are the natural growth rate and
carrying capacity of the prey lacking natural predators, respectively, a4 represents the max-
imum at which per capita reduction rate of the prey x can reach, r; plays a role of the nat-
ural growth rate of predators, bx is the carrying capacity the predators rely on the prey,
and H; and H, represent the effects of the harvesting to preys and predators, respectively.
Based on model (1.1), Hu and Cao [26] proposed model (1.2) with Michaelis—Menten-
type predator harvesting as follows:

x =rx(l - %) —axy, 12)
p=ryy(l - L) - 12 '
J 2y bx cE+ly

The term c}q:"?l/y is the Michaelis—Menten-type harvesting, and E, p, ¢, and [ are positive pa-
rameters. Hu and Cao [26] considered saddle-node bifurcation, transcritical bifurcation,
Hopf bifurcation, and Bogdanov-Takens bifurcation, and suggested that the Michaelis—
Menten-type harvesting was more realistic and reasonable than the constant-yield har-
vesting and constant effort harvesting.

In real word, diffusion phenomenon widely exists. For example, predators and their
preys distribute inhomogeneously in different spatial locations at time ¢. To survive better,
they move from a place with high competitive pressure to the place with small pressure.
Compared with predator—prey models without diffusion (ordinary differential equation
(ODE) type predator—prey models), the diffusion can induce more complex phenomena,
such as Turing instability, spatially inhomogeneous periodic solutions, and pattern for-
mation [27-31]. Inspired by these works, we consider the following predator—prey model
with diffusion term:

%:rlu(l—%)—auv+d1Au, x € (0,Im),t>0,

DD = Ul - i) — i + da A, x€(0,im),t>0, 13)
Mx(O) t) = Vx(()’ t) =0, Mx(lf[,t) = Vx(lﬂf,t) =0, t>0,

u(x,0) = ug(x) > 0, v(x,0) = vo(x) >0, x € [0,Ir],

where d; > 0 and d; > 0 are the diffusion coefficients of prey and predator, respectively,
u(x,t) and v(x,t) represent the densities of prey at position x and time ¢. The carrying
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capacity of the predator, denoted as B, is proportional to the prey and other food. The
boundary condition is the Neumann boundary condition based on the hypothesis that
the region is closed and with no prey and predator species entering and leaving the region
at the boundary.

To simplify model (1.3), denote s = il, m = Lo

" = E and & = Z—é. Then system (1.3) can be

rewritten as

WD) _ (1 - & —sv) +dy Au, x € (0,0m),t>0,
avga;,t) =rv(l-5ig — —L_) +dy A, x€(0,ln),t>0, o
ux(x, ) = ve(x,£) = 0, u (I, t) = ve(lm, ) =0, t>0,

u(x,0) = uo(x) = 0, v(x,0) = vo(x) > 0, x € [0,In].

The rest of this paper is organized as follows. In Sect. 2, we study the local stability and
Turing instability of the positive equilibrium of system (1.4). In Sect. 3, we investigate the
existence and property of Hopf bifurcation. In Sect. 4, we give some numerical simula-

tions. In Sect. 5, we give a short conclusion.

2 Stability analysis of equilibria

2.1 Existence of equilibria

Now, we discuss the existence of equilibrium of system (1.4). The equilibrium of system
(1.4) is satisfied:

ru(l-—%—sv)=0,
1 ( K ) (21)

Ly-o.

v
V2V(1 ~ butf ~ m+hv

According to the first equation in Eq. (2.1), we have

1 u
ve ;(1_1?). (2.2)

If u € (0,K), then v > 0. Thus system (1.4) has a positive equilibrium p = (1, vp). From
Eqgs. (2.1) and (2.2) we have

W —ue; —ay =0, (2.3)

where

K[ms + h(2 —sB) + bK?s(h + ms — s)]

o= h(1 + bKs) ’
_ K2[(h+ ms)(sp - 1) —s*B]
"= h(1 + bKs)
Denote
o) = u® — oqu — . (2.4)

2.2
It is easy to see that ¢(0) = —ap and ¢(K) = W
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Now, let us discuss ¢(u) with u € (0, K) in two cases.

Case 1: m > 1. In this case, we have ¢(K) < 0 under ¢(0) = —a, > 0, and thus Eq. (2.4) has
a unique root, whereas ¢(K) > 0 under ¢(0) = —a; > 0, and thus Eq. (2.4) has no roots.

Case 2: m < 1. In this case, if ¢(0) = —a2 > 0, then we get that ¢(K) > 0 and ¢(u) has two
roots or no root, whereas if ¢(0) = —a; < 0, then it has a unique root.

Based on this analysis, if (m — 1)« < 0, then system (1.4) has a unique positive equilib-
rium P(uo, vo). So, we always assume that system (1.4) has a positive equilibrium P (i, vo)
in the following discussion.

2.2 Stability analysis of P(uy, vo)
To study the stability analysis of P(uo,v), we analyze the distribution of characteristic
roots as is done in [32]. Now, we consider the characteristic equation of system (1.4). De-

fine the real-valued Sobolev space
X := {(u,v) € [H2(0,17)] : (tx, Vi) sc0ir = 0},
and the complexification of X:
Xc:=X®iX={x +ixy:x1,x € X}
The linearized system of (1.4) at (u9, Vo) has the form
Us u d 0 Au -na; -na\ (u
=L(p) = + ,
Vs v 0 dy Av rab; roby %

where a3, a;, b1, and b, are defined in (2.5). Then the linearized operator of the steady-

state system of (1.4) evaluated at (uo, vp) is

2 _
L(s) = dy 32 a1 raz
32
}"zbl dZW + ngg

with the domain Dy, = X¢ and

bvy? 2h
= L[t—?, as = S, by Yo by = oxm 1. (2.5)

“ Tluor B worm?

It is well known that the eigenvalue problem

' =up, xe©ln);  ¢0)=ln)=0

has the eigenvalues u, = ’;—22 (n =0,1,...) with the corresponding eigenfunctions ¢, (x) =
cos “I. Let
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be the eigenfunction of L(p) corresponding to an eigenvalue S(p), that is,

L(p)(¢, )" = B(p)(@,¥)".

Then from a straightforward analysis we have

L,(s) (Z) — B(s) (Z) . n=01,...,

where

din?
L,(s) = —rna — _Ez —Inaz
n = d2n2 .

raby roby — 2

It follows that the eigenvalues of L(s) are given by the eigenvalues of L,(s) for n =
0,1,2,.... The characteristic equation of L,(s) is

M-Tr+D,=0, n=0,1,2,..., (2.6)

where
2
T,=-(d +d2)l_2 —rai + raby,

Dn = d1d222 + (l"ldldz - rzbzdl)Z + Vlfz(llzbl - (llbz).

Thus we can obtain the eigenvalues of Eq. (2.6):

Ly VT, - 4D, n=0,1,23....

A2 = -5
To analyze the influence of the diffusion term in model (1.4), we first study the stability
of P(ug,vy) for ODE model. If d; = dj = 0, then the characteristic roots of (2.5) are given
by

roby — ay £/ (raby — 7”1611)2 —4r1ra(asbr — arby)

5 (2.8)

Al =

We know that the positive equilibrium of a system is locally asymptotically stable when
its eigenvalues all have negative real parts. Therefore we can get that both A, ; have nega-
tive real part if and only if rpb; — r1a; < 0 and azby — a1 b, > 0, which are guaranteed by

(Hy)
Kry (1—=m—(m+hvy—1)2
ry > —
U (m + hvy)?
and
(Hy)
—-m
1 b]( )
TR it = 1)

respectively. Summarizing the discussion, we have the following conclusions.
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Theorem 2.1 For ODE system (1.4), if (Hy) and (Hy) hold, then the positive equilibrium
P(ug,vy) is locally asymptotically stable.

Now, we consider Turing instability of the equilibrium P(u, vo). For Eq. (2.6), define

2
_n
Z—l—z,

T(z) = —(di + db)z — riay + rabo, (2.9)

D(Z) = dldzzz + (r1a1d2 - rzbzdl)z + Flrz(azbl - ﬂlbz).

According to Theorem 2.1, under hypotheses (H;) and (Hy), we have T(0) < 0 and
D(0) > 0. Then T'(z) < T(0) < 0. For n # 0, we can gain the symmetry axis zo and the dis-
criminant A of D(z). They are given by

Vzbzdl — rlﬂldz

Z0 = ) A = (rads — rybyds)* — Adydorirs(ashy — arbs).
2d1d,

We consider the following two cases.

Case I: rybydy — ria1dy, <0 or A < 0. Then all the roots of Eq. (2.6) have negative real
parts.

Case I1: robydy > riaid, and A > 0. Denote the two different roots of D(z) = 0 as z; and
zy (21 < z3). By straightforward calculating we get z;, = W. Then we have
the following conclusions:

(i) Forallm e N, if ’;—22 ¢ (21,22), then D(n) > 0, and all the roots of Eq. (2.6) have
negative real parts.

(ii) If there exists k € N such that ];—22 € (z1,23), then D(k) < 0, and Eq. (2.6) has at least

one root with positive real part.

Based on this analysis, we have the following theorem.

Theorem 2.2 For PDE system (1.4), let (H1) and (Hz) hold. Then the following statements
are true.
(1) In Casel, the positive equilibrium p(ug, vo) is locally asymptotically stable.
(2) In Casell, ’;—22 ¢ (z1,22) for all n € N, the positive equilibrium p(uo, vo) is locally
asymptotically stable.
(3) In Case 11, there exists k € N such that ’;—22 € (z1,22). Then the positive equilibrium
p(uo, vo) is Turing instability.

3 Analysis of Hopf bifurcation
3.1 Existence of Hopf bifurcation
In the predator—prey system, considering Hopf bifurcation is of great value and signifi-
cance. In this section, we mainly study the existence of Hopf bifurcation by taking r; as a
bifurcating parameter.

Define

) _ rzK[ 2hvy + m

K n?
—— 1| = —(d1 +dy)—, =0,1,2,...,n}, 3.1
" (v + m)? } o " .

Up

where 77 is an integer such that rﬁ") >0 for n < nj and r%”) <0 for n = n} + 1. Obviously,
T,,(ri")) =0and Do(rgo)) > 0 under hypothesis (H;). Then there exists an integer #; > 1 such
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that D,,(rﬁ”)) >0 when 7 < n and Dn(rﬁn)) <0 when n=n} +1. Let n* = min{n}, n5}. Then
Egs. (2.6) have a part of pure imaginary roots when r; = rY') where n < n*. We assume that

system (1.4) has a pair of complex eigenvalues a(r;) £ iwo(r1) when r; is near r}, where

(n)) _ V4D, — T? da(ry) _ U 0

2 dri | 2K "

ri=ry

Then the transversal condition is satisfied. System (1.4) undergoes Hopf bifurcation at

r = rﬁ"). Hence we get the following theorem.

Theorem 3.1 If (Hy) holds, then system (1.4) undergoes Hopf bifurcation at ry = rﬁ") , where
n=0,1,2,...,n".

3.2 Property of Hopf bifurcation
By using the algorithm in [32] we will give parameters for determining the bifurcation
direction and the stability of the bifurcating periodic solution. Here we just consider the
( 2J/nn@bi-a1%2) /e have
3 .

0
caseofr; =1, ), where wg =

1 riup 1
q= _iwpK+r1ug and q* = 2Kl lst;)?uo 2Un . (32)

Krysug 2miwg

Define

f(rl;uyv):rlu(l_ % _SV);

, . (3.3)
g(ra, u,v) = rpv(1 - buip m)'
By calculating we have
27’1
f;m:_Y’ ﬁzv:_rls; ﬁ/v :ﬁmu :fuuv :f;,tvv :ﬁ/VV:01
-2r,b*v3 2brayvg
guu = 2 g V= T 9
(buo + B)’ T (buo + B)
3.4
~ 2h2ryv ~ 6bry v (34)
S e BT (Bt buo)
4b? 20%ry(—m + 2h
Suuwy = _%¢ vy = Mr Suw = 2b’"Z(buO + ,3)72‘
(B + buyg) (m + hvg)
When # = 0, by a simple computation we get
N co  nuolcy + Ksdp) . ey nriuoleo + Ksfy)
@ Qual =5 ~ s ' Qa) = 5 5
_ co  riuglco + Ksdy) _ g riuo(go + Kshyp) '
*7 == A *; C = ~ = A
@ Q)= 5 iy @ Cana) =5 2Kieo

Page 7 of 15
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where
2r 2r —
co = —714(2) — 2r1sagby, € = —I—<1|6lo|2 — r18(aobo + aobo),
=2rb*v: ,  4bryv 2h%rvy
0= 3ﬂ0+ 2“0 0o— 3% gO:Oy
(bug + B) (bug + B) (m + hvo)
—2ryb?v? 2bryv — 2h2ryv
Jo= 2703|¢lo|2 + 7202(610570 +dobo) - 7203|bo|2: (3.6)
(bug + B) (bug + B) (m + hvo)
6b3ry 12 4b%ryv —
ho = —204|610|2ﬂo - 7203(2|ﬂo|2b0 + agho)
(B + buy) (B + bug)

20%ry(—m + 2k
2 x 2hvo) oy

2br2
(m + hvg)*

+ ——= _(2|bolPao + b2ao) +
(bbl0+ﬂ)2( | 0| 0 0 0)

We have

woyo = [2la)()1 — L(rl):rl |:<:;:)> _ <q*’ Qq,q) (ZZ) _ (%, Qq,q) (Z:Z>:| , (37)

won =-[L0)] [(;‘;) ~ (7" Qaa) (ZZ) 7", Qaa) (Z:Zﬂ : (3.8)

Hyo = (;Z) - <q*’ Qq,q) (ZZ) - <$' Qq,q) (Z—Z) ’ (3.9)
Hy = (;2) - (q*,Qqﬁ) (ZZ) - (?7 Qqc?) (Z—Z) . (3.10)

By calculating we get Hyo = Hi11 = 0, that is, wy = w11 = 0. Therefore

(a", Qle11,9)) = (g%, Qwn, 9)) = 0.

According to [32], we get

(0) i o 1 2 &21
=— -2 - =, 3.11
a(n’) 200 <g20g11 g1 3Igozl )+ 5 (3.11)

where

&0 = (q*’Qqq>’ 8 = <q*’Qq?>’

802 = <q*, Qaz): &1 = 2(‘7*’ Quiyg) + (q*, Qunog) + (q*, Cyaa)-

Through simplification, when r; = rﬁo), we obtain

(3.12)

i % * 1 *
1 ('"50)) - 2_0)0(61 +Qaa) (4" Qua) + E(q Caaa)

Thus
(3.13)

i 1
Relea (1)) = Re{ 310", Q) Qi)+ 310" o
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Summarizing the discussion, we have the following conclusions.

Theorem 3.2 If Re(cl(rgo))) < 0 (resp. > 0), Hopf bifurcation at ry = rgo) toward the back
(resp., ahead) and the bifurcating periodic solutions are asymptotically stable (resp., un-
stable).

The parameters determining the property of the bifurcation of the spatially inhomoge-

neous periodic solutions (at r; = rY)

) are given in the Appendix.

4 Numerical simulations

To support the results found in the previous sections, we give some numerical simula-
tions by Matlab. The numerical simulation of the PDE systems is implemented by pdepe
function in Matlab. Fix the following parameters:

=02 s=8  b=01  K=30,
(4.1)
m=099, h=099, =2 [=2.

By computation, we get two positive equilibriums: (u,v0); ~ (10.341,0.082) and (uo,
Vo)a A (26.211,0.016).

For equilibrium (uo,vp)2 & (26.211,0.016), we obtain ayb; — a;b; ~ —0.003 < 0, so this
equilibrium is unstable by Theorem 2.1. For equilibrium (zo,vo); ~ (10.341,0.082), we
obtain b, < ay, riry(azb; — a1b;) ~ 0.016 > 0 when r; = 0.2, so the positive equilibrium
p(uo, vo) = (1o, o)1 is locally asymptotically stable, which is shown in Fig. 1. If we choose
r1 = 0.029, due to ryby > r1a;, then we see that P(ug, vo) is unstable and has a bifurcating
periodic orbit.

In the following, we mainly consider the positive equilibrium P(uo, vo) = (10, vo)1 and fix
the parameters in (4.1). Choose d; = 0.01, dy = 0.2, r; = 0.2. We have rybydy — raydy, =
—0.014 < 0. Then P(uo, vo) is locally asymptotically stable by Theorem 2.2, which is shown
in Fig. 2.

For the positive equilibrium p(ug, vo) = (10, o)1, we choose d; = 2, dy = 0.001, r; = 0.2.
By Theorem 2.2 we have z; ~ 7.966, z, &~ 9.996 x 1071, and 4/ = 1, so that z; < 4/[? < z,.

Hence we have Turing instability at P(u, vp), which is shown in Fig. 3.

0.1 —

0.095 /
0.083

0085 \ (/—\\\
B 0.0815
N D
0.08

0.075 —

0.08

0.07 0.0795
10.

85 9 95 10 10.5 1 1.5 .2 10.25 10.3 10.35 10.4 10.45

Figure 1 Left: ry =0.200, the positive equilibriums p(up, vo) is locally asymptotically stable. Right: r; = 0.029,
p(uo, Vo) is unstable and has the bifurcating periodic orbit

Page 9 of 15
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u(x,t)

v(x.t)

103

102
10000

Figure 2 The numerical simulations of system (1.4) with parameters in (4.1) and d; =0.01,d, =0.2, 11 =0.2.
Left: component u is locally asymptotically stable. Right: component v is locally asymptotically stable

u(x,t) vix.t)

0.082
0.08 ~

0.078
10000

5000

Figure 3 The numerical simulations of system (1.4) with parameters in (4.1) and dy =2, d» =0.001, r; =0.2.
Left: component u has Turing instability. Right: component v has Turing instability

u(x,t) vix.t)

Figure 4 The numerical simulations of system (1.4) with parameters in (4.1) and d; = 0.006, d» = 0.002,
r = 0.02. Left: component u is stable. Right: component v is stable

For the positive equilibrium p(uo, vo) = (¢40, v0)1, choose d; = 0.006, d, = 0.002. By com-
putation we have rﬁo) ~ 0.114 and Re(cl(rgo))) A —2.830 x 1072 < 0. So we conclude that the
positive equilibriums p(u, Vo) loses its stability, and system (1.4) undergoes a Hopf bifur-
cation when r; crosses r(lo). Moreover, the direction of the bifurcation is toward the back,
and the bifurcating periodic solutions are asymptotically stable by Theorem 3.1, which is
shown in Fig. 4.
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5 Conclusion

In this paper, we study a modified Michaelis—Menten harvesting predator—prey model
with diffusion terms. For ODE system, we get that if hypotheses (H;) and (Hz) hold, then
the positive equilibrium p(uy, vp) is locally asymptotically stable. For PDE system (1.4), if
robydy > riaid, and A > 0, then there exists kK € N such that ];—22 € (z1,22), k=0,1,2,...,
and the positive equilibrium p(u, Vo) of system (1.4) has Turing instability. In addition,
the positive equilibrium p(uyg, vo) is locally asymptotically stable under other conditions.
Finally, we analyze Hopf bifurcation and find that if hypothesis (Hz) holds, then Hopf
bifurcation occurs at r; = I"Y ), Moreover, if Re(cl(rY))) <0 (resp. > 0), then Hopf bifurcation
is toward the back (resp., ahead), and the bifurcating periodic solutions are asymptotically
stable (resp., unstable).

Appendix: Bifurcation direction of the spatially inhomogeneous periodic
solutions
In this appendix, we study the bifurcation of the spatially inhomogeneous periodic solu-

tions given in Theorem 3.1. We calculate Re(cl(ry))) for j=1,2,...,n}. Denote r; = ry),

where rY) is defined in (3.1). We get w; = ,/D,»(rY)) , where Dj(ry)) is given in (2.7). We set

. 1 ,
B cos[x— 2 cos[x
q:= l’)l' i - B riutio;K+dy 11—21( l

Krysu
and
i2
(,f,k ] 1 riu+dy ﬁK ]
g =" |costx=| 2 2mic cos ~x.
* __rsu )
/ 217ria)j

By straightforward calculation we have

2
iN1- 2iw; + 4dyls — rab —
[zl(,()}I —sz(}‘jl)] ! = (al + azi)_l Lo + 2p 7202 '"16?22
raby 2iw; +4dy 5 + ay
with
J* 7
ay = 166116!'21—4 +4(ra1dy - rzbgdl)l—z + riry(ashy — a1by) — 40)12,

j2
S +ra) - r2b21|

Oy = 2(1)1 |:4(d1 + dg)l—

and

2
i\1- 2iw; + dyls — ryb —ra
[2iy] = Lo(F})] ™" = (g + g™ [ 7 T 22 7722 142
raby 2iw; +d1;—2 +ra

with

4 2
o3 = 61161211—4 + (naidy - 7”2192611)11—2 +r1ry(asby —a1by) - 4w}2,
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2
04 = 26()]' I:(dl + dz)]l—2 +ria; — 7’2]92].
Then we get

o= Lzt 1)) (%) (5)

_ [[2iw/1—L2/(r1f)1‘1 wsZo, [2iw;1—Lo<rlf>J‘l] (Z)
/

2 7 2

(2l(,()l + 4-d211—2 — rzbz)Cj — rldzdl‘
= S
2 (216&)] + 4d111—2 + rlal)dj + r2b1Cj

- . 2
+ [O{g + Ol4l] ! ((Zla)j + dzllj - rzbz)Cj - Vlﬂzd,)
2 )

o+ il

(2iw; + dify + ray)d; + rabig

on =310 [( 7) (f)}

2 2
_ 055_1 <(4d2/l_2 - rzbg)e,» - 7’1612}?‘) N 016_1 ((d2][_2 - rzbz)e,» - 71a2ﬁ>

2 L 2 2
(4d11—2 +r1ﬂ1)ﬁ+l"2b1€]‘ (dll_z +71d1)ﬁ+r2b1€j
where
K +di 2K
ru+iwK +di%
¢ = fuu = 2fuv 4 L
Krisu
2 2 2
ru+ioK + di 5K (riu + iwK + di 5 K)
dj = Guu — Zguv + 4w 2 222 ’
Krisu K?ri%s?u
2
5 ru+ d1’I—2K 0
oS e 970
2 P o
rnu+d /5K (mu+di5K) —ao?K
ﬁ =8uu t zguv L + 4w L / ,
Krisu K2r2s2y?
Sryu + i +3d 5K
hj = Guuu — Guuv L
Krisu

B[(ryu + dy 5 K% = 02K?] + 211+ dy 5y K)o, K

K2r2su?

+ Guwv

PIO? — 2K2 2K +io:
[(r1u+d1121() w;K ][r1u+d1ﬂK+zw]I(]

K3r3s3u3

— 8wy

’

and fuu; fuvs fovs Guur Guvs Govs Suur fuuvs Juvvs Fovvs Guuns Guuvs uwv» ad gy, are given in (3.6).
Then we have

_ fuuyl +fuv()/ll;j + VZ) +fVVyZB/ %
szo,é - )

Z Z COS —X COS {x
GuV1 + Eo(V1bj + v2) + g yab; l
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[

fuu51 +fm,(81b + 82 +fw52b cos ]_x
guu81 +guv(31b + 82) +gvv52b ’

J
X COS =%

l

Suur + fi@r1b; + ©2) + frvpab; 2j
Qo = cos —
guu(pl +guv((plb + 902) +gvv(/72b

<fuué‘1 +fuv(§lb +§2 +fvvé‘2b )CO /
l

S=-X
guugl +guv(§lb + {2) +ng2

with
Y= W <2La)] +4d, z r2b2>cj - F1tlzdj:|»
Vo = % -<21wj + 4d1;—2 + r1a1>dj + rzblc,},
8 = M _<2iw,» + dgé—j - r2b2>cj - rlagd],
8y = M _<2La)j + dl}; + rlal)dj + rzb1Cji|’

a5t I
Q1 = T |:<4d21—2 — szz)@j — rltlz];:|,

as! 2

@y = ST [(4d1]l—2 + rlal)/; + Vzbleji|’
Ol6 -1

gl = 5 d2 12 rzbg Ej - rlﬂ?f ’

o -1 i2
{2 = GT |:(d1]l—2 + rlal)// + V2b16j1|.

For any j € N, we notice that

/ / 3l
/ cos dx = E / coszj— cos —-— dx = E / cos? dx = _71
0 N 2’ 0 / l 4’ 0 l 8

Then we get

(@ Qusoa) = %{ﬁ}k (Fus + fun(1B; + v2) + fu2b)
+ 5} (guivs + 8By + v2) + 1oy}
# G (i + fil81D; + 82) + o2
+ b} (@uud1 + Gu(81b; + 82) + gudaby) |,

Iz, _ _
(q*: an,q) = % {ﬂj (fuu‘pl +fuv(‘p1bj + <P2) +fvv(p2bj)

+ b} (Guur + Gu(@1bj + 92) + gupab)) |
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l _ _ -
+ g{aj«‘(fuu{l + fuC1bj + 2) + fin$ab))

+ ZJJ* (guué-l +guv(gléj + €2) +gvv§25j)}’

and (g%, Cyq3) = 31%(21}*&» + l_);‘hj). For any j € N, it follows that (g%, Q) = (¢, Qqz) = 0. By
(3.11) we have

; 1
Re(cj(’Jl)) = 5 Re{Z(q*, Qwu:q) + (q*’ szo,?}) + (q*’ C ,q,?z>}'

Thus, when ¢; (r]i) > 0 (resp., < 0), the bifurcating periodic solution toward the back (resp.,

ahead) and the bifurcating periodic solutions are asymptotically stable (resp., unstable).
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