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Abstract

In this paper, we deal with a class of neutral random nonlinear systems. The existence
and uniqueness of the solution to neutral random functional nonlinear systems
(NRFSs) are established. Furthermore, the criteria on noise-to-state stability in the
moment of a special class of NRFSs, named neutral random delay nonlinear systems,
are derived. An example is given for illustration.
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1 Introduction

Stochastic differential equations (SDEs) are widely adopted to describe systems with
stochastic disturbances. As one of the most important issues of SDEs, stability theory
of SDEs has been studied intensively over past decades, see for instance [1-6] and the
references therein.

Moreover, delay effects are common phenomena which exist in a wide variety of real sys-
tems. Neutral differential equations with delay (NDDEs in short) are often used to describe
the systems which depend not only on present and past states but also involve deriva-
tives with delays. For theory of NDDEs, one can see Hale and Lunel [7] and the references
therein. Taking the environmental disturbances into account, Kolmanovskii and Nosov [8]
and Mao [9] discussed the neutral stochastic differential equations with delay driven by
Brownian motion (NSDDEs). Since then, so many efforts have been made on this topic,
especially on asymptotical boundedness and exponential stability of NSDDEs. One can
see [10—-13] and the references therein.

Although fruitful results on the stability of SDEs have been obtained, it seems that the
model of SDEs is not necessarily the best model in some specific situations (see [14, 15] for
more details). For example, stationary processes are more reasonable to describe stochas-
tic disturbances to other electric elements in circuit systems with power noise filter than
white noises. Stationary processes have been applied to automatic control, information
theory, and wireless technology. In Wu [14], a framework of stability analysis for random
nonlinear systems with second-order processes was established. The notion of noise-to-
state stability was proposed for stochastic nonlinear systems by regarding the unknown
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covariance of Brownian motion as the deterministic input in [16] and [17]. Based on the
above works, Zhang et al. [18] investigated the noise-to-state stability in probability of
state-dependent switched random nonlinear systems with second-order stationary pro-
cesses. Then, Zhang et al. [15] and Zhang et al. [19] established the criteria on noise-to-
state stability in the moment of random switched systems under a reasonable assumption
of second-order processes, respectively.

In this paper, motivated by the above-mentioned works, we deal with a class of neutral

random functional nonlinear systems of the form
d[x(t) = D(x;)] = f (i t) dt + g(x,, ) (8 dt, £ > to 1

with initial data x,,. Here, the same as in [14], £(¢) is a second-order process. The existence
and uniqueness of the solution to system (1) and the noise-to-state exponential stability of
an important class of system (1) are considered. We mentioned that, when &(¢) is a white
noise, regarding £(¢) as the formal derivative of a Brownian motion (or Wiener process)

B(t), equation (1) becomes the classical functional SDE described by
d[x(t) - D(x)] = f (xi, £) dt + g(x,,£) dB(2), t>to

with initial data x;,.

The paper is organized as follows. In Sect. 2, we introduce some notations and pre-
liminaries. Section 3 is devoted to the existence and uniqueness of solution to a neutral
random functional nonlinear system. In Sect. 4, the criteria of noise-to-state exponential
stability in the pth moment of neutral random delay nonlinear systems are established. An

example is given in Sect. 5 to illustrate our main results.

2 Notations and preliminaries

Throughout this paper, unless otherwise specified, we use the following notations. Let | - |
be the Euclidean norm in R”. If A is a vector or matrix, its transpose is denoted by AT If
A is a matrix, its trace norm is denoted by trace |A| = \/m. Let T > 0 and denote
by C([-7,0]; R") the family of continuous functions ¢ from [-7,0] to R” with the norm
llell = sup_, g0 l9(0)]. Let R, = [0,00) and K stands for the set of all functions R, — R,
which are continuous, strictly increasing, and vanishing at zero.

Let (2, F, F;, P) be a given complete probability space with a filtration {F;};>o satis-
fying the usual conditions. For p > 0, let ﬁ;—}o ([-7,0];R") be the family of 7 -measurable
C([-7,0]; R")-valued random variables n such that E||n||” < co. Denote by Cg_-to ([-7,0];R")
the family of all F; -measurable, bounded, and C([-7, 0]; R”)-valued random variables.

Consider a neutral random functional nonlinear system of the form
d[x(t) - Dx,)] = f(x, ) dt + gl )E () dt, > to )
with initialdatax,, = n = {n(0): -1 <6 <0} € Elfto([—r,O];R”),whereD: C([-1,0;R") —

R",f:C([-1,0;R") x R* — R" and g : C([-7,0];R") x R* — R"*“ are Borel-measurable,
x(t) € R” is the state of the system and x; = {x(¢ + 0) : —t < 0 < 0} is regarded as a
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C([-7,0]; R")-valued stochastic process. The stochastic process £(f) € R? is a second-

order process satisfying the following assumption.

Assumption A1 The process &(t) € R? is F;-adapted and piecewise continuous and sat-

isfies

sup E’é(s)’z <00, Vi=>£.

to<s<t
Remark 1 From suptoisﬂE|§(s)|2 < 00, for all £ > ¢y, one can verify £(¢) < 0o, a.s.
Definition 1 A solution to system (2) on t > £y — 7 is a process x(£) := x(t; to, x¢,) satisfying
the following:
1. x(t) is continuous and F;-adapted for ¢ > £, — T, where F; = F;, for t € [ty — T, to];

2. Forevery T > o, ftoT |f(xs,2)| dt < 00 a.s. and fon lg(xs, £)| dt < 00 a.s.;
3. Forevery T >t

T

T
#(T) = Dxr) = x(ty) - Dis) + / Fls)ds+ ] g )E(s) ds.

A solution x(t) to system (2) is said to be unique if any other solution ¥(¢) is indistin-
guishable from x(¢).
To analyze the existence and uniqueness of solution to system (2), we impose the fol-

lowing assumptions.

Assumption A2 Both f and g are piecewise continuous in ¢ and satisfy the Lipschitz con-

dition in x, i.e., there exists a constant K > 0 such that

[f(¢.6) ~f(@,0)| + |g(@.1) ~ glo,8)] < Kllb ~ gl 3)
for all £ > £y and V¢, ¢ € C([-7,0]; R").
Assumption A3 There exists a constant L > 0 such that

f(@,0)] + g, )] <L(1 +1161l) (4)
for all £ > £y and V¢ € C([-7,0]; R").
Assumption A4 There exists « € (0, 1) such that, for all ¢, ¢ € C([-7,0]; R"),

|D(¢) - D(g)| < klip - ¢lI.

3 The existence and uniqueness theorem
Let us now establish the existence and uniqueness of solutions to system (2).

Theorem 1 Under Assumptions A1-A4, the neutral random functional nonlinear system

(2) has a unique solution.
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Proof Uniqueness. Let x(¢) and x(t) be the two solutions of system (2) with initial data
Xy, = %gy. By Assumptions A2 and A4, we have

|x(t) - %(2)|

< |D(x) - D(,)| + / [ (ers) - f (R 5)] s + / g0 s) - ()| [£(5)| ds

t t
SK||xt_-7_ct”+I(/ IIxs—ﬁ_CslldHK/ llas — %1 |£ (s)| s
to to

<k t _su<p<t|x(s) - x(s)| + K/ : sup_ |x(r) = %(r)| (1 + |£(s)|) ds. (5)
This implies
tsggjx(s) - 5c(s)|
<k ts<ulit|x(s) - x(s)| + K/ ts<ug |x(r) = x(r)| (1 + |£(9)]) ds, (6)
therefore
_ K t _
tSBEJx(S) -x(s)| < T ts(ug |x(r) = 2(r)| (1 + |&(s)]) ds. (7)

Applying Gronwall’s inequality yields that x(t) = x(¢), a.s. for all £ > £,. The uniqueness is
proved.

Existence. The proof of existence is divided into the following two steps.

Step 1. Define x) = n and x°(¢) = n(0) for t > fo. For each n = 1,2,..., set x, = n and
define

x”(t)—D(x;H):n(O)—D(n)+‘/f(x:”1,s) ds+/ gt s)&(s) ds.

When n = 1, we have

x'(£) = x°(t) = D()) D(n)+/fx s ds+/tg(xg,s)§(s)ds, t>t.

to

By Assumptions A2-A4, we have
54020 D) - D00 + [ )| s [ et s
<K||xt_xt0||+1</ 50 -2 | (1 + |£(5)]) ds
[ 1691+ et 9l
<l o [ sup -1+ 20 s

+L/ (1+ 1) (1 + |£)]) ds

to
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Then, for any finite number T > £y, we have

T
sup |x (&) - xo(t)| <k sup ||xt —xto || +K/ tsup ||x9—x?0 || (1 + {S(s)|)ds
to to<r<s

to<t<T

+L/T(l+ Il (1 + | )]) s

to

T
< SUPT”’% -xp | |:K +I</ (1+ |E(S)|)d5]
to

th<t<
T
+L/ (1+||n||)(1+|$(s)’)ds. 8)
to
Note that
sup [~ | = sup |%°@) = || < 2IInl.
to<t<T —r<t<T

This together with (8) yields

T
sup |x1(t)—x°(t)|§2lc||n||+[2K||77||+L(1+||77||)]/ (L+|&(s)|) ds:=C. 9)

to<t<T to
On the other hand, we have
t
XU8) —(t) = D() - D(x) + / [F(s) —F (2 s)] ds
t
+ / [g(x7,5) —g(x,5) ] () ds.
to
By the same procedure as in the proof of the uniqueness and (9), we obtain

T
sup |x”“(t) x”(t)| < sup |x”(t) x" 1(t)||:/< +K/ (1+ |z§(s)|)ds:|

to<t<T to<t<T to

T n
< C[K +1</ (1+ |g(s)|)ds] . (10)

Given T — ¢ is small enough such that « + Kftf(l + |&(s)|) ds < 1, one can show from (10)
that there is a solution to system (2) on [, — 7, T].
Step 2. Let o > 0 be sufficiently small for

K +K/t0+o(1 +|E@s)|) ds < 1,

to

by Step 1, there is a solution to system (2) on [¢y — 7, ¢y + o] with initial data x;,. By Step 1
again, there is a solution to system (2) on [£) + 0, ty + 20] with initial data x;,,. Repeating
this procedure, we can derive that there is a solution to system (2) on ¢ > £y — . The proof
is complete. d
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As in the classical SDE situation, the uniform Lipschitz Assumption A2 is somewhat
restrictive in applications of the system, this motivates us to replace Assumption A2 with
the local Lipschitz condition.

Assumption A2’ Assume that for each % > 0, there is a constant Kj, > 0 such that

If (8,0 - f(g,0)] + |2, 8) - g(e,0)| < Killp - ol (11)
for all £ > ¢ and those ¢, ¢ € C([-1,0]; R") with ||¢|| V ||¢] < h.

Theorem 2 Under Assumptions Al, A2', A3, and A4, the neutral random functional non-
linear system (2) has a unique solution.

Following the same line of Theorem 2.3.4 in Mao [9], this theorem can be proved by a
standard truncation procedure, so we omit it.

4 Noise-to-state stability
In this section, we consider a special but important class of system (2) of the form

d[x(t) = D(x(t - 1)) ] = F(%(t), x(t — ), £) dt + G(x(£), x(t — 7),£)E(@) dt, t>1y (12)
with initial data x,, = 7 = {n(0) : —t <6 <0} € cffm([—r,O];R”), where D: R" — R", F :
R" x R" x R, — R",and G: R" x R" x R, — R"™ are Borel-measurable and the process

&(t) satisfies Assumption Al. We called (12) the neutral random delay nonlinear system.
For functions D, F, and G, we impose the following assumptions.

Assumption A5 Both F and G satisfy the local Lipschitz condition. That is, for each 4 > 0,
there is a constant Kj, > 0 such that

|F(x,3,t) - F&,5,1)| + | G(x,3,8) - G(%,5,1)| < Ky (lx — %] + [y - ) (13)
for all t > £y and Vx,x,y,y € R” with |x| Vv |x| V |y| V [y| < h.
Assumption A6 There exists a constant L > 0 such that

[F,3,0)] + |Gle,y, )] < L(1+ Ix] + 1) (14)
forall £ > £y and Vx,y € R".
Assumption A7 There exists « € (0, 1) such that

|D()| < x|
for all x € R".

In fact, system (12) can be written as system (2) by defining f (¢, £) = F(¢, ¢(-7),t) and

g(p,8) = G(p, d(-7), t) for (¢, t) € C([-7,0]; R") x R,. Note that Assumptions A5, A6, and

A7 imply Assumptions A2, A3, and A4 respectively, so by Theorem 2, there exists a unique
solution to system (12) on [¢y — T, 00).
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Definition 2 For p > 0, the neutral nonlinear system (12) is said to be noise-to-state ex-
ponentially stable in the pth moment, if there exist positive constants ¢, A and a class IC
function y(-) such that, forall £ > ¢y and %, =5 € Cffto ([-7,0]; R"),

Ex@)f < cEllnlre ™+ y ( sup E|g6)[).

to<s=<t
When p = 2, we also say that it is noise-to-state exponentially stable in the mean square.
The following lemma is a combination of Lemmas 4.3 and 4.5 in Kolmanovskii et al. [11].

Lemma 1 Let p > 1 and Assumption A7 hold. Then, for all x,y € R",

= D(y)I”

=D < (s (k). Syl S

Lemma 2 Let Assumptions A5—A7 hold. Suppose there exist positive constants c, ¢, o1,
oy, 03, d with oy > ay and a C* function V(x,t) : R" x [ty,00) — R, such that, for p > 1 and
vVt > ty, x,y € R",

alxlf < Vix,t) < colxl (15)
and

v v av 2

—+ —Fx,yt) +d|—Gxy1t)| <-oqlxl’ + oyl +as. (16)

Jt  ox 0x

Moreover, there is a constant k € (0, 1) such that

|Dy)| <«lyl, VyeR" (17)
Let X be the unique solution to the equation

a1 —Acp(l+ k)P — e (a2 +xAcy(1+ K)"_l) =0.

If » € (0,)], then for all t > ty and any initial data {n@) : -t < 6 <0} = n €
C4, (1=, 01:R"), it holds that

2
’

by
e* sup E|&(s)
4cid to §in£ |§

SE[x(t) ~Dlate ) = GEIY + 70 + (18)

where Cy = 2[c,0 (1 + k)P + 1€ (ory + kDca(1 + k)P H)].
Proof For t > ty, let X(t) := x(t) — D(x(t 7)), by Young’s inequality and (16), we have

de* V(x(t), t)
dt

=AMV (%(2),t) + €[ Vi(%(2), ) + Vie(R(2), £)f (w(8), %(¢ — 7). £)
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+ Vi (80, 2)g (@), x(2 - 7), )£ (8)]
<AV (x(2), 8) + [ Vi (%), £) + Vi(5(2), )f (x(2), x(2 - 1), 2) |

+de™ | Vi (%(2), £) g (x(6), (¢ — T), t)|2 + ﬁe“|g(t)|2
<3V (ED.L) + [ 0 +aafate -0 s + e

Taking integrals and then expectations on both sides of the above, together with (15) and
(17), we get

e"EV(x(2), 1)
< e*tOEV(fc(to),to) + E/te)‘s[)LV(i(S),S) -0 \x(s) ip

+a2|x(s—r)|p+a3 ds+— / “|E(s)| ds

< 02"E|x(to) — D(x(to — 7)) |p + E/ e[ rea|x(s) |p — o |%(s) |p

to
t
+a2|x(s—r)|p+a3]ds+ iE/ e’\s|é(s)|2ds
ad  J,,
t

< (1 +k)PE|n|? + E/ e[ e (1 + k)P (|x(s) |p + 1 |x(s - r)|p)
to

t
—a1|x(s)|p+(x2’x(s—r)’p+a3]ds+ ﬁE‘/ e“‘é(s)fds

to

<1+ k)PE|n|? + . D3 +E/ ( o + Ac(l +K)”_1)’x(s)’p ds

to

t 1 t
+ [“2+K)»62(1+K)p_1]15/ e |x(s—7)[" ds + —E/ e*s|§(s)|2ds. (19)
to 4‘d to
However,
¢ t
E f Fles-o)f ds<¢ (rEnnnP +E f e’\s|x(s)|pds). (20)
to to

Substituting this into (19), we have

e"EV (%(t),t)

< [c2€®(1 + k) + 1" (a2 + kAca(1 + kP )ElnIF] + %e’\t
t 1 t 9
—H()\.)E/. e“‘x(s)‘pds+ —E/ e“!é(s)’ ds, (21)
to 4d to

where H(A) := o — Aea(1 + kP71 — 27 (g + khea(1 + )P~1). It is obvious that H(A) is con-
tinuous and mono-decreasing in A. For a3 > 3, and from the zero theorem, there exists a
unique positive root A to the equation H(1) = 0. Thus, for A € (0, 1], assertion (18) follows
from (21) directly. O
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Based on the above two lemmas, we can now state the main result of this section.

Theorem 3 Let the assumptions of Lemma 2 hold and as = 0. Let X € (0, A A 5= log(2)],
then for any initial data {n(0): -t <6 <0} =n e C.”Fto([—r,O];R”), the neutral random

delay nonlinear system (12) is noise-to-state exponentially stable in the pth moment.

Proof For A € (0,1 A % log(%)], by Lemmas 1 and 2, we have
" E|x(t) |p

<wke"Elx(t-1)" + - e E|x(t) - D(x(t - 1))[”

(1-xk)P

_r 1 1 2
< Vke't )E|x(t—f)|p + m[@f”ﬂ”p + mem sup E|f;‘(s)| :|,
- 1

to<s=<t

where C; is the same as defined in (18). Thus, we have

sup e“E}x(s)!p < «/E(Elln||"+ sup e“E’x(s)’p)
to<s=<t

ty=s=t

1 1 2
— [ GEInIP + —¢€ E .
+ (l—x)P-l[ ZEIIP + 4clde tOS;JSI;t |&(s)| }

Therefore

sup e“E }x(s) |p <

to<s<t

e
1=k (= Jo -

1 At 2
E .
T aed( = JO0—rp1° ek, £(s)]

]Ellnll"

In particular,

NI s Gy
1-Vk  (1-ik)A-x)pt

1
* Tadl o T o EE

Elx(t)|" < [ }e‘“Ellnll”

2
’

i.e., system (12) is noise-to-state exponentially stable in the pth moment. O

5 An example
In this section, an example is given to illustrate our main results.

Example 1 Let £(¢) be a one-dimensional stochastic process satisfying Assumption Al.

Consider the following neutral nonlinear random system:
d[x(t) — kn(t — 7)] = [B1x(t) + Box(t — 7)] dt + B3 sina(t — T)&(¢) dt (22)

with initial data x;,, =n = {n(0): -t <6 <0} € C?_—to([—r,O];R).
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Let V(x,t) = %, then (15) holds true for ¢; = 0.5, ¢; = 1, and p = 2. For B; < 0, with the
help of the elementary inequality 2ab < a® + b?, one can easily check that

v v 2

av
Y V) + d| LG, y, t
oz "ol Cni) ‘Bx Go,2)

= 2B1x% + 2Boxy — 2k Prxy — 2k Boy* + 4d B3 sinzy(x2 —2kxy + k2y2)
<[@-KB1+ B2 +4dB5(1 + k) |&* + [(1 - 2k) B2 — k1 + 4d B3 (k + k) |y,

Set k=0.1, 81 = -1, B, =0.5, B3 = 0.5, and d = 0.1, we have
(2-K)By + By +4dBI(1 + k) = —1.29

and
(1-2k)Bs — kp1 + 4dB3 (k + k*) = 0.511.

By Theorem 3, system (22) is noise-to-state exponentially stable in the mean square.
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