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Abstract

In this paper, we study a diffusion Holling-Tanner predator-prey model with
ratio-dependent functional response and Simth growth subject to a homogeneous
Neumann boundary condition. Firstly, we use iteration technique and eigenvalue
analysis to get the local stability and a Hopf bifurcation at the positive equilibrium.
Secondly, by choosing the constant related to delay as bifurcation parameter we
obtain periodic solutions near the positive equilibrium. Besides, by using center
manifold theory and normal form theory we reflect the stability with Hopf bifurcating
periodic solution and bifurcating direction.
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1 Introduction

Mathematical ecology is a fast and active branch of biomathematics, and the dynamics of
biological models are very rich. Thus it is very important for research. The predator—prey
model is a very important population dynamics model. It is mainly reflected the factors
influencing on the model in the functional response, based on ratio, age, or gender struc-
ture, reaction—diffusion, etc. The results of the study are mainly reflected in the stability
of the equilibrium point, periodic solution, almost periodic solution, limit cycle, Hopf bi-
furcation, etc. The functional response is a very important factor to predator—prey model
[1-5], It can be divided into several types, such as Hassell-Varley type, Holling types,
Beddington—DeAngelies type, Crowley—Martin type, and so on.

In recent years, many authors investigate the diffusive predator—prey model with lo-
gistic prey growth rate [6-10] or strong Allee effect in prey [11]. It came out that this
assumption is not realistic for a food-limited population under the effect of environmen-
tal toxicants. Thus the population dynamics growth restriction is based on the unused
available resources [12—-16]. This model, also known as the Holling—Tanner model, has
been studied for both its mathematical properties and its efficacy for describing real eco-
logical systems such as mite/spider mite, lynx/hare, sparrow/sparrow hawk, and so one by
Holling [2], Tanner [3] and Wollkind, Collings, and Logan [4].
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In particular, Yue and Wang [16] studied the stability and Hopf bifurcation of a diffusive
Holling—Tanner predator—prey model with smith growth subject to Neumann boundary

condition:

0u(x t) _ dlAu(x, ) ut)(1-uxt)  Pulxt)v(xt) xe (0,7_[)’ t> 0,

T+cu(mt) vt +umt)’
3”‘ = dy Av(, £) + Sv(x, £)(1 — L), x€(0,7),t>0, w1
ux(O, £) = uy(m,2) = vx(0,2) = vy(r,t) = 0, t>0,
u(x,0) = ug(x) >0, v(x,0) = vo(x) > 0, x € (0,7).

In realistic systems, delay exists everywhere. We have obtained many interesting con-
clusions since time delays may have very complex influence on the dynamical behaviors of
systems. In the survey papers [12, 17-19], the authors deduced that delay difference equa-
tions are much more complicated than ordinary differential equations, because time delay
can lead to unstable equilibrium and induce bifurcation. Many results on the Hopf bifur-
cation of diffusion system can be found in [20-27]. The Hopf bifurcation of the diffusive
predator—prey system with delay subject to homogeneous Neumann boundary conditions
was studied in [20-23]. The Hopf bifurcation for a delayed predator—prey diffusion sys-
tem with Dirichlet boundary condition wasonsidered in [24]. The Hopf bifurcation for a
predator-prey model with age structure was studied in [27].

Chen et al. [20] have considered a delayed diffusive Leslie—~Gower predator—prey system

with homogeneous Neumann boundary conditions

"”(xt =diAu(x, t) + u(x, t)(p — aulx, t) —vix,t — 1)), x€(0,m),t>0,

3““ = dy Av(x, 1) + vl £)(1 - 2, x€(0,7),t>0,

ux(O, ) = uy(7m, ) = v4(0,2) = vu(w,£) = 0, >0,

u(x,t) = ¢(x,t) >0, (x,2) € [0, 7] x [~1,0],
v(x, 1) = Y (x,1) = 0, (x,8) € [0, 7] x [-71,0].

Some related work considered the Hopf bifurcation in predator—prey models. According
to the results of [20] and the analysis of the stability and bifurcation system (1.1) in [16],

we mainly consider the dynamics of the following system:

A = dy A ) + ST~ SRS s 00

3”‘ = dy AV, £) + Sv(x, )(1 — A2, x€(0,7),t>0,

ux(O: t) = ux(7w,t) = vx(0, 1) = vx(m,2) = 0, t>0, (1.2)
ulx,t) = ¢(x,£) = 0, (x,£) € [0, 7] x [-72,0],

V(xr t) = W(x, t) > Or (x, t) S [0, 7T] X [—TI,O].

As far as we know, there are no results on the Hopf bifurcation of system (1.2). In this
paper, we investigate the stability of the positive equilibrium, delay-induced Hopf bifur-
cation, and the properties of Hopf bifurcation such as the direction of the bifurcation and

stability of the bifurcating periodic solutions.
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2 The stability of equilibrium and the existence of Hopf bifurcation
In this paper, we only investigate the effect of the delay on the stability of the positive

equilibrium E*(u*,v*) of system (1.2), where

*:a+n—,3 e u
a+n+,3c' n

under condition (H): B <a + 1.
For simplicity, in this paper, we only study the case 7; = 7, = 7. Let

_ulx ) —ulx )  Puly)vixt—1)

2V (u,v)

1+ cu(x, t) avix, t — )+ u(x,t)’
) ~ nv(x, t)
g (u,v)—SV(x,t)<1—7u(x’t_r)).

The linearization of (1.2) at the equilibrium E* is

dulnl) u(x, t) u(x,t) ulx,t—1)
o |
(a—véf't)) “PA ("(x’ t)) A (V(x» £) e vix,t—1) )’ @1)

where
d
DA = 1A 0 , Ay = by O ’
0 d)A 0 by

0 b
4 ( 12)’
by O

with
boe o (1 =2u*)(1 + cu*) — cu*(1 — u*) afv?
e (1 + cu*)? (av* + u*)?’
_ *2 5
[ L W S W
(v + u*) n

So, the characteristic equation of (2.1) is
det(A — My —Ag — A7) =0, (2.2)

where I is the 2 x 2 identity matrix, and My = —k* diag{d,,d,}, k € Np = {0,1,2,3,...}. This

is

)\,2 + [(dl + dz)kz - (bn + bgz)])\,
+ [d1d2k4 - (budg + b22d1)k2 + (b11b22 - blzbgle_z}hr)] =0. (23)

When 7 =0, it becomes

22+ Teh+Di =0,
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where
Ty = (di + dz)k2 — (b11 + b22),
Dy = d1d2k4 —(budy + b22d1)k2 + (b11b2y — b1abor).

When 1 #0, assume that iw (@ > 0) is the root of (2.3). Then we have

-+ i[(d1 + dz)kz — (b + bzz)]w

+ [611612k4 — (budy + h22d1)k2 + (bnhzz - blzb21e_2im)] =0.

Separating the real and imaginary parts of (2.4), we get

—a)2 + d1d2k4 — (b11d2 + bzzdl)kz + b11b22 - b12b21 cos2wt =0,
[(dl + dz)kz - (bn + bzz)]a) + b12b21 sin 2wt = O,

which implies that
w* +Pka)2 +Qr =0,

where

Py = [dlk2 - b11]2 + [deZ - b22]2¢

Q= Dk[d1d2k4 — (budsy + b22d1)k2 + (b1 + bzz)]-

For 0 < k < N1, we can conclude that (2.6) has only one positive real root

—Pk+‘/P,2(—4-Qk
o= | ————

5 , ke{0,1,2,...,N1}.
By (2.5) we obtain
j 0 T[j 0 1 —a),z( + d1d21(4 - (hudz + bzzdl)kz + b11b22
T =Tt —, Ty = ——— arccos ,

Wk

biabn
for k €{0,1,2,...,N1}.
Lemma 2.1 If condition (H) hold, then

j j j j j
NI ZhGZ 2027

forj e Np.

(2.6)

Lemma 2.2 Let condition (H) hold, Ty > 0 and Dy > 0 for k € Ny, and let wy and r,i be
defined by (2.7) and (2.8), respectively. Then (2.2) has a pair of purely imaginary roots iwy

foreach k €{0,1,2,...,N1}, and (2.2) has no purely imaginary roots for k > Ny + 1.

Page 4 of 11
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Clearly, r,? = mianNO{t,{}, k €{0,1,2,...,N1}, and from Lemmas 2.1 and 2.2 we know
that 7§ = min{t, : 0 < k <Nj,j € No}. Denote t* = 7J. Let A(t) = a(t) + i8(7) be the pair of
roots of (2.2) near 7 = r,]( satisfying a(r,]() =0and 6(7:,]() = wi. Then we have the following

transversality condition.

Lemma 2.3 Fork €{0,1,2,...,N,} and j € Ny, d‘jfz(k)l i >0.

T=Tp
Proof Differentiating two sides of (2.2), we get
A\ 2r+ TR)e*™  t
Re| — =Re| — - —|.
dr —2&126121)n 21
Thus, by (2.5) and (2.7) we have
((a’k )_1) |:(2A +T)e?™ 1 ]
Re( | — =Re| ————— - —
dr T=Z£ —diadn A A I=T]£

. :
Qiwg + Ty)e¥ % 1)
= Re - . = _k
—la12d21 Wk lw

Ty sin 20 7] — 20k cOS 2T, @F + Py 0
= = > U,
a12a21 Wk (a12a21)?

From Lemmas 2.1-2.3 and from the qualitative theory of partial differential equations

we obtain the following results. O

Theorem 2.1 Assume that condition (H) holds and wy and t,{ are defined by (2.7) and
(2.8), respectively. Denote the minimum of the critical values of delay by T = mink,j{t,{}.
(a) The positive equilibrium (u*,v*) of system (1.2) is asymptotically stable for T € (0,7*)
and unstable for (t*, +00);
(b) System (1.2) undergoes Hopf bifurcations near the positive equilibrium (u*,v*) at T,{
fork €{0,1,2,...,N1} and j € Np.

3 Direction of Hopf bifurcation and stability of bifurcating periodic solution

From Theorem 2.1 we know that model (1.2) undergoes Hopf bifurcations near E* at t = 1,

and that a family homogeneous and inhomogeneous periodic solutions bifurcate from E*
of (1.2).

In this section, we investigate the stability of these Hopf bifurcations and bifurcating di-
rection by using the normal formal theory of partial differential equation [21-23]. With-
out loss of generality, denote any of these critical values by 7y, at which the characteristic
equation (1.2) has a pair of simple purely imaginary roots iwy.

Setting #(-,t) = u(-, vt) — u*, v(-,t) = v(-, tt) — v, u@) = @, tt), (-, tt)), and C =
C([-1,0,X), X = {(u,v) € W>*(0,7)|3% = 2 = 0 at x = 0,77} and then dropping the tildes

for simplification of notation, system (1.2) can be written as the equation in the space C:

du(t)

s Do AU®) + L(z)(Uy) + G(U,, T), (3.1)

Page 5 of 11
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where for ¢ = (¢1,¢2)T € C, L(w)(-):C —> X and G:C x R — X are given by
DyAL = d\Au ’ Li)g = b1191(0)  biaga(-1) ,
dyAv by1(-1)  byy2(0)

Glore) o (L0 _ (Zirsiza imeiiaet Q05 Opt (Dgs(-1)
2@ )\ X ks g O O)gf (- Dl (1)

_ ai+j+k+lg(n) (u*,v*,u* ,V*)

. (n) _
with g = Saiadamad 1 =1,2,and

(u+u*)Q - (u+ u*)) Bu + u*)(s+v*)

Vw,v,w,s) =

1+ c(u+ u) Cals+v) + (et ur)
~) B . _r)(v+v*)
g (u,v,w,s)-&(v+v)(l (w+u*))'

By direct computation we obtain gpz00 = go0o2 = £1100 = £1010 = €oo11 = O-
Setting t = 19 + ¢, (3.1) is written as

WO _ o DoAU®) + Lizo)(Uy) + Gl o), 2

where
G(Uy, €) = Dy Ap(0) + L(e) (@) + g(@, 1o + &) for p € C.

So, € = 0 is the Hopf bifurcation value for (3.2), and Ag = {~iwgTo, iwpTo} is the set of
eigenvalues on the imaginary axis of the infinitesimal generator associated with the flow
of the following linearized system of (3.2) at the origin:

dU(t)

dt = ‘L'()D()Au(t) + L(T())(Ut)'

The eigenvalues of 7oDy A on X are ,uf( = —d;tok?,i=1,2, k € Ny, with the corresponding
normalized eigenfunctions ﬂ,i, where

1_ Y(x) 2 0 B cos kx
&—( 0), m—(nw), mwkﬁﬁgzm;keNd

Let By = span{(v(-), B.)Bilv € C,i = 1,2}. Then it is easy to verify that L(zo)(Bx) C
span{B}, B2}. Assume that z,(9) € C = C([-1,0], R?) and

1
th(G) (ﬁ%) € Bk.

Then, the linear PDE restricted on By is equivalent to the following FDE on C =
C([_lro],Rz):

At) = (”(“f lfi) 2(t) + L(10)(z0).
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When t = 19, define 1(0) € BV([-1,0], R) such that

0

10(0) + L(zo)g = f o))

and the adjoint bilinear form on C* x C, C* = C([0, 1], R?*) by

0 0
(1(5),6(6)) = ¥ (0)p(0) — / 1 /0 V(& —6)dn(0)p(€) de.

Then, for (3.2) with fixed k, the dual bases ®; and Wy for its the eigenspace P and its

dual space P* are given by

CDk — (peiwo‘ro@,I—?e—ia)oT()Q)’ “I’k — CO](qTe—ia)o'roS’ qTeiwofos),

where (@, Wi) = I, the 2 x 2 identity matrix, and

_(Pr) L (™) -p '
p= P2 - %eiwom ’ 1= q> - %eiwom ’

: 2 2w,
with D = (1 + 27:0(iw0 + dlkz - bll) + W)_l'

Following the standard procedure in [21, 23], especially [22], we can obtain the following

normal form on the center manifold:

A Awz?
z=Bz+ (izl(?) + ( k2Z1Z2) +O(|zle* + 121*), (3.3)

)
Ak1228 Ak22122
where

Akl = _kz(dlqlpl + dzquz) + inqu’

i L1\ 1
Ay = —— | BrooBr11 — 2|Bx11l” — 5 1Bro2|” ) + = (Bra1 + Drar)s
2(1)01'0 3 2

with
Biop = %(Clﬂh +0qa), k=0, By, = %(ngl +caqn), k=0,
0 k#0, 0, k0.
Eqi o = n _
Bioy = g +ag), k=0, By A7 ¢, k=0,
0’ k ?{0’ %CSI k #O;
where

—iwoTo
)

(1) 2 1)

€1 = Zo00P1 *+ 28100191028
2) 2 ) i @ 2 o

€2 = &ooooP2 + 280110P102€ % + goopepre O™,

1 1 — iw
C3 = g(()z)oo lp1 |2 + 2g§0)01 Re{plpze’ 0T }r
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(2) 2 (2) — i (2) 2
4 = ZonoolP2” + 280110 Re{plpge lworo} + Zooo P11
—iwoTo

¢s = q1(g5o0op1 101 + Eoo1 (P2B260™ + 2|p1 Ppae™070)) + qo (g5h0 (201 12 e

. N ) ;
+ D3PI ™) + Gt (PiP2e 0 + 211 pa) + fogaopa lpa P 0),

and
D EOr k = O;
k21 =
Ey+ L2Ey, k#0,
where
g2 S1h1(0) + Sthiy (0) + SahT (1) + Sy (<1) + Sk (0) + S5l (0)
T S} (=1) + Sahi(~1) + S5his) (0) + S5k (0)
with

—iwQTo
7

(1) (1) (2)
S1 = 22000215 $2 = 1001 P1» S5 =gio1P2€

—iwoTQ —iwo T
) )

2 2 2 2
Sa= g((n)loPZ + g(()o)zople Ss :géz)oopz +g(()1)1op1e

where /Jij0(0) and /1411(6) are determined by

F1120(8) — 21w Tohrao(0) = q;k(g)(Bkzo),

Biao

F20(0) = L(t0) (ia0) = Toci (¢, ),

1 (0) = 204(0) (52),
F1111(0) = L(t0) () = 2Toij(§21)y

with
1 .
ﬁ: ]—k—O,
1 -
o = Nl j=0,k#0,
ﬁ, j=2k#0,
0 otherwise.

Through the change of variables z; = w; — iws, 22 = w1 + iwy, and w1 = p1cosP, wy =
p15in @, the normal form [20] becomes the following polar coordinate system:

p = krap + kr2p® + O p + |(p, a)|*),

(i) =—woTp + O(|(,0,0l)|),

where ki1 = Re Ag; and ki = Re Ago. Thus, from [28] we see that the sign of ki1 kko deter-
mines the direction of the bifurcation and the sign of «x; determines the stability of the

nontrivial periodic orbits and have following results.
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Figure 1 The positive equilibrium (u*,v*) = (0.6250,0.7813) of (1.2) is asymptotically stable when
T =6.5 < 6.8222. Here we set parameter values d; =0.2,dy = 1,6 =2,¢ =0.05, B =03,h=08,c=0.1 and the
initial value (u(x,0), v(x,0)) = (0.62 + 0.005 cos x, 0.78 + 0.005 cos x)

(a) When ki1kp2 < 0, system (1.2) undergoes Hopf bifurcation at the critical value
7 = 7%, which is a supercritical bifurcation. Moreover, if ki, < 0, then the bifurcating
periodic solution is stable; if kxy > 0, then the bifurcating periodic solution is
unstable.

(b) When kg1kx2 > 0, system (1.2) undergoes Hopf bifurcation at the critical value
7 = ¥, which is a subcritical bifurcation. Moreover, if ki3 < 0, then the bifurcating
periodic solution is stable; if kxo > 0, then the bifurcating periodic solution is
unstable.

4 Numerical simulations
In this section, we give some numerical simulations to support and extend our results by
using the mathematical software Matlab.

For system (1.2), we choose d; =0.2,d, =1,8 =2, « =0.05, =03, 1 =0.8, c=0.1,
and (u(x, 0), v(x,0)) = (0.62 + 0.005 cos x,0.78 + 0.005 cosx). Then, a series of calculations
show that (u*,v*) = (0.6250,0.7813) and 7* = 6.8222. Hence (0.6250,0.7813) is locally sta-
ble when t € [0, 7*). When t crosses through the critical t*, (0.6250,0.7813) loses its sta-
bility, Hopf bifurcation occurs, and a family of periodic solutions are bifurcation from
(0.6250,0.7813). The direction and stability of Hopf bifurcation can be determined by the
signs Ky and kxy; by the procedure of Sect. 3, kx; = 0.0150 and iy = 1.1544. So, the Hopf
bifurcation occurring at 7* is subcritical, and the corresponding Hopf bifurcation periodic
orbits are unstable. Taking v = 6.5 < 6.8222, the numerical simulation results of system
(1.2) are depicted Fig. 1. And taking 7 = 6.85 > 6.8222, the numerical simulation results of
system (1.2) are depicted Fig. 2, which is in agreement with the theoretical results.

5 Conclusions

This paper mainly consider about the effects of delay t on dynamics of a diffusive predator-
prey model with Simth growth rate under Neumann boundary conditions. Based on the
analysis of the characteristic equations, we study the stability of the equilibrium and the
existence of delay-induced Hopf bifurcations. Then, by the normal forms on the center
manifold, we obtain the results determining the direction and stability of Hopf bifurca-
tion. Finally, choosing the parameter valuesd; =0.2,d, = 1,8 =2, =0.05, 8 = 0.3, 1 = 0.8,
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Figure 2 There exists unstable spatially homogenous periodic bifurcating from the positive equilibrium
(u*,v*) =(0.6250,0.7813) of (1.2) when T = 6.85 > 6.8222. Here we set parameter values d; =02,d, =1,8 =2,
o =005 8=03,h=08,c=0.1. (A)—-(B) The initial value (u(x,0), v(x,0)) = (0.62 + 0.05 cos x,0.78 + 0.05 cos x);
(C)-(D) The initial value (u(x, 0), v(x,0)) = (0.62 + 0.05 sin x,0.78 + 0.05 sin x)

¢ = 0.1, we get the critical value of delay 7* = 6.8222 with a direct computation. From The-
orem 2.1 we know that the positive equilibrium (z*, v*) = (0.6250,0.7813) is asymptotically
stable for T < t* and unstable for v > t*. So, system (1.2) undergoes Hopf bifurcation near
the positive equilibrium (z*, v*) = (0.6250,0.7813) when the delay 7 increasingly crosses
through the critical value 7*.

For the predator—prey systems, pattern dynamics is also an interesting topic. Many au-
thors have discussed the pattern dynamics of the diffusion equations [29-33]. In the next
topics, we will discuss the pattern dynamics of a diffusive predator—prey model with Simth
growth rate.
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