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1 Introduction

The subject of fractional calculus (that is, calculus of integrals and derivatives of any arbi-
trary real or complex order) has gained considerable popularity and importance during the
past four decades or so, due mainly to its demonstrated applications in numerous seem-
ingly diverse and widespread fields of science and engineering (see [1-6, 20, 27, 29-33]
and [28]).

Fractional calculus can be used in modeling systems and processes in such fields as
physics, chemistry, aerodynamics, electro dynamics of complex medium, and polymer
rheology. In fact, the subject of fractional calculus has been gaining more importance and
attention in ordinary and partial differential equations involving both Riemann-Liouville
and Caputo fractional derivatives. For details and examples, one may refer to monographs
[20, 24] and papers [7, 8,11, 19, 22, 23, 25], and the references cited therein. In particular, in
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the qualitative theory of fractional differential equations, the existence of almost periodic,
asymptotically almost periodic, almost automorphic, asymptotically almost automorphic,
and pseudo-almost periodic solutions has attracted great attention. For some recent con-
tributions to the existence of solutions of such abstract differential equations and frac-
tional differential equations, one may see [10—13, 15, 20] and the references therein.

Recently equations including both left and right fractional derivatives, which became
an interesting and new field in the theory of fractional differential equations with their
potential applications, have also been investigated. In this subject, by using techniques of
nonlinear analysis such as fixed point theory [17] (including Leray—Schauder nonlinear
alternative), topological degree theory [11] (including co-incidence degree theory), and
comparison method [10] (including upper and lower solutions and monotone iterative
method), many results dealing with the existence and multiplicity of solutions of nonlinear
fractional differential equations have been presented.

It is further noted that critical point theory and variational methods have also turned
out to be very effective tools in determining the existence of solutions for integer order
differential equations. The idea behind them is trying to find solutions of a given boundary
value problem by looking for critical points of a suitable energy functional defined on an
appropriate function space. In the last 30 years, the critical point theory has become a
wonderful tool in investigating the existence of solutions of differential equations with
variational structures, the interested reader may refer to the paper [21] and the monograph
[26] and the references therein.

Motivated by the above classical works, Agarwal [9] showed that the critical point the-
ory is an effective approach to tackle the existence of solutions of the following fractional

boundary value problem:

—DYoD¢ u(t) = VF(t,u(t)) (¢t€(0,T)), (L.1)
u(0) =u(T) =0,
and obtained the existence of at least one nontrivial solution. Yet it may not be easy to use
the critical point theory to solve (1.1), since it is often very difficult to establish a suitable
space and variational functional for the fractional boundary value problem.
In the sequel of the above-mentioned works with the new approach to the theory of
fractional differential equations, here, in this paper, we aim to investigate the following

fractional nonlinear Dirichlet problem:

=D (lo D (u(2)) 1720 Df u(t))
(P1) = f(t, u(t)) + Ag(®)|u(®)|*u(t) (¢ € (0,1)), (1.2)
u(0) = u(1) = 0.

Here real parameters «, A, p, and ¢, and two functions f, g are assumed to satisfy the

following conditions:

1
§<a<1, 2<p<gq, AR (1.3)
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£:[0,1] — Riscontinuous (g € C([0,1],R)) andf : [0,1] x R — Risa continuous function

which is positively homogeneous of degree r — 1 (2 < 7 < p < g), that s,
fltsw) =5~ f(tw) ((Lu)e[0,1] x B) (14)
and f(t,u) € R* for all (¢,u) € [0,1] x R. Here and in what follows, let R and R* be the

sets of real and positive real numbers, respectively. Then, using the function f, define a
function F: [0,1] x R — R as follows:

F(t,u):= fuf(t,x) dx. (1.5)
0

Now the function F(t, i) satisfies certain properties which are summarized in the following

lemma.

Lemma 1 The following properties hold true:
(Hy) The function F is homogeneous of degree r, that is,

F(t,su)=s'F(t,u) (t€[0,1;u €R).
(Hp)

F*(t,u) = max{£F(t,u),0} #0 (ueR\{0}).
(H3)

uf (t,u) = rF(t,u),

which is called Euler identity.
(Hy) There exists a constant K € R* such that

|F(t,u)| <Klul" (t€[0,1};u €R). (1.6)

Proof (H;) is proved:

su u
F(t,su) = / ft,x)dx = s/ f(t,sy)dy
0 0
= s’/ ft,y)dy =s"F(¢t, u).
0
Since f (¢, ) is continuous and positive on [0, 1] x R, assertion (H,) is obvious.
Differentiating each side of the identity in (H;) with respect to s, in view of the funda-
mental theorem of calculus and r — 1 homogeneity of the function f, we have

s (60) = uf (su) = 15 (),

which is seen to prove the Euler identity.
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We also find that

u 1 1
F(t,u):/of(t,x)dxzufo f(t,uy)dy:u’fof(t,y)dy. (1.7)

Since f(¢,y) is a continuous real-valued function on the bounded closed set [0, 1] x [0, 1],
f(t,y) is bounded on [0,1] with respect to the variable y and so the integral in (1.7) is
bounded. Thus (Hy) is proved. a
Here we state our main result asserted in the following theorem.
Theorem 1 Let «, p, q, r be real parameters and f, g be two functions which satisfy the
assumptions given below (1.2). Then there exists a parameter Ay € R* such that, for all X €
(0, o), the fractional nonlinear Dirichlet problem (P,) has at least two nontrivial solutions.
This paper is organized as follows: In Sect. 2, some definitions and properties on the
fractional calculus are presented. In Sect. 3, the variational framework of problem (P,) is
established and some necessary lemmas are given. In Sect. 4, the main result is presented

with its proof. In Sect. 5, an application of the main result is considered through an illus-

trative example.

2 Preliminaries
Here we recall some background theory on fractional calculus, in particular, the Riemann—

Liouville operators which will be used throughout this paper.

Definition 1 Let [a, b] (—00 < a < b < 00) be a finite interval on the real axis R and u be
a real-valued function defined almost everywhere (a.e.) on (a, b). The Riemann—Liouville

left-sided and right-sided fractional integrals of a function u
acdfu(t) = oI ult) = (| 17 u) () = (odfu)(2)
and
TS ult) = 2 u(t) = (J2) () = (J22) (1)
of order a € R* are defined by
1 t 1
L u(t) = m /ﬂ (t—95)*"uls)ds (te(a,b]) (2.1)
and
B u(t):= 1 /b(s— 5% Lu(s)ds (t €la b)) (2.2)
tth ¢ F(a) . ’ ) .

respectively. Here I' is the familiar Gamma function.
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Let [a, b] (—00 < a < b < 00) be a finite or infinite interval of the real axis R = (—00, 00).
We denote by L”(a, b) (1 < p < 00) the set of those Lebesgue complex-valued measurable

functions u on [a, b] for which [|u||, < 00, where

b 1/p
IIu||p=(/ Iu(t)lpdt) (1<p<oo)

and

[|4]lco = €ss sup !u(x)|.
a<x<b

If u € L'(a,b), then ,1%u and j u are defined a.e. on (g, b).
Let [a,b] (—oo <a<b <oo)and m € Ny :={0,1,2,...}. We denote by C"[a, b] a space of

functions u which are m times continuously differentiable on [a, b] with the norm

m

m
||| cm = Z”u(k) ||C = max |u(k)(t)| (m € Np). (2.3)
— i tela))

In particular, for m = 0, C°[a, b] = Cla, b] is the space of continuous functions  on [a, b]

with the norm
llullc = max |u(t)]. (2.4)
tela,b]

When [a, b] is a finite interval and 0 < y < 1, we introduce the weighted space C, [, b]

of functions u given on (4, b] such that the function (¢ — a)” u(¢t) € Cla, b], and
lulle, = | (¢ - @) u®|.  Cola,b = Clabl. (2.5)

Definition 2 The Riemann-Liouville left-sided and right-sided fractional derivatives of

a function u

arDfu(t) = DY u(t) = (DY u)(£) = (oDf u)(t)
and

D ult) = Due) = (Di_u)(8) = (,D5u) (@)

of order @ € R* U {0} are defined by

d n
Dut): = (5) (L7 u(2)

1 d\" r¢
:m<&) [;(t—S)n_a_lu(S)dS (Vl=[Ol]+1;t>a) (2.6)
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and

d n
Dyu(t): = (_E> (tlzia”(t))

1 d\”" rt
zr(n_a)<_&> /t(S—t)n_a_lu(S)dS (n=[a]+1;t<b), (2.7)

respectively, where [or] means the integral part of «.

Remark 1 Let 0 < o < 1. If u is absolutely continuous on [a, b] (see [20, pp. 2—3]), then
the fractional derivatives ,Dfu and ,Dju exist almost everywhere on [a,b] and can be
represented in the forms (see [20, Lemma 2.2])

u(a)

o _ 1-a /
oD u(t) = I, u'(t) + —(t “ T (2.8)
and
o _ l-a  / M(b)
Dyu(t) = =0, u'(t) + —(b DT —a) (2.9)
In particular, we have
7Dlu(t) =, 17°u () and Dfu(t) = -0, "u'(t) (u(a) =0= u(b))‘ (2.10)

The left-sided and right-sided Caputo fractional derivatives ¢ D*u(t) and tCDZ‘u(t) of or-
der @ € R* U {0} with, here, 0 < « < 1 are defined by

EDu(t) = D2 [u(t) - u(a)] (2.11)
and

EDYu(t) = DY [ult) - u(b)], (2.12)
respectively.

We find from (2.8)—(2.12) that, if u is absolutely continuous on [a, ], u(a) = 0 = u(b),
and 0 < « < 1, then the Riemann-Liouville fractional integrals and the Caputo fractional

derivatives coincide:
CDYu(t) = J}u/(t) and  EDYu(t) = — Iy “u'(¢). (2.13)

The semigroup property of the fractional integration operators ,I* and .f} is given by
the following remark (see, e.g., [20, Lemma 2.3]).

Remark 2 If o, B € R*, then the equations
(2Tl u) (@) = (L u)(8) and (0L u) (@) = (L u)(0) (2.14)

are satisfied at almost every point ¢ € [a,b] for f(t) € [P(a,b) (1 <p <o0).Ifa + B > 1,
then the relations in (2.14) hold at any point in [, b].
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The following assertion shows that the fractional differentiation is an operation inverse
to the fractional integration (see, e.g., [20, Lemma 2.4]).

Remark 3 If « € R and f(£) € L?(a, b) (1 < p < 00), then the following equalities

(oDl u)(8) =f() and  (:Df Iy u)(e) = f(2) (2.15)
hold almost everywhere on [a, b].

Remark 4 The fractional integration operators ./} and ;I with « € R* are bounded in
LP(a,b) (1 < p < o0):

(b-a)® a (b-a)
y= DDy and gl = O, 216)

o
”ﬂltu” p— F(1+Ol)

In the same way, we give another classical result on the boundedness of the left fractional
integral from L?(a, b) to C,(a, b), which completes Remark 4 in the case 0 < }7 <a <1 (see
[14, Property 4]).

Remark 5 Let 0 < 1% <a<landg= %1. Then, for any u € L”(a, b), ,I}u is Holder con-

N

tinuous on (a, b] with exponent o — + > 0, that is, there exists a constant M € R* such

that

=

|“I?z”(t2) — ol u(tr)| < M(t, - )"

for any a < t; <ty < b. Moreover, lim,_,, . u(t) = 0. Consequently, ,I{u can be continu-
ously extended by 0 at ¢ = 4. Finally, for any u € L?(a, b), I} u € C,(a, b), and

b—a) 7
latf ], < b-a) 7 -l (2.17)

Fa)((@ - 1)g + 1)4

The following formula, which is often called fractional integration by parts, will also be
required (see [14, Property 3]).

Remark 6 Let 0 <« <1 and p, g are such that
1 1
p>1, g>1 and —-+-<1l+a

(and p #1 # g in the case 1/p + 1/q = 1 + «). Then, for all u € L?(a,b) and all v € L1(a, b),
we have

b b
/ dFu(t)-v(E)de = / u(t) - Iy v(t)dt (2.18)

and

b b
/ u()$Dv(t) dt:v(t)tl,i‘“u(t)|zz+ / v(t), D% u(t) dt. (2.19)

a
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Moreover, if v(a) = v(b) = 0, then we have

b b
/ u(t) Dv(E) dt = / w(&)C D u(t) dt. (2.20)

3 Avariational setting and main results

To show the existence of solutions to problem (P;), we will use critical point theory (see,
e.g., [18]). We introduce some notations and results which will be used. The set of all
functions u € C*°([0, 1], R) with #(0) = u(1) = 0 is denoted by C5°([0, 1], R). For « € R*, we
define the fractional derivative space E;” as the closure of C3°([0, 1], R) with the norm

ST

letlla = (laelly + |GDF ue][) 7 (3.1)

We summarize some properties for the space E;” in the following remark (see [18, Re-
mark 3.1]).

Remark 7
(i) The space Ey” is the space of functions u € L?[0, 1] having an a-order Caputo
fractional derivative {D%u € I7[0,1] and u(0) = u(1) = 0.
(ii) Forany u € Ey” (0 <« < 1), since u(0) = 0, we have (see (2.11))
SDZu(t) = oD2u(t) (tel0,1]). (3.2)

(iii) The space Ey” is a reflexive and separable Banach space.

Lemma?2 LetO<a <1landl<p<oo.Then, forallue E{;"”, we have

1
<_—— |.D* . 3.3
Il = 1 lof el 3
Moreover, ifa > L and X + 1 = 1, we have
iz p D
1 o
llllo < oD ul, (3.4)

F()((e-1)p+1)7

The inequalities in Lemma 2 are given in [18, Proposition 3.2]. Incorporating (3.2) and
(3.3) into the norm (3.1), we can consider the space E;” with respect to the norm

letlle,p = ||0D§'u||p (3.5)
in the subsequent analysis (see [18, Proposition 3.3]).
Lemma3 Let0<a <1landl < p < oco.Assume that o > }9 and the sequence {u,} converges
weakly to u in Ey?, i.e., {u,} — u. Then {u,} — u in C([0,1]), that is, ||u, — u|lc — O as

n— oQ.

Now, in the following definition, we try to give an answer of the purpose of this paper:
What is a solution to problem (P;) in (1.2)?
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Definition 3 By a weak solution of the boundary value problem (P;), we mean that a
function u € Ey? such that (-, u(-)) € L*([0, 1], R) satisfies the following equation:

1 1
/ ‘onu(t)’p_zﬂDfu(t)ﬂD‘;‘v(t) de - / fLu@®)v(o)de
0 0
1
- / g(t)|u(t)}q’2u(t)v(t) dt=0 (veE?”). (3.6)
0

In connection with problem (P;), we define the following (energy) functional:

1 1 ! At
S = <l — - / Fltuwyde- / g0l ds, (37)
p rJo qJo

where the involved functions and parameters are the same as attached to problem (1.2).
Obviously /; € CHE,?,R). That is, for every u,v € E”, we have

1
1), v) = / oD u(®)|"* DY u(t) D () dt
0
1 1
_ /0 f&u@®)ve)de - r /0 g(t)]u(t)\q’zu(t)v(t)dt. (3.8)

It is easy to see that the energy functional J; is not bounded below on the space E;”, but
it can be bounded below on a suitable subset of E;”. In order to investigate problem (P;),
we consider the following constraint set:

N = {u € EgP \ {0} : {J; (), u) = 0}.
Note that A contains every nonzero solution of (P, ), and u# € N, if and only if
1 1
llullg,, - / F(t,u(t)) de — A / g®)|u(®)|"de = 0. (3.9)
0 0
To show the existence of solutions, we split \V;, into three parts. According to local minima,

local maxima, and points of inflection, the corresponding measurable sets are defined as
follows:

1 1
N =queN;:plulf,, - /F(t,u)dt—kq/ g@®)|u|7de >0
0 0

1

1
Ny =queNi:plult,, - /F(t,u)dt—kq/ g()ul?dt<0
0 0

1 1
D= ueN, :plull, - /F(t,u)dt—)»q/ g(t)|ul?dt =0;.
0 0

Next, we present some important properties of N;*, N, and V. Let p € R be such that
141_14q, andput
p P
~ 1 ~ L 4r
_-nNTC@)!(«-1p+1)? ((q—P)(F(Ot))’((a -Dp+1)P )”'
(g -7)lglloo K(g-r)

(3.10)

Then we have the following important result.
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Lemma 4 If 1 € (0,n9), then N = @.

Proof We have to show that A = ¢ for all A € (0, 10). Suppose to the contrary that /] fo #0
for some % € (0,10). We can choose ug € N, fo. Then it follows from the definition of J\ffo
and (3.9) that

1
- lluol, ~nolg — 1) fo Ol de =0, (3.11)

From (3.4) and (3.11), we have

q 1
- (a)((a@-1)p+1)P \ar
luollep = ((p P . (3.12)
10(q = 1)lIglloo
On the other hand, we find from (3.9) and (3.11) that
_ 1
T8 gy, - / F(t,uo(t)) dt = 0, (3.13)
- 0
which, upon using (1.6) and (3.4), yields
Klg-1) P
pa— r p—r
lluollep < ( 1 — :) . (3.14)
(@-pT(@)(@-1)p+1)7

Combining (3.12) and (3.14), in view of (3.10), we obtain A > 1. This contradicts our
choice of A € (0, o). O

Lemma 5 If A € (0,7y), then ], is coercive and bounded below on N
Proof Let u € N,. Then, using (1.6) and (3.4) and considering (3.5), we obtain

' F(6 ul) d u@ d £ (3.15)
F(t,u(t))dt <K 1) de < = Nlull?, 3.15
J, Fleso)ar =i [uco Far(a—DpeDF e

Likewise, we have

Iglee g, (316)
[(a)1((e - 1)p + 1)?

1
/ g@®)|u@®)|"dt <

0
Using (3.9) and (3.15) in (3.7), we obtain

1
- —r
70 = TP g, - T [ (e ute) a
qp rq Jo

q—p
> T8 e -

K(g-r) P
— llully,
qT (@) (e -1)p+1)?

Since g < p < r, ], is coercive and bounded below on ;. O
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It is known that the Nehari manifold is closely related to the behavior of the functions
®, : [0,00) — R defined by

D, (s) = Ji(su), (3.17)

which are called fiber maps and were introduced by Drabek and Pohozaev [16]. For u €
Eg”, we find

r

s ¢t s 1
Dy(s) = —ull?, - —/ F(t,u(t)) dt—A—f g@®)|u®)| de. (3.18)
p orJo q Jo
Then we have
1
P/ (s) = s lulls, — st /0 F(t,u(t))dt - As? / g(®) ‘ ‘q dt
and
1
(s) = (p - V)" |lullf,, - (r - 1)s"> /0 E(t,u(t))dt
1
— (g —1)s772 / g(t) ’u(t)|q dt.
0
It is easy to see that su € NV, if and only if @/ (s) = 0 and, in particular, € N, if and only
if &/ (1) =0.

In order to investigate the behavior of Nehari manifold using fibering maps, we intro-

duce the following notations:

1
]-‘*d:ef{ueEg’”:f (t,u(t)) dt>0}
0

1
]—"dEf{ E"’”’:/ ))dt<0;
0
gt d:ef{ueEg"’:/ g(t)|u(t)|th>0};
0
1
G- d:ef{ueEg’p:/ g(t)|u(t)|th<0}.
0

Now we study the fiber map @, in the following four cases which are separated according
to the signs of [} g(t)|u(£)|?dt and [, F(¢,u(t))dt.
l.ue F NG .
$,(0) = 0and P, (¢) > 0 (t € R*). This implies that ®,, is strictly increasing and
hence no critical point on [0, 00).
2. ue Frng-.
We define a function m,, : [0,00) — R by

1
m,(t) := tp‘rllullﬁvp - tq"/O F(x, u(x)) dx. (3.19)
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Then we have
1
o () =t"" (mu(t) - A/ g(x)|u(x)|qu) (t € R*). (3.20)
0

We also note that tu € N, if and only if ®/,(¢) = 0 if and only if ¢ is a solution of

1
m,(t) = )L/O g(x)|u(x)|q dx.

We observe that

(i) m,(t) - —o0 as t — oo. Indeed, we have

1
my(t) = -t ( /0 F(x, u(x)) dx — t”_q||u||§,p).

Since 2<r<p<gq, 77 — 0 as t = 00. Now, under the assumption
fol F(x, u(x)) dx > 0, the assertion follows.
(ii) m,(£) >0 in a neighborhood of ¢ = 0, that is, there exists d € R* such that
m,(t) >0 for all £ € (0,d). In fact, it suffices to show that m),(t) > 0 as t — 0+. We
have

1

m(t) = (p =" ullf, , - (g -t \ F(x, u(x)) dx

(5 L AT 1
=(p-nt <||u||§,p , rtq » /0 F(x,u(x))dx), (3.21)

whose parenthesis part, upon taking the limit as £ — 0+, converges to ||u|l5 ». So
we find that m,(t) > 0 as £ — 0+.
By (ii), m,(2) is strictly increasing on (0, d) and m,,(0) = 0, and so m,(¢) > 0 on (0,d).
Since m,(¢) is continuous on [0, 00) and u € G~, considering (i), there exists
T € (0,00) such that

1
m,(T) = )»/ g(r)‘u(r)‘qdr.
0
We therefore find that there exist 11, 7, € R* such that 1; < T < 1,
1
m,(T) > A/ g(r)|u(r)|qdr (t € (11, T))
0
and
1
m,(T) < A/ g(r)|u(r)|qdr (t e (T, 7:2)).
0

In view of (3.20), we have @/ (£) > 0 (¢ € (11, T)) and @/ (£) < 0 (¢ € (T, 12)). It follows
that @, has one critical point T' € R*, which is a local maximum point. Hence
Tue Ny
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3. ue F NG+
In view of (3.21), we have m1),(£) > 0 (¢ € R*) and m1,(0) = 0. So m,,(2) is strictly
increasing and nonnegative on [0, 00), and m,,(¢£) — oo as t — oo. Since u € G*, by
intermediate value theorem, there exists a unique 77 € R* such that
m(T1) = A [y g()|u(®)|? dz. In view of (3.20), @,,(¢) < 0 on (0, T1), ®.,(£) >0 on
(T}, 00) and @/ (T7) = 0. This implies that &, is decreasing on (0, T7) and increasing
on (71,00). Thus, ®, has exactly one critical point 77, which is a global minimum
point. Hence Tyu € N}.
4. ue Frng-.
For convenience, we rewrite (3.18) as follows:

sP s s1
®,(5)=—A—-—B-1—C,
p r q

where A € (0,19),2<r<p<gq, and

1 1
Ac=|ulf,  B:i= / F(t,u(®))ds,  C:= / g®)|u(®)|” de.
0 0
Under the assumption, we have A, B, C € R*. It is easy to see that
®,0)=0 and lim ®,(s) = —c0.
§—> 00

In order to find some possible extreme points of ®,(s), differentiate ®,(s) with
respect to s to yield

/() =" TA - ' B-asTIC
= Sr_lqju(s),
where
W, (s) ;== As" " — ACs?T" - B.

We have

W (s) = -AC(qg—r)s¥" ! {s‘”’ - Alp-r) }

AC(g~-r)

Then we find that W, (s) has a global maximum at

. Alp-r) 7 .
Tz'_<kC(q—r)> <R

Now we consider two cases.
o V,(T7)<0.
In this case, we have W, (s) < W, (T) <0 for all s € (0,00) and so @/ (s) < 0 for
all s € (0, 00). This implies that ®,(s) is decreasing and hence has no critical
point on (0, 00).
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o W,(Ty)>0.
In this case, we have @/ (T5) > 0. Since ®/,(0) = 0, ®/,(s) - —o0 as s — 00, and
! (s) is continuous on [0, 00), by intermediate value theorem, we can choose the
smallest number T3 € (T3, 00) such that &/ (T3) = 0. Then our choice of T
guarantees that ®,(s) has a local maximum at 7j.

Lemma 6 Let u be a local minimizer for J, on subsets N, or N of N, such that u ¢ N?.
Then u is a critical point of J;.

Proof Since u is a minimizer for /, under the constraint
L(u) := <J; (u),u>=0.

Then, applying the theory of Lagrange multipliers, we get the existence of u € R such that
T (u) = ndy (u).

So we have
<Js ), u> = p<I (u),u> = ud, (1) =0.

Yet u ¢ N and so ®//(1) #0. Hence u = 0. This completes the proof. g

4 Proof of the result
In this section, we will apply the method of Nehari manifold combined with the fibering
maps in order to investigate the existence and multiplicity of positive solutions for problem
(Py).
We assume further that the parameter X satisfies 0 < A < 1o, where 7y is the constant
given by (3.10). The proof of Theorem 1 is done via the following two steps.
Step 1: We claim that J; achieves its minimum on N‘f . Indeed, since J, is bounded
below on NV; and also on N}, there exists a minimizing sequence {u;} C N such
that

kILII;c]A(Mk) = Méljl\% 1. (w). (4.1)

As ], is coercive on N, {ux} is a bounded sequence in Eg’p, and up to a

sub-sequence. Hence, there exists u; such that
. o,p
up — u;  weaklyin Ej”. (4.2)

Let u € Ey* such that fol g(x)|u(x)|? dx > 0. Then, from Lemma 6, there exists £; >0
such that tyu € N‘; and /, (t14) < 0. Hence,

inf J,(u) <O.
ueN;¥



Saoudi et al. Advances in Difference Equations (2018) 2018:263 Page 15 of 18

On the other hand, since {u} C N, we get

1
h) = (5= iz, =23 - 1) [ el

and so

1
AG - %) /0 0] we(0)]" dx = G - %) AR ATS) (4.3)

Letting k — o0 in (4.3) and using (4.1)—(4.2) to combine with Lemma 3, we get

1
/ g() |uk(t) |q dt > 0. (4.4)
0
Now, we claim that ux — u, strongly in Eg’p . Assume that it is not true. Then
s llfy , < lim kglgo llatk i, -

Since dfuk(tl) =0, it follows that @/, 3 (t1) > 0 for sufficiently large k. So, we must have
t; > 1but fu, € N, and so

L(tiwy) < () < lim J(ue) = inf ], (u),
k— o0 ueN;!

which gives a contradiction. Thus,

ur — uy  strongly in Eg”.
It follows that u; € N7 UNY. Since N} =, u; is a minimizer for J; on N
Consequently, from (4.4), u, is a nontrivial solution of problem (P;).
Step 2: We claim that J; achieves its minimum on N . Indeed, let u € N/}
Therefore, using the result in Lemma 6, we have the existence of 141 > 0 such that

Ji(u) > 1. So, there exists a minimizing sequence {vx} C N, such that

kligloh(vk) = uierjl\g_ J.(u) > 0. (4.5)

Moreover, since Jj, is coercive, {v} is a bounded sequence in Eg’p ,and up to a
subsequence, we can assume that

vk — v, weakly in Eg”.

Since u € N,, we have

1
Lvi) = (l - l) ||Vk||§,p + (1 - 1) / F(t,ve) dt. (4.6)
p r r q)Jo

Letting kK — 00 in (4.6) and combining with Lemma 3, we find from (4.5) that

1
/ F(t,v;)dt > 0. (4.7)
0
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Hence, vy € F* and so ®,, has a global maximum at some point T
Consequently, Tv; € N, . On the other hand, v € N, implies that 1 is a global
maximum point for ®,,, i.e.,

Ltvi) = @, (2) < @y, (1) = J5.(ve). (4.8)
Now, as in Step 1, we claim that v — v,. Assume that it is not true. Then

r i i r
V211, <tim inf [,

we find from (4.8) that
TP T 1 T4 1
])\(TV)\) = _||VA||§,p - / F(t,V)L) dt — 12— / g(t)|V)\|th
p r Jo q Jo

TP T 1 T4 1
< inf (—nvkn{:p—— / F(t,ve) dt — 1 — f g(t)mrfdt)
k—oo\ p ’ r Jo q Jo

< klingo L(Tvg) < klgrolo L.vi) = uér}\’;{]x(u),

which gives a contradiction. Hence, vy — v; and so v, € N UNY, since N = @.
Then vy is a minimizer for J; on N . On the other hand, from (4.7), vy is a
nontrivial solution of problem (P, ). Finally, since M‘ N -Nf =, u; and v, are two
distinct solutions. Hence the proof of Theorem 1 is complete. 0

5 Example
Let /1 be a continuous function on [0, 1] such that #* #0and &~ # 0. Consider the following
fractional differential equation:

=D (10D (u(t) [P0 Df u(t))
(Ps) = () u(e)">u(t) + Ag()|u(®)|7>u(t) (¢ €(0,1)), (5.1)
u(0) = u(1) =0,

where % <a<l,2<q<p<r, ge C([0,1]). It is easy to see that f(¢,x) = h(t)|x|"2x is
positively homogeneous of degree r — 1. Moreover, by a simple calculation, we obtain
F(¢t,x) = h(t)|x|" which is positively homogeneous of degree r. On the other hand, since
h* #0and i~ #0, all the properties in Lemma 1 hold true. Thus, all the conditions of The-
orem 1 are satisfied. Consequently, Theorem 1 implies that there exists 1o > 0 such that,
for all A € (0, Ag), problem (P;) in (5.1) has at least two nontrivial solutions.
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