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1 Introduction

Stochastic differential equations have been investigated as mathematical models to de-
scribe the dynamical behavior of real life phenomena. It is essential to take into account
the environmental disturbances as well as the time delay while constructing realistic mod-
els in the area of engineering, biology, etc. Neutral functional differential equations have
been introduced in [11] for the deterministic case. Neutral stochastic functional differen-
tial equations (NSFDEs) have been initiated in [12] and their usage in aeroelasticity was
pointed out. In the last few decades several studies on quantitative and qualitative prop-
erties of NSFDEs were carried out (see [4, 5, 20] and the references therein).

Impulsive differential equations thrive to be a promising area and have gained much
attention among the researchers due to their potential application in various fields such as
orbital transfer of satellite, dosage supply in pharmacokinetics, etc. It is worth mentioning
that many real world systems are subjected to stochastic abrupt changes, and therefore it is
necessary to investigate them using impulsive stochastic functional differential equations.
Few works have been reported in the study of NSFDEs with impulsive effects, refer to [1,
2,18].

Moreover, many practical systems (such as sudden price variations (jumps) due to mar-
ket crashes, earthquakes, hurricanes, epidemics, and so on) may undergo some jump
type stochastic perturbations. The sample paths of such systems are not continuous.
Therefore, it is more appropriate to consider stochastic processes with jumps to describe
such models. In general, these jump models are derived from Poisson random measure.
The sample paths of such systems are right continuous and possess left limits. Recently,
many researchers have been focusing their attention towards the theory and applications
of NSFDEs with Poisson jumps. To be more precise, existence and stability results on
NSEDEs with jump process can be found in [3, 4, 6, 8, 14, 17, 19, 21, 23] and the refer-
ences therein. Particularly, Boufoussi and Hajji [4] investigated successive approximation
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of NSFDEs with jumps. Subsequently, SDEs with Poisson jumps were established by few
authors; for example, Wang et al. [21] studied them under a local non-Lipschitz condition,
Cui and Yan [8] investigated them for the case of infinite delay. Chen [6, 7] studied the ex-
ponential stability by establishing impulsive integral inequality. Further, we refer [10, 15,
19, 24] to investigate the exponential stability. The purpose of this manuscript is to study
the impulsive NSFDEs driven by Poisson jumps.

This paper comprises five sections. Section 1 becomes the introduction. We recollect
some basic concepts and preliminaries briefly in Sect. 2. Section 3 focuses on the study
of sufficient conditions for the existence and uniqueness of mild solution to NSFDEs with
impulses and Poisson process by the contraction mapping principle. The continuous de-
pendence result is proposed in Sect. 4. Section 5 involves the results of exponential stabil-

ity of mild solution by using impulsive integral inequality.

2 Preliminaries

Let X and Y be the separable Hilbert spaces and L(Y, X) be the space of bounded linear
operators from Y into X. Consider a complete probability space (€2, B,P) in which B is a
complete o -algebra generated by {B;};>¢, an increasing right continuous family. Assume
a Y-valued Q-Wiener process {W(¢) : £ > 0} with respect to {B;}:>o. Here Q indicates the

trace class covariance and positive self-adjoint operator on Y, that is,
E(W(t),x)y<W(s),y)Y =(tAs)(Qux,y), forallx,yeY.

Let Yy = QY2(Y), which is a Hilbert subspace of Y with (,v)y, = (Q"2v)y. Let

(W(t),e) = Z Vhilene)pi(t), eeY,
n=1

where {e;};>1 is a complete orthonormal system which belongs to Y, and Qe; = Aje;, i =
1,2,..., where }; is a bounded sequence of positive real numbers and {B;} are independent
Brownian motions.

Now, consider the impulsive NSFDE driven by Poisson jumps of the form

d[x(t) +g(t, xt)] = [Ax(t) +f(¢, xt)] dt + o (t,x:) AW (t)

+ / ht,x, wN(dt,du), 0<t<T,t#t, (2.1)

u
Ax(t) = x(t+) - x(6-) = Li(x(5)), t=t,j=12,..., (2:2)
x(t) =), -1<t=<0, (2.3)

where f, g : [0,+00) x X — X, 0 : [0,00) x X — LY, X), h = [0,00) XxXxU—>X,[;: X —
X, and are defined later. The space £5(Y,X) contains all Q-Hilbert-Schmidt operators
from Y into X with the norm || HZLQ :=tr(¢ Q¢*), where ¢ € L(Y, X).

Let D((—00,0],X) be the phase space with [|@||; = sup_,,.4.0 [#(8)| and Dgo((—oo,O],X)
indicates the family of almost surely bounded, By-measurable square integrable random
variables with values in X. Consider the Banach space B = Br((-00, T], Ly), the family of
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all By-adapted processes ¢ (£, w) which are cadlag (right continuous and left limit exists)
int fora.e., forwe Q

1/2
1615, = ( sup EI9IF) ¢ €Br.

0<t<T

The counting measure of stationary Poisson process (p;):-o is denoted by N(¢,du) and
N(t,A) = E(N(t,A)) = tv(A) for A € £, where v is the characteristic measure. The Poisson
martingale measure is defined as N (t,du) = N(¢, du) — tv(du), generated by p;.

The impulsive moments ¢; satisfy 0 < £; < £y, ..., limj_ o = 00, Ax(t)) = x(t*) - x(t ),
where Ax(f) indicates the jump at time #; in the state x with J; defining the size of the
jump and x( 7) and x(t*) are respectively the left and the right limits at ¢; of x(¢).

Here A .D(A) — X is the infinitesimal generator of an analytic semigroup (S(¢));>o of

bounded linear operators on Xsatisfying the usual conditions; for details, refer to [16] and

[9].

Lemma 2.1 ([16]) If0 <« <1, then X, is a Banach space and there exists M, > 0 such
that

” ||_ ae"“ t>0, and A > 0.

Lemma 2.2 (Burkholder’s inequality [9]) If ¢(¢),t > 0 is an L3-valued predictable process
and Wj = fot St — s)p(s)dW (s), t € [0, T). Then, for any arbitrary p > 2, there exists a
constant c(p, T) > 0 such that

t
Esup| W2’ < clps T) sup||S(0) [PE / 16| ds.
t<T t<T 0

Moreover, if E fot lp(s)||” ds < +o0, then there exists a continuous version of the process

{Wf 1t > 0} If (S())>0 is a contraction semigroup, then the above result is true for p > 2.

Lemma 2.3 ([22]) Let E(t) : [-7,+00) — [0,+00) be a function and if there exists some
constant y >0, o;(j = 1,2, 3) and B;(i = 1,2, 3) satisfy

E@t) <oyt forte[-1,0]
and

t
Eit) <aje” +ay sup E(t+0)+ Olgf e’ sup E(t+6)ds
0el-1,0] 0 0el-1,0]

+Z,Bey(” ) fort=0.

ti<t

Ffoar+ 2+ Y i Bi< 1, then E(t) < Me™* for t > —t, ju > 0 denotes the unique solution to

the algebmlc equation: oy + VO‘3 e+ T Bi=land M= max{“{i ’;Mi‘ 001},
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3 Existence and uniqueness
Suppose 0 € p(A) and from Lemma 2.1, for the constants M,M;_g, [|S(t)|| < M and
I(=A)2S(1)|| < Aﬁ{}f for every t € [0, T].

Definition 3.1 Ifx:[-7, T] — X is a stochastic process and
(i) x(f) is measurable and F; adapted for all -t < ¢ < T;
(i) () has cadlag paths almost surely;
(iii) x(2) = S(£)(¢(0) + g(0, p)) — g(t, x;) — fOtAS(t —8)g(s,x5) ds + fot S(t —5)f (s,) ds +
Jo S =8)0(s,x5) dWs + [ [, S(t = s)h(s, x5, )N (ds, du) + Y, ., St = L) (x(2)) if
tel0,T];
(iv) x(¢) = ¢(t), -t =t <0.
then x is said to be the mild solution of Egs. (2.1)-(2.3) on [-7, T].

Assumptions
(A1) f(t,-),0(t,-), and h(t,-) satisfy the following Lipschitz conditions for all ¢ € [0, T
and x,y € X:
(1a) [f (&%) —f(&,y1* < CFllx = yII7;
(1b) llo (&%) — o (ty)1* < C2llx -yl
(1) () [y 1t 20, 1) = Bty ) P (due) v (11 (E 21, 18) = Bty ) | o (dua)) V2 <
Ci fo e =yII%;
(i) (fy, It 0 )| *v(du))? < Cpllx17 ds;
for some positive constants Cr, C,, Cj,. We further assume that, for £ > O and u € U,
f(t,0)vaol(t0)V h(t0,u) =k, where ko > 0 is a constant.
(A2) The function g is Xg-valued and satisfies
(2a) ||(-A)~*# |C; < 1 and g(¢,0) = 0, where the constants % <B<1,C>0.
(2b) (AP g(t,x) - (—AYg(t,y)II2 < C2llx —y|12 forall £ € [0, T] and x,y € X.
(A3) The function (-A)#g is continuous in the quadratic mean sense:

limE | (-A)* (g(t,x,) - g(t,x.))|* = 0.

t—s

(A4) The function J; € C(X, X) for all v,y € X, |Li(x(5;)) - L&) II> < qfllx - y||?, where
gjisaconstantandj=1,2,....

Theorem 3.1 Suppose that (Ay)—(Ay) hold. Then, for all T > 0, system (2.1)—(2.3) has a
unique mild solution on [—t, T] provided that

5M? 21031 qu
(1-k)?

<1, (3.1)
where k = C||(-A)7?].
Proof Define an operator 7 : By — Br by

7 (x(2)) = S(£)(#(0) + £(0,4)) — g(t, %)
- /tAS(t —5)g(s,x5) ds + /tS(t —8)f (s,x5)ds
0 0
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+ /0 t S(t - s)o (s,x5) AW (s)

+/0 /L{S(t—s)h(s,xs, u)N (ds, du)

+ ) SE-t)l(x(t)) forte[0,T]

O<tj<t

and
n(x(t)) =¢(t) fortel[-t,T].

Now, to prove the existence of mild solutions of (2.1)—(2.3), it is sufficient to show that =
has a fixed point.

Step (i): First, we verify that ¢t — 7 (x(¢)) is cadlag on [0, T7.

Let |/| be small enough, for x € Br and 0 <t < T, we get

I

||7t(x(t + h)) -7 (x(t))

=

[S(+h) = S©)][¢(0) +£(0,8)] - [g(t + x001) — g (8, %,)]

¢ t+h

_|:/ A[S(t+h—5)—S(t—s)]g(s,xs)ds+/ AS(t+h—s)g(s,xs)ds}

0 t

¢ t+h
+/0 [S(t+h—S)—S(t—s)]f(s,xs)ds+/t S(t+h—s)f(s,x5)ds

£ t+h
+/0 [S(t+h—s)—S(t—s)]a(s,xs)dW(s)+/t S(t+h—s)o(s,x) AW (s)
+ /O /M [S(¢+h—5) = S(t —$)]|hls, x5, u)N(ds, du)

t+h
+ / / S(t + h — s)h(s, x5, u)N (ds, du)
t u

2

+ Z [S@+h—1t) - S(t— )] 5(x(t)) + Z S(t+h—6)L(x(4))

O<tj<t t<tj<t+h

|7 (2t + b)) - 7 (x@)) ||

6
<7||S(t + B) - S()[$(0) + g0, 0)]|* +7 D _| Eit + h) - E(8)]) .

j=1

Then employing the Lebesgue dominated theorem and the strong continuity of S(¢) im-

plies that
lim S(¢ + 1) = S(0) IE|[#(0) +2(0,¢)]|” — .
Next, it is well known that (—A)~# is bounded,

E|Fi(t+h) - F@)|° < (A PP E|(~A) g(¢ + B xen) - (~A) (2,2 .
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By assumption (A3), we obtain that limy,_,o E||F1 (¢ + #) — F1(t)||> — 0. Then, for the term
F,, applying (A;), Holder’s inequality, and the Lebesgue dominated theorem, we obtain

2
E||Fa(t + h) - >(8)|”

IA

2E

/t[S(t +h—-s)-S(t- s)](—A)l_ﬁ(—A)ﬁg(s,xs) ds
0

2

t+h
+2E / Sit+h- s)(—A)l_ﬁ(—A)ﬂg(s, x5) ds

IA

t
2624 [ I8+ 199 |- PEpsias
0

t+h
+2C2 / (¢ + b= )| | A Ellxl2 ds
t

— 0 asl|h—0.

A similar computation gives us E||F3(¢ + &) — F3(¢)||> — 0 as || — 0.

Further, using Lemma 2.2 and Holder’s inequality, we get

2

E||Fy(t+h) - Ee)|* < 2 /t[S(t+h—s)—S(t—s)]a(s,xs)dW(s)
0

2

t+h
+2 / S(t+h—s)o(s,x5) dW(s)

t
< chcg/ |S(t + 1 —s5) = St - 5)|| 1112 ds
0

t+h
+2C,C2 / I5(¢ + 12— 5)| 1) ds
t

— 0 asl|h—0.

Similarly,

2
E|Fs(t + h) - Fs(t)|* < 2E

/ t / [S(t+h—s) = St —5)]h(s, x5, u)N (ds, dus)
0 JUu

2

t+h
+2E f / St + h — s)h(s, x;, u)N (ds, du)
¢ u

< 2Ch|:]E/0t/u||S(t+h—s)—S(t—s)||2||x||32v(du)ds

¢ N o %
+E</o /MHS(”h s)=S(t )| ||x||Sv(du)ds) }

t+h
+2ch[E/ /||S(t+h-s)||2||x||§u(du)ds
t u

t+h %
+E(/t L||S(t+h—s)||2||x||fv(du)ds) :|

— 0 asl|kl—0.



Annamalai et al. Advances in Difference Equations (2018) 2018:290

For Fg, using assumptions (A;) and (A4), we have

2
B|Fs(e+ 1) - Fo@[* = 28| 3 O[S0+ -15) =S - 5)]0(+(6)
0<q<t
2
+2E| 3 S+ - )0 (x(8))
t<§<t+h
< 2 Y E|S(t +h- ) - St - )| [7E x| ]

O<q<t
+2 37 B[S+ h-5)|*[g2E 1) ]

t<g<t+h

— 0 asl|k|—0.

Hence, the above arguments imply that ¢ — 7 (x(t)) is cadlag on [0, T] a.s.
Step (ii): We shall verify that = (St) C Br, letx € Br,t € [0, T].
From Holder’s inequality,

E|7(x(0)|* < 7E[S(t)[$(0) +g(0,9)] | + 7E | g(t, x|

t 2 t
+7E / AS(t—3s)g(s,x5)dt|| +7E H/ St —s)f (s, x5) dt
0 0

t 2
+7E / St —s)o(s,x5) dW (s)
0

2

+7E /Ot/uS(t—s)h(s,xs,u)N(ds,du)

2

+7

> St - )1(x())

O<tj<t

We now estimate F;,i = 1,2,...,7. By assumption A,-(2a), we have

F < 2[E|s0)$)[” + E[S(1)g(0,¢)[’]
<201+ CZ|(-4)7 | *[ENIg 11>

Applying Holder’s inequality and A,-(24), we have
F < |(-A) |’ CEllx|I?
and

Rk | AP A (i) | ds
0

t
< M2t|(-A)"* ||2Cg2/ Ellx|? ds.
0

2

Page 7 of 17
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By Holder’s inequality and A;-(1a), we derive that

t t
F, < 2]E/ ||S(t—s)[f(s,xs) —f(s,O)] ||2ds+2E/ ||S(t—s)f(s,0)||2ds
0 0
t
< 2M2tC]3/ E|jx||% ds + 2tM?*ko
0

t
< 2M2t[cf2/ ]E||x||§ds+xo].
0

On the other hand, applying assumption (A;)-(1) and Lemma 2.2, we get, for some pos-

itive constant Cp,

t
Fs <G, |s®) ||2E/ |o(s,%,) - o (5,0) + o (5,0) | ds
0
t
< chM2[c§1E/ ||x||§ds+xot].
0

Employing assumption (A;)-(1c) and Lemma 2.2 in [13], we obtain

Fs 5M2|:E/Ot/u”h(s,xs,u)”zv(du)ds+E(/OtL||h(s,xs,u)||4v(du)ds)2:|

< M? [E/t/ ||h(s,xs, u) — h(s,0,u) + ks, 0, u)sz(du)ds
o Ju

+IE(‘/0 /Z;”h(s,xs,u)” v(du)ds) :|

t t
gzMz[cﬁf E||x||§ds+xot] +M2c,3f E|lx|? ds
0 0

t
< 3M2C§/ E|x|2 ds + 2M?kqt.
0

From Holder’s inequality and assumption (A4), we have

Fy < 2B ) [[S(e = )1 (x()) = L) + S = )50 ]

-1

[e¢] [e¢]
<2m? [Z G Ellxll; + quxo}.

j=1 j=1
From the above estimations, Eq. (3.2) becomes
Ellr (x(0) | < 14807 [1 + G| <A | JENSIP + 7C7 | (<A | Ellxl?

t
L IMC| (-A) /O x| ds

t
+ 14M2t[c:}/ E (x| ds + K0i|
0
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t
+14C,M? [cg / Ex|2 ds + Kot:|
0

t
+21M2C§/ E|jx[|? ds + 14M>ticq
0

oo
+14M> " @ [Ellx|7 + o]
j=1

t
< Ry +7C2|(~A) P |*Elx|? + 7M?tC2 | (~A)* ||2/ E|x||? ds
0

t o0
+7M?[2tC} +2C,C? + 3c,3]/0 E|lx|? ds + 14M> Zq}Enxn?,
j=1

where R, = 14M?[1 + C§||(—A)*'3 IZIEl@)1? + 14M?[2¢ + Cyt + > qu]Ko.
We obtain

o0
E|7(x(0)|* < Ry +7] C2[(~A)#|* + 202 qu}Enxn?
j=1

t
+ IM2[tC2||(-A)'P|* + 26CF + 2C,C2 + 3C) / E|lx|? ds.
0
Therefore

t
sup E”n(x(t)) ||2 <R +R, sup IE||x||f+R3/ sup E|x|2ds
0

0<s<T —Tt<t<T —1<s<T

<R +Ry sup E|x||? +Rst sup E|x|?

—t<t<T -t<t<T

<Ri+Ry sup E|x|f?,

—T1<t<T

where

[o.¢]
Ry=7\GlAP[* +2m )y g
j=1

Ry = TM2[tC2||(=A)'#||* + 26C2 + 2C,C2 + 3C7]

R4 = R2 + R3 - L.
Since 7 (x) = ¢ on [-1,0], it follows that

E sup |7 (x(s)) ||2 < 00.

—1<s<T

This proves the boundedness of 7 Br.
Step (iii): Next, we will verify that 7 is a contraction mapping in By, with some 773 < T

to be specified later.



Annamalai et al. Advances in Difference Equations (2018) 2018:290 Page 10 of 17

Let x,y € Br. Based on this simple inequality (x + y + 2)? < x + —y + 1 kz and re-
calling that k : ¢,||(-=A) | < 1, for £ € [0, T,

E |7 (x()) — 7 (3(2) |* < %E\\(—A)-ﬂ I l=AYg(t,x:) - g(t,70) |
2

5 t
R /O (CA)PS(E - 5)(~AY [g(s %) — gls, )] ds

2

B| [ Ste-9[fx) -] ds
0

2

+ LE /tS(t—s)[o‘(s’xS) —O'(S,)’s)] dWs
0

5 ¢ ~ 2
______HE - ISy - 1 Js» ’
+ /0 /Z/{S(t s)[h(s x5, 1) — h(s,y. u)]N(ds du)

2

o 2B 37 st )5 (e0) - )]

O<tj<t

By using Holder’s inequality, Lemma 2.2 together with assumptions (A;), (Ay), and (A4),

we get

E|x (%) - = (y®) |
< kE|x - y|?

5 2 2( tsz) ! 2
+ ——M7 C /Ellx—ylls s
1-k FPe\2p-1/ ),

t
tc}/O E||x—y||§ds+

5
kM2C2 /EHx y|I>ds

t 5 S
Ci[ Elix - y|}ds + —M* 3 qiEllx - yll;
0 - X
j=1

+
1-

E|x (x(t) - 7 (y(®) |
< kE||lx - y|?

5 £26-1 t
+—— | C2M3 (—)+M2 tC} + C,C2 + C;, }/ Ellx —ylI; ds
1—k[ P 28 -1 GG 2 0

5 2 = 2 2
+ M) S qElx -y}
j=1

Hence, SUPselr 7] Elz(x(8)) - n(O)I* < y(®) SUPse rT]IEIIx ylI3, where y(t) =

[CZM2 ﬁ(zﬂ o) + MZL‘(L‘C2 +C,C2 + CH)] + 51‘_/[ 1% By Eq. (3.1), we have y(O)
5M?2
k + SIM; i 16]]2 = # < 1. Hence, there exists 0 < T} < T such that 0 < y(7T7) < 1

and 7 is a contraction mapping on Br,. Therefore it is clear that it has a unique fixed
point, which is a mild solution of (2.1)—(2.3). By repeating a similar process the solution
can be extended to the entire interval [-7, T] in infinitely many steps. This concludes
Theorem 3.1. 0
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4 Stability
Definition 4.1 Let x,x be different mild solutions of (2.1)—(2.3) with initial values ¢; and
#», respectively. If for all € >0, 38 > 0 such that E|lx(¢) — 2(£)||> < € when E|[/¢; — ¢»]|® < 8

for all ¢ € [0, T, then x(¢) is said to be stable in mean square.

Theorem 4.1 Assume that any two mild solutions of (2.1)—(2.3) are x(t) and y(t) with
initial values ¢, and ¢, respectively. Suppose that (A1)—(A4) are satisfied, then the mild
solution of (2.1)—(2.3) is stable in the quadratic mean.

Proof For0<t<T,

E||x(2) -y

< 7E||S@)([$1(0) — $2(0)] + [¢(0, ¢1) — 2(0,8)]) | + 7E || g(t, %) — 82,3
2
+7E

2

+7E /o AS(t - s)[g(s, Xs) —g(s,ys)] ds ./o S(t-s) [f(S, Xs) —f(SrJ’s)] ds

t 2
+7E / S(t-s) [U (s,25) — G(s,ys)] dW (s)
0

2

- »vvss _h r)s» N ’
+ 7k /0 /L{S(t s)[h(sx u) —h(s,y u)]N(ds du)

2

+7E| Y St~ 6)[1(x(6))]

O<tj<t

By using Holder’s inequality and assumptions (A1), (As), and (A4), we derive that

E|x() - y(0)|”
<7M?[1+ C2|(-A) | |ElIg1 - 421

+7C)| (AP Ellx - y11?

+7M? C2< e )/tlEllx yl2ds
1-B~g 2[3_1 0 s

t t
+7M2th2/ E||x—y||§ds+7Mzc§cpf Ellx - y||>ds
0 0

t o0
+7TM?C; / Ellx-yl}ds +7M* )" q7Ellx -yl
0 :
j=1

<7M*[1+ C2||(=A)*|*]Eli¢r - g2

+ 7[Cg2 |-A)P|* + M2 qu}ﬂillx -7

j=1

(261 ¢
v a3 (35— ) 220G+ GG )| [ Bl iz
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It follows that

sup Efx—yll?
te(r,T]

7M2[1+ I=A) I C
< -0

28-1
7[M1 -B g(tzﬁ 1

Elr - ¢l

sup Ellx—y|>ds,
telz,T]

) +M2(tCJ? +C,C% + C})] /t
1-Q 0

where Q =7[C2I(-A) P |1> + M> 17, 2]
By applying Gronwall’s inequality, we have

7M1+ |I(=A)PIPCE]

sup Efx—yl} < Ell¢1 — ol
telt,T) 1-Q
TIME_yC2) + MP(ECE + G, C2 + CP)]
X exp
1-Q
< pEllg1 - oI,
26-1
7M2[1+||(—A)’/3H2C2 7IM}_p C3 (g )+ M2 (6CF +CpCa +CP)]
where g = o xp( o) ).
<

Now, given € > 0, choose § = < such that E||¢; — ¢]|? < 8. Then

sup Ellx-yll} <e.
telr,T]

This concludes Theorem 4.1. O

5 Exponential stability
A system is defined to be exponentially stable if the system response decays exponentially
towards zero as time approaches infinity.

For example, consider that a system, marble ball in a ladle, when undisturbed will occupy
the lowest point in the ladle. But when the ball is subjected to a push, it will exhibit a
diminishing sinusoidal oscillation and eventually resettle in the bottom of the ladder. Also,
the system is said to be marginally stable when the ball is away from the bottom of the ladle
when a constant force equal to its weight is applied. But when the ball is given a big push,
it will fall away from the ladle and stop when it reaches the ground. Therefore it is proper
to state that the system is exponentially stable for a range of inputs.

Definition 5.1 System (2.1)—(2.3) is said to be exponentially stable in the quadratic mean
if there exist positive constant C; and A > 0 such that

E|x)]* < CiElglPe ¢, 1> 1.
We assume that f(£,0) = o (£,0) = h(t,0,u) = 0 forall £ > 0,u € U. So that system (2.1)—(2.3)

admits a trivial solution. We further need the following assumptions.
(As) (S|l < Me™=10), £ > £, where M > 1, 1 > 0.
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(Ag) There exist nonnegative real numbers Ej, Ey, E3, E4 > 0 and continuous functions

81,682,83,84 : [0, +00) — R, such that, for all £ > 0 and x,y € X,

0O fex)|’ <Elxl? +50),
i) (-4 gtx)|* < Exllxll? + 85(8),

(i) [ox)|* < Esllxl? + 85(2),

(iv) /M ||h(t,xt,u)||2v(du)\/< /M ||h(t,xt,u)||“u(du)>f < Eqllx])? + 84(8).

(A7) There exist nonnegative real numbers P; > 0,j = 1,2,3,4, such that §;(¢) < Pe™,
vVe>0,j=1,2,3,4.

Theorem 5.1 Assume that (A4)—(A7) and the following inequality holds:
6{[AF22P M MPT (28 — 1)Ex/A] + MPE} + C,E5 + EJ1/A> + M* Y2 q7)

(1-k)?
<1, (5.1)

where k = /E,||(=A)~P||. Then the mild solution of system (2.1)—(2.3) is exponentially stable
in the mean square moment.

Proof From inequality (5.1), it is possible to find a small positive quantity € such that

6AI 22PN MPT (28 - 1)Ey  6M2(E2+ C,E2+ E2]  6M>Y 12 ¢

k+ —e)1-k) TG —oU-k T a-h

Let n = A — € and x(¢) be the mild solution of (2.1)—(2.3).
Fort>0,

B0 = Eletts0l + 12| I0[#0)+ 60,001

2
+

2

+ ‘/0 AS(t —s)g(s,x5) ds

/tS(t —8)f(s,x5) ds
0

2 2
+

. /0 'S(t - o (5,2) AW (S

|

/ t / S(t — 8)h(s, x5, u)N (ds, du)
0 JUu

[ D Ste-5)1(x(z)

O<tj<t

7

<> F®.

j=1
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By conditions (Ag) and (A7), we obtain

Fi() - %E!!(—A)*(—A)f‘g(t,xt) I

lI(=A)~" |2
< —x [E%]E||x||f + 52]
—A)B|2P.
<KE|x|? + Kie™™ where K; = ”()%

Using assumptions (As), (Ag), and (A7), we have

12
() < T [E[s0s )] + E[S()200,0)]"]
12M? 12M2
=Tz e—ZAtEHqs(o)HZ r T 2| (~A) ||2[E2IE||¢5||2 +Py]
< I(ze_”t,

12M2
where K, = {IE||¢(O) I? + | A | [E2Ellg 11 + P2]).
Applying assumptions (As), (Ag), and (A7) together with Lemma 2.1 and Hélder’s inequal-
ity, we get

6 2

1-k
tMZ —k(t—s)
/ / M?e” ‘S)EH( A)ﬂg(s,xs)” ds
1-k
62172 220-p) M2 MAT(28-1) rt
< 1 l‘f 26 -1 / e’“"s’[EzIEllxllf+82(s)]ds

6A1‘2ﬁ22<1_ﬁ)M%fﬂM2F(2'3 -1)E, /t
<
< 1-k

F5(t) E

t(—A)lﬂs(%)s(t;) (—A)Pg(s, ;) ds

IR x| ds + Kze ™,

0

. . 61126220-A) 12012 T (2B-1)
where T is the usual gamma function and K3 = 7 1 %

Again, using (As)—(A7) and Holder’s inequality, we get

2
Fu(t) = 16 . ( / St —9)e™ || f (s, ds)

6M? (! !
f M) g f e HIETE X))} + 81()] ds
1-k 0 0

6M2E2 t
a k)lk / e IR |x))? ds + Kye ™,
- 0

IA

IA

where K = A?f’i) L . Similarly, for the term Fs,

;

2 ¢ 2
fM Cp</ e‘“t‘s)E”a(s,xs)” ds>
0

Et) < %(EH /0 St — )0 (5,2) W)

IA

=
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t
C,M? / e M9 g
1-k 77 ),

t

x | e ds[EsE|lx||? + 85(s)] ds
t
/ e MR x| ds + Kse™,
0

6%’% AP 3n By assumptions (As)—(A7) together with Lemma 2.3, we have

6 2
Fs(t) < HE< A >
6 ! t—s
m}\/{z(/o 2 )[/ E| h(s, x5 u H v(du)
+ (/ IE”h(s,xs,u) ||4v(du))2:| ds>
u

M o) 2

—_ M ELE 1) d
A(l—/<),/0 e [EsEllx1? + 84(s)] ds
6M?
Al -k)

where K5 =

t
S(t — s)h(s, x5, u)N(ds, du)
U

IA

IA

I/\

54/ IRk} ds + Kee™,

6A4

where Ko = 7775 5 fn. By applying assumption (A4), one can get

[e¢]

Folt) < —kz e PVE]ats) |

s qu””'EHx o

The above inequalities together with Lemma 2.3 imply that
2 —nt
]E”x(t)” <ye ™ forte[-1,0]
and

]E||x(t)||2 <ye"+k sup E|x(t+u) ||2
—-1<u<0

- t
+k/ e sup E|x(t+u) ||2ds
0

-1<u<0

o0
+ Z e "HE | x(5) ||2 fort > 0.
j=1

Here y = max(}_% | K;, Sup_, <o Ellp(x)[?) and

6A 2P R2PAMPME T (2B -1)Ey  6MP[E? + C,E3 + E3]

7({:
1-k " 1=k
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since k + % +Y o d? <1, and from Lemma 2.3 there exist constants K > 0 and 6 > 0 such
that E[|x(¢)||?> < Ke %, V¥t > —t. This ensures the exponential stability of the mild solution

in mean square. Hence the proof. g

Remark 5.1 If the impulsive term A(x(¢)) = [;(:) = 0,j = 1,2,..., then (2.1)—(2.3) takes the
following form:

d[x(t) + g(t, %) = [Ax(t) + £ (t, %) dt + o (t, %) AW (2)
+ / h(t, %, )N(dt,du), 0<t<T, (5.2)
u
x(t)=¢(t), -T=<t=<0, (5.3)

where C = C([-7,0]; X) denotes the family of almost surely bounded and continuous func-
tions ¢ from [~7,0] into X and, as usual, with [|¢||. = supyc(_, ) [¢(O)]. Also, if we assume
that all the functions are defined the same as earlier, then by the same procedure as in
Theorem 5.1, we may deduce the next corollary.

Corollary 5.2 Suppose that (A1)—(As) and (As)—(A7) are satisfied, then the mild solution

of (2.1)—(2.3) is exponentially stable in the mean square moment if the following inequality
holds:

5{IA2P220AME_  MPT (28 — 1)Ea/A] + MPIET + C,E3 + E5]/A%) .
<
(1-k)?

(5.4)

6 Conclusion

In this article, the existence and uniqueness results for neutral impulsive stochastic func-
tional differential equations with Poisson jumps have been derived using fixed point ap-
proach. Also, sufficient conditions are derived for the continuous dependence of solutions
on the initial value by means of the corollary of Bihari’s inequality. Finally, the exponential
stability of mild solutions for neutral impulsive stochastic functional differential equa-
tions with Poisson jumps is investigated based on the impulsive integral inequality. This
will motivate the future research work such as the study of controllability and stability in
distribution for neutral impulsive stochastic functional differential equations with Poisson
jumps.

Acknowledgements
The authors would like to thank the reviewers for their constructive comments in upgrading the article.

Funding
This work was partially supported by UGC, India (F MRP-5820/15(SERO/UGCQ)).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Author details

'Department of Mathematics, PSG College of Arts & Science, Coimbatore, India. ?Department of Mathematics, Cankaya
University, Ankara, Turkey. 3Institute of Space Sciences, Magurele-Bucharest, Romania. “Amrita Vishwa Vidyapeetham,
Coimbatore, India.



Annamalai et al. Advances in Difference Equations (2018) 2018:290 Page 17 of 17

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 26 February 2018 Accepted: 21 July 2018 Published online: 24 August 2018

References

1.

2.

20.

AR

22.

23.

24.

Anguraj, A, Vinodkumar, A.: Existence,uniqueness and stability results of impulsive stochastic semilinear neutral
functional differential equations with infinite delays. Electron. J. Qual. Theory Differ. Equ. 2009, 67 (2009)

Arthi, G, Park, JH. Jung, H.Y Existence and exponential stability for neutral stochastic integro differential equations
with impulses driven by fractional Brownian motion. Commun. Nonlinear Sci. Numer. Simul. (2015).
https://doi.org/10.1016/j.cnsns2015.08.014

. Bouchard, B, Elie, R.: Discrete time approximation of decoupled forward-backward SDE with jumps. Stoch. Process.

Appl. 118(1), 53-75 (2008) ([1], Appendix)

. Boufoussi, B., Hajji, S.: Successive approximation of neutral functional stochastic differential equations with jumps.

Stat. Probab. Lett. 80, 324-332 (2010)

. Boufoussi, B, Haji, S:: Neutral stochastic functional differential equations driven by a fractional Brownian motion in a

Hilbert space. Stat. Probab. Lett. 82, 1549-1558 (2012)

. Chen, H.: The existence and exponential stability for neutral stochastic partial differential equations with infinite delay

and Poisson jumps. Indian J. Pure Appl. Math. 46(2), 197-217 (2015)

. Chen, H, Zhu, C, Zhang, Y.: A note on exponential stability for impulsive neutral stochastic partial differential

equations. Appl. Math. Comput. 227, 139-147 (2014)

. Cui, J, Yan, L Successive approximation of neutral stochastic evolution equations with infinite delay and Poisson

jumps. Appl. Math. Comput. 218, 6776-6784 (2012)

. Da Prato, G, Zabczyk, J.: Stochastic Equations in Infinite Dimensions. Cambridge University Press, Cambridge (2014)
. Feng, L, Li, S: The pth moment asymptotic stability and exponential stability of stochastic functional differential

equations with polynomial growth condition. Adv. Differ. Equ. 2014, 302 (2014)

. Hale, J, Verduyn Lunel, S.M.: Introduction to Functional Differential Equations. Springer, New York (1993)

. lkeda, N., Watanabe, S.: Stochastic Differential Equations and Diffusion Processes. North-Holland, New York (1989)

. Kolmanovskii, V.B.,, Myshkis, A.: Applied Theory of Functional Differential Equations. Kluwer Academic, Norwell (1992)
. Luo, J, Liu, K.: Stability of infinite dimensional stochastic evolution equations with memory and Markovian jumps.

Stoch. Process. Appl. 118, 864-895 (2008)

. Ma, YK, Arthi, G, Anthoni, M.: Exponential stability behavior of neutral stochastic integrodifferential equations with

fractional Brownian motion and impulsive effects. Adv. Differ. Equ. 2018, 110 (2018)

. Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations. Applied Mathematical

Sciences, vol. 44. Springer, New York (1983)

. Pei, B, Xu, Y: Mild solutions of local non Lipschitz stochastic evolution equations with jumps. Appl. Math. Comput. 52,

80-86 (2016)

. Sakthivel, R, Luo, J.: Asymptotic stability of nonlinear impulsive stochastic partial differential equations with infinite

delays. J. Math. Anal. Appl. 356, 1-6 (2009)

. Sun, M., Xu, M.: Exponential stability and interval stability of a class of stochastic hybrid systems driven by both

Brownian motion and Poisson jumps. Physica A 487, 58-73 (2017)

Taniguchi, T.: Successive approximation to solutions of stochastic differential equations. J. Differ. Equ. 96, 152-169
(1992)

Wang, L, Cheng, T, Zhang, Q. Successive approximation to solutions of stochastic differential equations with jumps
in local non-Lipschitz conditions. Appl. Math. Comput. 225, 142-150 (2013)

Yang, H,, Jiang, F.: Exponential stability of mild solutions to impulsive stochastic neutral partial differential equations
with memory. Adv. Differ. Equ. 2013, Article ID 148 (2013)

Yue, C.: Neutral stochastic functional differential equations with infinite delay and Poisson jumps in the Cg space.
Appl. Math. Comput. 237, 595-604 (2014)

Zhang, X., Zhu, C, Yuan, C.: Approximate controllability of impulsive fractional stochastic differential equations with
state-dependent delay. Adv. Differ. Equ. 2015, 91 (2015)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1016/j.cnsns2015.08.014

	On neutral impulsive stochastic differential equations with Poisson jumps
	Abstract
	Keywords

	Introduction
	Preliminaries
	Existence and uniqueness
	Stability
	Exponential stability
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


