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University, Jeddah, Saudi Arabia pathogen-to-susceptible and infected-to-susceptible transmissions. We consider two

types of infected cells, latently infected cells, and actively infected cells. The model
considers three types of discrete or distributed delays to characterize the time
between the pathogen or the infected cell contacts a susceptible cell and the
creation of mature pathogens. We deduct the basic reproduction number and
antibody response activation number which determine the existence and stability of
the steady states. The global stability analysis of the steady states is established using
Lyapunov method. The theoretical results are confirmed by numerical simulations.
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1 Introduction

Modeling and analysis of within-host human pathogen dynamics have been studied in
several works (see, e.g., [1-23]). These works can help researchers to better understand the
pathogen dynamical behavior and to provide new suggestions for clinical treatment. A vast
amount of the mathematical models presented in the literature focused on modeling the
interaction between three main compartments, susceptible cells (s), infected cells (y), and
pathogens (p). B cell is one of the central components of the immune system against viral
infections. The B cells create antibodies to neutralize the pathogens. Murase et al. [24]
considered the effect of antibodies (x) on the pathogen infection model as follows:

5(t) = w — ds(t) — m1s(t)p(2),
y(t) = ms()p(t) - Ay(2),
p(t) = ndy(t) — cp(t) — ap(£)x(2),
x(t) = rp(£)x(t) — mx(t).
The susceptible cells are produced at rate w, die at rate ds, and become infected at rate

m1sp, where m; is the pathogen-susceptible incidence rate constant. X is the death rate
constant of the infected cells, a is the neutralization rate constant of the pathogens, and
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¢ is the death rate constant of the pathogens. The infected cell releases a number #n of
pathogens during its lifespan. The B cells are proliferated and die at rates rpx and mx, re-
spectively, where r and m are constants. The effect of antibody immune response on the
pathogen dynamics has been studied in several works (see, e.g., [24—29]). In these works,
it was assumed that the susceptible cells become infected by contacting with pathogens
(pathogen-to-susceptible transmission). In [30—33], it was reported that the pathogens
can also spread by infected-to-susceptible transmission. However, in these works the an-
tibody immune response was neglected. In very recent works [34, 35], and [36], both
pathogen-to-susceptible and infected-to-susceptible transmissions were incorporated in
the pathogen dynamics models with antibody immune response. However, the latently
infected cells were neglected in these models.

It is worth stressing that the introduction of delay equations has been widely applied to
model complex systems in biology. Indeed, the introduction of delay terms can be viewed
as a first step towards modeling multiscale dynamics and heterogeneity features in popu-
lation dynamics [37].

In the present paper we investigate the global stability of pathogen dynamics models
with antibodies and both pathogen-to-susceptible and infected-to-susceptible transmis-
sions. We consider both latently infected cells and actively infected cells. We incorpo-
rate three types of discrete or distributed time delays to describe the time between the
pathogen or the actively infected cell contacts a susceptible cell and the emission of new
mature pathogens. We calculate two bifurcation parameters R (the basic reproduction
number) and R, (the antibody response activation number) which determine the exis-
tence and global stability of all steady states. Numerical simulations are performed to con-

firm the theoretical results.

2 Model with discrete-time delays

We investigate the following pathogen dynamics model with discrete-time delays:

8(t) = w — ds(t) — s(t)[1p(t) + 72y(8)],

i(t) = pe 1 Ns(t — 1) [mp(t — 11) + oyt — 1) ] = (e + A )ult),

3(£) = (1= p)e™s(t — 1) [mp(t — 1) + Toy(t — T2) | — Ay(2) + auma(2), )
p(t) = nre 3yt - 13) - cp(t) — ap(t)x(t),

x(t) = rp(t)x(t) — mx(z).

The model assumes that the susceptible cells are infected by pathogens at rate m1s(¢)p(t)
and by infected cells at rate mos(¢)y(£). The fractions p and (1 — p) with 0 < p < 1 are the
proportions of infection that lead to latency and activation, respectively. 1, is the death
rate constant of the latently infected cells. Latently infected cells are activated at rate ovu(%).
Here, 1; is the time between pathogen entry a susceptible cell to become latent infected,
and 1, is the time between pathogen entry a susceptible cell and the production of imma-
ture pathogens. The immature pathogens need time 3 to be mature. The factors e™*1™,
e *2™2, and e *3"™ represent the probability of surviving to the age of 13, 15, and 73, respec-

tively, where €1, €2, and, €3 are positive constants.
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We consider the initial conditions

s(0)=¢1(0),  u(®) =$2(0),  ¥(0)=¢3(0),
p0) =¢a(0),  x(6) = p5(0),
¢1(0) >0, fe [_K)O])

3)
¢j € C([-«,01,R=0), j=1,...,5,

where « = max{t, 72, 73} and C is the Banach space of continuous functions mapping the
interval [—«,0] into R with norm ||¢]| = sup_, .4 |¢;(9)]. Then system (2) has a unique
solution for ¢ > 0 [38].

2.1 Properties of solution
Lemma 1 The solutions of system (2) with initial conditions (3) are nonnegative and ulti-
mately bounded for t > 0.

Proof We have from Eq. (2); that §[s-0 = @ > 0. Therefore s(¢) > 0 for all £ > 0. Moreover,

for t € [0, k], we have

t
u(t) = ¢ (0)e~ @At 4 / e’(“””)(t’e){pe_“”s(O - rl)[nlp(e —11) + moy(6 — rl)] } de
0

207

y(t) = ¢3(0)e™

+ /te‘)‘(t_e){(l —p)e F2725(0 — rg)[nlp(é’ —1y) + moy(0 — 12)] + au(Q)} do >0,
0

t
P(E) = pa(0)e ol .y e / e literax Dy g _ v d > 0,
0

#(t) = ¢5(0)e 0PI > g,

By recursive argument we get u(¢) > 0, ¥(¢) > 0 and p(£) > 0 V¢ > 0. The nonnegativity
of the model’s solutions implies that §(¢) < w — ds(¢) and then lim, ., sups(t) < 7. Let us
define X; () = pe™®1Ms(t — 71) + (1 — p)e~2"2s(t — 13) + u(t) + y(¢t). Then

Xi(t) = pe 1™ w —ds(t — 7)) — mis(t — T)p(t — 71) — mas(t — 1)y(t - 71) }
+(1-p)e 2™ {a) —ds(t — 13) — m18(t — To)p(t — T2) — Was(t — To)y(t — rz)}
+ pe (e — 1) [mp(t - 11) + Ty(t — 11) ] — (o + A )uule)
+ (1= p)e22s(t — ) [mp(t — T) + Tyt — 2) | - Ay(2) + cuu(t)
= ope " + ol - p)e "
—pe 1M ds(t — 1) — (1 - p)e™?™ ds(t — 72) — Auul(t) — Ay(2)
< w-o1[pe 1 s(t - T1) + (1 - p)e 2 2s(t - 12) + u(t) + y(1)]

= w - 01X1(1),



Hobiny et al. Advances in Difference Equations (2018) 2018:276 Page 4 of 26

where o7 = min {d, A, A}. It follows that lim;_, o, sup X1 (¢) < M, where M; = Uﬂl Since s(t) >
0, u(¢) > 0, and y(¢) > 0, then lim,_, o sup u(t) < M; and lim;_,» sup y(¢£) < M;. Moreover,
let X5(¢) = p(¢) + 2x(t). Then

Xo(t) = nre 3% y(t — 13) — cp(t) — ﬂx(t.‘)
r
< nAMl - O'2X2(t)y

where 0, = min {c, m}. Then lim,_, o, sup X»(£) < M;, where M, = % The nonnegativity
of the solution implies that lim,_, », sup p(¢) < M, and lim,_, o, supx(t) < M3, where M3 =
~ M. This shows the ultimate boundedness of s(t), u(¢), y(¢), p(¢), and x(t). O

2.2 Steady states and threshold parameters

In the following, we derive the basic reproduction number from system (2) by using the
next-generation method and calculate the steady states. We first define the matrices F and
V as follows:

0 PTTpSpe 11 pPI1Spe 11 o+ Ay 0 0
F=(0 (1-p)msee ™2 (1-p)misoe 22|, V=| -« A 0|,
0 0 0 0 —-nie B ¢

where sg = %. Then

Y1 Y2 Y3
FV'=|ys s e,
0 0 0
where
apmrsge 1 apmrsone F1e 3™
L S
PTaSpe 1T prrisone 1T g3
wZ = X c b
OTT1Spe" 1T
Y3 = ————i,
c
V= (1 — p)maspe 272 . a(1 — p)mysone 27273
4 = ’
(o + Ay)A (@ +Ay)c
s = (1 = p)masge™2™ . (1 = p)misone 27237
5= )
A c
Ve = (1 - p)mispe2™

c
The basic reproduction number R can be computed as the spectral radius of FV~':

nmw1Soy  TaSee By
= + ,
c A

y = (ie—ﬁltl—SSTS + (1 _ p)e—ﬁzlz—ssfs)' (4)
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The parameter R can be written as Rg = Ro1 + Roz, where

nIT1S0Y Ty80€%3By

Ro1 = , Roz =
01 p 02 x

The model has three steady states:
(i) The pathogen-free steady state 29 = (so, 0, 0,0, 0).
(i) The infected steady state without antibodies 2 = (s1, #1,¥1,p1,0), where

So cd

S = —, = —— R - 1 )
"R YT e 4 cnz( o= 1)
pwe=1m nie 37

= R - 1 3y = .

51 @+ )»M)Ro( 0o-1) b1 c 1

(iii) The infected steady state with antibodies 23 = (s, 42, y2, P2, %2), where

(o + Ay)uy -B++/B*-4AC
Sy = N =,
27 pe 1 (mypy + 7oy0) 72 24
wpe (T m + TTorys) m
uy = ’ P2r=— (5)
(o + 1) [rd + (mym + ary,)] r
)\‘ —E373
5= (u _ 1),
a cpa
and
ToT T
A=imr,  B=i(d+mm)- L2 oo _Yemm ©)
€373 €373

. .o MAEE3T3 . .
We note that €2, exists if ”ecpiz” > 1. Now we can define antibody immune response

activation number as follows:

nie 3By,
p2

Ry (7)

It follows that x, = £(R; — 1). Thus, an infected steady state with antibodies 2, =

(4
a

(S2, U2, Y2, P2, X2) exists when R > 1.
Lemma 2 Let Ry > 1, then (i) if R1 < 1, then p1 < ps, and (ii) if R1 > 1, then p; > p».

Proof (i) Let Ry <1, then ME;# < 1. Using Eq. (5), we obtain

nie 3% <—B ++/B% - 4AC) <1

cpa 2A

which implies that

( 2Acp)

2
B) > B? - 4AC.
nAe 373 -
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Using Eq. (6), we get

4emef3T Iy (M, + CTrye373)

2 (pZ_Pl)z(l
n°ps

Thus p; < ps. The proof of (ii) can be done in a similar way. d

2.3 Global properties
We define a function G(0) = 6 — 1 — In6 and use the notation (s, u, y, p,x) = (s(t), u(t), y(¢),
p(t),x(t)).

Theorem 1 The pathogen-free steady state Q2 of system (2) is globally asymptotically sta-
ble when Ry < 1.

Proof Define Uy(s, u,y, p, x) as follows:

L[() = )/SoG(i) +
So

e 5By +e BBy
o+ Ay

+

(1-Ro2)  a(l-TRo)
p+ x

n rn

71
+ e f1T178B P / (nls(t —0)p(t —0) + mas(t — 0)y(t — (9)) do
0

o+ Ay

™
+e 5217858 (] - p) / (ms(t —0)p(t —0) + mwas(t — 0)y(t — 9)) do
0
3
+ 6_8313(1 - Roz))n/. y(t - 9) d@,
0

where y is defined by Eq. (4). We have Uy(s,u,y,p,x) > 0 for all s,u,y,p,x > 0, while

Uy(s9,0,0,0,0) = 0. Calculate d% along the solution of system (2) as follows:

dty

= y<1 - S;O){a) —ds — mysp — 728y}

+e %37 L}\{pe’”"s(t - rl)[mp(t —T1) + oy(t — 1:1)] —(a+ Au)u}
a+ Ay,
+ 79373 {(1 —ple 2725(t — rz)[nlp(t —T) + moy(t — 12)] -y + au}

1-R 1-R
s L2 Re) {nry(t — 13)e7*3% — cp — apx} + u{rp" —ma}
n rn

+e 1T 7 {misp + masy — mis(t — 1)p(t — 11) — mas(t — 1)yt — 1)}
o+ Ay

+e7%2178B(] — p){nlsp + 7098y — 118(t — To)p(t — T2) — 7as(t — T2)Y(t - '(2)}

+2e7%35(1 —’Roz){y—y(t— Tg)}. (8)
Equation (8) can be simplified as follows:

dl d(s —sp)?
_O — _VM + V(7T180P + 7T230y) _ )»6_53733/
dt s
_1-Res)  am(l—TRe)
n 7 rn

x+A(1-Rpp)e 3y
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d(s - s)? ( c(1 —Roz))
=yt (ymso - 2 |p
s n
am(1l —Roz)

— k.

+ (y 9o — Ae 3™ Roz)y -
m

We have
c c
ymiso— —(1-Ro2) = =(Ro—1), ymaso — he 3B Roy = 0.
n n

Therefore, we obtain

du, d(s - s)?
d_o = —VM + S(Ro-1p+ L (Rop - 1.
t S n rm

Thus, dﬁ% < 0 when Ry <1 for all s,p,x > 0. Moreover, 7 =0 if and only if x(¢) =
p(t) =0,and s(t) = so. Let Do = {(s, u, y, p, x) : duo
of Dy. The solutions of system (2) tend to D, [38]. For each element in Dj,, we have p(t) = 0.

Thus Eq. (2), yields

=0} and D, be the largest invariant subset

p(t) =0=nre 3Byt — 3).
Then y(¢) = 0. From Eq. (2)3 we have
0 = au(t).

Then u(¢) = 0. It follows that D, contains a single point that is {€¢}. From LaSalle’s invari-
ance principle, Q is globally asymptotically stable when R < 1. O

Theorem 2 For system (2), assume that R, < 1 < Ry, then Q1 is globally asymptotically
stable.

Proof Let Uy (s, u,y, p,x) be given as follows:

u = yslG(i> b e‘gmulG(i) +e‘83’3y1G(l)
S1 o+ Ay 121 Y1

Y misip1 p yamisipi
+—pGl— |+ ———x
nae=3ty,;

)21 rnie 3%y,
a t—0)p(t-0
4 e f1TnE3T op 77151171/ (S( p( )> do
o+ Ay, S1p1
t-0)p
+ e f2TEsT(] —P)7T131P1 <5( )d@
S1P1
t—0)y(t-6
+ e 11178313 7T251y1/ G(S( A )) do
0 1)1
t—0)y(t-0
+e2BB(1 _p nzsu/l/ G<S( At )) de
0 i1

y(t—-6
+ ymisip1 G< )> do.
0

Page 7 of 26
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We have U (s, u, y, p,x) > 0 for all s, u, y, p,x > 0 and U (s1, 41, y1, p1,0) = 0. Calculating %,

we obtain

dau; N
d—tl = y(l - f)(w—ds—msp—ﬂzsy)

petn 2 (1 - ﬂ) {pe™1Ms(t — ) [mup(t — 11) + 72y(t - 71)]
o+ Ay u

—(x +Au)u}

+ e <1 _ %) {(1 —ple F2"2g(t — Tz)[ﬂlp(t —1y) + o y(t — rz)] - Ay + om}

_msip (1 - Iﬂ) (nre 3B y(t - 13) — cp — apx)
p

niae -3y,
617T181p1
MRy ey, (rpx — mx)
—£1T1—€373 [ sp S(t - Tl)p(t - Tl) (S(t Tl)p(t Tl))
+ e 7'[181[)1 _— =
a+hy | $11 $191
+ 6—821’2—831’3(1 _ ,0)7T181p1 _l _ S(t - Tz)p(t - TZ) (S(t - '52)17 t -T2 ):I
| S1P1 S1P1
| ptrTI-ess ap - _i _ st -1yt -11) (s(t rl)y(t -7 )i|
o+ Ay L 151 S1Y1
i t— t— t— t—
e ] 2D () w )]
LS1)1 $1)1
t— t—
+ ynlslpl[l — He- 1) +1n(y( t3)):|. 9)
Y1 Y1 Y

Simplifying Eq. (9) and applying the steady state conditions for £2;

® =dsy + m1S1p1 + T281Y1,

e I [m15191 + Tas1y1] = e By,
o+ Ay
e TR [misipy + syl + €7RTEE(L - p)lmisipy + masip] = ey,
u
o= nie #%By;
1 c ’
we get
dl,ll S1 S1
o =Y (1 - ?)(dh —ds)+y (1 s (m151p1 + T28191)

—€1T1—€373

( s(t—t)p(t — t)us s(t— )yt — ) )
—e 7T1S1p1 + 7T2S1y1

o+ Ay, Sip1u S1y1U

+e 1T (mis1p1 + mas191)

o+ Ay

st —)p(t — )0 & Ty st — )yt - rz))

_ 6—8212—8313(1 _ p) (7{131[)1
Sip1y s

—€17T1—€373

+e (m181p1 + Tas1y1) + €227 (1 - p)(mw1s1p1 + M2S1Y1)

o+ Ay
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—E1T1—€3T
—e f1m 373

u

ap u
——(msip1 + 7T251y1)£ +ymsipi|1-
A uy P

t— t—
+ — yn151(P1 — Po)x + e F1TTEm _otp)\ T181P1 ln<S—( 715( “)
t— t—
+e 27278 B(1 — p)mysipr ln<s—( ©2)p( 1:2))
sp
+ e E1T17E3T3 @p Tos191 1n<5(t - Tl)y(t - fl))
o+ Ay sy
t— )yt -
+ 6782‘[2753‘[3(1 _,0)7T251y1 ln(S( T2)y( TZ))
sy

t_
+ Ym181p1 ln(u)
y

Consider the following equalities with (i = 1):

i (S(t—rl)p(t—n))

o 2PN
sp
() () ) )
Sipiu Jib s

(S(t T)p(t - Tz)) <S(t T)p(t - rz))h) (ym) (_l)

Sipiy Jib s

(S(t Tl)y(t Tl)) < st - Tl)}’(t—ﬁ)uz) ( ) ( )

siyitt Ui

s(t—w)y(t - T2)> ln<S(t—tz)y(t—rz))+1n<ﬁ>’
Siy s
yt—r3>> (22 (22
yib i)’

we obtain

dl,ll d(s —S1)2 S1
7 A y(misip1 + mas191)G| —
t S S
_ 17176373 ap ﬂlslplG(S(t - I1)]7(1' - 7:1)141)
o+ Ay, s1p1u
_ 17176373 ap ﬂ251y1G<S(t - Tl)y(t - Tl)”1>
o+ Ay, s1y1u
t— t—
— e f2mEm(] — P)JT1S1P1G<S( ) IZ)M)
s1p1)y
t— t—
_87221’2783‘[3(1 —,0)7'[251_)/1G<S( TZ)J’( TZ))
Sl_y
Ceanan %0 myl)G<h_u>
o+ Ay, yuy

y(t - 3)p1

a
) + —ymsi(p1 — pa)x.
np ¢

- ynlslplG(

SiGal) )}

Page 9 of 26

(10)



Hobiny et al. Advances in Difference Equations (2018) 2018:276 Page 10 of 26

From Lemma 2, we have p; < p, when R; < 1. Thus, d—[l <0 and dul = 0 occur at the
infected steady state without antibodies €2;. Let D] be the largest 1nvar1ant subset of the set
Dy ={(s,u,y,p,x): du‘ = 0}. Thus, the solutions of system (2) tend to D]. Itis clear that D; =
{€2;}. Using LaSalle s invariance principle, we conclude that €2; is globally asymptotically
stable when R < 1and R > 1. ([l

Theorem 3 For system (2), suppose that R, > 1, then 2, is globally asymptotically stable.

Proof Consider Us(s,u,y, p,x):

u, = yszG<i> + L e‘gmuzG(l) + esmyzG(l)
S o+ Ay Uy Y2

T182P2 G ﬁ + amiSpa G ﬁ
ynke"3373y2p2 )23 yrnke‘emyz 2

yeermears 2P T1S9P2 / ) (S(t - > 4
o+ Ay Sapa
t-0)p(t-0
+ efaztz Sgtg(l p)ﬂ'lszpz (S( S)i( )) d9
202
t—-0)y(t-0
+ef1nTsn 71252)’2 <S( ! )) de
+ Ay $2Y2
4+ e %2R78B(] — p)n232y2 < )d@
5202

t-06
+ yn152p2/ G(y( )) deo
0 )2

We have Us (s, u, y, p,x) > 0 for all s, u, 5, p,x > 0, while U (s, 1, ¥, p, ) reaches its global min-

imum at 2,. Calculate duz as follows:

i,

s y(l - Sf)(w—ds—msp—nzsy)

_ (o4 125}
+e®BB—[(1-—=
o+ Ay, U

x {pe 1 7s(t — ) [mip(t — 1) + oyt — 11) | = (o + Au)us}

+esgr3(1 ?){(1 p)e %2"2g(t — rz)[nlp(t—r2)+n2y(t rz)] )»y+om}

T152P2 P2 _
— | 1- Ay(t — B _cp—
v nie £33y, ( p )(n y(t—3)e p apx)

an1s2p2 X2
+y—>--—-|1-— Jrpx—mx
Y rnle 3%y, < x >( P )

—£1T]1—€3T3 [ sp S(t_Tl)P(t_Tl) S(t_TI)P(t—Tl)
+e miSopa| — — +1n
+ Ay | Sop2 S2p2 sp
[ t— t— t— t—
+ 6—527.'2—637.'3(1 _ ,0)7'(152[)2 % _ S( Tj)i( TZ) " III(S( Tzzi( TZ))]
| S22 202
+ e 17178373 T282Y2 _i - st-mplt-n) + 1n(s(t —npE-n) ):|
o+ Ay | S22 8292 sy
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Sy s(t— )yt — 1) N 1n<s(t —To)y(t - Tz))}

$2)2 $2)2 sy

+ yﬂ152p2|:1 - We-7) + ln(y(t — TB)>i|. (11)
Y2 V2 y

+ e f2EsTs (] p)7‘[252)’2|:

Simplifying Eq. (11) and applying the steady state conditions for €2,:

= dsy + T1S2p2 + 282V,

e NTER o [Misopy + Mas2y2] = e Ry,
u
e FImnTen T (15202 + T282Y2] + €223 B(1 — p)[189p + Ta82yn] = e 3By,
u
m —E3T3
p2=— nie Byy = cpy + apaxy,
we get
dUz S S
— =y|1-=|dsy—ds)+y|1-—= )(m182p2 + T252)2)
dt s s
« sit—1 t—1T1)u sit—1 t—1T1)u
_ e EIT83T3 4 (nmm ( 1)p( ) + 72829 ( D( 1) 2)
o+ Ay, Sopalt Soyolh
+ 6781T1783T3 —(77.’152]92 + 7T2S2y2)
o+ Ay

t— t— t— t—
_gemmamn(] _ ,0)(71132[12 s(t— T)p(t — T2)y2 ¢ Tos2n s(t — T2)y( Tz))

Sap2y $2¥

+e 1B ——(my5opy + M282y2) + €T (1 - p)(mwis2p2 + M2822)
o+ Ay
—£1T1—€3T3 uys y(t - 13)p2
—€ (m189p2 + T2S2y2) —— + ymisopa| 1 - ———
Au uy Yop

—E1T1—€3T:
+e 171—€373

st —n)plt - r1)>

ap (
m1S9p2 In
A sp

u

- T t—-1
+e 22TBB(1 - p)misypr In 2)p( 2)

s(t-t t—'C
+ 6—8111—8313 7'[2S2y2 ln( 1 1))

s(t— Tz))/ t- Tz))

+e72275T(1 — p)mysoy, In

t —
+ ymiSapy In (y( 1:3)>'
y

Applying equalities (10) when (i = 2), we obtain

dll, d(s - 57)* Sy
IP7ai S Y (w182p2 + T282)2) G| —
t s S
_ 17176373 ap 7T1S2p2G<S(t - fl)p(t - Tl)uz)
o+ Ay, Sopau
_ e E1T1-€3T3 ap 728292 G s(t— )yt — T)uy
o+ Ay Say2u
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t— t—
_ M (] ,0)771S2p2G<S( 2)p( T2)3’2>

Sop2y
st —m)y(t - Tz))

— e F2T2TEI(] ,O)JTZSZJ’zG(
S2y

o u
—eanmean 2P (T189p2 + T282Y2)G <y2—>

o+ Ay yus
()’(t - Ts)pz)
—ymSp G| —— ).
Yab
Since R; > 1, then s;, uy, 2, p2, and x; > 0. We obtain % < 0, and then the solutions of
system (2) tend to D, the largest invariant subset of D, = {(s, %, y,p, ) : % = 0}. Clearly,
d{% =0when s =s3, u =uy, y =y, and p = p,. Since p = p, in D), then

P =0=nre 3By, — cpy — aprx,

which gives x = x,. Therefore, % =0 when s=s;, u =uy, y=9y2, p = pa, and x = x5. The
global asymptotic stability of €2, is conducted from LaSalle’s invariance principle. g

3 Model with distributed delays

We consider a pathogen dynamics model with distributed delays:

5(t) = w — ds(t) — s(¢) [mp(t) + nzy(t)],

hy
u(t) = ,0/ fi(m)e M Ts(t - r)[mp(t —T) + oyt — 7,')] dr — (o + A,)u(t),
0
ha
y@)=(1-p) | f0)e™ st —1)[mp(t — ) + moy(t — )] dt = Ay(t) + au(t),  (12)
0

h3
p(t) = na | S3(0)ey(t - ) dv — cp(t) — ap(£)x(¢),
i(t) = rp(Ox(t) - mx(t),

where fi(7)e 1" is probability that susceptible host cells contacted by the pathogens at
time ¢ — T survived t time units and became latently infected at time ¢, fo(t)e 2" is prob-
ability that susceptible host cells contacted by the pathogens at time ¢ — 7 survived t time
units and became actively infected at time ¢, and f3(t)e 3" is the probability that an imma-
ture pathogen at time £ — v survived t time units to become a mature pathogen at time ¢.
The probability distribution functions f;(t), j = 1,..., 3, satisfy the following conditions:

(i) (1) >0, (i) [y’ fi(z)dr = 1, (iii) [y’ fi(z)e"" dr < 0o, where € > 0.

Let ©(t) = fi(t)e ™" and 1, = fohj Oj(r)dr,j=1,2,3,thus 0< 7y < 1.

The initial conditions for system (12) are the same as given by (3) where « =
max{h, hy, h3}.

3.1 Properties of solution
Lemma 3 The solutions (s(£), u(t), y(t), p(¢), x(t)) of system (12) with initial conditions (3)
are nonnegative and ultimately bounded for t > 0.
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Proof From Lemma 1 we have s(¢) > 0 for all £ > 0. For ¢ € [0, x], we have
u(t) = ¢o(0)e™“ 4"
t h
+ / {,0/ O(1)s(0 - r)[nlp(G —T) + moy(0 — r)] }e("‘””)(tm dr db,
0 0
t hay
70 =030 + [ {101 [7 0200150 - Dfmp(0 - ) 72960 - )] e
0 0
+au(9) }e’“t_g) do,

t . h3
p(t) = ¢4(0)e‘f(§(0+ﬂx(v))d“ + nk/ e‘]ﬁ““““””’“/ O3(1)y(6 - 1) dt db,
0 0

x(t) = s (O)e—mtwfotp(e) d(ﬂ.
We obtain by recursive argument that u(t) > 0, ¥(¢) > 0, p(¢t) > 0, and x(¢) > 0 Vt > 0.

Clearly lim;_, o sups(t) < 4. Let us define Y,(¢) = ,ofohl Oi1(t)s(t — 1)dtr + (1 — p) x
f0h2 Oy (1)s(t — ) dt + u(t) + y(¢). Then

h
Yi(t) = ,0/ @1(1){w—ds(t—r)—s(t—r)[mp(t—r) +my(t—1)]} dr
0
ha
+(1—,o)/ Oy (t){w —ds(t — ) = s(t — T)[mip(t - T) + moy(t — 7)]} dt
0
h
+ ,0/ O1(1)s(t - r)[mp(t —T) + oyt — t)] dt — (o + A,)u(t)
0
ha
+(1 —,0)/ O, (1)s(t — t)[mp(t—r) +712y(t—t)] dt — ay(t) + au(t)
0
n ha h
= wp/ @1(t)dr+w(1—p)/ @2(r)dr—pd/ O1(t)s(t—1)dt
0 0 0
h
(- p)d / O2(0)s(t — ) d — haa(t) — ()
0

h ha
<w-0; (p/ Oi(t)s(t—1)dt + (1 - ,0)/ Oy (7)s(t — 1) dt + u(t) +y(t))
0 0

= w-01Y1(),

where o1 = min {d, 1,,, A}. It follows that lim,_,  sup Y (£) < M;, where M; = Uﬂl Since s(t) >
0, u(t) > 0, and y(¢) > 0, then lim,_, o, sup u(t) < M;j and lim,_, o supy(t) < Mj. Further, let
us consider Y»(£) = p(¢) + %x(¢). Then

hs
Yalt) = f O3 (Ot~ D) —ple) ~ ()
0

< nAM, — 0y Yo (2),

where 0 = min {c, m}. Then lim;_, o, sup Y5(¢) < A7I2, where M, = % The nonnegativity
of the solution implies that lim,_, o, sup p(£) < M, and lim,_, « supx(f) < M, where M; =
51\7[2. This shows the ultimate boundedness of s(t), u(t), y(¢), p(t), and x(t). O
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3.2 Steady states and threshold parameters
For system (12) the matrices F and V are given by

Page 14 of 26

0 PT2S0M1 PTT1S0M1 a+Ay, 0 0
F=10 (1-p)mson, (1-p)misons |, V=| -« A of,
0 0 0 0 —-HuAn3 €
and then
Ui Y Vs
FV™'= |0 ¥s s |
0 0 0
where
7 o ap
= TSN + ————— NS ,
1 (@ + o)A 28071 (@+ e 1501173
> p
Yy = —MaSon1 + —AT1S0N173,
A c
P
Y3 = —m1Son1,
c
Gue 2P s S o
(a + Ay)A 2072 (o + Ay)c 150702703,
- (1-p) -p)
Y5 = % T280M2 + nT180M2M3,
= (1-p)
6= 18012
Thus, Ry is given by
7~z0 = 7~301 + 7ioz:
where
~ ESTY ~ TaSoY . ap
01 = , = and y = mns + (1= p)nans ). (13)
c Ans o+ Ay

The model has three steady states:
(i) The pathogen-free steady state 29 = (so, 0, 0,0, 0).

(ii) The infected steady state without antibodies €21 = (s1, #1,1,p1,0), where

S cd .
s1= ~0; }’1=7R0—1),
0 nITLAN3 + CTTy
wpM = nAn3
u = ———=(Ro-1), pi=——n

(O[ + )‘«u)RO



Hobiny et al. Advances in Difference Equations (2018) 2018:276 Page 15 of 26

(iii) The infected steady state with antibodies Q2 = (sq, U3, y2, p2,%2), where

(o + Ay)uo ~B+VB2-4AC

Sp= ——————, =,
) 7 24
won (1M + 721Y3) m 14
U = ) P2=— ( )
(o + 1) [rd + (mym + marys)] r
A
o= C (w _ 1),
a\ cp
where
A = \myr, B=Ard + mym) - ywnzr’
13 (15)
o Jwmm
ns
We note that 2, exists when ’”\;’7—323'2 > 1. Now we define
~ ni
Ri= Tlsyz' (16)
cps

Hence, x, = i(?i’,l — 1). Thus, an infected steady state with antibodies Qy = (s, 42, y2,

P2, %) exists when 7%1 > 1.
Lemma4 Let R > 1, then (i) if’/él <1, then p, < p,, and (ii) if7~€1 > 1, then p; > ps.

Proof (i) Let 7%1 <1, then %—32” < 1. Using Eq. (14), we obtain

nkn3<—l~3+véz—4ﬁé) <1

(92) 2A

which gives

24 A\ . -
( Cp2+13) > B _4AC.
ﬂkng

Using Eq. (15), we get

4mPcmy(nAnsmy + cmry)
n*(1n3)?pa

(p2—p1) = 0.

It follows that p; < p,. In a similar way, we can prove (ii). O

3.3 Global properties
Theorem 4 The pathogen-free steady state Qq of system (12) is globally asymptotically
stable when 7~€0 <1.
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Proof Let Vy(s,u,y,p,x) be given as follows:

- s N3 (1-Re)  al-Re)
Vo =ysoGl — ) + U+nsy+ p+ X
So o+ Ay n rm

hy T
+;71an/0 91(7)/0 (m1s(t = O)p(t - 6) + mas(t — 0)y(t — 0)) db dt

hy T
+773(1—p)/0 @2('()/(; (nls(t—e)p(t—é)+n25(t—9)y(t—0))d9dt
h3 T
+,\(1—7é(,2)/0 @g(z)fo y(t —0)de dr,

where 7 is defined by Eq. (13). We get Vi(s,u,y,p,x) > 0 for all s,u,y,p,x > 0, Vi(s0,0,

0,0,0) =0 and
Vo = ;7(1 - S—O)(a)—ds—nlsp—nzsy)
dt s
n3o g
+ ,0/ O1(1)s(t - r)[mp(t —T) + oyt — l')] dr — (a + A )u
(@+2) 1 Jo

h
+ 173{(1 - ,0)/0 O, (7)s(t — t)[mp(t— T) + moy(t - ‘L')] dt — Ay + au}

~ hg _ ».
+ (1= Re) (nk/ O3(t)y(t—t)dt —cp - apx) + M(UM - mx)
n 0 ™
nsap (™ 6 d
Y /0 1(@){slmp + may] = s(t = )[mip(t - 7) + m2y(t - 7)]} dt

hy
+n3(1 - p)/o Oy (0){slmip + may] = s(t — T)[mip(t — ) + moy(t — 1) ]} dt

. h3
+A(1 - Rog)/o @g(t)(y —y(t - 1:)) dr

1-R 1-R -
c( oz)p _ am( OZ)x _ )»7737202)/
n rm

_d(s—s0)* .
) + )’(77150]9 + 7T250y) -

d(s—-s0)? ¢ =~ am -~
_ s e ps P Ry — 1)
s n rm

Thus, ddlt" < 0 when 7@0 <1 for all s,p,x > 0. Similar to Theorem 1, we get % =0 at Q.

Therefore, € is globally asymptotically stable when R < 1. d

Theorem 5 For system (12), suppose that Ry < 1 < Ry, then Q2 is globally asymptotically
stable.

Proof Let us consider Vi(s,u,y,p, x):

Vl = )751G<i> + Rl M1G<1) + ngylG(l>
$1 o+ Ay Uy N

T8 anmis
Wﬂplg(g Pt
nAN3Y1 p1 rninsy:
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n s(t-0)pt-0
+ n3ep 7T151P1/ 0, r)/ < )p( )>d9d1'
o+ Ay, Sip1

hy
+n3(1- /0)71'151}71/ @2(1’)/ (M) dodr

0 S1p1

G sit—0)y(t-6
| Jsep nzsm/ 1(1)/ ( )y( )>d9d1:
o+ A Slyl

hz T _ _
+n3(1—p)n2s1ylf @z(r)f G(w)dedr
0

0 $1)1

1 [ 4 t-6
+ fnlslpl—/ @3(‘[)/ G(M) dodr.
ns Jo 0 N

We have Vi(s,u,y,p,x) >0 for all s,u, y,p,x > 0 and V1 (s1,u1,y1,p1,0) = 0. Calculating d;? ,
we obtain

av;

dtl y (1 - —)(a) ds — m1sp — 758Y)

n
N3 (1—ﬂ>{p/ ®l(t)s(t—r)[n1p(t—r)+n2y(t—r)]dr
u 0

o+ Ay,

—(x +ku)u}

” 2
+n3(1— —>{(1 ,0)/ @2(1)3(1‘—r)[mp(t—t)+772y(t—r)] dt
Y 0

—Ay+om}
~ T181p1 P &
yg——1-= n)»/ Os(t)y(t —t)dt — cp — apx
nAnsy1 p 0
~ aAm181p1
Y (rpx — mx)
rninsy;
n t—1)plt - t—1)p(t -
, T3P msm/ @1(”[&)( 7)p( r)+]n(s( 7)p( r))]dt
o+ Ay 0 S1p1 S1P1 sp

ha
+13(1 - p)misipr / O (1)
0

+IH(W>] dr
sp

I t—1)y(t - t—T)y(t -
4 e 71251311/ 04(7) Sy _sleoThE-T) +In st -) d
o+ Ay, 0 $1)1 $1)1 sy

sy st-t)t-1)
S1)1 $1)1

[ sp s(t-T)plt-1)
S1pP1 S1p1

ha
+m3(1 - ,0)7T251)’1/0 ®2(T)[

ln(s(t —T)y(t - r)):| 4
sy

h3 —
+yn1s1p1—/ Os(c )[y ne- )+1n(y(t ”)]dz. (17)
71 Y1 y
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Simplifying Eq. (17) and applying the steady state conditions for 2;

w = d51 + T181p1 + 281)1,

mnsep
(77151P1 + 7T251y1) =ansug,
o+ Ay
mnsep
al+3k (m181p1 + Was1y1) + N2nz(1 — p)(w1s1p1 + Mas1Y1) = A3y,
nins
pl = )/1,
c
we get
avy .
d_tl =y (1 - —)(ds1 —ds)+7y (1 - —)(nlslpl + TT281Y1)
mnsop
+ (m181p1 + 728191)
o+ Ay
I t—1)p(t— t—T)y(t -
_ msap / ®1(r)<mslp1 s(t—T)p(t —T)uy . JTzsms( )yt - 1) ) Jr
a+A, Jo sip1u s1iy1u
h2 s(t=1)p(t-1) s(t=1)y(t-1)
—-n3(1- P)/ @2(f)(77151191# + 7T2S1J/17y> d
0 s1p1y $1y
mnsap
Ly (18191 + mas1y1) + Man3(1 — p)(mwis1p1 + m28191)

o+ Ay,

e t—1)p(t -
6l7T181 (pl Jia;\) T181P1 / @1(1’) 11'1<S—( rzlp;( T)> dr
u 0

hy ~ B
+773(1—;0)71151p1/0 @2(T)ln<W) dr

o t—T)y(t -
4+ %P 7T2S1y1/ @1(r)ln<57( 2 ﬂ)df
o+ Ay 0 sy

Iy B ~
+13(1 = p)masiyy /0 @mm(%) J

1 [ t—
2 / @g(r)ln<y( ﬂ) d
n3 Jo J

Consider the following equalities with (i = 1):

1(s(t—r)p(t—r>> (s(t—r)p(t r)ul) ( ) (ypz) (si)
+1In ,
Sipii Yip N
(=) (=) () e ()
Sipiy yip
(s(t t)yt—r)) (s(t )y(t - r)u,) (@) (_,), (18)
Siyih Uu;

op u 1 [k (t-1)
_ ilsap (misipr1 + n231y1)£ +ymisip1 <1 -— / %(ﬂu dr)
uyy n3 Jo np

(8= r)y(t 7) (s(t T y(t—‘r)) ( >
52) 5 )
y Jyib ypi
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we obtain
avi  _dis-s1)* 5
—— =~y ——— —y(msip1 + ms191)G| —
dt P .
_ sap mslplf @ﬂﬂg(M) dr
o+ Ay s st
h £ P
- 2P 77251)/1/ @ﬂr)G(M) dr
o+ Ay 0 sy
& st—1)plt—1
_’73(1_P)7T131P1/ @ﬂﬂG(M) dr
0 s1p1y

hay _ B
_'73(1_/’)77251)’1/ ®2(r)G<W> drt
0

Sly
N300 u
- 2B (msip +n251y1)G(yl—>
o+ Ay, yuq
- 1 (s (t-1) _amnis
— YTS1p1— / @3(T)G<u> dt +7y Lt (p1 — p2)x.
n3 Jo np ¢

From Lemma 4, we have if 7i1 <1 then p; < p,. Thus ddltl <0and % =0 occur at the in-

fected steady state without antibodies €2;. Thus, €2; is globally asymptotically stable when
7~21§1and7é0>1. O

Theorem 6 For system (12), suppose that Ry > 1, then 2, is globally asymptotically stable.

Proof Define V,(s,u,y, p,x) as follows:
V2 = )782G<1> + adll MzG(l) + 7]3y2G<l>
S5 o+ Ay Uy Y2
‘s mszpzsz<£) .\ ?amszmsz(ﬁ)
nAN3Y2 )2 rHAN3Y) k%)

h T _ _
300 mssz/ ®1(t)/ G<w> do dt
0 0

o+ A.u S$op2
h2 T s(t-0)p(t-6
+13(1= p)i52ps f 0, (1) / G(w)dedr
0 0 S22
hl T _ _
+ B sy f O.(z) / G(si(t Ot 9)>d9d‘5
o+ Ay 0 0 $252
by T (s(t-0)y(t-0)
+773(1—,0)7T2829’2/ ®2(T)/ G(—y) dodt
0 0 $2Y2

1 [ ' t—0
+]77T1$2p2—/ @3(1’)/ G(M) dodr.
N3 Jo 0 )2

We have Va(s, u, y, p,x) > 0 for all s, u, y, p, x > 0, while V5 (s, 1,7, p, x) reaches its global min-
imum at 2,. Calculate % as follows:

avy 82 an3 Uz
2oy(1-2 Y w-ds—msp- 1-=2
yr ( . )(w s — 1P — TasY) + Yy »

n
X {,0/0 O1(t)s(t — r)[mp(t— T) + moy(t — ‘L')] dr — (o + ku)u}
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+7’]3(1—'&>
J

ha
X {(1 - ,o)/0 Oy (1)s(t - r)[mp(t —T) + oyt — r)] dt — Ay + au}

hs
. f@(l —’2> (nx / Os(t)y(t - 7)dv —cp—apx)
nAnzy2 )4 0

~ ATT182P2 X2 N300
+y 1-—=)(rpx — mx) + 182
ruAN3Y) X o+ Ay
e t—1)plt - t—1)p(t -
<f @1(1)[ sp__se-)p r>+ln(s( o ’))}h
0 S$2P2 S2p2 sp

+m3(1 = p)m182p2
ha _ _ _ _

x/ ®Z(T)[£_s7(t Dpt=7) +ln<S7(t pit r)>}afr
0

S$2p2 S$2p2 sp
I t—T)y(t - t—)y(t—
9P ﬂzSz)’z/ O1(1) o st-opylt-7) +1n st-opylt-7) dr
+ Ay 0 S292 S2Y2 sy

+13(1 = p)7282y2
hy _ _ — —

x/ @2(T)|:i_s(t )yt r)+1n<s(t )yt r))i|dr
0

$2Y2 $2)2 sy
1 [ t— t-
+ PSPy — / @3(1)[1 - we-7) + 1n(y( t)>] dr. (19)
n3 Jo )2 )2 Y

Simplifying Eq. (19) and applying the steady state conditions for €2,

® = dsy + T1Sopa + Ta82Y2,
mnsep
o+ Ay

mnsep
o+ Ay,

(77152102 + 7T252y2) =onsiy,

(71822 + W282Y2) + N2nz(1 — p)(w182p2 + M2S2Y2) = A3Ya,

m
P2 = P HAN3Y2 = CPa + aparx,

we get

Av.
= . (1 - 5—2) (dsy —ds) + (1 - 5—2) (T182p3 + T2529)
t S S

I t—1)p(t— t—)y(t -
_ P / ®1(1) (77152192 S—( Oplt - T + T982Y5 S—( 200 T)Mz) dt
0

o+ Ay Sopolh $2)2U
mnsep
+ (mr182p2 + T2522)
o+ Ay,
h2 s(t-1t)p(t-1) s(t-Tt)y(t-1)
—773(1_,0)/ ®2(T)(77152P2# +77252)/2—y> dt
0 Sap2)y $2¥
mnsep
+ (189p2 + T282y2) + Mn3(1 — p)(Tw1S2p2 + W282Y2)
o+ Ay
_ mnzap

“ - 1 (7 (t-1)
(mis2p2 + ”2523’2)M_y2 + J/7T1$2P2<1 - '7_/ ®3(T)u dt)
3J0

+ Ay 2y yop
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I t—1)p(t -
+ 0:1306,0 7'[1S2P2/ @1(7)1n(w> dr
0

+ Ay sp
ha s(t—1t)p(t—1
+n3(1—p)nlszp2/ @ﬂ‘[)lﬂ(w) dr
0 sp
In t—T)y(t -
+ UE17% 7T252y2/ ®I(T)ln<w> d-[
o+ Ay 0 sy

I ~ )
+s(1 - P)”zszyz,/o (1) 111(%) dr

1 ™ t—
+ PTT1Sopr — f @g(r)ln(y( T)> dr.
n3 Jo y

Considering equalities (18) with (i = 2), we obtain

de ~d(S—52)2 o 82
—— =y ———— — Y (mis2p2 + M282)2) G "

dr ~ v s
I t—1)p(t -
— Tlga,o 7T1$2P2/ @1(‘[)G<S—( T)p( T)u2>df
o+ Ay 0 Sopau
I t—1)y(t -
o mep / @1(,)G<w>d,
(o +Ay) 0 S2y2U

hy _ B
—n3(1~ P)ﬂlszpz/() ®2(T)G(%) dr

Iy B B

_ mnsap
o+ Ay,

u
(T182p2 + T282Y2)G (”—)
yus

1 h3 t—
— Y1S3pr— / ®3(T)G(w> dr.
N3 Jo Yap

Since 7~€1 > 1, then sy, Uy, ¥2, p2, and x, > 0. We have % < 0, then following the proof of

Theorem 3, one can show that £2; is globally asymptotically stable. O

4 Numerical simulations
We present some numerical simulations to approve our theoretical results of system (2)
with parameter values given in Table 1. We consider different initial values:

IVi: ¢1(6) =800, ¢2(0) =2, ¢5(0) =2, $a(6) = 6, ¢5(0) =2,

Table 1 The data of model (2)

Parameter Value Parameter Value Parameter Value
w 10 T varied m 0.1

d 0.01 (9 varied r varied
M varied T3 varied & 1

5 varied 0.5 & 1

Ay 0.5 10

P
A 0.5 o 0.05 &3 1
n
c 2 a 0.1
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IVao: ¢1(6) =600, ¢2(0) =4, ¢3(0) =6, $a(6) =9, ¢5(0) =4,

IVs: ¢1(6) =400, $2(0) = 6, ¢3(0) = 9, $a(6) = 15, ¢5(6) = 6,

IV ¢1(0) =700, ¢2(0) = 1, ¢3(0) = 1, ¢a(6) = 9, ¢5(6) = 4, 0 € [~ max{r1, 72, 73}, 0].
The stability of the steady states will be investigated by varying six parameters r, 71, 7,
71, Tg, and 73 and fixing the other parameters.

Case (1) Effect of the parameters 11, w5, and r:

We choose 71 = 75 = 73 = 0 and 71, 75, and r are varied.

Set(1) w1 = 0.0001, w5 = 0.0001, and » = 0.001. This yields Ry = 0.3818 <1 and R; =
0.1401 < 1. Figure 1 shows that the concentration of susceptible cells increases and tends
to the value w/d = 1000. In addition, the concentrations of infected cells, free pathogens,
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Figure 1 The simulation of trajectories of system (2) for Case ()
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and antibodies are decreased and tend to zero for [V;-1V3. Therefore, there exists only
one steady state that is ¢ and it is globally asymptotically stable. This shows the validity
of Theorem 1.

Set(2) m; = 0.0006, 5, = 0.0006, and r = 0.001. With these values we obtain Ry =
2.2909 > 1 and R; = 0.2367 < 1. Figure 1 shows that the solutions of the system tend to
the steady state ©2; = (436.5079,5.1227,6.1472,15.368,0) for all the three initial values
IV1-1Vs. Therefore, ©2; exists and it is globally asymptotically stable. Hence, the result
of Theorem 2 is confirmed.

Set(3) m = 0.0006, 75 = 0.0006, and r = 0.04 and then Rg = 2.2909 > 1 and R; =
2.5285 > 1. Figure 1 shows that the solutions of the system approach the steady state
Q, =(768.22,2.1071,2.5285,2.5,30.5702) for all the initial values IV;-IV3. Thus, 2, exists
and it is globally asymptotically stable. This validates the result of Theorem 3.

Case (II) Effect of time delay parameters:

For this case, we take IV, and choose the values 7; = 0.0006, 7, = 0.0006, and r = 0.04.
Let us consider the case t = 71 = 7, = 3. We compute the values of Ry, R and the steady
states of system (2) as a function of 7 (see Table 2).

Table 2 shows that the values of Ry and R; are decreased as t is increased. Moreover,
we have the following cases:

(i) €29 exists and it is globally asymptotically stable when 0 < 7 < 0.368091;

(i) €2; exists and it is globally asymptotically stable when 0.368091 < t < 0.499367;

(ili) o is globally asymptotically stable when 7 > 0.499367.

Figure 2 depicts that the numerical results are also compatible with the results of The-
orems 1-3.

This means that the time delay can play the role of controller which can be designed to
stabilize the system around the pathogen-free steady state 2.

5 Conclusion

In this paper, we have studied two pathogen dynamics models with antibody immune
response. Both pathogen-to-susceptible and infected-to-susceptible transmissions have
been considered. We have considered two types of infected cells, latently infected cells,
and actively infected cells. We have incorporated three types of discrete-time delays and
distributed-time delays in the first and second models, respectively. We have shown that
the solutions of the system are nonnegative and ultimately bounded, which ensures the
well-posedness of the models. For each model, we have derived two threshold parameters
Ro (the basic reproduction number) and R; (the antibody response activation number),
which fully determine the existence and stability of the three steady states of the model.

Table 2 The values of Rg and R for system (2) with different values of T

T Steady state Ro Ry
0.0 2, =(768.22,2.10709,2.52851,2.5,30.5702) 2.29091 252851
0.1 €, =(781.675,1.7959,2.15508, 2.5, 18.99995) 1.932 1.95
03 2, =(802.817,1.32797,1.59356,2.5,3.61083) 1.38295 1.18054
0.35 Qz =(807.127,1.2356,1.48271,2.5,0.897031) 1.27384 1.04485
0.368091 =(808.604,1.20415,1.44498,2.5,0) 1.2367 1
04 =(851.774,0.903263,1.08392,1.81643,0) 1.17402 0.92589
045 =(923.657,0.442529,0.531034,0.846506,0) 1.08265 0.82142
0.499367 Qo =(1000,0,0,0,0) 1 0.73062
0.5 €20 =(1000,0,0,0,0) 0.99899 0.72953
(

0.6 Q0 =(1000,0,0,0,0) 0.85209 0.57720
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Figure 2 The simulation of trajectories of system (2) with different values of T for Case (Il)

We have investigated the global stability of all steady states of the model by using Lya-

punov method and LaSalle’s invariance principle. We have proven that (i) if Ro < 1, then

the pathogen-free steady state Q is globally asymptotically stable; (ii) if R; < 1 < Ry, then

the infected steady state without antibodies €2, is globally asymptotically stable; and (iii) if

R1 > 1, then the infected steady state with antibodies €25 is globally asymptotically stable.

We have conducted numerical simulations and have shown that both the theoretical and

numerical results are consistent.
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