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Abstract

By introducing a delayed fractional-order differential equation model, we deal with
the dynamics of the stability and Hopf bifurcation of a paddy ecosystem with three
main components: rice, weeds, and inorganic fertilizer. In the system, there exists an
equilibrium for rice and weeds extinction and an equilibrium for rice extinction or
weeds extinction. We obtain sufficient conditions for the stability and Hopf
bifurcation by analyzing their characteristic equation. Some numerical simulations
validate our theoretical results.
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1 Introduction

Rice is one of the major grain crops in the world. China is the largest rice producer and
consumer country in the world, where over 60% of the population is staple food for rice.
Throughout the world rice producing countries, it is a major research topic to improve rice
yield and quality. Obviously, there are a lot of factors affecting the production of rice, such
as weed, insect, microorganism, inorganic fertilizer, light intensity, moisture, and so on.
These factors interact and transform each other to form a complex nonlinear relationship.
It is a common research method to analyze the interaction of all factors in a population
system by using mathematical models [1-11]. As far as we know, there are only a few
mathematical models that have been established for paddy ecosystems [12—-14].

A differential equation model of a paddy ecosystem in fallow season was proposed by
Xiang et al. [14]. They revealed the interaction between weeds and inorganic fertilizer and
found that in the system, there exists a stable node, an unstable saddle point, or a saddle-
node point. By considering the effects of herbivores on the paddy ecosystem in fallow
season, Xiang, Wu, and Zhou found that the content of inorganic fertilizer is improved
by putting some herbivores into the paddy ecosystem in fallow season. They also found
that the system can exhibit Hopf bifurcation phenomenon and gave the critical value of
Hopf bifurcation by taking a system parameter as the bifurcation parameter [13]. Wang
et al. [12] further studied the interaction of rice, weeds, and inorganic fertilizer in a paddy
ecosystem. They discussed the existence and stability of equilibria in a paddy ecosystem.
They also found that there exist Hopf bifurcations in such a system.
© The Author(s) 2018, This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-018-1719-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-018-1719-3&domain=pdf
http://orcid.org/0000-0003-2931-2174
mailto:hntjzhou@126.com

Zhou et al. Advances in Difference Equations (2018) 2018:315 Page 2 of 14

The three models mentioned have been restricted to integer-order (delay) differential
equations [12—14]. In recent more than 20 years, the research of fractional-order differen-
tial equations has been the concern of many scholars. According to the study and numeri-
cal experiments in different fields such as physical, mechanical, and engineering problems,
many phenomena can be described more successfully by using factional-order differential
equation models. In view of this, some scholars have used fractional differential equations
to study the interaction relationship of biological populations [15-20]. Recently, some re-
searchers have also concerned about the existence of Hopf bifurcation of fractional-order
models [21-27]. Abdelouahab et al. [21] obtained the Hopf bifurcation conditions of a
three-dimensional fractional-order system without time delay, and Li et al. [23] obtained
the Hopf bifurcation conditions of a four-dimensional fractional-order system without
time delay. For general delayed fractional-order systems, the Hopf bifurcation conditions
were proposed by Xiao et al. [26] in 2017.

It is of practical significance to study whether there exists a Hopf bifurcation in a paddy
ecosystem. If a Hopf bifurcation exists in a paddy ecosystem, the stability of the system
will be destroyed. An unstable paddy ecosystem brings difficulties and uncertainties to
management of rice production. Therefore, we want to delay or eliminate the Hopf bifur-
cation by using the existence conditions of Hopf bifurcation. On the other hand, in case
the paddy ecosystem has come up with a Hopf bifurcation, we should try to harvest rice
at the peak of its biomass to increase rice yield.

In this paper, we establish a factional-order differential equation model with delay for
the interaction among the main components of a paddy ecosystem. We give a detailed
stability analysis of the system equilibria and study the existence of Hopf bifurcation by
using the Hopf bifurcation conditions proposed by Xiao et al. [26].

2 Preliminaries

Considering a general delayed fractional-order system
DY () =F(Y (), Y(t-1)) (1)

the time delay 7 > 0, where Y () = (y1(£), y2(¢), ..., y.(t))T € R", and D* is the Caputo frac-
tional derivative defined as

o _ 1 ‘ _ oym—a=1g(m)
DO = s [ =9 s

where I'(q) = fooo e~'t17! dt is the gamma function, m € N,and m -1 <& < m. When o = m,
Def(t) = f")(t). In this paper, we suppose 0 < < 1.

The equilibrium Y* of system (1) is the solution to equation F(Y,Y) = 0.

The corresponding linearized system of (1) at an equilibrium Y™ is of the form

D*X(t) = AX(t) + BX(t - 7). (2)
The characteristic equation of system (2) is

A(A) =det(A*E-A - Be™") = 0.
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If T = 0, then system (2) is simplified as
D*X(t) = MX(2), (3)

where the coefficient matrix M = A + B.
Based on the characteristic equation A(1) = 0 and the coefficient matrix M, we have the
following stability result on the delayed fractional-order system (2) [28].

Lemma 1l Ifa € (0,1), then all the eigenvalues ) of M satisfy | arg(A)| > /2, and the char-
acteristic equation A(L) = 0 has no purely imaginary roots for any v > 0, then the zero
solution of system (2) is Lyapunov globally asymptotically stable.

The Hopf bifurcation conditions were proposed in [26] for the general delayed
fractional-order system (1). If the following conditions hold, then system (1) undergoes a
Hopf bifurcation at the equilibrium Y* when 7 = 1.

(1) All the eigenvalues of the coefficient matrix M of the linearized system of (1) satisfy

|arg(L)| > am /2.
(2) The characteristic equation A(X) = 0 of the linearized system of (1) has a pair of
purely imaginary roots tiwo when 7 = 1.
(3) w |r=7, >0, where Re(-) denotes the real part of a complex number.
3 Fractional-order model of a paddy ecosystem
Wang et al. [12] have considered the following paddy ecosystem with three main compo-

nents, rice, weeds, and inorganic fertilizer:

i(t) = cis1u(t)r(t) — dyr(t),
p(t) = casau(t)p(t) — dop(2), (4)
u(t) =b+dir(t—1) + dop(t — v) — syu(t)r(t) — sou(t)p(t) — dsu(t),

where r(t) and p(t) denote the rice and weeds biomasses per unit area at time ¢, respec-
tively, and u(t) denotes the inorganic fertilizer content per unit area at time ¢. The system
can reflect the interactions among rice, weeds, and inorganic fertilizer. The first two equa-
tions in system (4) indicate that the growth of rice r(¢) and weeds p(¢) are affected by soil
fertility u(¢), light and other factors s;, and there is natural death d;r(¢) and dyp(t) for the
rice and weeds. The coefficients ¢; and c; represent rice and weeds utilization rate of inor-
ganic fertilizer, light energy, and other factors, respectively. The third equation in system
(4) shows that the inorganic fertilizer in soil partly comes from fertilization » and partly
comes from organic fertilizer such as decaying leaves of rice and weeds, d;r(¢ — t) and
dyp(t — ), which can be transformed to inorganic fertilizer after some time 7 by micro-
bial. Natural loss dsu(¢) also reduces the content of inorganic fertilizers in soil.

Using the Caputo fractional-order derivative of order o € (0,1), a fractional-order de-
layed paddy ecosystem is established as follows:

Dr(¢) = cis1u(t)r(¢) — dar(2),

Dp(t) = c252u(t)p(t) — dop(t),

D*u(t) = b+ cs3dyr(t — T) + cadop(t — t) — syu(t)r(t)
= s2u(t)p(t) — dzu(t),

(5)
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where c3 and ¢4 are the conversion rates from organic fertilizer d;r(¢ — t) and dop(t — 1)
to inorganic fertilizer u(z), respectively. The meaning of other symbols in system (5) are
consistent with system (4). Similarly, the parameters in system (5) are nonnegative and
satisfy the following conditions: 0 < ¢; < 1,6 > 0,7 > 0, s; > 0,and d; > 0. We also introduce

the following notation [12]:

dp ds
0r=—, Oy = —,
C181 287

where 0; is called the relative mortality of rice, and 6, is called the relative mortality of
weeds.

4 The stability of equilibria and Hopf bifurcation

Similarly to [12], system (5) always has an equilibrium for rice and weeds extinction

b
Ot = (00.77)

If b/ds > 01, then system (5) has an equilibrium for weeds extinction

b-ds30
(75, p5,ub) = <731),0,01>.

S1 91 (1 —C1C3
If b/ds > 0,, then system (5) still has an equilibrium for rice extinction

b - d36
(r;:p;:,uz>=(o e )

T . Y2 ).
$262(1 — caca)

For an equilibrium (r*, p*, u*) of system (5), we make a coordinate transformation x =

r—r*,y=p-p*, z=u—u*; then system (5) can be converted to

D*x(t) = c181(u* — 01)x(£) + c1817*z(t) + c151%(8)z(¢),

D¥y(t) = ca82(u™ = 02)y(t) + c282p™2(t) + C282y(£)z(t),

6
Dz(t) = c3dix(t — ) — s1u™x(E) + cadry(t — T) — sou™y(t) (©)
— (517" + sop™ + d3)z(t) — s1¢(8)z(t) — s29(8)z(2).
Obviously, the linearized system of (6) is
D*x(t) = c181(u* — 01)x(f) + c1817*2(¢),
D*y(t) = casa(u™ — 02)y(2) + casap™z(t), 7
D?z(t) = c3dix(t — ) — syu™x(E) + cadry(t — 7)
—Sou™y(t) — (517" + sop™ + d3)z(¢).
Its characteristic equation is
AY —cy181(u* —61) 0 —c1811"
Ar) = 0 AY — 8o (u* —6,) —Co$op* =0. (8)

st —cadie™* Sou* —cadae™T  A¥ +517F + sp* + d3
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When the time delay 7 = 0, the coefficient matrix of system (7) is

cis1(u* —0y) 0 ci8.r*
M= 0 Caso(u* — 65) C282P" . )
c3dy —s1u* cudy —sou* —s1r* —sop* —ds

Next, we consider the stability of the three equilibria of system (5).
Case (I) for the equilibrium (r§, p}, 7). At this case, we have the following conclusion of
the stability of the equilibrium.

Theorem 1 Ifb/d; < min{6y,6,}, then the equilibrium for rice and weeds extinction of sys-
tem (5) (i, p}, uy) is locally asymptotically stable. Otherwise, if b/ds > min{6,,0,}, then the

equilibrium (v}, p},u}) is unstable.

Proof At the equilibrium (r], p}, u}), by (8) the characteristic equation of the linearized

system is
¥ — Clsl(lflk - 91) 0 0
Ar) = 0 AY = coso(uf — 6,) 0 |[=0.
siu} —cadre" SoUf —cadre™™ A +ds

So the eigenvalues satisfy Ay = —ds, A5 = ¢151(b/d3—01), and A = ca52(b/ds — 05). Therefore
the characteristic equation A(A) = 0 has no purely imaginary roots for any 7 > 0.

Similarly, the eigenvalues of the coefficient matrix M are A; = —d3 < 0, Ay =
c151(b/d3 — 61), and A3 = ¢p55(b/d3 — 0,).

If b/ds; < min{6;,6,}, then the eigenvalues of the matrix M A, < 0 and A3 < 0. By Lemma 1
the equilibrium (0, 0, 0) of system (7) is Lyapunov globally asymptotically stable. Therefore,
the equilibrium (7], p}, u]) of system (5) is locally asymptotically stable.

If b/ds > min{6;,6,}, then at least one of the eigenvalues A, and A3 of the matrix M is

positive. Therefore the equilibrium (r}, p}, #}) is unstable under this condition. O
Case (II) for the equilibrium (r3, p3, u3}).

To discuss the stability of the other two equilibria, we introduce the polynomial of degree

4 with real coefficients a = (1, a1, ay, a3, a4)

Jal&) =E* + 18 + ar8” + asE + ay (10)
and the cubic polynomial equation

V3 — aov? + (ayas — day)v + dasa, — a%m} - a% =0. (11)
Ifa; >0,a5 <0, az >0, and a4 > 0, then 4aa, — a%a4 - a% < 0. Hence equation (11) must

have a positive real root, denoted by v,,. It is noted that equation (11) can also be expressed
in the form

v T4 v 0 (12)
——a3) 4| —-ax+v|[—-as)=0.
2 7 4 7 4 ™



Zhou et al. Advances in Difference Equations (2018) 2018:315 Page 6 of 14

Therefore from equation (12) it follows that the positive real root v, must satisfy
2
% —a,>0.Let

a? V2
M, = 2 B2tV N, = 2 M (13)

and

ﬂ% aiv,
Aazg—ﬂ2_va_ﬂ1Mﬂ+4sgn T—ﬂg Na, (14)

where sgn(-) is the sign function.

Lemma 2 Suppose that a; >0 (i = 1,3,4). If a; < 0 and A, > 0, then there are only two
positive real roots of the equation f,(€) = E* + a1E> + a262 + az& +ay = 0.Ifay > 0,0r a; <0
and A, <0, then the equation f,(£) = 0 has no positive real root.

Proof The polynomial f,(§) can be decomposed into the product of two quadratic poly-

nomials

fie) =82+ (% —Ma)s ¥ ”3 - sgn(‘“zi —a3>Na

and

fHE)=E>+ (% +Ma)$ + %ﬂ + sgn(dl;“ —ﬂg)Na.

The discriminants of the polynomials f;(§) and f5(§) are A, and

61% a1V,
A= 7 —ay —V, +a1M, —4sgn T —az | Ny,

respectively. If A, > 0, then the equation f; (§) = 0 has two real roots &,; and §,,. From
En+E&p= —% +M,>0 and &&= % - sgn(% —ﬂg)Na >0

we haven &,; >0and &,, > 0.
If A; >0, then the equation f;(§) = 0 has two real roots &,3 and &,4. From

a; Va a1Vg
3 +&u = _E -M,<0 and &&= E + Sgn(T - a3>Na >0

we have §,3 <0 and &,4 < 0.

Therefore equation f,(£) = 0 has only two positive real roots.

Otherwise, ifa; > 0 (i = 1,3,4) and a3 > 0, it is obvious that the equation f(§) = 0 has no
positive real root. If a; >0 (i = 1,3,4), a; < 0, and A, < 0, then the equation f;(§) = 0 has
no real root, and so the equation f;(£) = 0 has no positive real root. d
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Let the coefficients of polynomial (10) be as follows:

ay = 2(s173 + ds) cos %, ap = (s175 + d3)2 +2s17r5d; cos(am), (15)

am
as = 2s175d; (slré‘ + dg) cos - as = s%ra‘zd% (1 - c%cﬁ). (16)

Since 0 < @ < 1, we have that a; >0, a3 >0, and a4 > 0.

The conclusion of the stability of the equilibrium (3, p}, u3) is as follows.

Theorem 2 Suppose that b/ds > 6;.
(I) If 61 > 04, then the equilibrium (r}, p5, u3) is unstable.
(IT) If 61 <0y and a; > 0, or 01 < 05, az <0, and A, <0, then the equilibrium (v}, ps, u3)
is locally asymptotically stable for T > 0.
(III) If61 < 05, ap <0, and A, > 0, then there exists a positive number t, such that when
T € [0, 7,), the equilibrium (v, p3,u3) is locally asymptotically stable; when t > t,,

the equilibrium (r3, py, w3) is unstable; and a Hopf bifurcation emerges at T = t,.

Proof By (8) the characteristic equation of the linearized system is
(A% = c282(61 — 602)) (A** + (5175 + d3)A" + syrydy (1 = creze™7)) = 0.

It has one real eigenvalue satisfying Ay = ¢;35,(0; — 6,), the real part of which cannot be
zero. Its other eigenvalues are the roots of the equation

A2+ (s1r5 + d3)AY + sirydy (1 —crese™7) = 0. (17)
By (9) the characteristic equation of the coefficient matrix M is
()& - 62S2(91 - 92)) ()LZ + (Sﬂ"; + dg))u + S]I’;dl(l - 6163)) =0.

It has one real eigenvalue A1 = c252(61 — 6,). Its other eigenvalues are

1
Apg = 5 (—(slr;‘ + d3) + \/(slr;‘ + d3)2 —4s;rydi(1- C1C3)>.

Obviously, the real parts of 1,3 are less than zero.

(D) If 6; > 6,, then the eigenvalue of the coefficient matrix M A; > 0. It indicates that the
equilibrium (73, p3, u3) is unstable.

(IT) If 64 < O,, then the real eigenvalue of the coefficient matrix M A, < 0. So the eigen-
values A; of M satisfy |arg(A))| > 5 > %F (j=1,2,3).

Assume that equation (17) has a purely imaginary root A = i§ = &(cos 7 +isin ) (§ > 0).
Substituting it into (17) gives

. 1% S 4
£%(cosam +isinam) + (s175 + d3)€” (cos - +isin 7)

+85175d1(1 — c1c3cos T +icicssin ) = 0.
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Separating its real and imaginary parts yields
20 o * arn *
£% cosam +£“(s1r5 + d3) cos -+ sirydi(l —ciescosTE) =0
and
20 3 o * .oan * .
1 3 —— tacssiryad; =0.
E%sinam + & (s r2+d)sm 5 +cic3s1rydisinté =0

So we have

£2¢ cosam + £%(s175 + ds) cos % +8175d,
b

costé = 18
E 6163817‘;6{1 ( )
200 o3 o * s AT
) sinom + E%(sy7s + d3) sin &&
sint§ = _f : 2 5 (19)
C1C351}"2d1
Since sin® t& + cos® t& = 1, we have
2
20 o * o *
£% cosam +£“(s1r5 + d3) cos -t siryday
2 s 7% 4 d . 2—222*2d2
+ | £ sinam + £ (s173 + d3) sin—- | = ciesiryd,
that is,
Sa(E%) =™ + @& + aE™ + azE® +as =0, (20)

where a; (i = 1,2,3,4) are given in (15) and (16); note that a;,as,a4 > 0. Ifa, > 0,0r a; <0
and A, <0, then the equation f,(£) = 0 has no positive real root by Lemma 2. This leads to
that equation (20) has no any positive real number &. Therefore the real parts of any roots
of (17) must be negative for any z > 0. This shows that the equilibrium (3, p}, u}) is locally
asymptotically stable for any 7 > 0.

(LII) If 6; < 65, a3 < 0, and A, > 0, then the equation f,(£) = 0 has two unequal positive
real roots by Lemma 2; denote the larger root by &,. So equation (20) has a positive real
root &, satisfying £% = £,.

Notice that sin t,&, < 0 from (19). If cos 7,&, > 0, then from (19) we have

21 _ EXsinam + £ (syrs + ds) sin ¢
T, = — — — arcsin - . (21)
Sa ‘i:a C1C3S1r2d1
If cos 7,&, < 0, then we have
7 1 . EXsinam + X (syr5 + ds) sin ¢
T, = — + — arcsin - . (22)
§. & cicss1rydy

Next, we verify the transversal condition. Taking the derivative of A with respect to 7 in
(17), we have

dh cicssirydihe™™

dr 200A%2%"1 + a(s175 + ds)A*L + cressiradiTe*T
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So we obtain

(@)

C]CgS]V;dl A

|:2ak2“‘2e“ +a(sry + d3)r et ‘L']
A=i, r=ikq

age? T o \®?
% [2&; (cos 5t isin E) gffata

cie3s1rydy

-2
T T . T
+ (51r§ + d3) cos — +isin — glbata | _ 2
2 2 i&q
Thus, its real part is
di -1 -2
Re{ (—) } = _O@% |:2§;X (cos(a — 1) cosé,t, —sin(a — )7 sinéarﬂ)
dt =ity cic3sirydy

(a-2)

-2
+ (s173 + ds) <cos cos&,T, — sin w sin Em)]

e

6163517';611

o
|:cos &1, <2§5 COS T + (slr’zk + d3) cos 7)
o
—sing,t, (25; sinar + (s175 +ds) sin 7)]

Substituting (18) and (19) into this expression, we obtain

(%)

aE?? am
I e
=i,

+ (slrg‘ + ds)zsj +s175d; (2&5 CcoS T + (slrg‘ + dg) cos %)}

ako?
 2cicssiridr)?

okl (E)

- 2(ciess1ridr)?

(463 + 3a1E2% + 20,62 + a3)

Since &, is the larger single root of the equation f;(£) = 0 and the highest order power coef-
ficient of the polynomial is positive, we have f'(&§,) > 0. Therefore the transversal condition

is satisfied, and thus a Hopf bifurcation occurs at 7 = t,. d

Remark1 From (15) we know that if (s175 +d3)? > 2s173d1, thenay > 0. When (s175 +d3)* <

2s17r5dy, we let

(s17% + d3)?

1
a, =1 — — arccos (23)

b4 2s1r5d;
Obviously, if 0 < « < &, then ay > 0. Otherwise, if &, <« < 1, then a, < 0.

Case (III) for the equilibrium (3, p3, u3).
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To discuss the stability of the equilibrium (75, p3}, u3), similarly to case (II), we introduce
a polynomial of degree 4 with real coefficients g = (1,41, ¢2,93,ga4) as follows:

F2E) =%+ 1% + 28 + g€ + qu, (24)
where
* o * 2 *
q1 = 2(s2p5 + ds) cos - 02 = (sop5 + d3)” + 2s,p%d cosam, (25)
" " on 2 42 12 22
qs = 2sop3ds (52p3 + dg) cos - qa =585p5 dy (1 - C2C4). (26)

Since 0 < « < 1, it is obvious that g; >0, g3 > 0, and g4 > 0.
Similarly to case (II), we have the following stability conclusion of the equilibrium

(3,03, u3) -

Theorem 3 Suppose that b/ds > 6,.
(I) If 01 < 04, then the equilibrium (r}, p}, u}) is unstable.
(I1) If61 > 6y and gy > 0, or 61 > 0s, g2 < 0, and A4 < 0, then the equilibrium (r3, p5, u3)
is locally asymptotically stable for T > 0.
(III) If 61> 65, g2 <0, and Ay > 0, then there exists a positive number T, such that the
equilibrium (r3, p5, u3) is locally asymptotically stable for T € [0, t;) and unstable
when T > 1,. A Hopf bifurcation emerges at the equilibrium (r3, p5, u3) when t = 1.

The proof of Theorem 3 is similar to Theorem 2 and is omitted here.

Remark 2 From (25) we know that if (syp} + ds)? > 2syp%ds, then g, > 0. When
(5203 + d3)? < 2sop%dly, we let

(5205 + ) ) o

1
o, =1 — — arccos
1 T ( 28,p5dy

Obviously, if 0 < « < oy, then g5 > 0. Otherwise, if o, < o < 1, then g, < 0.

5 Examples

In this section, we give two examples to confirm our theoretical results obtained in Sect. 4
and use the predictor—corrector scheme to calculate their numerical solutions [29]. In
system (5), we let @ = 0.98, ¢; = 0.8, ¢; = 0.1, ¢3 = 0.9, ¢4 = 0.6, 57 = 0.6, s, = 0.1, d; = 0.9,
dy =0.1,and d; = 0.1.

First, we take b = 1.1. System (5) has three equilibria: the equilibrium for rice and weeds
extinction (0,0, 11), the equilibrium for weeds extinction (2.8968,0, 1.875), and the equi-
librium for rice extinction (0,0.1064,10). By computing we have b/d3 = 11, 6; = 1.875,
6, = 10, and a; ~ 0.2562 > 0. So the inequality b/ds > 6, > 6; holds. By Theorem 2 the
equilibrium (2.8968, 0, 1.875) is asymptotically stable for any v > 0 as illustrated in Fig. 1
(where 7 = 13.5). By Theorems 1 and 3 the equilibria (0,0,11) and (0,0.1064, 10) are un-
stable.

In succession, we take b = 0.3 again. System (5) has two equilibria: the equilib-
rium for rice and weeds extinction (0,0, 3) and the equilibrium for weeds extinction
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3.5

25F r(t) 1

X |

p(t)

0 L L
0 500 t 1000 1500

Figure 1 The asymptotical stability of (r3, p3,u3) = (2.8968,0, 1.875). The parameters of system (5) are ¢; = 0.8,
=01,c3=09,¢4,=06,51=06,5,=0.1,b=1.1,d1=09,d,=0.1,d3 =0.1, ¢ =0.98, and T = 13.5; the initial
values are r(t) = 0.1, p(t) =1, u(t) =2 (t € [-7,0])

(0.3571,0,1.875). Because b/ds; = 3, 6; = 1.875, and 6, = 10, the inequality 6, > b/d3 > 6,
holds. By Theorem 1 the equilibrium (0,0, 3) is unstable. From (15) and (16) we have
a; = 0.0197, a; ~ —0.2862, az ~ 0.0038, a, ~ 0.0179. Equation (11) has a positive real
root v, ~ 0.2677. From (13) we obtain M, ~ 0.7443 and N, ~ 7.8279. Because the dis-
criminant A, & 0.000866 > 0 and a, < 0, the equation f,(£) = 0 has two unequal positive
real roots by Lemma 2, and the larger root &, ~ 0.3819. So equation (20) has a positive real
root &, satisfying £ = £,. Substituting &, into (18), we get cos 7§, ~ 0.3677 > 0. So we ob-
tain the Hopf bifurcation critical value 7, &~ 13.5888 by using (21). Therefore, by Theorem
2 the equilibrium (0.3571,0, 1.875) is asymptotically stable when 7 € [0,13.5888) as illus-
trated in Fig. 2 (where 7 = 13.5); Otherwise, the equilibrium (0.3571,0, 1.875) is unstable,
and a Hopf bifurcation emerges at T ~ 13.5888 (see Fig. 3, where 7 = 13.59).

6 Conclusions

We have proposed a delayed fractional-order differential equation model that reflects the
interaction among rice, weeds, and inorganic fertilizer in a paddy ecosystem. If « = 1 and
¢3 = ¢4 = 1, then system (5) degenerates into system (4), which was studied in [12]. The
equilibria and their existence conditions of system (5) are the same as those of system (4),
where those conditions are related to the relative mortality of rice and weeds, 6; and 6,, and
to the ratio of fertilizer supply and loss b/d3, but not to other parameters. Under the condi-
tion b/ds < min{6;, 6}, there is a unique stable equilibrium (0,0, #7) in each of the two sys-
tems. If b/d3 > max{6;,0,}, then each of the two systems has three equilibria: the equilib-
rium for rice and weeds extinction (0, 0, &}), the equilibrium for weeds extinction (r3, 0, u3}),
and the equilibrium for rice extinction (0, p}, u3), where the equilibrium (0,0, 4}) is unsta-
ble, and (r3,0, u3) is also unstable when 6; > 6,, or (0, p}, #3) is unstable when 6; < 6,. Under
the condition 6; < b/ds < 6,, there exist two equilibria (0,0, %) and (7,0, 4}). Under the
condition 6, < b/d3 < 0, there exist two equilibria (0,0, #}) and (0, p}, u3).
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Figure 2 The asymptotical stability with delay T = 13.5. The parameters of system (5) are ¢; =0.8, ¢c; =0.1,
c3=09,¢c,=06,51=06,50=0.1,b=03,d1 =09,d>, =0.1,d3 =0.1, and @ = 0.98; the initial values are
rt)=0.1,p(t) =1, u(t) = 2 (t € [, 0)). The Hopf bifurcation critical value t, ~ 13.5888. It depicts the
asymptotical stability of the equilibrium (5, p3, u3) & (0.3571,0,1.875) with time delay T = 135 < 14
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Figure 3 A periodic oscillation with delay T = 13.59. The parameters of system (5) are ¢; = 0.8, ¢; =0.1,
3=09,c4,=06,51=06,55=0.1,6=03,d; =09,d,=0.1,d3 =0.1,and @ = 0.98; the initial values are
rt)=0.1, p(t) =1, u(t) = 2 (t € [-7,0]). The Hopf bifurcation critical value T, ~ 13.5888. It depicts a periodic
oscillation bifurcating from the equilibrium (13, p3, u%) & (0.3571,0,1.875) with time delay T = 13.59 > 1,4

We also generalize the conditions of stabilities of equilibria and Hopf bifurcation ob-
tained by Wang et al. [12]. If we take « = 1 and ¢3 = ¢4 = 1, then we have a; = a3 = 0,
ay = (175 + d3)? — 2s175d1, and ay = s3r%d; (1 - ¢}) from (15) and (16). Equation (11) has a

positive root v, = 2, /ay. So we obtain A, = —a; — 2. /a4 from (14). If A, < 0, then we have

(s175 + d3)2 > 2s175d, (1 -J1- %)



Zhou et al. Advances in Difference Equations (2018) 2018:315 Page 13 of 14

It is condition (5) of Theorem 2 in [12]. Similarly, from A, > 0 we can obtain condition
(6) in [12]. Moreover, substituting & = 1 and ¢3 = 1 into the Hopf bifurcation critical value
formulas (21) and (22), we can obtain formulas (12) and (13) in [12], respectively.
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