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Abstract

In this paper, by combining graph theory with coincidence degree theory as well as
Lyapunov functional method, sufficient conditions to guarantee the existence and
global exponential stability of periodic solutions of the complex-valued neural
networks of neutral type are established. In our results, the assumption on the
boundedness for the activation function in (Gao and Du in Discrete Dyn. Nat. Soc.
2016:Article ID 1267954, 2016) is removed and the other inequality conditions in (Gao
and Du in Discrete Dyn. Nat. Soc. 2016:Article ID 1267954, 2016) are replaced with
new inequalities.
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1 Introduction

Because in a lot of practical applications complex signals often occur and the complex-
valued neural networks are preferable and practical, hence, up to now, there has been
increasing research interest in the stability of equilibrium point and periodic solutions of
complex-valued neural networks, for example, see [2—17] and the references therein.

On the other hand, time delays have been extensively studied in last decades due to their
potential existence in many fields [12, 13, 18—20]. Up to now, the dynamical behaviors of
neural networks of neutral type have been extensively investigated and a lot of interesting
results on the global asymptotic stability and global exponential stability of equilibrium
point and periodic solutions for neural networks of neutral type have been published, for
example, see [18, 21-28] and the references therein.

But so far, very few studies have been reported on the dynamical behaviors of complex-
valued neural networks of neutral type with time delays [1, 29]. This motivates us to
carry out a study on dynamical behaviors of complex-valued neural networks of neu-
tral type. Recently, in [1], the authors discussed the existence and exponential stability

of periodic solutions for the following delayed complex-valued neural networks of neutral
type:

Kz, (0)] _

l [
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where n e L ={1,2,...,1}, [ is a positive integer,

K,z,,(t) = K,u,(t) + iK,v,(t),
I<nun(t) = un(t) - Cnun(t - t);

Kyvu(t) = vu(t) — cpvu(t — 1),

T,¢, € Rwith |c,| # 1, d,.(£) > 0 is the self feedback connection weight, and e,;(t), b,;(t) are
complex-valued connection weights, Fj(z;) and Gj(z;) : C — C are the activation functions
of the neurons. P,(t) € C is the external input, 7,; > 0 corresponds to the transmission
delays with r,/,j <o<l,t;<o*

In [1], first, by means of using coincidence degree theory and the a priori estimate
method of periodic solutions, under the assumptions that the activation functions were
bounded, a sufficient condition on the existence of periodic solutions was established for
system (1). Then, by constructing an appropriate Lyapunov functional, a sufficient condi-
tion to guarantee the global exponential stability of periodic solutions to system (1) was
obtained.

In recent years, graph theory has been applied to studying global asymptotic stability of
discrete-time Cohen—Grossberg neural networks with finite and infinite delays [30] and
the existence and global stability of periodic solutions for coupled networks [31-35]. Some
sufficient conditions on the existence and global stability of equilibrium point and periodic
solutions for some neural networks and coupled networks have been established [30-36].

Recently, without applying the a priori estimate method of periodic solutions, we have
established some criteria to guarantee the existence of periodic solutions for neural net-
works with time delays by combining coincidence degree theory with Lyapunov functional
method or linear matrix inequality method [14, 15, 37].

However, so far, the results on the existence and global exponential stability of periodic
solutions for delayed complex-valued neural networks of neutral type have not been ob-
tained by combining coincidence degree theory with graph theory as well as Lyapunov
functional method.

The objective of this paper is to establish new criteria to guarantee the existence and
global exponential stability of periodic solutions of system (1) by removing the assumption
on the boundedness for the activation functions in [1] and replacing inequality conditions
in [1] with new inequality conditions, by combining coincidence degree theory with graph
theory as well as Lyapunov functional method.

Thus the contribution of our paper lies in the following two aspects: (1) Combination of
coincidence degree theory with graph theory as well as Lyapunov functional is introduced
to study the existence and exponential stability of periodic solutions for delayed complex-
valued neural networks of neutral type; (2) Novel sufficient conditions to guarantee the
existence and global exponential stability of periodic solutions for system (1) are derived
by removing the limitation on the boundedness for the activation functions in [1] and
replacing inequality conditions in [1] with new inequality conditions.

The paper is organized as follows. Some preliminaries and lemmas are introduced in
Sect. 2. In Sect. 3, a sufficient condition is derived to guarantee the existence of periodic
solutions of system (1). In Sect. 4, a sufficient condition is established to guarantee ex-
ponential stability of periodic solutions for system (1). In Sect. 5, an example is stated to
prove the effectiveness of our theoretical results.
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2 Preliminaries

Let z,(t) = u,(2) + va(t), Fi(z(0)) = FF(w;(0),v(2)) + iFf (u(0),v;(2)), Gi(z(t — (1)) =
GRlu - e eyl®) + in(u,«(t — Tyl — Ty(®) = GR V) + iGHwL ),
u(t = Tyj(2) = uf, vi(t — Tyj(2) = v}, by(e) = () + bl (2), en(t) = ef(t) + iel;(t), Pu(t) =
PR(2) + iPL(¢). After separating each state variable, the connection weight, the activation
function, and the external input into its real and imaginary parts, then system (1) can be

rewritten as follows:

A[K,u,(2)]
TL; =" Zb ((0), vyt Zb{,}F]I ()
!
R Ze (OG (),v)) = D el (0G] (), ) + P(®)
' = l 2)
@ d,()v(t) + thf]Ff u(t), v(t)) + Zb W ((8), v;(0)
j=1

l i
+ Y R OG) (), V) + el ()GF (ul, ) + PL().
=1 j=1

The initial values of system (2) are

Un(3) = Pu(s), Vu(s) = ¥u(s), se€[-0,0],0 = max[r max {rm(t)}}

te[0,w],1<j<l

Let | - | be the Euclidean norm for R and L = {1,2,...,/}. We introduce the notations as
follows:
(1) F=mingefom{IF(®)]}, F= maxye(o,){|F(£)]}, where F(¢) is a continuous w-periodic
function with w > 0;

)

[IR+ 1+ |FR(0,0)|67] + BL[KF + k! + |F!(0,0)|°]

wlP

Ay = B (IR + ) + B (KR + D) + € (g% + ) + L, (0F + ),
+ Bl (kR + K+ 82| F1(0,0)))

(qR g +8%|GR(0,0)]) + &L, (o + bl + 8% |EX(

anzb_g(;} §) + by (K + &) + €l (af + ) + €7 + ),

Azs = BE[KE + K+ |F1(0,0)]8%] + L [ 1% + ! + |ER(0,0)[5?]

+[af + 4] + G 0.05°] + & [pf +1] +|G](0,0)5”] + 8°PE,

m|

)

+_ff[p +p] +]Gj(0,0)]5%] +?[qf +q +|GF(0,0)[8%] + 8°PL,

n

= BR (KR + k) + DL (R + 1) + &E(pF + p) + €y (aF + ),

J
B:ﬁ:b KE + K+ 82|F/(0,0)]) + BL, (I + I + 62| FR(0,0)])

n

’ }R+p11.+82’G}100 ‘)+?n]qR q1+82‘FR

+3R

).
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By = by (K + &) + by (0 + 1)) + €li(a] + ) + €y (a + ),
Exy= e ey venp) veyd,  Fuj= e +eup+ ep e,

Uy = by + &) + by (K4 0), Vi = By (0] + k) + by (k] + ).
Throughout this paper, we always assume that

(1) There exist positive constants X, I, kR, kI, 4% 4', such that, for
p n n’ n q}’l qn p
V(x1,91), (%2, 72) ERX R, nelL,

|FR (1, 01) = N2, 92)| < 1ot = 22] + L ly1 =y,
|Fhi(1, 1) = Fh(x2,y2)| < k511 — x| + Koly1 = p2ls
|fo(x1,y1) - Gﬁ(x2,y2)| < q¥x1 — x| + ghly1 — ¥l

|GL (1, 91) = GL(x2,90) | < PRIx1 —22] + Pl Iy1 =yl

(h2) da(t), bﬁj(t), bﬁl/(t), eﬁj(t), eflj(t), PR(t), PL(¢) (n € L) are all continuous w-periodic

functions.
E,j lejl =
(h3) (1 + lcal)(Upy + 1 '> 7 —C—;d,»—A/n—lc;IB;w
j lejl — %
(ha) (L4 leal) (Vi + 12) < 7 = 9 — A2, ~ /1By,

Lemma 2.1 (Gaines and Mawhin [38]) Suppose that X* and Z* are two Banach spaces
and L* : D(L*) C X* — Z* is a Fredholm operator with index zero. Moreover, Q@ C X* is an
open bounded set and N* : Q — Z* is L*-compact on Q. If the following conditions hold:
(a) L*u #AN*u,Vu € 9Q2 N D(L*), V1 € (0,1),
(b) QN*u #0,Vu € 92 NKer L*,
(c) degzg(J*QN*,2NKerL*,0) #0,
where J* : Im Q — Ker L* is an isomorphism, then the equation L*u = N*u has a solution
on QN D(L*).

Definition 2.1 (Graph theory [39]) A directed graph g = (U,K) contains a set U =
{1,2,...,n} of vertices and a set K of arcs (i, /) leading from initial vertex i to terminal ver-
tex j. A subgraph I' of g is said to be spanning if I" and g have the same vertex set. A sub-
graph T is unicyclic if it is a disjoint union of rooted trees whose roots form a directed
cycle. For a weighted digraph g with [ vertices, we define the weight matrix B = (b})uxn
whose entry bj; > 0 is equal to the weight of arc (j, i) if it exists, and 0 otherwise. A digraph
g is strongly connected if, for any pair of distinct vertices, there exists a directed path from

one to the other. The Laplacian matrix of (g, B) is defined as L = (g;));x:, where g;; = —b?} for
i#jand g; = Zk#ibfk fori=j.

Lemma 2.2 ([39]) Suppose that | > 2 and c denotes the cofactor of the kth diagonal ele-
ment of the Laplacian matrix of (g, B). Then

!
Z by Gron (K %) = Z w(Q) Z Gk (up, ur),

k,h=1 Qe (k,n)eK(Cq)
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where Gy (ur, uy) is an arbitrary function, Q is the set of all spanning unicyclic graphs of
(g,B), W(Q) is the weight of Q, Cq denotes the directed cycle of Q, and K(Cy) is the set of
arcs in Cq. In particular, if (g, B) is strongly connected, then ¢ >0 for 1 <k <.

Remark 1 If (uy(£), us(2), ..., (), vi(£), va(t), ..., vi(t))T is an w periodic solution of system
(2), then (z1(2),22(2), ..., zi(8))T, where z,(¢) = uR(t) + iV.(¢), n = 1,2,...,/, must be an @
periodic solution to system (1). Thus, in order to show the existence of periodic solutions
of system (1), we only need to show the existence of periodic solutions of system (2). For
proving the global exponential stability of periodic solutions of system (1), we only need

to prove the global exponential stability of periodic solutions of system (2).

Lemma 2.3 (Lemma 2.1 [40]) If|c,| <1, n=1,2,...,[, then the inverse of difference opera-
tor By, denoted by B, exists and

-1
”Bn ” = 1-— |Cn|'

3 The existence of periodic solutions
Lemma 3.1 For any X € (0, 1), we are concerned with the following system:

A[Kyun(t)]

=~ (t)un(t)+ZbR (0FF (w2, v (1))

j=1

!
= > bl OF (wi(8), v;(0))
j=1

l
¥ Zen](t)GR ) =Y el ()G (i) + PR(E)
j=1 j=1

I

d[K,vn(2)]
o = A = da(Ovae) + 121: bR OF] (15(8), v4(t))

+ Zbl (OF (u;(2), v(2))

/
ZeR (G (uf,v}) + > el (G (uf,v) + Ph(t) 1.
j=1

Then the periodic solutions of system (3) are bounded and the boundary must be indepen-
dent of the choice of A under assumptions (h1)—(ha) if the periodic solutions of system (3)
exist. Namely, there exists a positive constant M such that

|| (l/l(t), V(t))T || = || (”1 (t)v MZ(t)) XY} Ml(t): Vl(t)x VZ(t)r (RN Vl(t)) ! ” = M¢

where

l
[ (@, v©)" | = 3= ma ([an®) + v (0)]).
m=1 "

Page 5 of 23



Zhang and Cao Advances in Difference Equations (2018) 2018:261 Page 6 of 23

Proof From (h3) and (hs), it follows that there exists a positive number § such that
S 2d; _
(hs) 1+ |Cn|)(un1 + f__n:, < T_l - ‘id _A/mS |C,‘|B/,,5 - 1821)5 -4.
Fyi 2d; ‘C N —
(h6) (]— + |C”|)( nj 17:7) < TJ - _Id _A/nﬁ |C]| jins 1821){1 -
Suppose that (u(2), v(t))T = (w1 (£), ua(t), ..., (), v1(£), v2(2), ..., v;(£))T is one w-periodic
solution of system (3) for some A € (0,1). Let V,,(£) = Vi,,(¢) + Vau(2),

Vin(t) = [Katn O] + [Kava @),

where

t [ ¢ _
Valt) = x{ ol [ (ZBM ; 62P5) 12(5) ds
-1 j=1

(1+]ca
+|C ZF,,,/ ij(s)ds

t Tn}(f)

¢ ! .
+ |Cn|/ (Z Bys + SZP{,) V2(s) ds}.
S AVET

Then we have, along with the solutions of system (3),

aVia(t
;'t( : A tn(t) = ottt — f)]< 0 ¢ ZbR (OF} (10, (1))

j=1

1
_ Z BLOF! (w(2), vi(0) + Y eR(OGR (u!, V)
j=1

Zen,(t)G’ ) + PR(t ))

l

+ [Vn(t) = CuVp(t — T)] <_dn(t)vn(t) + Z bﬁ,(t)F/I(u/(t) V/(t))

j=1
!
; Zb’ OF (0 v0) + 3 (6] (1))
j=1
Z (], v} +P1(t))

<A (_2@ + |Cn|d_n)uf,(t) + |Cn|d_nufl(t -1)

l JRE—
+ 2[|un ()] + leul | ~ r)|]<Zb§j[lf|uj(t)| + |0 +|Ff(0,0)]]

j=1
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+Zb |F100)|+kR’u,t)|+k1|v, |]
+Z%[Gf|u;|+qf|vj|+|Gf(0,0)|]
j=1

Z |ut‘+p]|vt|+|G100H+P_5)
(<2 + leald)V20) + lea A2 = ) + 2 yu®)] + Il |yl = )]
l —_—
X(gpﬂ@mmwammhuﬂan
j=1
l —_
+ sz,v[lFf(o,m! + 1) + )]

+Z €y p] |ut| +p]|vt| + |G1 (0, O)|]

ST+ g+ |Gf<o,o>|]@)}. "
=1

From (4), by using the inequality 2lab| < a® + b* (a,b = u,(t),u,(t — 1©),v.(¢),
valt — ©),u;(t),vi(0), 1}, V1), 2u,(£)|FF(0,0)] < [FF(0,0)[[8%u2(2) + %], 2ua(t)|E(0,0)| <
|F/(0,0)[[8%u3(t) + 52] 2u,(8)|G}(0,0)] < |G’(0 0)[8%u2(8) + 1, 2un(t)IGF(0,0)] <
|GR(0 0)|[8%u 2(t)+ =1, 2uy,(t)PR<PR[142(t)82 ] it follows that

n—=-"n

1
dV;(t) {( 2d, + |culdy +ZAn/s>u () + lcul (ZB,,,5+52PR>142(£ 7)

j=1
l !
£ 3 (1 lenl) (BRI + BLIR) () + (14 1eal) Y (BRE + BLA )V (0)
j=1 j=1
l — R— J— —
(1+ leal Z effquR + eﬁllp ) +(1+ leal) (e’,f}q}’ + njpj)(vf)z

j=1 j=1

!
( 2d, + |Culdy +2An}5>v () + |yl (ZB;«/& +8217£,>Vf,(t—r)

j=1

~

~.

nj’j

/ l
+ 3 (1+ leal) (BRAR + BLIRWAE) + (1 + [eal) Y (BRKL + B 1) (0)
j=1 j=1

l l

(Ut ) Y+ T () ¢ (1 o) <e_5,»p;+%qf><u;>2}

j=1 j=1

+ AN, (5)

where N is a positive constant.
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Since

dVZn (t)
dt

!
1 n :
=A + |C Z En/’ujz(t) —Enjsz(t - Ti/(t))(l - r"j(t))
j=1

+ F,,,rvlz(t) - F,,,VI.2 (t— () (1- rr/u.(t))}

l !
+leul Y (Bujs + 8°PR)up(t) = leal D (Buis + 8> PR)up(t - 7)
j=1 J=1
I
+leal Y (Byys + 87PL)va(t) — el Z vy +OPL)VA(E ~ )}
j=1

L (Ey(+ ey
< AZ{%L@Z@) CEy(1+ e (¢ - 1y0)
j=1

Fy(1+lcy
P B e) oy 1) - w))}

1 1
+leul Y (Bujs + 8°PR)up(t) = cal D (Buis + 8> PR)up(t - 7)

Jj=1 Jj=1

+ ¢yl Z Bs +82PLYV2(H) — |cal Z Bs +82PLYVA(t - 1)}, (6)

from (5) and (6), we have

av,®) _ ! d
dt { |: 2d, + |Culdy + ZA,,,(; + |cal (ZB”15 + 82PR uf,(t)

j=1 j=1
l

!
P (el Yty 14 )i+ (141 Z( i 1)

j=1 j=1

l 1
[ 2, + |ealdy + ) Ay + [cal (ZB*“azpfﬂ ()}+AN

j=1 j=1

; _
dy d, —
Y § H_z—l + |cn|—l + Apjs + |l (B + I8°PR) + s]uﬁ(t)

!
E,;i
+ |cy,|)Z(an + (1 + |cy,|)<un; + 1 _/G)ujz(t)
j=1

F,;
+(1+ |cn|)<\/n, 1 _lg)vjz(t)
dn d_n % % 2l 2
+ —27 + |Cn|7 + Ay + |Cn|(Bn/5 +15°P ) +8|v,(®)

- S[Mi(t) + vfl(t)] + N}. (7)
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By using (/5) and (/g), from (7), it follows that

d;
7

g

d;
- |C] Aij |C/|( jns t 15 ] 2(t))

d, a, _
- [27 - |c,4|7 —Ayjs — |cul (Byjs + 18°PR) — a]uﬁ(t)}
l

d; d;
+)\ZH:27 |C1| Aj*mg |C/|( jnd +182P]{)_8j|‘}/2(t)

j=1
d, d,
_ [27 - |c,1|d7 vis = lenl (Bs +18%P1) — 5] i(t)}
= 8[up() +vi(H)] + N} (8)

. ; : 2 2 4 4
Lettlng bnj =1 (}’l 7{]): bnj =0,n =) an(un(t): Ltj (t)) = [27 - |Cj| T _Ajn6 Ile( 1n8 +15 PR)
dy a
S102(8) ~ (2% — s % = Ay — 4l (B +la2PR>—s]u2(t) and p,(u2(6)) = [22 — el % — A5 -

|2

eal(Bys + °PR) =12 (0 by = 1 (1 7)), By = 0, =) G020, (0) = 122 — g1 G — A
5185 +182P1) - 81v2(0) - [2d=” |cn|— Aty = leal (BLys + 162P1) — 81v2(¢) and piy(vA(0)) =
[27 - |c,,|7 Ay = leul (Bys + [82PL) — 8]v2(¢), then we have, from (8),
dav, !
0 Y Gy (20,150)
j=1
! N
+ij;1c;;:, @,V () = Y 8[un(e) + va(0)] +7 9)
j=1
G (3 (0),12(2)) = pj (167 (1)) — pu(u(2)), (10)
and
Gy (@, V() = p; (v} () = P, (V2 (8)).- (11)

We construct the following Lyapunov function for system (3):
!
V) =) chVald),
n=1

where ¢, > 0 is the cofactor of the nth diagonal element of the Laplacian matrix of (g, B).
From (9), we have

AvV(e) & LdV()
dt _ZC” dt

l l
=1 Y 6h > AbyGr(u(0), 1w (1)) + b, G (v (), v} (1)

= 8[ul(t) +vi(H)] + N} (12)
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From Lemma 2.2, it follows that

Z ZC bann/ 2(t 2(t) Z W(Q) Z Gn/’(ui(t):u]‘z(t))x (13)
n=1 j=1 QeQ (nj)eK(Cq)
chzb;;@;; nELvO) =Y WQ Y. Gy(va®),v). (14)
n=1 j=1 Qe (nj)eK(Cq)

By substituting (10) into (13) and substituting (11) into (14), it follows that, from the fact
W(Q) >0,

l l
3 by G (120, 120))

n=1 j=1
=Y WQ . [p#®)-pu(ur®)] <0 (15)
Qe (nj)eK(Cq)

and

Z Z cuby Gy (va(e), vi(®))

n=1 j=1
=Y WQ > [p(Vo)-p(iom)] <o (16)
Qe (nj)eK(Cq)

Substituting (15) and (16) into (12) gives

! !
ket Do > (-8[upe) +vie)] + N). (17)
Integrating (17) from 0 to w gives
w ! !
f Zcfﬁ[ufl(s) + vi(s)] ds < wNZcz. (18)
0yl n=1
Integrating (17) from 0 to ¢ gives
t l
V() < V() + / > cil(8[un(s) +vi(s)] + N) ds
0 n=1
w !
+ / Z C:I(S [ufl(s) + vfl(s)] + N) ds. (19)
0 =1
Substituting (18) into (19) gives

1
V() < V(0)+ 20N Y . (20)

n=1
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From (20) and the definitions of V,(¢) and V1,(¢), we have

l

> i {[un®) = cuttnlt = 1)]* + [va(®) — cavalt - 11]")

n=1
!
<V(0)+2wN ) . (21)

n=1
Letting |u,(§)] = maX;ejo,] [44(2)], [V ()] = maxsefo,m) [Vi(2)], then from (21), it follows that

1

l
> (1 - leal) [12(8) + v2()] < VI(0) + 20N Y c.
n=1

n=1

Hence there exists a positive constant M such that ||(z(£), v(t))T|| < M. This completes the
proof of Lemma 3.1. O

Theorem 3.1 Assume that (h1)—(ha) hold and |c,| < 1. Then system (2) has at least one w
periodic solution.

Proof We will prove the existence of periodic solutions of system (2) by means of using
Lemma 2.1. We are concerned with the Banach spaces: X* = Z* = {(u(t), v(¢))T € C(R,R*):
u(t + w) = u(t),v(t + o) = v(¢)} with the norm ||(u(z), v())T] = Zn 1 MaXyepo,u) (|un(£)] +

lv,(®)]). Set L* : DomL* C X* — X*, L*(u(t),v(t)) = (d[1<1;1(t)] d[szuz( )] d[Kz;l(t])
. M 5 » 7 P T yeees t )
dlKivi(®)] dKava(8)] a[Kv1 ()] )T

dt ’ dt P dt

and

N*(u(@),v(t)) = (0,20 .. i@) f7 (O, f5 (@), .. .. £i°(8)),

where, for n € L,

1
Fut) = —d ()1 () + ZbR (OFF (i), v(0) = Y bl (OF] (wi(2), vi(8))
j=1

j=1
l

+ Zem(t)GR )= el (OG] (), vi) + PR(2),

j=1 j=1

l
£5@t) = - (E)va(t) + ZbR (OF (0, vi(8)) + Y bL(OFF (e), vi(2)

j=1 j=1
+Ze§l +Zeﬁll u,v; f) +Pl(2).

Thus Ker L* = {u = (u(t), v(t))T € X* :u € R¥}, ImL* = {w € Z* : [’ w(t) dt = 0} is closed in
Z* and DimKer L* = 2/ = Codim Im L*. Hence, the operator L* is a Fredholm mapping of
index 0. We construct the projectors P* : X* N Dom L* — KerL* and Q* : Z* — Z* as

* 1 © *
Pu=— u(t)dt, ueX%
w Jo

l w
Q*w:—/ w(t)dt, weZ".
w Jo
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Therefore, Lm P* = KerL*, Lm L* = Ker Q* = Im(/ — Q*). Moreover, the generalized in-
verse K, of L* is given as K, = (L*)‘l(fot w(s)ds). Since |c,| < 1, from Lemma 2.3, it is not
difficult to show that N* is L*-compact on Q. The concrete form of the operator equa-
tion L*(u,v) = AN*(u,v), (u,v)T € X*, A € (0,1) is system (2). From Lemma 3.1, for every
periodic solution (u(t), v(£))T = (u1(2), uz(t), ..., wi(t), vi(t), va(t),...,vi(£))T of system (2),
there exists a positive constant M such that ||((z), v(£))T || < M. We set Q = {(u(t), v(t))T

1 *
X @), vie)T || < M}, M > ,/M. Then, for each (u(t),v(t))T € 32 N DomL*,

ming <, </{cj;}

L*(u(t), v(t)) # AN*(u(t),v(t)), » € (0,1). Hence, condition (1) in Lemma 2.2 is satis-
fied. Secondly, we will show that when (u(t), v(t))T € 92 N KerL*, Q*N*(u(t), v(t)) # 0.

Since (1,v)T € 3Q N KerL*, (u,v)T is a constant vector with ||(&,v)T|| = M, then when

(M: V)T €eannN KCI‘L*, Q*N*(u, V) = (ﬁ(gl)¢_f2($2)x~~')ﬁ(gl))ﬂ*(él):ﬁ*(é2)i"'¢ﬂ*($l)): where
£ (i=1,2,...,0) € [0,w]. When (i, v)T € 9Q NKerL*, we have

(14 — Cuthony Vi = €Vl [Q*N* (1,0, ]

= [un — Cnlhp, Vi — CnVn] (ﬁz(gn):fn*(sn))T

=(un—cnun)[ &)uwa (EDER (1, )

1
Zb (EF] (w;,v)) + Zen,(swck(u,,v, Y e, (E)G] ) + P,’f(sn)}

j=1 j=1

+ (v _CnVn|: w(&n) Vn"'zb snF(upV/)

)
—Zb <sn)FR(u,,v})+Zen,(§n>G’<u,,v, Ze;,(sn>ef<u,,vj)+P;(sn>}

J=1 Jj=1

+0. (22)

It is obvious that

I
— 1+ c
:|cn|(ZBn/6+82P5> () —u ' d ZEH, )

j=1

+ el (ZB 5+52p1> “'C” me 2). (23)

Substituting (23) into (22) gives

[Mn — Cully Vi — CnVn] [QN(M, V)VI]T

= [un — Cnlhy, Vn — Cn"n](ﬂl(gn)rf:(én))T

s(un—cnun[ dy (&)uwa (ENES (w,v) - Zb (En)E; (uj,v;)

j=1 j=1
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I I
+ Y e EIGR ) - Y el(En Gl ) +P§(sn)}
j=1 j=1

+(vn—cnvn)[ d, (sn)vn+2b (sn>P’<u,,v,>+Zb (EES (), v))

j=1 j=1

I
+ Y en(E)G) u,,v,)+2en,(s,, () + P{,@n)]
j=1

j=1

I I
— 1
+ |cn|( E Bs + 82P§) (up —uy) + 1+_|i:| ZEnj(ujz - uf)
1

j-1

!
+ ¢l ZB 5+82P1 -v2) + 1+l Zf,,j(v]?—v]?). (24)

From (24), the same proofs as those of (7)—(17) give

l

Z C: (241 = oY Vi = Vi [Q*N*(u, V)n]

n=1

T

Colttn — Cuthn, Vi — CuVy (f(sn)f Em))

MN
E*

l d.: —
N j d;
< an”27 - |c,|7’ Ajus — 16}l (Byus + 168°PR) - ] u
d, a, _
- |:2 —lenl— = Ayjs — |C,,|(an5 + 1521)5) - 5]1,{3’}

4 4 >
27—|cj|7—A — Il (B; 5+18P1) }

j=1
ﬂ dy _A* % 182P1 2
=25~ lenl - = AL = leal (B + PL) -8 |va(t)
S(u +V)+N}
I
ZZ ci[-8(u; +v)) + NJ. (25)
n=1 j=1

Since Zizl(|un| + |vu]) = M, then

<lZu +v + 2|ty ||V | <2lZu +V

n=1

Namely,

(4 + V) = 5 (26)
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Substituting (26) into (25) gives
I

Z C;: [un - Cnyn: Vi — CnVn] [Q*N*(l/l, V)n]T

n=1

<- m1n — + NlZ (27)

1<n<l

Thus when (i, v) € 9Q2 N Ker L*, Q*N*(u,v) # 0. Thus, condition (b) in Lemma 2.1 is sat-
isfied.

Thirdly, we show that when (u, T €9 NKerL*, deg{/*Q*N*,2 N KerL*,0} # 0. We
construct a mapping H(u, v, u*) by setting

H(u, v, ,u*) = —u*(diur, dott, ..., dyvi, davy, dava, ..., divy)
+ (1 - M*) (fl(gl)»fZ(SZ)’ e rﬁ(&l)rﬁ*(gl)’ﬁ*(EZ)» oo rﬁ*(%-l))y

where V(u,v, u*) € 92 N KerL* x [0,1]. If when (u,v, u*) € 32 N KerL* = R* N KerL*,
H(u,v,u*) =0, then for n € L,

0=t dyity + (1 - w)fo(6) 28)

and
0=~ dyity + (1 - W)f En): (29)
From (28) and (29), we have

0= (u, - Cnun)[_ﬂ*ﬂun + (1 - M*) n(g;:n)]
+ (Vn - Cnvn)[_//«*dnvn + (1 - M*)_f:(én)]

=-Q1 _Cn)ﬂ*ﬂu -1 _Cn)(l w )d u + M,,{Zb (%'n)FR(up V/)
j=1

1 l !
=D Bl EDE (wy,v) + Y e (ENGR g v) = D €l (60 G (g, vy) + P{f(sm}
j=1 j=1 j=1
I

-1 —c,,)/L*dv —(l—c,,)(l n )dv +vn{Zb %‘,,F(u,,v,)
j=1

!
+Zb (&) FR<u,,v,>+Zen,(sn)G (uj, ) + Ze2,<sn)Gf(uj,v,)+P;(sn>}

Jj=1 Jj=1

<-( _Cn)du +(1 _Cn)(l /’L |un|=2b |FR uij1)|

j=1

+Zb |F1(u,,v,)| Ze |GR(u],v])| Z |G]1»(u,«,v,«)|+P_§}
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l
~ (A =c)dwvs + (1 =) (1= ") |val !Z b{jj|G,!(u,-, v)|

Jj=1

l l l
+ Y B FR )| + DR |Gl v) | + Y el | GR G| + ﬁ] (30)
j=1 j=1

j=1
By the same proofs as those in (7)—(17), from (30), we obtain

l R
~(1 = cp)duuy + (1 =) (1 = pu*) 1] {Zbﬁjil-“f(uj,v/ﬂ

j=1

1 l 1
Y Tl + S 6 ] + 316 ) P—}
-1 =1

j=1

l —_—
— (L= ca)dyvy + (1= ca) (1= 1) valld b5 |l ()|

j=1

! i !
+ beljll-"f(uj, V) + Z elyfj|Gf(uj,vj)| + Zeflj|G]R(uj, Vj)|
j=1 j=1

j=1

<0. (31)

Equation (31) contradicts (30), hence H(u,v, 1*) # 0 when (i, v, u*) € 3Q N R* N Ker L*.
Hence, L*(u, v, £*) is a homotopic mapping. Thus, we have
deg(J*Q*N*(u,v,u*), 02 N KerL*, (0,0,...,0))
= deg(H(u,v,0),02 NKerL*,(0,0,...,0))
= deg(H(u,v,1),02 NKerL*,(0,0,...,0))

#0.

Thus condition (c) in Lemma 2.1 is satisfied. Hence the proof of Theorem 3.1 is com-

plete. d

4 Exponential stability
Theorem 4.1 Let the conditions in Theorem 3.1 be satisfied. Then the unique w-periodic
solution of system (2) is globally exponentially stable.

Proof According to Theorem 3.1, system (2) has an w-periodic solution. Let
(@), v* @) = (i), w3 (8), .., w0, Vi), Vi), ..., vi ()

be an w-periodic solution. From (/3) and (hy), it follows that there exist two positive num-

bers §* and « such that

ao® d; J—
(h7) 1+ lea) (U + E”{:’ ) < 27] - ‘C—l"d,' —Ajy —|¢jle* By, — 8 — F[e* (1 + cfl) +1+cqll.
Fye®@ 24 gl

(hg) L+ [cu)(Viyj+ =) <+ — 74 —A]’.‘n - |c/|e°‘fB]’.‘n - Tle" (1 + )+ 1+ |cyl] - 8%
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Let (u(t), v()T = (u1(2), us(t), ..., u(t), vi(t), va(t), ..., v;(t))T be an arbitrary solution of
system (2). We define the following Lyapunov functional: V,,(¢) = V1,(¢) + Va2,.(¢), n € L,

Viu(t) = €4 (K, X (8)) + € (K, Y, (0)),

t 1
Vault) = lenl / ¢S B, X2(s) ds
t—-t .
j=1

A+lea) = [
n n ZEnj/ eoz(s+a*))(j2(s)ds

j=1 t=14j(t)
(1 + |c ) x
n Z . ; as+o )YjZ(S) ds
z',,,]

+ ¢l / PG ZB;YHZ(S
t

+a/ (1+c ) “(s”XZ( )ds
t—t

t
+oz/ (1+c ) o(5+7) Y2(s)ds,
t-1

where X, (£) = u,(t) — u}(£), Y, (t) = v,,(£) — v};(t). Then we can get, along with the solutions
of system (2),

dvln(t)
dt

= {[ n(®) = Xt = 7)] <—dn(r)xn<t)

!

+ Y B[R (wi(0), v(0) - EF (u (0), v/ ()]
j=1
Z bLO)[F] (wi(8), vi(0) — ] (] (1), v} (8))]
!

+ Z efj(t)[Gf(u;, Vi) - Gf(u;‘t, vi9)]
j=1
Zen,m (6]} - 6 >])

+ [Yn(t) —CuV(t - T)] (‘dn(t)Yn(t)

+an1 O.(0) - E (0, 0)]

!
+ 3B O[ER (0, v,0) ~ B (0,17 0)]
j=1
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Z eR oG - G}I(uft,v;“)]

+ Zem(t) (u;f,v,*f)]) }
+oe™ {[ Xy — cuXn(t - 1:)] + [ Y = cnYult - r)] } (32)

and

AV o 1+ leal o o /
— =T /:ZI(E,,,-e X2(t) - EyXP(t - 14(0) (1 - ,,(2))

+ Fye” Y2 (t) - Fy Y72 (t - 1,4(0) (1 - 7,,(8)))

l

1
+leal D Buise* X2(8) — leul D ByXn(t - 1)

J=1 j=1
+leal ZBW,;e‘”Y2 ~ leal ZB;;]Y,f (t-1)
+a(l+c)[e X2 () - X (t - 1)]

+a(l+ca)[e Ya() - Yt - )]}. (33)

From (32) and (33), by using arguments similar to (7)—(17), we have

dv”l(t) o g l oaT :
S se t{ [—2@+ lealdn + ) " Au + lcale”™ D By

j=1 j=1

+afe"(1+c2)+1+ |cn|]:|Xﬁ(t)

! ao*

E n Fn' (0708
+ (1 + |Cn|) Z(unj + 1— /€ pu )Xz(t) (1 + |C”|) - (V"j + 1i )sz(t)

J=1 J=

! !
+ [—2@+ lcaldn + Y A%+ cale®™ > By

Jj=1 Jj=1

+afe"(1+c2)+1+ |Cn|]:|Ynz(t)}

l -
dn " dn
= eat E {[—27 + |C l| +Anj + |Cn|eaTan

+ %[e‘"(l +cp) +1+ el + 6*]X5(t)

* *

)Xz(t) (1+|cn|)<vn,+ i )Yﬁ(t)

E,
+(1+ |cn|)(LI,,, o /e
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dVl |Cn| * T %
+ 2=+ dy, + A, +|cn|e°‘ B,
l l
+ %[e‘”(l + cfl) +1+ |cn|] + 5*] Yf(t) - 5*[)(2(1:) + Yf(t)] } (34)

By using (/7) and (hg), from (34), we obtain

! d:
an(t) S eott Z{ |:27} — @d _Al” |Cj|€arBl’n

21+ )+ 1+ [el] - 5*])(/,2@)

l
d" |Cn|— T
|: T i d An] |Cn|e an

o
- 7[e‘”(l +c2) +1+]cul] - 5*} Y (2)
dy
[27 - —lcl’“'d — A%~ leale B,

o
/

[e‘”(l + cf,) +1+ |c,,|] - 8*] Yf(t)} - 8*[X5(t) + Yf(t)]}. (35)

Letting e, = 1 (1 7)), e = 0, 1 = j, Gy(X2(0),X2(®) = 2% — UG - 4}, - ge By, -

e (1 +c2) + 1+ |eal] = 8*1XF(2) - [2 ”’; el d, — Ay — |cale®™Byy — %[e**(1 + c2) + 1 +
leal] = 8*1X2(2) and p, (X2(0)) = [2% - lld, — A, - e "By = §1e7(1+6}) + 1+ o] -
SIX5(); by =1 (n#)), by = 0, m=j, Gy(Y(0), YP(t) = [2— - ‘”—’d’—A,*na lcjle*™ B}, —

[‘”(1+c)+1+|c,,|]—8*]Y2(t) [d—”——”d — A} —lcqle" By, — T le* 1+ + 1+ el -

§*1Y2(¢) and pi(Y2(2) = [ 2 = lald, - A% — lcale®™ By — 41" (1 + 2) + 1+ |eu]] - 8]V (0),
then we have from (35)

l

av, )
dt(t) <1 eyGy(X2(8), X2 (D))
j=1
)
+ ZbZ,GZ, (Y20, Y20) = > 8" [X0) + Y2 (0] ¢ (36)
j=1
Gui (X5, X7(0) = p (X7 (®)) - pu(X5(2)), (37)

and

Gy (Y2 7(0) = (7(0) - (V300). o
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From (36)—(38), using the same proofs as those of (7)—(17), we have

! l
dV(t) < 33 (et s 120 + 20]) <0

n=1 j=1

The rest of the proof is similar to that of the corresponding part in global exponential
stability in [1] and it is omitted.

When ¢, =0, system (1) and system (2) reduce, respectively, to the following complex-
valued neural networks with time delays and real-valued neural networks with time delays:

!
2,(8) = ~du()za(t) + D _ by()F;(2(2))

j=1
+ Z e ()Gj(zi(t — T (D)) + Pu(t) (39)
and
U, (¢
% d,,(t)u,(t) Zb u, (®), vt an] 7 V,(t))
!
+ Z e (OGF (ul, Vi) = > el ()Gl (ul,v!) + PR(p),
1
: l (40)
d[v,(t
: dt( Vo aomin be;F{ wi(0),vi()) + Y bl FF ((), v;(0))
j=1 j=1
!
+ YN (G (i, Z el (O)GF (ul, v}) + P ().
j=1
From Theorem 4.1, we can obtain the following corollary. d

Corollary 1 Assume that (hy) and (hy) hold. Further assume that

(ho)
E; 24
tj + l-0 <T_ &
(110)
Iﬂﬂ 25%1 *
LCv + i—:i; < —7—'—-f%h.

Then system (39) or system (40) has an w-periodic solution which is globally exponentially
stable.

Remark?2 In[2,14,15], and [16], the existence and global exponential/asymptotic stability
of periodic solutions for complex-valued neural networks have been obtained by using
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coincidence degree theory, LMI method, and Lypunov functional method. In our paper,
by combining graph theory with coincidence degree theory to study periodic solutions,
we establish new sufficient conditions to guarantee the existence and global exponential
stability of periodic solutions for complex-valued neural networks. Hence, a new study
method of periodic solutions for neural networks is introduced in our paper.

Remark 3 In [1], the activation functions were assumed to be bounded, but in our paper,
the activation functions are not bounded; hence, our results of exponential stability of pe-
riodic solutions for complex-valued neural networks of neutral type are less conservative
than those obtained in [1].

Remark 4 Up to now, the results of exponential stability of periodic solutions for neural
networks with time delays have not been published by means of graph theory. Hence, our
work to study periodic solutions of neural networks by applying graph theory are novel
in comparison to those obtained by using only coincidence degree theory or fixed point
theorems.

Remark 5 So far, coincidence degree theory has been widely applied to investigate the ex-
istence of periodic solutions for neural networks. In recent years, combination of graph
theory with coincidence degree theory has been applied to studying the existence of peri-
odic solutions for coupled networks [31-35]. Recently, we have established some sufficient
conditions for the existence and global stability of periodic solutions for neural networks
by combining coincidence degree theory with Lyapunov functional method [14, 15, 37].
However, the results on the existence and global stability of periodic solutions for neural
networks have not been obtained by combining coincidence degree theory with graph the-
ory as well as Lyapunov functional method. Hence, our results on the existence and global
exponential stability of periodic solutions for neural networks by using graph theory are
novel and complementary to the existing papers.

Remark 6 So far, the existence result of periodic solutions has been different from that of
global exponential/asymptotic stability for dynamical systems and differential equations
by using coincidence degree theory or fixed point theorems in the existing papers. In our
paper, by combining coincidence degree theory with graph theory as well as Lyapunov
functional method, by constructing the same Lyapunov functionals in the proofs of the
existence of periodic solutions and global exponential stability of periodic solutions, we
can obtain novel identical sufficient conditions for the existence of periodic solutions and
global exponential stability of periodic solutions. Hence, our study method of periodic
solutions is new and our result of global exponential stability for neural networks is concise
and easy to verify.

5 Numerical examples
In this section, we give an example for showing our results.

Example 1 We consider the neutral-type system (2) with the following parameters:
n=1,2¢,=-01,1=2,d,(t) = 10+0.5sin5¢, bj(t) = bl (t) = ey;(t) = e,,,(£) = PX(¢) = PL(t) =
0.01 + 0.09sin 5¢, 7,i(£) = 0.1(2 + sin 5¢), F]R(u/(t), vi(t)) = Fjl(uj(t),v,(t)) = Gf(uj(t),vj(t)) =
0.01]u;(£)| + 0.01]v;(2)I, Gjl.(uj(t), vj(£)) = 0.01|u;(¢)| + 0.01]v;(¢)|. Then, in Theorem 4.1,
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Figure 1 Global exponential stability of periodic solutions in Example 1

¢y ==-01,n=1,21=2d=105d=95b} =B, =k =, =01, F =L = k¥ = k] =
qr =g, =pX=p/=001,0 =0.1,0*=0.1.

Since the activation functions in [1] are bounded, while the activation functions in Ex-
ample 1 are not bounded, hence the global exponential stability of periodic solutions for
Example 1 cannot be verified by the result in [1].

It is easy to verify that

E,
(1+ leal) (un,» 7 d ) =1.1(0.004 + 0.0044) = 0.00924,
— 0
24 gl
- - Td,» — Aj, — |¢j|Bjy = 9.5 — 0.525 — 0.008 — 0.0008 = 8.9662,
Ey
(L+leal) Vi + : = 1.1(0.004 + 0.0044) = 0.00924,
-0
Zﬂ |C/| -5 * *
- Td’ - A, - |gj|B;, = 9.5 - 0.525 - 0.008 — 0.0008 = 8.9662.
Hence

E. 2d; || —
(1+ |c,,|)<LInj *1 _"/0> <—=—-Ld;—Aj —|cj|Bju,

E,; 2d; lgl— i
(1+ |cn|)<vnj +7 _’0> <5 - —~d; - A}, - || By,

Page 21 of 23
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Namely (%3) and (/4) in Theorem 4.1 are satisfied. Thus all the conditions in Theorem 4.1
are satisfied; therefore, by Theorem 4.1, system (2) in Example 1 has a unique 2?” periodic
solution which is globally exponentially stable.

The global exponential stability of periodic solutions of the neutral-type complex-valued

neural networks in Example 1 is shown in Fig. 1.

6 Conclusion

By combining graph theory with coincidence degree theory as well as Lyapunov functional
method, by constructing the same Lyapunov functionals in the proofs of the existence of
periodic solutions and global exponential stability of periodic solutions, novel identical
sufficient conditions on the existence of periodic solutions and global exponential stability
of periodic solutions for neutral-type complex-valued neural networks are established.
In our results, the assumption on the boundedness for the activation functions in [1] is
removed and the inequality conditions in [1] are replaced with new inequalities. Hence,
our results are less conservative than those obtained in [1] and easy to verify. In near future,

we will study nonlinear control of delayed systems [19, 20].
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