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Abstract

In this paper, by using the Dubovitskii-Milyutin theorem, we consider a differential
inclusions problem with fractional-time derivative with nonsingular Mittag-Leffler
kernel in Hilbert spaces. The Atangana-Baleanu fractional derivative of order ¢ in the
sense of Caputo with respect to time t, is considered. Existence and uniqueness of
solution are proved by means of the Lions—Stampacchia theorem. The existence of
solution is obtained for all values of the fractional parameter « € (0, 1). Moreover, by
applying control theory to the fractional differential inclusions problem, we obtain an
optimality system which has also a unique solution. The controllability of the
fractional Dirichlet problem is studied. Some examples are analyzed in detail.
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1 Introduction
Fractional calculus was proposed independently by Newton and Leibniz. The theory
of a non-integer order operators (integral and differential) was initiated in 1695. Ever
since that time, several definitions of integral and differential operators have been sug-
gested: Riemann-Liouville derivative and integral, Caputo derivative, Hadamard integral,
Erdélyi—Kober fractional derivative and integral, Grunwald-Letnikov derivative, left and
right Chen integrals.

In (2015), Caputo and Fabrizio [30] proposed a new definition of fractional derivatives:

cFpp f) - D) & f p[ = (x—yﬂfm d,

1-adt l-«

valid for 0 < « < 1, with B(«r) being a normalization function satisfying B(0) = B(1) = 1. The
basic challenge they were addressing was whether it is possible to construct another type
of fractional operator which has nonsingular kernel and which can better describe in some
cases the dynamics of nonlocal phenomena. The Caputo—Fabrizio definition has already
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found applications in areas such as diffusion modeling [39] and mass-spring-damper sys-
tems [8].

However, some issues were pointed out against both derivatives, including one in the
Caputo sense and one in the Riemann-Liouville sense. As Sheikh [48] pointed out, the CF
fractional derivative as the kernel in integral was nonsingular but was still nonlocal. Some
researchers also concluded that the operator was not a derivative with fractional order but
a filter with fractional parameter. The fractional parameter can then be viewed as a filter
regulator. To overcome the above drawbacks, Yang et al. [52] proposed a new fractional
derivative involving the normalized sinc function without singular kernel.

Atangana and Baleanu introduced a new operator with fractional order based upon the
generalized Mittag—Leffler function (see [1, 2, 10, 19-34, 40—45, 51] and the references
therein). Their operators have all the benefits of that of the CF derivative in addition to
the kernel being nonlocal and nonsingular. The nonlocality of the kernel gives better de-
scription of the memory within the structure with different scale.

Here we shall mostly be considering a more recently developed definition for fractional
differintegrals due to [10]. This new type of calculus addresses the same underlying chal-
lenge as that of Caputo and Fabrizio, but it uses a kernel which is nonlocal as well as non-

singular, namely the Mittag—Leftler function:

ABRDE f(£) = f‘_—“j{% / f(®)E, (%u - x)“) dx,

weps (o = 2 / FWE. (%u - x)“) .

In this way we are able to describe a different type of dynamics of nonlocal complex sys-
tems. In fact the classical fractional calculus and the one corresponding to the Mittag—
Leffler nonsingular kernel complement each other in the attempt to better describe the
hidden aspects of nonlocal dynamical systems. Fractional calculus based on the nonsin-
gular Mittag—Leffler kernel is more easily used from the numerical viewpoint, and this has
been studied for example in [31].

We note that the Mittag—Leffler function is already known to be highly useful in frac-
tional calculus [46]. Applications of the new AB formula have been explored in fields as
diverse as chaos theory [9], heat transfer [10], and variational problems [2]. Furthermore,
it is natural to address the same questions about the fractional integrator and applications
of these new operators in the theory of control and related fractional variational Euler—
Lagrange and Hamilton equations (see [1, 31, 36—38]). Besides, we expect to obtain some
new terms in all generalized formulae from the classical fractional calculus, and this aspect
will be important for the related applications.

Some basic properties of the new AB differintegrals have already been proved in several
recent papers: for example, the original paper [10] established the formulae for Laplace
transforms of AB differintegrals and some Lipschitz-type inequalities; the paper [2] con-
sidered integration by parts identities and Euler—Lagrange equations; and the paper [31]
established, using Laplace transforms, analogues of the Newton—Leibniz formula for the
integral of a derivative. However, much of the ground-level theory of this new model of
fractional calculus has not yet been fully developed, and this paper aims to add to this
basic theory by establishing new fundamental results in the field.
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The theory of differential inclusions has recently been an object of increasing interest
because of its wide applicability in physics, in biology, and in engineering fields. In fact,
classical differential equations cannot be used to describe processes which at certain mo-
ments change their state rapidly. Therefore, inclusions differential equations seems to be
an appropriate model to describe inclusions problems. Several articles have studied the
existence of mild solutions and controllability problems for various types of integers (see
[19-32, 34] and the references therein).

In this work, using the fractional-time derivative with the nonsingular Mittag—Leffler
kernel [10], we obtain the existence and uniqueness results for a variational fractional dif-
ferential system in a bounded domain for all the values « € (0,1) in the following form.

Let  be an open and bounded subset of R? (d > 1), with sufficiently smooth boundary
0Q. Given a € (0,1), a well-behaved function f € L2(0, T; H~}(R2)), and initial data y, €
H} (), we seek

y € L*(0, T; Hy(Q)) N C([0, T1;L*(R)) N W2([0, T, H(R2))

such that
ABEDYy(t) — Ay(t) + 3¢ (y(2)) 5 £(8), ae.t€]0, T, (1.1)
y(x,0) =59, x€K, (1.2)
yx,t)=0, xeTl,te(0,T), (1.3)

where ABSD‘;‘ y(¢) for o € (0, 1) is the Atangana—Baleanu fractional times derivatives in the
Caputo sense which are formally defined in Sect. 2.

In the cases of single and multiple fractional time classical Caputo and Riemann—
Liouville derivatives, similar problems to (1.1) have been already studied. In [7], Ahmad
and Ntouyas study the existence of solutions for fractional differential inclusions with
four-point nonlocal Riemann-Liouville type integral boundary conditions. In [16] the
classical control theory has been applied to a fractional inclusions problems in a bounded
domain of type (1.1)—(1.3), where the classical Riemann-Liouville fractional derivative
with respect to time was considered. In [32], Djida et al. study the optimal control of dif-
fusion equation with fractional time derivative with nonlocal and nonsingular Mittag—
Leffler kernel. In [37], Gomez—Aguilar study the space—time fractional diffusion equation
using a derivative with nonsingular and regular kernel. In [28, 29], Barbu studies the nec-
essary conditions for distributed non-fractional control problems governed by parabolic
variational inequalities. In [34], Friedman studies the optimal control for non-fractional
variational inequalities. These equations have been solved numerically by using different
approaches (see, e.g., [6, 31] and the references therein).

Although for the Caputo fractional derivative there exist a large and rapidly growing
number of publications (see [12, 16]) according to authors’ knowledge, we would like to
emphasize here the existence and uniqueness of solutions for the fractional inclusions
problems of type (1.1)—(1.3), when the classical Caputo fractional-time derivative is not
considered for «(1/2,1).

Furthermore, as far as the optimal control of problem (1.1)-(1.3) is concerned, one can
refer to the methods of the Lagrange multiplier technique for the classical Caputo and
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Riemann-Liouville fractional time derivative presented by different authors (see, e.g., [1—-
19, 26] and the references therein).

Making use of the Dubovitskii—-Milyutin theorem [35], following in [43], Kotarski con-
sidered an optimization problem for a parabolic system where the state of the equation
was given by scalar case (one equation), and he obtained necessary and sufficient con-
ditions for optimality by applying the classical Dubovitskii—Milyutin theorem [35]. The
performance index was more general than the quadratic one and had an integral form.
The set representing the constraints on the controls was assumed to have a nonempty in-
terior. This assumption can be easily removed if we apply the generalized version of the
Dubovitskii—Milyutin theorem [50] instead of the classical one [35] (as the approximation
of the set of controls, the regular tangent cone is used instead of the regular admissible
cone).

The optimal control problems and calculus of variation for variational equality with frac-
tional time derivative with nonlocal and nonsingular Mittag—Leftler kernel are studied in
many papers (see, for example, [1, 2, 10, 11, 21] and the references therein).

Here we study the optimal control problem for variational inequality with fractional
time derivative with nonlocal and nonsingular Mittag—Leffler kernel. We are interested in

finding the control u € L?(Q) that minimizes the cost function
I(u) = / F(x,t,y,u)dxdt
Q

subject to problem (1.1)—(1.3), where F:  x (0, T) x Q x Q — R! satisfies the following
conditions:
(A1) F(x,t,y,u) is continuous with respect to (x, ¢, y, u);
(A2) There exist Fy(x, t,y, u), F,(x,t,y, u) which are continuous with respect to (x,t,y, u);
(A3) F(x,t,y,u) is strictly convex with respect to the pair (y,u), i.e, ¥y',9%,ul, u? € Q,
o ub) # (% u?), £ €(0,1).

F(x, teyt + (1 —e)yeut + (1 - e)uz) <&F(x, t,yl,ul) +(1- S)F(x, Ly, uz).

In other words, we are interested in finding the control parameter #° € L2(Q) such that

the functional

I(u®) = inf I
() = Jnf 1O)

holds true.

This manuscript is structured as follows: In Sect. 2 we collect notation, definitions, and
preliminary results regarding the solution representation, and we compute the integra-
tion by parts involving the Atangana—Baleanu fractional-time derivative. Consequently,
the weak formulation of (1.1)—(1.3) is obtained. Section 3 is dedicated to the sketch of
proof of the existence and uniqueness of solution of the weak formulation problem. More
precisely, we prove Theorem 3.2 as well as some corollaries. Moreover, Sect. 4 is devoted

to an optimal control problem for differential inclusion problem (1.1)—(1.3).
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2 Preliminaries
In this section, we give some notations on the functional spaces, useful properties on the
Mittag—Leftler function and the fractional time derivatives, regularity results for the frac-
tional variational inequalities with nonsingular Mittag—Leffler kernel (1.1)—(1.3).

Let L2(Q) be the usual Hilbert space equipped with the scalar product (-, -), and H"(S2),
H['($2) denote the usual Sobolev spaces.

We first start by recalling the Mittag—Leffler function E, g(z) (see [42, 47]) which will be
used extensively throughout this work and is defined below:

o) Zk i Zk
E© = Tay E @ Eld ) ey

Ey1(z) =E,(z), z€C,R(x)>0,

where I'(-) denotes the gamma function defined as
I'(z) =/ letdt, R(z)>0.
0

The Mittag—Leffler function is a two-parameter family of entire functions of z. The expo-

nential function is a particular case of the Mittag—Leffler function, namely

-1 sinh \/z
Eii(2) = ¢, E»1(z) = cosh/z, Ei(2) = , Eyy(2) = \/_,
z Vz

% k
Ej 4(z) = Z F(()\—)kz—, 2,8, € C,R(a) >0,

where (and throughout this investigation) (1)x denotes the familiar Pochhammer symbol
or the shifted factorial. Furthermore, we recall the following lemma from [42].

Lemma 2.1 Let «, 8 € C such that R(a) > 0 and R(B) > 0. Then we have that

d 1
(d—>an5(Z) =— [(1 +a— ,B)Ea,,g(z) + Ea,,,g_l(z)], zeC. (2.1)
z o
Let us recall some useful definitions of fractional derivatives in the sense of Atangana—
Baleanu [10].

Definition 2.1 ([31, 32]) For a given function u € H'(a,T), T > a, a € (0,1), the
Atangana—Baleanu fractional derivative (AB derivative) of u of order « in the Caputo
sense ABCDYy(¢) (where A denotes Atangana, B denotes Baleanu, and C denotes Caputo

type) with base point 4 is defined at a point ¢ € (4, T) by

ABgD’;‘u(t) = % /t u'(s)E, [—y(t - s)"‘] ds (left ABCD), (2.2)
where
o«
T
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E, () stands for the Mittag—Leffler function, and with B(«) being a normalization function
satisfying

Bla)=(1-a)+ ——, where B(0)=B(1) =1,
')

and in the Riemann-Liouville sense with

_ B0 d

ABR pr
D%u(t
oLy ut) l-adt

/t u(s)E, [—y(t - s)"‘] ds (left ABRD). (2.3)

For @ = 1 in (2.3) we consider the usual classical derivative ;.
The associated left AB fractional integral 1% u(¢) is also defined as

AB o _ o o ! el
i u(t) = B@) u(t) + B@T @) /a u(s)(t—s)*"ds (left ABI). (2.4)

Notice that if « = 0 in (2.4) we recover the initial function and if « = 1 in (2.4) we con-
sider the usual ordinary integral. Some recent results and properties concerning this oper-
ator can be found in [1] and papers therein. In addition, we recall the following definition
from [1].

Definition 2.2 For a given function u € H(a, T), T > t > a, the right Atangana—Baleanu
fractional derivative of u of order « in the Caputo sense with base point T is defined at a
point ¢ € (a, T) by

ABC na B((X) T / o .
7Dg(t) = 1 o g (S)E, [—y(s —1) ] ds (right ABCD), (2.5)

and in the Riemann-Liouville sense with

Ba) d

ABR pyo
Dg(t) = —
rDig() l-oadt

T
/ g(s)E, [—y(s - t)"‘] ds (right ABRD). (2.6)

The associated right AB fractional integral *B1%u(¢) is also defined as

1l-«
Ba) "

A o ’
f];fu(t) = (t) + B@r@) /t u(s)(s—t)*'ds (right ABI). (2.7)

Next we state the following proposition which gives integration by parts (see [1]).

Proposition 2.2 (Integration by parts, see [1]) Leta >0,p>1,q> 1, and 1% + % <l+a
(p #1 and q #1 in the case 117 + %1 =1+ ). Then, for any ¢(x) € LP(a,b), ¥ (x) € L(a, b), we
have

b b
f P I x) dlx = f V) I () i, 2.8)

b b
/ P I Y e) e = / V) I b () dx 2.9)
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ifp(x) € AfIZ‘ (L?) and v (x) € AuBIf‘ (LT), then

/ () PR DE Y (x) dx = / (PR DE G () dx, (2.10)
B(«) b

/ ) PSDE Y (x) dx = / ¥ (x)APRDY ¢ (x Jdx+ 7 w() o b¢(t) (2.11)
ABC no ABR no B( ) 1 b

/ S PCDEY () dx = / V@D - DY OEL, o 0] (212

where the left generalized fractional integral operator
v, me(t) = / (t—1)"* 1E [w(t — t)”]x(t)dr, t>a,
and the right generalized fractional integral operator
b
ES L op¥(t) = /; (r - t)“‘lE;‘j,M [a)(t - t)”]x(r)dt, t<b.

We recall some useful relations of the Laplace transform (L[-]) of the generalized
Mittag—Leffler function (see [42, 47]):

L[]s) = F(;‘;jl Y (R@)>-1R( >0), (2.13)
L[tP7E, 5(1t%)](s) = Szai ( ), (2.14)
L[f(6) +g(®)](s) = LIF(0)](5).L[g(®)] (s)- (2.15)

The following lemma gives estimates of the behavior of the Mittag—Leffler function in
the complex plane (see [47]).

Lemma 2.3 Let 8 be an arbitrary real number, a € (0,2), and w is such that ** < u <
min(r, o). There exists a positive constant C > 0 such that

|Eot,ﬂ (Z)| =

C
, < |arg(z)| < 7. (2.16)
1+ |z

Next we state the following proposition which gives the fractional Green’s formula that
will be used in our analysis.

Proposition 2.4 (Fractional Green’s formula, see [31]) Let 0 <o < 1. Then, for any ¢,y €
C>(Q), we have

T
/ /(ABgDity(x’ t) - Ay(x, t))qb(x, t)dxdt

T 8y
—dth ¢—dI' dt
y
s OV o Jag Ov

T
* % /g‘f’(x’ D fo Y OEaa[~y (T ~ 1) ] dt dx
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Ba)
-«

T
/ / y(x, O)Ea,a [—yta]d)(x, t) dtdx
aJo
T
+ / / y(x, £) (-ABEDYp(x, £) — Ad(w, t)) dx dit. (2.17)
0 Ja
We also introduce the Hilbert space
W(0,T):={y:y € L*(0, T; Hy(Q)), DY y(t) € L*(0, T; H™'(R)) },

in which a solution of a fractional differential system is contained. The spaces considered
in this paper are assumed to be real.

2.1 Definitions of cones and Lyusternik theorem
Milyutin—Dubovitskii’s method [49, 50] arises from the geometric from the Hahn—Banach
theorem (theorem about separation of convex sets). It will be shown in the example.

Let us assume that E is a linear topological space, locally convex, I(x) is a functional
defined on E, A;, i = 1,2,...,n, are sets in E with inner points which represent inequality
constraints, B is a set in E without inner points representing equality constraints.

We must find some conditions necessary for a local minimum of the functional /(x) on
the set Q = (.., A; N B or find a point xy € E so that I(xo) = minguy I(x), where U means
certain neighborhood of the point xy. We define the set

Ag = {x:1(x) < I(x)}.

Then we formulate the necessary condition of optimality as follows: in the neighborhood
of the local minimum point, the intersection of the class of sets (the set on which the
functional attains smaller values than I(x), and the sets representing constraints) is empty
or(_,AiNB=¢.

The condition (), A; N B = ¢ is also equivalent to the one in which, instead of sets A;, i =
1,2,...,n, or B, there are approximations of A;, i = 1,2,..., n, and B. These approximations
are cones with the vertices at a point {0}.

We shall approximate the inequality constraints by the regular admissible cones
RAC(A;,x0),i=1,2,...,n, the equality constraints by the regular tangent cone RTC(B, xy),
and for the performance functional, we shall construct the regular improvement cone
RFC(Z, xg).

Then we have the necessary condition of the optimality /(x) on the set Q = (; A; N B
that has the form of Euler—Lagrange’s equation

n+l

> fi=o.
i=0

where f; (i =0,1,...,n + 1) are the linear, continuous functionals; all of them are not equal
to zero at the same time, and they belong to the adjoint cones

fie [RACALx0)]", i=1,2,...,n,  fu1€[RTCB,x0)]",  fo € [RFCU;x0)]",

{fi € [RAC(A1,%0)]" < fi(x) = 0 Vx € RAC(A;,%0),i = 1,2,..., 1.
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For the convex problem, i.e., the problem in which the constraints are convex sets and
the performance functional is convex, the Euler—Lagrange equation is the necessary and
sufficient condition of optimality, provided that certain additional assumptions are ful-
filled (the so-called Slater condition).

At first we recall definitions of conical approximations and cones of the same sense or
of the opposite sense. Let A be a set contained in a Banach space X and F: X — R be a

given functional.

Definition 2.3 (see [43, 50]) A set TC(4,x°) := {h € X :3ep > 0,Ve € (0,€p),Ir(e) € X;4° +
€h +r(e) € A}, where @ — 0 as e — 0 is called the tangent cone to the set A at the point
20 e A.

Definition 2.4 (see [43, 50]) A set AC(A4,4°) := {h € X : Jeo > 0,3U(h), Ve € (0,¢0),Vh €
U(h);x° + eh € A}, where U(h) is a neighborhood of 4, is called the admissible cone to the
set A at the point x° € A.

Definition 2.5 (see [43, 50]) A set FC(F,4°) := {h € X : 3¢y > 0,3U(h), Ve € (0,¢),Vh €
U(h); F(x° + €h) < F(x°)}, is called the cone of decrease of the functional F at the point
2 eX.

Definition 2.6 (see [43, 50]) A set NC(F,x°) := {h € X : 3¢y > 0,IU(h), Ve € (0,¢),Vh €
U(h); F(x° + €h) < F(x°)}, is called the cone of nonincrease of the functional F at the point
2 eX.

All the cones defined above are cones with vertices at the origin. The cones AC(4,x°),
FC(F,x°), and NC(F,x°) are open, while the cone TC(A,x°) is closed. If intA # @, then
AC(4, x°) does not exist. Moreover, if A;,...,A, € X, x% ﬂ;’zl A;, then

ﬁ TC(A;%") D TC (ﬂ Ai,xo) and ﬂ AC(A;2°) = AC (ﬁAi,xo) .

i=1 i=1 i=1 i=1

If the cones TC(4, x%), AC(A, x°), FC(F,x°), and NC(F, x°) are convex, then they are called
regular cones and we denote them by RTC(4, x°), RAC(4,x°), RFC(F, x°), and RNC(F, x°),
respectively.

Let C;,i=1,...,n, be asystem of cones and By be a ball with center 0 and radius M >0
in the space X.

Definition 2.7 (see [43, 50]) The cones C;, i = 1,...,n, are of the same sense if VM > 0,
HMl,,..,Mz > 0 so that Vx € BM N Z:’:I CL', X = Z:’zlxi, X; € Cl', i=1,...,n, we have X; €
By, NC;,i=1,...,n (orequivalently the inequality ||x|| < M implies the inequalities ||x;|| <
M, i=1,...,n).

Definition 2.8 (see [43, 50]) The cones C;, i = 1,...,n, are of the opposite sense if
3(x1,..,%4) #(0,...,0), %, € C;i=1,...,m,s0that 0= > " | x;.

Remark 2.5 (see [43, 50]) From Definitions 2.6 and 2.7 it follows that the set of cones of
the same sense is disjoint with the set of cones of the opposite sense. If a certain subsystem
of cones is of the opposite sense, then the whole system is also of the opposite sense.
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In finite dimensional spaces only the cones of the two types mentioned above may exist,
while in arbitrary infinite dimensional normed spaces the situation is more complicated

as shown in the example below.

Example 2.1 (see [43, 50]) In the space C'[0, 1] we take the norm ||x|| := ,/fol x2(t) dt and
define the functional A(x) := %x(t)l .1 =t r € R. That functional is linear and bounded

2
(in fact, for the sequence x,(f) = % sin 2 nt, we have |lx,| = ﬁ — 0, while A(x,) =

27 /ncosmn = 27w /n(-1)" 4 0). Further, we define C; := cl{(x,r);r = A(x)}, C; := {®} xR
closed and convex cones in E := L%(0,1) x R with the norm ||(x,7) ||z := max{||x||, |r|}. The
cones C; and C; are not of the same sense. To prove this, we take v = (x1,r1) € Cy,
vy = (O, ) € Cy, and an arbitrary constant M > 0.

If

V1 + valle = max{[|x1 [, |11 + 72l } <M,
then the following inequalities
lville <M, lvalle < M>

generally do not hold with some M;, M, > 0. Actually, since A is an unbounded functional,
then there exists M; > 0 so that |r;| = |A(x;)| > M;. Further fix M < M. Then M > |r; +
rao| > |ri| = 12| > My — |13 and finally ||vy||g = My — M =: M, > 0, which contradicts the
same sense of the cones C; and C, are also not of the opposite sense.

In [49, 50] the conditions, under which a system of cones is of the same sense, are given.

Definition 2.9 (see [43, 50]) Let K be a cone in X. The adjoint cone K* of K is defined as
K*:={f e X*;f(x) >0Vx € K},
where X* denotes the dual space of X.

Definition 2.10 (see [43, 50]) Let Qbeasetin X, x° € Q. A functional f € X* is said to be
a support functional to the set Q at x° if f(x) > f(x°) Vx € Q.

Lemma 2.6 (Tangent directions, see [35]) The theorem of Lyusternik proved below is a
powerful tool for the calculation of tangent directions. Before proceeding to a statement
of the theorem, we recall the definition of a differentiable operator. Let E;, E; be Banach
spaces, P(x) be an operator (generally nonlinear) with domain in E; and range in E,. Then
P(x) is said to be differentiable at a point x € E; if there exists a continuous linear operator
A mapping E, into E, such that, for all h € E;,

P(xo + h) = P(xo) + Ah + r(xo, h),
where ||r(xo, h)|| = O(||k|]), The operator A is called the Fréchet derivative of the operator

P(x) and often denoted by A = P'(xy). It is clear that if E; = R! (i.e., P(x) is a functional),
this definition coincides with the derivative of a functional. The derivative of an operator
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possesses the usual properties of derivatives (rules for differentiation of sums, composite
functions, etc.). The derivative of a continuous linear operator coincides with the operator.

Theorem 2.7 (Lyusternik theorem, see [35]) Let P(x) be an operator mapping E; into
E,, differentiable in a neighborhood of a point xo, P(xo) = 0. Let P'(x) be continuous in
a neighborhood of xy, and suppose that P'(xo) maps E; onto E, (i.e., the linear equation
P'(xo)h = b has a solution h for any b € E,). Then the set of tangent directions K to the set
Q = {x: P(x) = 0} at the point x is the subspace K = {h : P'(xo)h = 0}.

The proof of this theorem (which is by no means trivial) may be found in [35].

2.2 Generalized Dubovitskii-Milyutin theorem
Let X be a Banach space, Qx C X, intQx #%, k = 1,...,p, represent inequality constraints,
Qc CX,intQx =9, k=p+1,...,n represent equality constraints, [; :=X — R,i=1,...,s,
are given functionals I = (Iy,...,I;)7, i.e., I : X — R® is a vector performance index. We are
interested in the following problem (see [43, 50]).

Problem (P): Find «° € Q such that

min  I(x) = I(x°),
xeQNU(x9) ( ) ( )

where Q = (., Q« and U(x°) is some neighborhood of x°.
If we define equality constraints in the operator form

Q= {x € X : Fi(x) :0},

where Fj : X — Y are given operators, Yj are Banach spaces, k =p + 1,...,n, then we
obtain Problem (P1) instead of Problem (P).

Definition 2.11 (see [43, 50]) A point x° € X is called global (local) optimal for Prob-
lem (P) or (P1) if 2% € Q and there is no x° #x € Q (Q N U(x°)) with I;(x) < I(x°) for
i=1,...,s, with strict inequality for at least one i, 1 <i <s.

Theorem 2.8 (Generalized Dubovitskii—Milyutin theorem, see [43, 50]) We assume for
problem (P) that:
(i) theconesK;,i=1,...,s,D;,j=1,...,s, Cx, k=1,...,p, are open and convex;
(ii) the cones Cy, k=p+1,...,n, are convex and closed;
(iii) the cone C = (V_pu

(iv) the cones Cf, k=p+1,...,n, are either of the same sense or of the opposite sense,

C is contained in the cone tangent to the set [_,,; Qk;

(v) «° € Q is a local optimum for problem (P),
then the following “s” equations (the so-called Euler—Lagrange equations) must hold:

n

fi+ Zj;(i)+2<pl(j):0, i=1,2,...,s,

j=1,j#i k=1

where f; € Ki*,];(i) IS D;‘,j =1,...,8]#i <p,(f) € C, k =1,...,n, with not all functionals equal
to zero simultaneously.
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Cases=1

Problems (P) and (P1) for s = 1 convert to scalar ones. For them we have the following.

Theorem 2.9 (see [43, 50]) Let us assume for Problem (P) that:
i) s=1
(if) I:X — R is convex and continuous;
(i) Qx, k=1,...,n are convex;
(iv) there exists x so that x € ((;_, int Q) N (ﬂZ:erl int Qg);
(v) RTC(NVL 11 Qo) = iy RTC(Qe x°);
(vi) the cones [RTC(Qy,x°)1*, k = p + 1,...,n, are either of the same sense or of the
opposite sense,

then x° is a global optimum for Problem (P) if and only if the Euler—Lagrange equation

n
fi+) =0
k=1

holds, where f € [RFC(I,x°)]*, ¢r € [RAC(Qr, x%)]*, k = 1,...,p, and ¢ € [RAC(Qx,x°)]%,

k=p+1,...,n, and the functionals are not simultaneously equal to zero.

Using Milyutin—Dubovitskii’s theorem, we shall derive the necessary conditions of op-

timality for differential inclusions with Mittag—Leffler kernel.

3 Fractional problem for differential inclusions with Mittag-Leffler kernel
For yo € H}(2) and f € L*(0, T; H1(R2)), let us consider the fractional variational inequal-
ities: Find y(¢) € W(0, T) such that

ABC D) — Ay(t) + 9 (y() 2.£(t), ae. te]o,T], (3.1)
y(x’ 0) = Yo, X€ Q, (3.2)
y(x,6)=0, xel,te(0,T), (3.3)

where AB%D‘;’y(t) is the AB fractional derivatives of y : [0, ] — H~1(Q) in the Caputo sense
defined by (2.2).

Definition 3.1 In terms of a subgradient mapping d¢ : H (2) — H1(2), where

Ap(x) = {ge H () 0(x) —o(y) < (g,x—),Vy € H)(Q)}, ifx € D(¢),
0p(x) =0, ifx ¢ D(¢),

where ¢ is a lower semicontinuous convex function ¢ : H(2) — (—00, +00] and
D(¢) = {x e Hy(Q);p(x) <00},  D(d¢) = {x € Hy(Q); ¢ (x) # 9},

so that D(d¢) C D(¢).
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Inequality (3.1) can be written as follows:

(ABSDEy(E) — Ay(), y(t) — 2) + $¥(t) - B (2)
< (f(t),y(t) - z), ae. te]0,T[,Vze H&(Q). (3.4)

52
For this operator A = Zle 307’ we define the bilinear form as follows.

Definition 3.2 We define a bilinear form 7 (y, ) on H}(2) by
n(y,¥)= f Vy(x) Vi (x) dx, (3.5)
Q
so that we have 7 (y, ) = (¥, y) Vy, ¥ € HA (), and

7(19) = 1Yl g (3.6)
Then (3.1) can be written as follows:

7 (y(0),9(8) = z) + (ABSDy(2), y(t) - 2) + $(¥(2)) - p(2)
< (f(©),y()-z), ae.te]0,T[,Vze Hy(Q). (3.7)

In the special case when ¢ = I is the indicator function of some closed convex subset K
of H}(R), i.e.,

d()=0 ifyeK, @@ =+00 ify¢K,
the variational inequality (3.1) reduces to

y(t) e K forallte[0,T],

(ABgDi‘y(t) — Ay(2),y(¢t) - z) < (f(t),y(t) - Z), ae. tel0,T[,VzeK,

which can be written as
7 (y(6),5(8) — 2) + (*PGDy(0), ¥(t) — 2) < (F(2),y(t) —2), ae.t€]0,T[,VzeK. (3.9)

Interpretation of problem (3.9). Let ¥ be in D(2 x ]0, oo[); if we formally take y =z + ¢
in (3.9) (this can be justified by a construction), we obtain

(ABSD?y(t)r I/I)LZ(Q) +T (}’(t)’ w)l)(g) = (f(t)) w)LZ(Q)’ Vl// € H(%(Q)J

and since ¥ depends only on x, we observe that (ABgD‘j‘ (@), V)2 = AB%D‘;‘ @), V)2

Therefore, the fractional Cauchy variational problem involving the Atangana—Baleanu
fractional derivative with nonsingular Mittag—Leffler kernel is as follows: Find (), a func-
tion of ]0, T'[, with values in H} () such that

ABEDY (M) ) oy + T (VW) 12y = (FO W) 20 YV € HG(R), (3.10)

y(x,0) =59, x€Q. (3.11)

Page 13 of 26
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Proposition 3.1 Let f; € L*(Q) such that the Atangana—Baleanu fractional derivative ex-

ists. Then the solution of differential equations

ABCD®y(8) + Aiyi(t) = fi(t), ae. t€]0,TI. (3.12)
7i(%,0) =yi0, x€, (3.13)
is given by
e R R R 0]
Yi = CiLo | Vil [Yio y olsJi B(a) i
2 ot
+ g(ii) /0 (t—S)“’lEava[—yi(t—s)"‘lﬂ(s) ds, (3.14)

where the constants y;, ¢;, and k; are given by

Ol)\,‘ B(O[)

"EB@ o) T B l-an)

Iff € HY(Q), then

2 2_2-(1 =
o) = o0) - 54 ﬁ(O)}Ea[—yit“]+[V“¢f ]

ViB(e) vivBla) (3.15)
g - S [ R ne-o] s
Proof We apply the Laplace transform on both sides of equation (3.12)
LI*PEDYyi (0] + ML[yi(O] = L[AD)]. (3.16)

Note that we can rewrite the derivative as the product of convolution of two functions.
Thus, it follows that

( )

L[AEEDEy(1)] = L[E,[-yt*] *yi(®)] = %E[Ea [—ve“]]1L[yi®)]

B(Oé)

ﬁ[ABSD‘:yAt)]‘l—ﬂ[ [y N[sL ] - 710

Equation (3.16) becomes

(P sepiafoyer)) o) elpto] - 22 efefye o el 617

l-«

Using relation (2.15) with 8 = 1, we have

o—1

E[Ea[—yt“] = v
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It follows that

B(a)

l-«

« - SY(Ble) + A1 - ) + A
A A T R ED

_s"+y; Bla)
sty Gl-a)

where the constants y; and ¢; are given by

Ot)\l' B(Oé)

" B A-on) T Bla) s L-a)h)

Then equation (3.17) becomes

@1 34(0) + G(l-a) . s +y

Ly:®)] = G ” Be) w7

L[f®)].

Using (2.15) and applying the inverse Laplace transform, it holds

71 r Sot—l T Y
L _Sa"’]/i_ :Ea[_yit ]’
o] ,ta—l
£t Sas+ ” = tilEa,o[—Vita] = );i(oz) - yitaflEma [—yito‘],
L i
af v ] _
£ | s* +y; | =yt Faa [_Vita]'

By applying the inverse Laplace transform on both sides of (3.18), we observe

. Ll [vici(l-a) , 4 N6 -a)
yi(t) = C;Ea[—%t ]J&(O) + | B@)(@) £+ (Y - n) Bla)

. al. [vici(l-a) , ag?

= GiEq[—yit" ]yi(0) +  B@r@) Tl f() + Bl)

. am _Vifi(l —OI)RL o a§j2

= (iEqy [—J/Lt ]%(0) + _W ol f(@) + B)

To complete the proof of (3.14), we use (2.9).
If f € HY(Q), then by integration by parts, we get that

t“Eqa[-vit"] % f (t)}

T Ego[-vit®] = f (t)].

Page 15 of 26

(3.18)

tailEa,a [_yita]i| *f(t)

/0 (6= ) Eun [-11(t = °1f(5) ds = (6) = F{O) Eu [~yit*] - /o FEa[=yi(t - 5] ds.

This completes the proof of (3.15), we use (2.9).

Therefore, we have the following existence theorem.

O
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Theorem 3.2 Leta € (0,1). Assume f € L*((0, T); L*(2)), yo € L*(R2). Then problem (3.10)
has a unique solution y € L*(0, T; H3()) N C(0, T; L*(R2)) N W(0, T) given by

§i(%,8) = GEo[—vit" Jyio + Vfl [ABI"f () - f (t)]
é'1'2 ! a— o
‘s /0 (£ = 9 Eu [t — 5 ]fi5) s, (3.19)

+00
£)= yilx o,
i=1

where {w;}°, are the orthogonal eigenfunctions corresponding to the eigenvalues {1;}{2) of

the operator (—A). Moreover, y satisfies the bounded conditions

112 00,7:283 (<)) + 19Nl co 2@ < A(”y()”Hé(SZ) + If 20, my22(2)))s (3.20)
where
2 T2 1
A= max{fc fynr( )[1 +T(@)?C?]?,

3TC2 2 T2 2C2 T2
V- a)? \/ 2aA1F(a)2 20323 } }
Proof The proof is divided into two steps. In the first step, assuming the existence of a
solution y, we obtain an explicit formula for y in the form of a series obtained by spec-
tral decomposition of the spaces H3(2) and L*(Q2). In particular, this formula proves the
uniqueness of the solution. In a second step, we show that this series converges in spaces
L?(0, T; H)(2)) and C(0, T; L*(2)).

Step I: Suppose that y € L*(0, T; H} (2)) N C(0, T; L*(R2)). We use the decomposition
method in a Hilbert basis of L2(R2). For this purpose, it is very convenient to choose the
orthogonal basis {w;}?°; of L*(2) composed of eigenfunctions of —A (with zero Dirichlet
condition). The eigenfunctions {w;}7 correspond to the strictly positive real eigenvalues
(A}, ie,

w; € Hé(Q), (Wi, v) = (—Aw;, v) = Ai(wi, V)12 YV E Hé(Q).
We define
yi(t) = (y(f),Wi)Lz(Q)» 9 =0" Wi>Lz(Q), filt) = (f(t),Wi>Lz(Q)
Since y € L*(0, T; H3 (R2)) N C(0, T; L*(R)) and f € L*(0, T; H} (S2)), we deduce that y;(¢) €

C(0,T) and fi(t) € L*(0, T). Using the fact that {w;}?° is an orthogonal basis of L*(2), we

have

y6) =) yie
i=1
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By choosing ¥ = w; in (3.10), we obtain

ABCD"y,(t) +A9:(8) =fi(t), ae.tel0,T],

;(0) :y?, x € Q.

Using Proposition 3.1, the solution of this fractional differential equation takes the form

o ii | AB o 1
70 = GE[ -yt D+ = [A(’?Itﬁ( B(Of)‘f(t)]

ag? [t vl ‘ .
+ B(Ol)/o (t—S) ana[_J/z(t—S) ]fl(S)ds

This ends step one and proves the uniqueness of the solution.
Step 2: We will prove that the series y(£) = Y7 y:(¢)w; converges iny € L*(0, T; H} (2)) N
C(0, T; L%(R2)). Consider the partial sum of order k of this series

k
K= yilt)o.
i=1

Clearly, y(¢) belongs to C(0, T; L*(S2)) since each y;(¢) is continuous. Let us show that
the sequence y*(¢) is a Cauchy sequence in the space C(0, T;L*(R2)). Let p and q be two
natural numbers such that p > ¢, and using the orthogonality of the eigenfunctions, we

have

b
[96) = 59(8) 2 = D 31(8)?

i=q+1

p
< Z (A1 + Ay + A3)?

i=q+1

P
Z (A2 + A2+ A2),
i=q+1

where
Ay = GEo[-vit* ]y}, (3.21)
Az = Vf" [AEIfﬁ(n - ;(_—a?ﬁ(t)} (3:22)
Aa= g / (t = 5" Eua[-1i(t - 91" f(5) ds (3:23)

The objective is to estimate each term A, A;, and As. Using Lemma 2.3,

Ai:é‘iz(E [ ]) |yz |yl| <C2§ !y,\ <C2|yt

| _1+|yt°‘
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2
A= (Vf’ [ABI"f(t) o] = O oy

ot o yz ‘ o— 2
S CSIAO) =P (A0) = s </ =9 1”“)

2 200—1
t / fi(s)ds,
2§i4 t W . 2

. 2
<y? (/0 (¢ =) Eaa[-7i(t = 5)"]fi(s) ds)
T
<y’ /0 (t — )% VEy o[-yi(t — )] fi() ds
T 2
< y2t2a—1/(; Euu [—)/i(t _S)a] ﬁ(s)2 ds

2001 [ c 2 22201 [ pqn2
<yt — ()" ds <y Ct**" “(s)” ds.
<yt [ ds <y | 50

Therefore, by taking the square root and the supremum, we have

» 2
sup [7(6) = (1) 20 < ﬁc(z |y9|2)

te[0,T1] i=q+1
NG L
+W[1+F(a)2C2 (;/ fils)? ds) .

By integrating over ¢ and dividing by T, we get

» 3
sup [7(6) = (1) ) < ﬁc(Z |y9|2)

t€[0,T] i=g+1

2\/_)/T0‘" [1 FO!)2C2 2(2/ f(s)2ds> )

(2a + 1IN () fawe!

—

Asy°® € L2(Q) and f € L2(0, T; L*(2)), we have

1

2

00 % 00 T
Iy ||L2(Sz) = (Z|y?|2> <00, I llz20,7:22(2)) = (Z/O fis)? ds) <oo. (3.24)
i=1

i=1

We deduce that the sequence y* satisfies

lim sup ||yp(t) yqt)”Lz(Q 0, (3.25)

pq—)(XJ

i.e., the sequence y* is Cauchy in C(0, T; L*(2)).
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Let us show that the sequence y is also Cauchy in L2(0, T; H}(R)). For p > q, we have

b
[ =¥ @) 310y = 7 (PO =¥ @7 O = y"@) = Y 2t

i=q+1

p
Z Ai(A2 + A2+ A2), (3.26)
i=q+1

where

2C2? | I < C2B(a \ ot < c? "
Ty P = - a)2 = md-a)? a

2id} = 0 (Ea[-vit?]) "2 <

’

Vi2§i2(1 - 0‘)2
B( )?

.l tha 1
<t (/ £6)E-9) ds> < a)2f flsPds,

3 = 25 (/ (=) g [l - 9 ]f(5) )

24201 24201 2
t t C
< Y

T T
«12 2 )4 2
Eqo|—vi(t— (s)°ds < () d.
Mgfo lonte=orTreras < s fo par e O

2c2t20t 1 )
= az—kl/ fis)"ds,

MAL = A (%ﬁ?&ﬂ%s%%%ﬂ%unz

Iy _quEZ(O,T,Hé(Q)) :/0 |27 @) -y (2) ||f15(sz) dt

3TC? &
< ioay 2L
)" (1 O[) i=q+1
2720 202720
y=T y*C*T ] /
3 + (s)? ds, (3.27)
[2@11”(04)2 20323 ;1 /i

which implies that the sequence y* satisfies

tim_{y” 7] > orHi@) =% (3.28)

p,g—> %

i.e., the sequence y* is Cauchy in L%(0, T, H}()).
Furthermore, using the estimates obtained previously of the proof, we have

sup [[y(0)] 2y = V3CIY" | 12
te[0,T]

2[ 243yT* 2 T}

(20{ T ) (@) [1 + F(O()ZC2]7 “f”LZ(O,T;Hé(Q))’ (3.29)

3TC?
||y||L2(0,T,Hé(Q = )»(1—C(H OHLz

y2T2 y2C2T 2% ,
+\/3|:20M1F(a)2+ 20313 ”f”LZ(o,T;Hg(Q)) (3.30)
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setting

23y T3
2o + DI'(w)

3TC? 2 T20: )/2 C2T2
+ .
(1 - a)? ZaAIF 20313 “ .

4 Optimality conditions for fractional differential inclusions
For a control u € L%(Q), the state () of the system is given by the fractional differential

A= max{\/gc, [ F(ot)ZCZ]%

inclusions
ABCD@y(t) — Ay(t) + dp(y) o f +v, te[0,T], (4.1)
y(0)=y0, x€K, (4.2)
y(x,6)=0, xel,te(0,T). (4.3)

The performance functional is given by
I(y,u) = / F(x,t,y,u)dxdt — min, (4.4)
Q

where F: Q x (0, T) x Q x Q@ — R! satisfies conditions (4;)—(A43).
We assume the following constraints on controls:
u € Uy is a closed, convex subset in the space U = L*(Q),
with nonempty interior in the space .

Control problem: We want to minimize I over U, i.e., find the optimal control v such
that

I(u°) = inf I(u). (4.5)

uellgq
Under the given considerations, we have the following theorem.

Theorem 4.1 The solution of the optimization problem (4.1)—(4.5) exists and is unique

under assumptions (A1)—(As). The necessary and sufficient conditions of optimality are

characterized by the following system of partial differential equations and inequalities.
State equations

ABEDEY (1) — MY (1) + 09 ()°) f +u°,  te[0,T), (4.6)
3°0) =y, xeQ, (4.7)
Pt =0, xel,te(0,T). (4.8)

Adjoint equations

ABCDp(u) — Ap(u) = Fy, inQ, (4.9)
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pu)=0, onZx, (4.10)

px,T;u)=0, inQ, (4.11)
Maximum condition

/ (p(w) + F,)(u-u’)dxdt =0 Vve Uy, (4.12)
Q

where the superscript 0 denotes the optimal element, p(u) is the adjoint state, and F,, are
the Fréchet derivatives of F with respect to u at the point (y,v).

Proof According to the generalized Dubovitskii—Milyutin theorem [35], we approximate
the set representing the inequality constraints by a regular admissible cone, the equality
constraints by a regular tangent cone, and the performance functional by a regular im-
provement cone.

Equality constraint. The set Q; representing the equality constraint has the form

ABCDYy(u) — Ay(u) =u, xeQ,te(0,T),
Qi:=12=0u) €E y(x,0) =yo(x), x€, (4.13)
y(x,)=0, xel,te(0,T).

We construct the regular tangent cone of the set Q; using the Lyusternik theorem (Theo-
rem 9.1 [35]). For this purpose, we define the operator P(y, u#) in the form

P(y,u) := (“P§DYy(u) — Ay(u) — 1, y(x, 0) = y0, (%, £) | xer)- (4.14)
The operator P(y, u) is the mapping from the space

W:=L1*(0, T, Hy(Q)) x L*(Q)
into the space

Z:=1*(0, T; Hy'(R)) x L*(R) x L*(0, T; Hy(R)).
The Frechet differential of the operator P(y, u) can be written in the following form:

Py, u’) G, i) = (*PG D3 (u) — Aj() - u,5(x, 0), 7%, ) xer)

ABSDOS(u) — Ay(u) =1, x€Q,te(0,T) (4.15)
=1z€Ey(x0)=0, x€%,
y(x,6)=0, xel,te(0,T)

Really, AB%D‘;‘ [Theorem 2.8 [35]) and A are linear and bounded mappings. Then we can
prove that P'(5°, u°) is the operator one-to-one from the space W onto Z.

Considering that the assumptions of the Lyusternik theorem are fulfilled, we can write
the regular tangent cone for the set Q; at the point (y°, u°) in the form

RTC(Q1, (%, u%)) = {(»it) € E;P'(°,u°) (3, &) = 0}. (4.16)
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It is easy to notice that it is a subspace. Therefore, using Theorem 10.1 [35]), we know the

form of the functional belonging to the adjoint cone:

fiG@) =0, V(3 i) € RTC(Q1, (°, u°)). (4.17)

Control constraints. The set Qy = Y x U,q representing the inequality constraints is closed
and convex with nonempty interior in the space E and has the form

Qy:= {z:(y,u)eE:ye Y,uel,[ad}.

Using Theorem 10.5 [35], we find the functional belonging to the adjoint regular admissi-
ble cone, i.e.,

£,i) € [RTC(Qa, (»°, u°))]"

We note that the functional f,(y, %) can be expressed as follows:

£, 1) = £, Gi) + f5 (@), (4.18)

where f}(y) = 0 ¥(5) € Y (Theorem 10.1 [35]), f(it;) is the support functional to the set
U,q at the point ° (Theorem 10.5 [35]).
Performance Functional. Using Theorem 7.5 [35], we find the regular cone of decrease

RFC(1,2°) = {z e E;I'(z°)z < 0}, (4.19)

where I'(z°)Z is the Fréchet differential of the performance functional.

With assumptions (A1), (A5), this differential exists and can be written as follows:
I'(2%)z= / (Eyy + E,it) dx dt. (4.20)
Q

On the basis of Theorem 10.2 [35], if RFC(Z,z°) # ¥, then the adjoint cone consists of the
elements of the form:

£(3) = -0 /Q (Ej + Eui) dxd, (4.21)

where Ay > 0.
Euler—Lagrange equation. The Euler—Lagrange equation for our optimization problem
has the form

3
> £G.@) =0. (4.22)

j=1

Let p be the solution of (4.9)—(4.11) for u°, y°, and denote by y the solution of

r (yo, uo)(jl, 7)=0
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for any fixed u. Next, taking into account (4.17),(4.18), and (4.20), we can express (4.22) in
the form

(@) = ho f (F,j + F i) dxdt  ¥(5,i1) € RTC(Q1, (°, u°)). (4.23)
Q

We transform the component with ¥ of the right-hand side of (4.23) introducing the
adjoint variable p with the equation [Eq. (4.9)] and using formulas (4.10),(4.15), and (4.16).
We obtain

T
Ao/Qij/(x,t)dxdt:)\o/O /Q(ABngp(u)—Ap(u))jl(x,t)dxdt

r 97 T
=A0/ / p(u)—dedt—AO/ f 52 4r dy
o Jao v o Jaa OV

T
B(—ao)z /Q /O P, 0)Eq [~y t" |3, t) dt dx

A
°1

T
+ ko / / P, ) ("D, £) - Aj(x, 1)) dxdt
0o Jae
=X / pudxdt. (4.24)
Q

Substituting (4.24) into (4.23), we obtain

fHi) = 2o / (p+Fudxdt, Vit lUy. (4.25)
Q

A number A¢ in (4.25) cannot be equal to zero, because in this case all functionals
in the Euler—Lagrange equation would be zero, which is impossible according to the
Dubovitskii—Milyutin theorem.

Using the definition of the support functional and dividing both sides of the obtained
inequalities by Ao, we finally get

/ (p+FE)(u-u’)dxdt >0, Yue U (4.26)
Q

If RFC(Z, (y°, u°)) = ¥, then optimality conditions (4.6)—(4.12) are fulfilled with equality in
the maximum condition (4.12).

In order to prove sufficiency of the derived conditions of optimality, we use the fact that
the constraints are convex, the performance functional is continuous and convex, and
the Slater condition is satisfied [Theorem 15.2 [35]]. Really, there exists a point (y,u%) €
int Q, such that (¥, &) € Q;. This fact follows immediately from the existence of a nonempty
interior in the set Q. The uniqueness of the pair (5°, #°) follows from the strict convexity
of the performance functional (4.4) (assumption (A3)). This last remark completes the
proof. O

Example 4.1 Let n € N* and Q be a bounded open subset of R" with boundary 92 of
class C2. For a time T > 0, we consider the fractional diffusion inequality with Atangana—
Baleanu fractional derivative in the Caputo sense (4.1)—(4.3) but we will minimize the cost
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function
2
JW) = [90) =z 2g) + NIVII> ) 2a € LH(Q)LN >0 (4.27)

subject to system (4.1)—(4.3), and the optimal control v will be characterized by system
(4.1)—(4.3) with the adjoint system

ABEDSp(t) - Ap(t) =y —za, t€[0,T], (4.28)
p6)=0, xeQte(0,T), (4.29)
px,T)=0, x€T, (4.30)

and with the optimality condition
v=—=—1inQ. (4.31)

Example 4.2 We can also consider the fractional diffusion inequality with Atangana—
Baleanu fractional derivative in the Riemann—Liouville sense:

ABEDEY(@) - Ay(6) + 0p() 5 f +v, t€[0,T], (4.32)
oIy Py(0%) =30, xe€Q, (4.33)
yx,6)=0, xel,te(0,T), (4.34)

where 01715‘3 my(O*) = lim,_, o+ 01;_’3 (®) y(¢), the control v belongs to L2(Q). We can minimize
the cost function (4.27) subject to system (4.32)—(4.34) and the optimal control v will be
characterized by system (4.32)—(4.34) with the adjoint system (4.28)—(4.30) and with the
optimality condition (4.31).

5 Conclusions

The main purpose of this paper was to study the fractional optimal control problems
FOCP for variational differential inclusion involving the AB (Atangana—Baleanu) frac-
tional derivative with Mittag—Leffler nonsingular kernel. The existence and uniqueness
of solution were proved by using the spectral theory of (—A), and the control problem
has also been studied. We have shown in the first step that the existence of solution was
obtained for all values of the fractional parameter « € (0, 1), contrary to the Caputo and
Riemann fractional-time derivative where the existence and uniqueness results were ob-
tained for o € (1/2,1) with yp = 0. This reveals one particularity of the fractional-time
derivative with the nonsingular Mittag—Leftler function. Moreover, we have also shown
that one can approach the state y(v) of (1.1)—(1.3) by a desired state z; by controlling v and
compute the control #° using the algorithm given by the optimality system and following
the method of Lagrange. We have used the Dubovitskii—Milyutin theorem and applied
the fractional integration by parts in order to derive the necessary optimality conditions
for this problem. Also controllability of fractional differential inclusions in Banach spaces
involving the AB (Atangana—Baleanu) fractional derivative with Mittag—Leffler nonsin-
gular kernel has been investigated. We also studied the same problem by considering the
Atangana—Baleanu fractional time derivative in the Riemann-Liouville sense. Our further
work will be on the study of controllability for fractional stochastic differential inclusions.
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