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1 Introduction

Eco-epidemiological systems, which are applied to describe predator and prey interactions
with diseases in one population or both populations, have become important tools in ana-
lyzing the spread and control of infectious diseases, and hence have received much atten-
tion since the Kermac—Mckendric SIR model was proposed [1-10]. In eco-epidemiology,
researchers study an ecological system with disease either in prey or in predator or in
both populations [10-16]. Anderson and May [1] proposed an animal (predator) and
plant (prey) model with infectious diseases and investigated the invasion, persistence, and
spread of diseases. Chattopadhyay et al. investigated a predator—prey system with dis-
ease in the prey [4], and then applied their research to study the pelicans at risk in the
Salton sea [5]. Saifuddin et al. [13] explored an eco-epidemiological system with disease
in the prey and weak Allee in predator, and considered the complex dynamics including
stability properties and bifurcations. Bairagi et al. [10] noticed the fact that the functional
response plays an important role in determining the dynamical consequences of the popu-
lation interactions, and hence conducted a comparative research on the stability aspects of
a predator—prey system with a class of functional responses. Besides the published works
mentioned above, more and more researchers have focused on the population interactions
with diseases in prey or predator or both populations [1-16].
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However, most of published research on eco-epidemiological systems incorporated a
certain response function (e.g., Holling type functional response, Beddington—DeAngelis
functional response) and a certain incidence rate (e.g., bilinear incidence, standard inci-
dence, and saturation incidence), and investigated the dynamical behaviors of the con-
sidered systems [10, 11, 14-16]. As far as we know, few works have focused on a model
with a generalized functional response and obtained a generalized conclusion. Motivated
by these, in this paper we will propose a class of eco-epidemiological systems. That is to
say, a generalized functional response is incorporated into an eco-epidemiological model
with saturation incidence. Hence, the existing eco-epidemiological models become some
special cases of ours.

In fact, there exist many ecological effects which influence the dynamical consequences
of the species interactions, such as the effect of Allee effect, habitat complexity, harvest-
ing, and prey refuge [17-19]. For the effect of prey refuge, the theoretical research and the
field observations give a general conclusion that prey refuge can stabilize or destabilize the
considered predation systems, and can prevent the prey extinction [16—36]. Here, the sta-
bilizing effect means that the interior equilibrium point changes from an unstable state to
a stable state due to increase in the degree of prey refuge [16, 21, 26]. Otherwise, the desta-
bilizing effect is observed [19, 35]. For examples, Gonzalez—Olivares and Ramos-Jiliberto
[21], and Ruxton [16] proposed two continuous-time predator—prey systems with the as-
sumption that a constant proportion of prey could move to refuges. Their studies found
a stabilizing effect on the dynamical consequences of the considered systems. The stabi-
lizing effect was also observed in a generalized predator—prey system under some certain
conditions [18, 19]. Most interestingly and importantly, Ma et al. [18, 19] proposed two
generalized predator—prey systems incorporating prey refuge and observed a destabiliz-
ing effect. The above cited references reveal that the functional response of predator to
prey population plays an important role in determining dynamical consequences of the
interacting populations. However, few studies incorporate the effect of prey refuge into
eco-epidemiological systems. Hence, this paper incorporates prey refuge into a species
interaction with disease in prey.

Motivated by above analyses, in this paper we present a generalized eco-epidemiological
system with the effect of prey refuge and the saturation incidence, and focus on the dynam-
ical consequences of the proposed system and the explanations of the realistic meanings.

2 Model formulation
The basic model comprises two population subclasses: (i) prey population with density
N(¢) and (ii) predators with density Y (¢), and is based on the following generalized preda-

tion model:

N(@) = rN(l - N) —-cYo((1-y)N),
K (2.1)

Y(t) = ecYgo((l - y)N) —-d,Y,

where all parameters are positive and have the following ecological meanings: r is the
intrinsic growth rate of prey population, K is the environmental carrying capacity of prey
population, c is the predation coefficients of predators to prey population, d5 is the natural
death rate of predators, e is the conversion efficiency, y (0 < y < 1) denotes that a constant
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proportion of prey use refuges. The function ¢(N) denotes the functional response of

predators and satisfies the following assumptions:

©(0) =0, ¢’ (N)>0 (N>0).

Furthermore, it is assumed that the prey population (N(t)) is divided into two subclasses:
the susceptible prey (S(¢)) and the infected prey (/(¢)) due to infectious disease. Beside, this
paper gives the following assumptions:

(1) The susceptible prey is capable of reproducing only and the infected prey is

removed by death at a natural rate dj.

(2) The disease is spread only among the prey population and the disease is not

genetically inherited. The infected prey does not become immune.

(3) Susceptible prey becomes infected with the saturation incidence kinetics %, where

B measures the force of infection and « is the inhibition effect.
(4) Predators consume susceptible and infected prey with predation coefficients ¢; and
¢y, respectively. The consumed prey is converted into predator with efficiency e.

Combining the generalized predation model (2.1) and the above assumptions, a gener-

alized eco-epidemiological system with prey refuge and disease in prey is proposed by the

following equations:

. S+1 BSI
S(t) = rS(l - 7) - m - CIY(/)((I - )/)S),
. SI 2.2
=L a1 eye(@-yi), (2.2)
a+l
Y(t)=ec1Yo((1-)S) +ecxYo((1-y)I) —drY,
with the initial conditions
S(0)=Sy>0; I(0)=I>0;  Y(0)=Y,>O0. (2.3)
Using the following change of variables
S I Y
@: (R}’ — (RY)®, dJ(S,I,Y):( : : )
()" = () 1-7)1-y) A-y)
and rewriting system (2.1) with (S, 1, Y), the following system can be obtained:
. S+1 BSI
S@)=rS(1- - -1 Yo(S),
“=r ( (1—)/)1<> a(l-y)+I “aYe(s)
. SI
i0-—L5_ai-ayen), 24)
a(l-y)+1

Y(t) =ec1Yo(S) + ecoYo(I) — dy Y.
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3 Equilibria
All equilibrium points of system (2.4) can be obtained by solving the following equations:
S+ BS.
rS(l—m)—Ml—W—cquo(S) O
Ol(l—y)JrI d11 CZY(,D(I) O (31)
ec1Y(S) +ecyYo(I) —dyY =0.

(1) The trivial equilibrium point Ey(0, 0, 0).

(2) The equilibrium point in the absence of the infected prey and predators
E((1-y)K,0,0).

(3) The disease-free equilibrium point E»(S, 0, Y), where

- ds - erS S
—o(2), T2 (1-—2—).
S=¢ (661) dy ( (1—)/)K>

Ify<1- Kgo ( ) then the disease-free equilibrium point E,(S, 0, Y) has its
ecological meamngs.

(4) The coexisting equilibrium point E3(S*,I*, Y*), where

(dil* + o Y*oI*) + I*) (1 — ) + I*)

S* = ,
BI*
)]
ecy
* S*+I* \ ox * *
S-S - - di
c19(S*) + c2p(I*)

Ifo<y<1- Krsrs(fiypz then the equilibrium point E3(S*,I*, Y*) is a positive

equilibrium point. Otherwise, it has no ecological meanings anymore.

4 Stability property
4.1 Stability of the disease-free equilibrium
4.1.1 Local stability of the disease-free equilibrium
In this section, we study the local stability properties of the equilibrium points of system
(2.4). Especially, the local stability analysis for the disease-free equilibrium E5(S,0,Y) is
investigated in this section.

Firstly, it is easy to show that the trivial equilibrium point Ey(0, 0, 0) is a saddle point and
the equilibrium point E;((1 — y)K,0,0) is stable if 8 < O’dl andy >1- Iiw‘l(izl)

Again, the roots of the characteristic equation of the community matrix corresponding
to Ex(S,0,Y) are &5 —d; —¢cp(1 - ¥)¢'(0)Y and the roots of the following equation:

—AL+B=0, (4.1)

where

25 , =
A= r(l - m) —a(l-y)¢'(1-y)S)Y
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and

B=cle(l- y)<p’((1 - y)§)<p((1 - y)g)f’ > 0.

Hence, the roots of Eq. (4.1) will have negative real parts if A < 0, which implies that

aeea (o (2))e ()]
ecy ecy
S A i d2 4 f d2
TU-pK [2”[2'““” (‘” 1(Z>>¢ (Eﬂ <0

Therefore, the disease-free equilibrium point E;(S, 0, Y) is locally asymptotically stable
iff
S 8
P -y 07 <o (42)

and
e (o (5))e ()]
ecy ecy
S d d
S e (0 () () <o =

Inequality (4.2) is equivalent to the following term:

(4.4)

(L) [ BdrK + acrerg' (0)p~ (£2)
y<l- 1 |: ]

ecy
ak didsy + czeﬂ;fl(dc—2

1

Furthermore, inequality (4.2) is equivalent to the following cases:

1) If dy <e< 2dp , then inequality (4.3) always holds.
@ ¢ o ()1 (2) ¢/ (0 (Z2 e () quality (4.3) abway

(2) Ife< d—zdz, then inequality (4.3) holds when
c1 e

(-1 9 —
¢ HENe ()

1 o) 2dy-ecry/ (0 ()07 ()
Y K tyearp (oo (2 N0 1 (22)
(3) Ife> %, then inequality (4.3) holds when
19’ (0 (G Ne 7 ()

1, d idy L d
07 (GE) 2dr-ec1o! (07 (GE N (GE)

y<1l-

K tpmearg (o (20071 (22)
Next, define
E= s
=" 1(n—1 d_2 -1 ﬂ ’
a@' (e ()¢ 1 (32)
_ 2d
E-= 2

g (9 () ()

24, — ecr (9 (£2))g 7 (2)

Cdy—ec1 (g (L))l (2)

ecy ecy

K
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aecsrg'(0)p~ ()
K = !

dy — eci1/ (971 ()9 ()’
BdsK + acrerg’ (0)p ™ (2)

dds + crerg™ (22)
d —  ad K
B= i B Yatu

K’ K

3=

+1(2.

According to the above analyses, the following conclusions are obtained.

Theorem 4.1 Supposing that B < f < B and e < E, we have

K; -~
(1) fo<y<1- I_(l(p_l(‘%)’ then the disease-free equilibrium E,(S,0,Y) is unstable;

() If1- Il(—qul(e%) <y<l- 5_13%‘/’_1(5721)’ then the disease-free equilibrium E(S,0,Y) is
locally asymptotically stable;

(3) If1- 5—13<<p‘1(3721) <y<l- &(p‘l(:%), then the disease-free equilibrium Ex(S,0,Y) is
unstable.

Theorem 4.2 Assuming that B < < B and e > E, we obtain
(1) fo<y<1- 5—;(/)‘1(‘1—21), then the disease-free equilibrium Ey(S,0,Y) is locally
asymptotically stable;
(2) If1- f%(p‘l(%) <y<l- ﬁ(p‘l(:’%), then the disease-free equilibrium E»(S5,0,Y) is
unstable.

Theorem 4.3 Assuming that < B and e < E, we obtain

K; - o~
(1) fo<y<1- —lw‘l(:l%l), then the disease-free equilibrium E,(S,0,Y) is unstable;

K
I(l —1¢d> 1 -1/dy s 1eg z LA
(2) If1- ?w (a) <y<l-—-zo (a), then the disease-free equilibrium Ey(S,0,Y) is

locally asymptotically stable.

Theorem 4.4 Supposing that e >E and B > B or E < e < E and B > B, we have
(1) Ifo<y<1- %gp’l(i—zl), then the disease-free equilibrium Ey(S,0,Y) is locally
asymptotically stable;
(2) If1- %w‘l(%) <y<l- &(p‘l(:%), then the disease-free equilibrium E,(S,0,Y) is
unstable.

Theorem 4.5 Supposing that B < B and e > E, we have
K .
(1) Ifo<y<1- %(p’l(i—"’l), then the disease-free equilibrium E,(S,0,Y) is locally
asymptotically stable;
K; .-
(2) If1- ?lw‘l(e%) <y<l- #(p‘l(e%), then the disease-free equilibrium E»(S,0,Y) is
unstable.

Theorem 4.6 Assumingthat 8 < BandE < e < E, we have that the disease-free equilibrium
E»(S,0,Y) is always locally asymptotically stable.
Next, three tables are given to list the above results. Define the following notations:

K; d K: d 1 d
Mi=1-—¢ ), M=1-—¢2), M=1-—9p(=),
K ec; aK ec; aK ec;
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Table 1 The stability properties of the disease-free equilibrium point when e < £

Stability y

B 0,My) (M1, M>) (Mo, M3)
0,8 u.s. S. S.

(B,B u.s. S. u.s.
(B, u.D. u.D. U.D.

Table 2 The stability properties of the disease-free equilibrium point when £ < e < £

Stability 1%

B 0,M1) My, My) (Mo, M3)
0,8 A.S. A.S. A.S.
(B,B S. S. u.s.
(B,1 S. S. u.s.

Table 3 The stability properties of the disease-free equilibrium point when e > E

Stability 1%

B (0,My) My, M3) (Mo, M3)
(0,B) S u.s. U.s.
X5) S S. U.S.
(B,1) S S. U.S.

the conditions and conclusions of Theorem 4.1-Theorem 4.6 are listed in Table 1, Table 2,
and Table 3 in which

(1) S. means the disease-free equilibrium point E(S,0,7) is stable;

(2) U.S. means the disease-free equilibrium point E»(S,0,Y) is unstable;

(3) A.S. means the disease-free equilibrium point Ey(S,0,Y) is always stable;

(4) U.D. means the disease-free equilibrium point E(S,0,Y) is undefined.

Table 1 shows the stability properties of the disease-free equilibrium point Ey(S,0,Y)
when e <E.

Table 2 shows the stability properties of the disease-free equilibrium point Ey(S,0,Y)
when E<e<E.

Table 3 shows the stability properties of the disease-free equilibrium point Ey(S,0,Y)

when e > E.

4.1.2 Global stability of the disease-free equilibrium
In this section, we consider the global stability of the disease-free equilibrium point
E5(S,0,Y).

Theorem 4.7 Iff > W in which a = a(1-y), then system (2.4) with initial condi-
tions (2.3) is to be globally asymptotically stable around the disease-free equilibrium point
Ex(S,0,Y) in the region ¥, = {(S,1,Y)|S > 8,1 >0,Y > Y}.
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Proof We rewrite system (2.4) with initial conditions (2.3) as the following form:

S(¢) = SFi(S, 1, Y),
1(t) = IF5(S,1,Y), (4.5)

Y(¢) = YF5(S,1,Y),

where

—aYp(S)/S,

Fl(S,I,Y)zr(l S+1 > A

T (1-pK) a(l-y)+I

BS

F(S,LY)=——— —
2 ) a(l-y)+1

di — Yo/,

F3(S,1,Y) = ec1¢(S) + ecop(I) — d>.
Let us define
G1(1)=_F1(3711 )_/)) GZ(S)=F2(5701 )_/)) GS(Y)=F1(‘§1O) Y)+F2(‘§10) Y)

Next, we consider a Lyapunov function defined as follows:

S I Y
V(S®),1(2), Y(2)) = / Giu) dua /0 G fy Gsw) .

3 v w

Now, by simple computation, we obtain that

av
E = GIFZ(S)I) Y) + GZFI(Syly Y) + G3F3(S:I) Y)

:GI(FZ(S,I’ Y)_FZ(S1O) Y))+G2(FI(S,I; Y)_FI(S,I! )_/))+G3(F3(S)11 Y)
+G2F1(Srlr ?)"'GIFZ(S,Or Y))+G3Fl(‘§ro; Y)_Fl(g,or Y)
oF; - aF; -
=G| (§=-81)—(S, Y Y-Y1)—(S, LY
2[( 1) BS( )+ ( 1)8)’( )}

oF, = oF, =
G| I—(S,1,Y Y-Y1)—S, LY
+ 1[ 81( )+ ( 1)8Y( )]

aFg = 3F3 =
G3|(S-51)—(S,LLY)+I—(S,L,Y)|.
+ 3[( 1) 85( )+ 81( )}

Again, we have

oF; r aYe'(S)S-o(S) oF;
TL__ L _al@olmP o, L _0(8) <0,
s K 2 ) gy - Tawl)<

an 6(,35 Cy Ygﬂ/(l)l - (p(]) 8F2

2 - 0, 2__gel)<o,
o (@+1)? g < ay - v <

oF: JoF
8_53 =ec1¢'(S) >0, 8_12 =ecy¢'(I) > 0.



Wang et al. Advances in Difference Equations (2018) 2018:244

Furthermore, we obtain that

Gl(l):—|:r<1— S+1) B _;31 B ClYED(S)] 0
K o+1 S

and

BS

~ S ~
GZ(S) = E —dl —ﬂCzY > % —d1 —aczY,

in which a = lim,_.o 22 = ¢/(0).

Thus, it is obtained that G, > 0 while 8 > W.

Page 9 of 20

Therefore, dd—‘t/ <0 in the region ¥ = {(S,,Y)|S > S,I > 0,Y > Y}. Hence the theorem is

proved.

4.2 Stability of the positive equilibrium
4.2.1 Local stability of the positive equilibrium

d

In this section, we consider the local stability of the positive equilibrium point E5(S*, 1%,

Y*).

Theorem 4.8 IfA; <0and A1A; < As <0, then the positive equilibrium point E3(S*,I*, Y™)

is locally asymptotically stable.

Proof The characteristic equation of the community matrix corresponding to the positive

equilibrium point E3(S*,I*, Y*) is as follows:

3 2
A7 — (a1 + an)A” + (a11a22 — d12a21 — d13d31 — dazdz)h

— (a11a23a32 + A13a3142 — A21413A3) — A12423d31) = 0,

where

%

rS * * *
an =% e (o(5) - ¢'(5))

rS* aB(1l-y)

W= T eV ) =)
a = m'
= af(l-y) _ BS*

(T PR O (R P

ag3 = —c29(I¥),

az =ecY*¢'(S%), az =ecyY* ' (I*).

Now, define

Ay = ay +am, Ay = ayiaz — apay — azaz — a;as,

Az = an1ax3az; + a13az axn — dr a13azy — 12a23431.

a3 = —C1¢ (5*),

—aY(o(I") - ¢'(I)),
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Therefore, the characteristic equation of the positive equilibrium point E3(S*, I*, Y*) can

be rewritten as the following form:
2> — A2+ Aph — A3 = 0.

According to Routh—Hurwitz’s criteria, the necessary and sufficient conditions for local
stability of positive point are A; <0 and A;A4; < A3 < 0. Hence the theorem is proved. [

4.2.2 Global stability of the positive equilibrium
In this section, we consider the global stability of the positive equilibrium point
E5(S*,I*,Y™).

Theorem 4.9 System (2.4) with initial conditions (2.3) is to be globally asymptotically
stable around the positive equilibrium point Es(S*,I*,Y™) in the region ¥, = {(S,1,Y)|Y >
Y*,0<S8S<S8*0<I<IforY <Y* S>S8%1>I*.

Proof We first choose a Lyapunov function which is defined as follows:

Su-—§* r Ly-r Yw-y*
WSO Y0) = [ s gt [ [

Now, by simple computation, we obtain that

d_W_S-S*§+ r I—I*ﬂ+Y—Y*d_Y
dt S dt BKl-y)+I*) I dt Y dt

. S+l Bl
-5 )Hl’ (- y)K) Ta-p)+l 'CM(S)/S}

il x BS
Sttty ey o]

+ (Y - Y*)[eclgo(S) +ecyp(l) — dz]

_(s—s* 1 S+1 1 S*+I*
-(5- )H ‘(1—y)1<>"< ‘(1—y)1<>}

. BS BS*
+ﬁl((oz(1—y)+1*)(1_1)|:a(1—y)+1_ot(1—y)+1*j|
+ (Y - Y*)[eclgo(S) +ecyp() — eclgz)(S*) + 662(/)(1*)]

r ) rS* 5\ 2
k) ety )
+ec1¢/(S*)(S=S*) (Y = Y*) + ecoqp (I*) (1 - I*) (Y - Y¥).

It is clear that dstV <01in X,. Hence the theorem is proved. O

5 Hopf bifurcation
In this section, we consider the Hopf bifurcation near the disease-free equilibrium
E5(S,0,Y) of system (2.4).
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The characteristic equation of system (2.4) at the disease-free equilibrium E»(S,0,Y) is

given by the following form:

22— (A(y) + B»)A* + (A(y)B(y) + C(y))A - A(y)C(y) =0, (5.1)
where

§ )
Aly) = % —di—o1- )P O,

B(y) =r<1 - ) —a-y)¢ (1-y)3)Y,

S
(1-y)K

C(y) = el - y)¢' (1 - ¥)S)e((1 - ¥)S)Y > 0.

It is noted that the expressions A(y), B(y), and C(y) are smooth functions of y.
In order to determine the instability of system (2.4), let us consider y (the effect of prey
refuge) as a bifurcation parameter. For this purpose, let us firstly give the following lemma.

Lemma 5.1 (Hopf bifurcation theorem [16]) IfA(y), B(y), and C(y) are smooth functions
of y in an open interval about y € R, such that the characteristic equation (5.1) has
(1) a pair of complex eigenvalues A = p(y) £ iq(y) with p(y) and q(y) € R, so that they
become purely imaginary at y = yy and dfi—(;/) [(y =y0) #0,
(2) the other eigenvalue is negative at y = yy,
then a Hopf bifurcation occurs around an equilibrium point of the considered system at
v = yo (i.e., a stability change of an equilibrium point of the considered system accompanied

by the creation of a limit cycle at y = yp).
Based on Lemma 5.1, the following conclusion can be obtained.

Theorem 5.2 IfA <0 and B <0, then system (2.4) possesses a Hopf bifurcation around the
disease-free equilibrium E5(S,0,Y).

Proof Suppose the value y is equal to

1 0 () [ﬂde + aCZew’(ow‘l(%)}
oK drddy + crerg™ ()

ecy

or

. w‘l(i—ﬁ)[2012—eclw’(w‘l(:’ﬁ))w‘l(:’ﬁ)}
K [ dy—ecig'o(2)p1(2) [

ecy ecy

which are the roots of A = 0 or B = 0, respectively.
Firstly, for y = yy, the characteristic equation of system (2.4) at the disease-free equilib-

rium E,(S, 0, Y) becomes the following form:

(A-A)(r*+C)=0.
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It is clear that the roots of the above equation are A, = A < 0, A, = iv/C, and A = —i/C.

Hence, there exist a pair of purely imaginary eigenvalues and a strictly negative real
eigenvalue.

Secondly, for y in a neighborhood of yy, the roots have the form A; = A <0, 1, = p1(y) +

ip2(y) and A3 = p1(y) — ip2(y) in which p1(y) and pa(y) are real.
Next, we shall verify the transversality condition:

d
E(Reki(y))l(y =) #0, i=1,2.

Substituting A, = p1(y) + ipa2(y) into the characteristic Eq. (5.1), we get

(21(0) + ips())’ = (A(y) + B3)) (21(¥) + ips () + (A(y)B(y)
+C(»)) (p1(y) + ip2(y)) = A(y)C(y) = 0. (5.2)

Taking derivatives of both sides of (5.2) with respect to y, we have

3(21(y) + (1)) (B, () + iP5 () = (A ) + B»)) (01 () + ip ()
—2(A(y) + B0)) (21(¥) + ip2(0)) (P () + ip5 ()
+(A(V)B(y) + A()B (y) + C'(n)) (21 (¥) + ip2(¥))
+(A()B(y) + C(») (p1(¥) + iPy(y)) —A'(¥)C(y) - A(y)C'(y) = 0. (5.3)

Comparing real and imaginary parts from both sides of Eq. (5.3), we obtain

(3p1 - 3p3 — 2p1D1 + Da)p} — (6p1p2 — 2p2D1)p)
+ (p1p2 + P\D) - P{D; — D}) =0, (5.4)

(6p1p2 — 2p:D1)p’ — (3P} - 3p3 — 2p1D1 + Da)p)y + (P2D), — 2P, P1 D)) = 0,
where
Dy = A(y) + B(y), D, = A(y)B(y) + C(y), D3 = A(y)B(y).

Deﬁne El = (Sp% - 3p% - 2p1D1 +D2), E2 = (6p1p2 - ngDl), Eg = (191P2 +P1D/2 —P%D/l —D/3),
and E4 = (PyD;, — 2P, P, D)), then Egs. (5.4) become of the following form:

E1P/1 — EZP/Z + E3 = O,
(5.5)
Expy + E1py + E4 = 0.

The value of p) can be obtained by solving Eqs. (5.5)

E1E3 + E2E4

/_
h="p. P

For p; = 0 and any other possible value of p, at y = yy, the E1 E5 + E>E, is always unequal
DyD3 A%-4B

to zero since 3D,+2D\D, # T
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Therefore, A; = A <0 and

d E1E3 + E2E4
—(Re A = =——— 0, i=1,2.
Hence, according to Lemma 5.1, the theorem is proved. O

6 Permanence

In this section, we prove the permanence of system (2.4) with initial conditions (2.3) under
the condition X¢'(X) < ¢(X) (X > 0).

Definition 6.1 ([6]) If there exist positive constants mg, Ms, m;, M, my, and My such
that each solution (S(¢),(¢), Y (¢)) of system (2.4) satisfies

0 < mg < liminf S(¢) < limsup S(¢) < Mg,
f—>+00 t—+00

O<my < ltiminfl(t) <limsupl(t) < M,

—>+00 t—>+00

0<my <liminf Y(£) < limsup Y (¢t) < My,

t—+00 f—>+00

then system (2.4) is permanent. Otherwise, it is non-permanent.
In order to consider the permanence of system (2.4), we consider the following auxiliary
system:

. S+I\ BSI
S =rs[1- 22 ) - === —¢4BS,
K a+A
BSI

I(t) = =—— —dI - ¢,DI,
® a+C @

(6.1)

in which A, C, and D are non-negatively constant numbers, B is positive and bounded by
r

c”
For system (6.1), we can obtain the following result.

Lemma 6.2 The positive equilibrium point of system (6.1) is globally asymptotically stable
when it exists.

Proof The positive equilibrium point of system (6.1) is P(S, ), where

(o + C)(d + D)
B

K(r—c,B)—7rS

, [=——— " .
rla +A) + BK

S=

The equilibrium point P(S, ) is positive if 8 > %

The Jacobian matrix of system (6.1) at P(S,I) is

rS (r(@+A)+BK)S
J= K T K(+A) )
_BL 0

3 A)+BK)SI
Clearly, Tr] = —%2 <0 and Det/ = % >0.
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Therefore, the positive equilibrium point P(S,I) is locally asymptotically stable.
Next, we show its global asymptotic stability.
We consider the following function:
- - S - -
V= S—S—Slng +E{I-I-IIn=|.
From the construction of V, it is easily seen that V' is positive definite in the region

T ={(5,1)[S>0,Y > 0}and V(5,1) =0.
By simple computation, we obtain that

NI~

dv. S-§ . I-1 .
=SS+ —SU
7 S S(t) + 7 S(I)

_r(S—§)2+|: BE r B

I -

a+C K a+A](S_S)([_I)'

LetE = W >0, then Y <0in the region = = {(S,1)|S >0,Y > 0}.

Hence the theorem is proved. d

Next, we consider the permanence of system (2.4) with initial conditions (2.3).

Theorem 6.3 If B >~ “+11y’)’1)<1(<r)£”£‘1;6(26”) A(/?Y >0and 0 <My < L, then system (2.4) with

initial conditions (2.3) is permanent. Otherwise, it is non-permanent.

Proof From the first and second equations of system (2.4), we obtain that

S(t)5r5(1— S+l >_( BSI . BSI

1-K) Q-p)a+K’ 1o = 1-y) il

By Lemma 6.2 and a standard comparison theorem, we have

limsup S(¢) < S = Ms, limsupI(t) < 1=M,,

t—+00 t—>+00

o _ adi(1-y) 5 ((1=p)a+K)(A-y)rK=3) ad
whereS— T >0,I— W >Olf/3> rKl

Thus, for any given € > 0, there exists 77 > 0 such that, for any £ > T; > 0, we get
S(t) < Mg + ¢, 1(t) < M +&.

From the third equation, we obtain that
Y(t) < [ecl(p((MS + 8)) + eczgo((MI + 8)) - dg] Y

It is easy to show that there is My > 0 such that

limsup Y(¢) < My.

t—+00

Hence, for any given ¢ > 0, there exists T > T7 > 0 such that, for any ¢ > T, > 0, we have

Y(t) <My +e¢.
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Again, from the first and second equations, we get

. S+1 SI
S(t) > rS(l - L) - ﬂ— - MMy + ¢g)S,
K o

SI
/3 K —dll—CzM(My + 8)1,

I(t) >
o+

where M is the maximum value of the function F(X), where

00 - e(X)/X (0<X <K), 62)
¢'(0) (X =0).

Notice that the function F(X) has the maximum and minimum values since it is contin-
uous on the closed interval [0, K].
By Lemma 6.2 and a standard comparison theorem, we have

liminfS(t) > S* = ms,  liminfI(¢) > I* = my,
t—+00 t—>+00
where

(o + (1= p)K)(d1 + c20'(0)My) 0 e (1-y)K(r - c1¢'(0)My) — rS*

§'= B ar+(1-y)BK

>0,

r(a+(1-y)K)(d1 +ca¢ (0)My) r
when 8 > 05 Ko—erotonty) — >0 and 0 < My < AR

Thus, for any given ¢ > 0, there exists 75 > T > T7 > 0 such that, for any ¢ > 75 > 0, we

obtain
S(t) > mg — &, I1(t) > my —¢.
Again, from the third equation, we get
Y(8) > [ecrp((1 - y)(ms — €)) + ecop((1 = y)(m; - €)) — da ] Y.
It is easy to show that there is my > 0 such that
liminf Y (¢) > my > 0.

t—+00

According to Definition 6.1, system (2.4) with initial conditions (2.3) is permanent under
some strict conditions. Hence the theorem is proved. O

7 Examples
Example 1 If p(X) = =, then system (2.2) becomes the following system:

a+X’

S(t)—r5<1_5”)_ BSI a(l-y)XY

_ K ) a+l a+(1-y)X

i) = PSL c(l-y)IY

0=~ ca—pr (7.1)
Y(t)=€C1(1—y)XY ecy(1 - y)IY .

a+(1-y)X " a+1-y)l -
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It is easy to obtain the disease-free equilibrium point E;(S1, 0, Y1) of system (7.1), where

ad erS S
§=— 2 n:—i(l—i)
(I-y)(cie—d) dy K
By simple computation, the equilibrium point E1(S;,0, Y1) has its ecological meanings if
d
y<l- K(c?eidz)‘

According to the theorems in Sect. 4, we can obtain the following propositions:
(1) Assuming that adl <B< O‘dl + qaeloerrdiciesdy)) o

daK(cre—d3)
(a) fo<y<1- M then the disease-free equilibrium point of system (7.1) is
unstable;
a(cre+ds) ady(acyer+BK(cie—dy))
(b) If1- ﬁ <y<l- R d oerrdi o) , then the disease-free

equilibrium point of system (7.1) is locally asymptotxcally stable;

ado (acyer+BK(c1e—dr))
(c) If1- aK(c1e—d)(caer+dy (cre—da))

point of system (7.1) is unstable.

<y<l- , then the disease-free equilibrium

K(c1e— d
(2) Assuming that 8 < adl , then the disease-free equilibrium point of system (7.1) is
always locally asymptotlcally stable.

Example 2 If p(X) = then system (2.2) becomes the following system:

XZ’

2y2
S(t):rS(l—S+I) BSI (1 -y)*X*Y

K a+l a+(1-y)2X?
. SI co(l1-y)2Y
i(t) = BSE —dyd - %,

a+l1 a+(1-y)i?
eci(1-y)2X2Y  ecy(1-y) %Y

Y = a+(1-y)2X? * a+(1-y)2I?

—-dyY.

It is easy to obtain the disease-free equilibrium point E5(S,, 0, Y5) of system (7.2), where

1 d S S
Sp=— |22y, 2222,
1- Y\ ce— dz dz K
Clearly, if y <1 - & qﬁzdz' then the equilibrium point E5(S;,0, Y1) has its ecological

meanings.
According to the theorems in Sect. 4, we can obtain the following propositions:

(1) Assuming that % < f < 2l

Radycd)’ then we have

(a) fOo<y<1- #’%CIW / Cl‘:”lzd , then the disease-free equilibrium point of system

(7.2) is unstable;
(b) If1- %‘ / Clidzdz <y<l- m Clidzdz then the disease-free equilibrium
point of system (7.2) is locally asymptotically stable;

(c) If1- ﬁ‘ / Cl’ledZdz <y<l-gz Cidzd , then the disease-free equilibrium point of
system (7.2) is unstable.

(2) Assuming that 8 < adl , then we have
(a) fo<y<1- A),/ clidzd , then the disease-free equilibrium point of system

K((2dy—cie
(7.2) is unstable;

(b) If1- zjque \/ Clidzdz <y<l- K,/ - idzd , then the disease-free equilibrium

point of system (7.2) is locally asymptotically stable.
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Example 3 If p(X) = then system (2.2) becomes the following system:

a+X1’ ’

. I i 1- XPY
$(6) =S 1_5+ _BSIL a(l—y) ’
K a+l a+(1-y)pxe
. BSI o(l-y)PIrYy
=" _gr-2""""" 7.3
® a+1 a a+ (1-y)rrr (7.3)

ec1(1-yYPXPY ecy(l—y)IPY
= +
+(1-y)pXr  a+(-y)yrr

Y ()

—u2

It is easy to obtain the disease-free equilibrium point E5(Ss,0, Y3) of system (7.3), where

1 d. S S
ng_PL, Ygzer_g 123
1—]/ Cle—dz dg I(

Clearly, if y <1 — Il(f’/ C]”:fdz , then the equilibrium point E(S1,0, Y1) has its ecological
meanings.
According to the theorems in Sect. 4, we can obtain the following propositions:
d di(2c1e-p(cie—da)
(I) Supposing that “ < B < %, then we obtain that
= , then

(1) Assuming that p< Cleﬁ

(@ fo<y<1- % I/ Cl“:fzdz [%?:‘Zz)] then the disease-free equilibrium

point of system (7.3) is unstable;
(b) If1- 27 ady [2516—17451“12)] <y<l- adl Y c;jizdg , then the disease-free

cre—dy L cre—p(cre—do)
equilibrium point of system (7.3) is locally asymptotically stable;

(© If1-2 d1 Y c;:iZdz <y<l-zd qigz’ then the disease-free equilibrium

point of system (7.3) is unstable.
=, then
2

(2) Assuming that p > Cfeci

(@ fOo<y<1- % I/ Cl“:fzdz [%] then the disease-free equilibrium

point of system (7.3) is locally asymptotically stable;

_ 1 pf_ady p2cie-plcre—dy) _;p ady
(b) If1- % e [ e (1o ]<y<1 oty , then the disease-free

equilibrium pomt of system (7.3) is unstable.

(3) Assuming that 27~ <p < 74 dz then
(@) fo<y<1- M‘ 7l q‘fdz, then the disease-free equilibrium point of system

(7.3) is locally asymptotically stable;

(b) If1— a—dﬂ / C;’fzdz <y<l-zY Cli’izdz, then the disease-free equilibrium
point of system (7.3) is unstable.
(II) Supposing that 8 < m, then we obtain

, then

(1) Assuming that p < -
(@ fo<y<1- E Cl"e‘fzdz [%] then the disease-free equilibrium
point of system (20) is unstable;
(b) If1 - %,P/ cli‘?dz [%] <y<l-gd cfﬁzdz' then the disease-free
equilibrium point of system (20) is locally asymptotically stable.

(2) Assuming that p > - 2618 , then
(@ fo<y<1- i,”/ q“izdz [w] then the disease-free equilibrium

cre-p(cre-dy

point of system (20) is locally asymptotically stable;
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1 ady 1 2c1e—p(cre—da) 1 ady .
(b) f1-2Y m[m] <y<l-zY ey then the disease-free

equilibrium point of system (20) is unstable.

(3) Assuming that 2% <p < 612;_122, then the disease-free equilibrium point of

system (20) is always locally asymptotically stable.

8 Discussion

In this paper, a generalized system describing predator—prey interaction with prey refuges
and disease in prey is proposed. Based on mathematical issues, the dynamical properties
(stability, Hopf bifurcation, and permanence) are investigated, and the sufficient condi-
tions which guarantee these properties are obtained (see Sects. 4, 5, 6). However, based
on ecological and epidemiological issues, our analyses reveal that the effect of prey refuge,
the force of infection, and the converting efficiency of predators play an important role
in the dynamical properties of the proposed system. The ecological and epidemiological
meanings will be discussed according to the following aspects:

(1) If the infectious rate of prey is smaller than the threshold B, then the effect of prey
refuge has a stabilizing impact when the converting ratio is relatively small. The
contrary effect happens under the larger converting ratio for predators. However,
the effect of prey refuge has no influence under the middle converting ratio and the
disease will vanish. These results show that the infectious disease can be prevented
by controlling the degree of the effect of prey refuge under the certain converting
ratio.

(2) If the infectious rate of prey is larger than the threshold B, the dynamical
consequences of the considered system will be relatively simple. In this case, in
order to control the infectious disease which will break out, the effect of prey refuge
must be relatively small.

(3) If the infectious rate is smaller than B and larger than B, the stabilizing effect and
destabilizing effect will occur under the small converting ratio, and the destabilizing
effect happens while the converting ratio is larger than the threshold B. Therefore,
for the small converting ratio, the middle level of prey refuge can be applied to
control the infectious disease. But, for the larger converting ratio, the smaller level of
prey refuge is required to control the disease.

According to the above discussions, we find that the effect of prey refuge has a destabiliz-
ing impact on the considered eco-epidemiological system in most cases. The reasons for
this phenomenon may be the disease in prey population, the relatively large converting
efficiency of predators, and the complex functional response to prey population. How-
ever, according to the published research works, the stabilizing effect is often observed in
a simple predator—prey system with no disease in prey and/or predators. The stabilizing
effect of prey refuge is observed when the infectious rate of prey and the converting ratio of
predators are relatively small. Furthermore, the most complex dynamics is observed when
the converting ratio of predators is relatively small and the infectious rate of prey is mod-
erate. At this moment, three kinds of equilibria can be reached: the unstable point with
stable orbits, the stable coexistence of prey and predators, and then the unstable point
again. That is to say, the increase of the infectious rate can lead to the lost of stability.
Therefore, the stabilizing effect and/or destabilizing effects mainly are determined by the
essential properties of predator, such as the converting coefficient, the type of functional
response of predators to prey population. Hence, it is rational to guess that the predation
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strategy and the evolutionary strategy of predator population are the main factors which
induce the partially hiding behavior (prey refuge) of prey population.

On the other hand, our results show that the effect of prey refuge can be applied to
control the spread of the infectious disease. The level of prey refuge needed to control
the disease spread is mainly determined by the infectious rate and the converting ratio of
predators.
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