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Abstract

We are concerned with the Hopf bifurcation of an SVEIR computer virus model with
time delay and nonlinear incident rate. First of all, by analyzing the associated
characteristic equation we obtain sufficient conditions for its local stability and the
existence of a Hopf bifurcation. Directly afterward, by means of the normal form
theory and the center manifold theorem we derive explicit formulas that determine
the direction of the Hopf bifurcation and the stability of the bifurcated periodic
solutions. Finally, we carry out numerical simulations to illustrate and verify the
theoretical results.
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1 Introduction

With the fast development and popularization of computer networks, computer viruses
have tremendous influence on our society. To predict the propagation of computer viruses
in networks, in recent years many computer virus models have been proposed and investi-
gated such as SIRS models [1-5], SEIS models [6, 7], SEIR models [8—10], SEIQRS models
[11-13], SLBS models [14—16] and some other models [17-20].

The overwhelming majority of the computer virus models mentioned assume a bilin-
ear infection rate. However, there are several reasons why bilinear infection rate requires
modification [21]. Especially, the propagation of computer viruses can be dramatically
affected by the topology of the underlying network, and this may lead to some specific
nonlinear infection rates. In addition, the choice of the treatment function is also an im-
portant factor for the modeling of computer virus spreading. For example, the treatment
rate may be slow due to the lower effectiveness of antivirus, and the treatment rate may
increase slowly and attain its peak and finally settles down at its saturation value with the
improved and effective antivirus technology [22]. Based on this fact, Upadhyay et al. [22]
proposed the following computer virus model with nonlinear incidence rate and saturated
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treatment rate:

= A= 80S(0) = e + 1V ()~ uS(o),

% = —;;?i; (80 + 81)E(®),
A9 = 81E(1) - (80 + 82 + 83)I(2) -
= 8,1(£) — SR (1) + F52

dV = uS(t) - (8o + MV(2),

1

where S(2), E(¢), I(t), R(¢), and V(£) denote the numbers of the susceptible computers, the
exposed computers, the infectious computers, the recovered computers, and the vacci-
nated computers at time ¢, respectively, A is the recruitment rate of new computers, « is
the contact rate of the susceptible computers, 7 is the rate at which the vaccinated comput-
ers lose their immunity and join the susceptible ones, 8 denotes the maximal treatment
capacity of a network, & is the natural mortality rate of all the computers, §; is the rate
at which the exposed computers become the infectious ones, 3, is the recovery rate of the
infectious computers, J3 is the crashing rate of the infectious computers due to the viruses,
a is the half saturation constant for the infectious computers, c is the saturation constant
for the susceptible computers, and u is the vaccination rate of the susceptible computers.
Upadhyay et al. [22] studied the stability of the viral equilibrium of system (1).

It is well known that time delays of one type or another have been incorporated into
computer virus models due to latent period [3, 4], temporary immunity period [5, 12],
or other reasons [9], because time delays may play a complicated role on the models. For
example, time delays can cause the loss of stability and can induce Hopf bifurcation and
periodic solutions. As stated in [4], the occurrence of a Hopf bifurcation means that the
state of computer virus prevalence changes from an equilibrium to a limit cycle, and this
phenomenon is unexpected, since the periodic behavior is unpleasant from the viewpoint
of epidemiology. Having this idea in mind and considering that the antivirus software may
use a period to clean the viruses in the infectious computers, it is worth investigating the

Hopf bifurcation of the following system with time delay:

= A= 80S(t) — $3GH + V(1) - uS(2),
%# (80 + 81)E(),
20 _ 8, E(e) — (80 + 8)1(0) — 8,1t — ) — L2, @
RO _ 5,1(¢ - 1) - SoR(t) + LLET,
d‘/ = uS(t) — (So + MV (1),

where 7 is the time delay due to the period the antivirus software uses to clean the viruses
in the infectious computers.

The organization of the rest of this paper is organized as follows. In Sect. 2, the local
stability and existence of a Hopf bifurcation are performed. In Sect. 3, the direction and
stability of the Hopf bifurcation are determined. In Sect. 4, the obtained analytical findings

are justified through computer simulations. This work is closed by Sect. 5.
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2 Stability of the viral equilibrium and existence of Hopf bifurcation
By direct computation we get that if [« — (8¢ + 81) (80 + 82 + 83)] (L« + @) > B81(80 + 81), then
system (2) has a viral equilibrium P, (S, E,, I, R, Vi), where

(80 +81)(80 + 82 + 83) (L + @)L + ) + BS1(80 + 81) (L + €)
T (@i — (B0 +81)(80 + 8>+ 83)](Le + @) — B31(80 + 81)
(80 + 82 + 83) L BLi

5 al+a)
ol . Bl

S0 Sl +a)

(8o + 81)(8o + 82 + 83) (L + a) (I + ¢) + BS1 (80 + 81) Uy + C)]
(80 + m{lrd1 — (8 + 81) (8 + 82 + 83) (L + @) — B81(80 + 61)}

’

E, =

% =

*
and I, is the positive root of the equation
asl® + ar? + a1l + ap =0, (3)
where

ag = 81Bsc — B1c(8p + 1) + 81ac[B7 —By(80 + 17)]
+ Aaby (8o + n)(Bsa — By),
a1 = Bea®8y — a”81(80 + n)(B131 + B3Bs)
+81(a +¢)(By — Bx(80 + 1))
+a(do + 77)(343551 = B3B(30 + 31))
+ (60 + n)(2ABga81 — AB481 + ByB(80 + 81)),
ay = 81(2Bga + B7) + 81(80 + n)(AB3 + B4Bs — By)
— (80 + 1) (B3B(80 + 81) + 81(By + B3Bs)),

az = 8,Bg — 81(80 + n)(By + B3Bs),
with

B1 = (80 + 1)(So + 81)(So + 82 + 83),
By = B81(80 + 1) (o + 81),

B3 =81 — (80 + 81)(80 + 82 + 83),
By = B81(80 + 61),

(80 +81)(80 + 62 + 83)
81 ’

Bg = (8o + 81)(8o + 82 + 83),

B; = nupsi(8o + 81).

5 =

For Eq. (3), we have the following results.
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Lemma 1l [fas; =0, then

(1) if az =0 and apla; <0, then there exists a unique positive root I, = —agla; of Eq. (3);

(2) When A >0, ifas/a; <0 and aglay > 0, then there exist two positive roots L(}) =1
and I,(kz) =1I_;if aoplay <O, then there is a unique positive root I, = I} with a; >0 or
L. =I_ with a; < 0; ifag = 0 and a1 /ay < 0, then there is a unique positive root
I, =-ailay;

(3) if A =0and ai/ay <0, then there is a unique positive root I, = —ay/(2a,). Here
A =a? —dasao, I} = (a1 + VAN)/(2ay), and I = —(ay + vV A)/(2a,).

Lemma 2 Foras #0, let [, = az/as, I = ai/as, and ly = ay/as. Then:
(1) ifly <O, then Eq. (3) has at least one positive root;
(2) ifly > 0and 5 -3l <0, then Eq. (3) has no positive root;
(3) iflo > 0 and I3 — 31, > 0, then Eq. (3) has a positive root if and only Lf@ >0
and h(@) <0, where h(I) = IP + LI* + 11 + I,

Then, we can obtain the linearization of system (2). Let u; (t) = S(£) — Sy, ua(t) = E(t) — Ex,
us(t) = 1(t) — L, ua(t) = R(t) — Ry, us(t) = V(¢) — V.. We can rewrite system (2) as follows:

i1 () = anu1 (£) + arsus(t) + asus(t) + ) ! (I)Mli(t)bé(t),

i+j=2 i
. 9 »
i (t) = aniu (£) + anus(t) + axsus(t) + 34,50 % j](‘ PAGYAGY
. 3)
i3(t) = asous(t) + assus(t) + bssus(t — ) + Zizz ,lLf,( )Mé(t -1), (4)

i14(t) = agaua(t) + basuz(t = 7) + Y0y S VUl (e - 1),

u5(t) = as1u1(t) + assus(t),

where
R PR al (I, +c¢) 4 :_aS*(S*+c) Joe =
1 0 Se+I,+¢)? ] 3 (Sy + I, +¢)?’ 15=1
ol (I, +c aS.(Ss +c¢
a = ( ) ax =—(8o + 61), a3 = ( )

(Sy + I + )2’ Sy + Iy + )2’

ap
=81, =—(80 + 83), byz=—|6+ — |,
a3 =01 ass = —(8o + 83) 33 [2+(I*+a)2}

dgq = —bo, as1 = W, ass = —(80 + ’7),

ap
biz=|6+——-|,
# b+m+w}
(k) _ aH]:f(k)(S*yE*rI*’R*J V*)

v du (£)9ud, (¢)

®  fOS,E, LR, V)

P dui(t - 7)

M4 __um@us®)

SV = A = Souy (£) O wS(),

f(g) _ oy (£)us(t)

S0 im0 ae ordn®)
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Bus(t - 1)

f(B) = 81u(t) — (8o + 83)us(t) — Saus(t — 1) — m,

Bus(t—7)

@5 t—1) -6 )+ ————.
f 2u3(t — ) 0u4()+u3(t—r)+a

Then we obtain the linearized system of system (4)

u1(t) = anu (¢) + arzus(t) + arsus(2),

iy(t) = an1us (£) + anua(t) + axus(t),

u3(t) = azyuy(t) + assus(t) + byzus(t — 1), (5)
ig(t) = asaua(t) + bazus(t - 1),

us(t) = asyu1(t) + assus(t).

The characteristic equation is

P(A) = A% + par + psA® + pod® + prh + po + (q4)»4 + @32+ @A A+ qo)e’“
=0, (6)

where

Po = ag(anazs — apas)(aisas) — a11dss) — a13a;1a32044a55,
b1 =ass (ﬂ11ﬂ22(6133 +ag) + aszaslan + llzz)) + d11a22433044
— a3az(a1ds + andss + dwudss) + a15423a3:d51
— a15a51(A20ass + axndas + A33a44) + A13a21a3>(Asa + as5),
P2 = axnazn(an + du + ass) + aisasi (axn + ass + da) — 4132143
- (6111422(@3 +dga) + azzas(an + 6122))
—ass (61116122 +aszaq + (a1 +ax)(ass + ﬂ44)),
P3 = a11ax + azd + (an + an)(ass + asu) — aaz — aisas,
+ass(an +axn + asz + au),
pa=—(an +axn +asz + du + ass), qo = axasbsz(aisas — andss),
q1 = ananbsz(ay + ass) + auassbzs(an + axn) — aisas bsz(axn + au),
q2 = a15as51b33 — b33 (61116122 + dgadss + (an + axn)(asu + ﬂ55)),

g3 = b3(ai + ax + as + ass), qa = —bss.
When t =0, Eq. (3) reduces to

A% + poart + posr® + poad? + pork + poo = 0 (7)
with

Poo = Po + 4o, Po1r =P1+41, Po2 =pP2 + >,

Po3 =p3 + s, Pos = P4t qa.
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Obviously,

al (I, +¢) ap
= 580 +61+ 82+ 6 0.
Pos = [ 200 %01 %02 % 3+(S*+1*+c)2+(1*+a)2>

An application of the Routh—Hurwitz criterion gives Re() < 0 if and only if condition

(Hy) is satisfied, that is, if the following inequalities hold:

1
det, = Pos >0, (8)
Po2  Po3
P04 1 0
dets = |po2  po3  poa| >0, 9)
0 po po2
pos 1 0 0
1
det, = P02 Po3  Posa 50, (10)
Poo Po1 P02  Po3
0 0 po por
poa 1 0 0 0
Po2 Po3 poa 1 0
dets = |poo  po1 po2 Pos Poa| > 0. (11)
0 0 poo po po
0 0 0 0 Poo

For t >0, we assume that A = iw (w > 0) is a root of Eq. (6). Then

(1o — @30°) sin T + (qaw* — u? + o) cOs Tw = prw? — paw* — po,

(1o — 30°) cos T — (quw* — go? + qo) sinTw = p30° — ©° - pro.

Thus

@' + es0® + e30° + eyt + e10” + €0 = 0, (12)
where

Q=po—dy € =pi-2popr+24ods — G,

ey = pa — 2p1p3 + 2popa — 45 — 29143,
€3 = p3 +2p1 — 2papa + 24244 — 45,

es = pi —2p3 — ;.
Let v = . Then Eq. (12) becomes

Vet +esr® e revten=0. (13)
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Based on the discussion about the distribution of the roots of Eq. (13) in [23] and con-
sidering that all the values of parameters in system (2) are given, we can obtain all the roots
of Eq. (13). Thus we make the following assumption:

(Hy) Equation (13) has at least one positive root vy.

If condition (H;) holds, then there exists vy > 0 such that Eq. (6) has a pair of purely

imaginary roots tiwg = %i,/vo. For wg, we have

N {gl(ww}’

o £2(wo)

where

g1(@o) = (g3 — paga)wy + (P3q3 — q1 + P2qa + pag2)w
+(p193 + p3q1 — Poqa — P29 —1‘9440)&)6L
+ (Poq2 + P2do — P1q1)@g — Podos

& (wo) = 30y + (43 — 29294) 0 + (G5 + 24044 + 29143) g

+ (47 - 2q092) @5 + g3,

Next, differentiating Eq. (6) with respect to 7, we obtain

A1 5+ 4pad® +3p3a2 + 2ok + py
dt T A 4+ part + p3d3 + par? + i+ po)

4gu23 + 3g3A% + 2o + q1 T

+ .
M@ar* + @33 + A2 + ih +q0) A

Further, we have

Re[ﬂ‘l fw)

dt =10 - (10 — %wg)2 + (qwé - 61260(2) + 610)2’

where vp = w2 and f(v) = v° + esV* + e3v® + e31? + €1V + €.

Therefore, if condition (Hs): f'(vg) # 0 holds, then Re[fil—);]fzf0 # 0. Based on the previous
discussion and the Hopf bifurcation theorem in [24], we have the following:

Theorem 1 Suppose that the conditions (Hy), (H,), and (H3) hold for system (2). The viral
equilibrium P,(S,E., L, R, V) is locally asymptotically stable when t € [0,19); a Hopf
bifurcation occurs at the viral equilibrium P, (S, Ey, L, Ry, Vi) Wwhen © = 1o, and a family of

periodic solutions bifurcate from the viral equilibrium P,(Sy, Ey, L, Ry, V) near T = 1.

3 Direction and stability of the Hopf bifurcation
Let u1(¢) = S(£) — S, ua(8) = E(¢) — Es, us(t) = 1(¢) — L, ua(t) = R(t) — Ry, us(£) = V(£) - Vi
Rescale the time delay by t — (¢/7). Let T = 79 + 0, 0 € R. Then the Hopf bifurcation occurs

at o = 0. Thus system (2) can be transformed into

u(t) = Louy + F(o, uy), (14)
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where u; = (u1(2), ua(£), u3(8), ua(t), us(@))" = (S,E,LLR, V)T € R®, u,(0) = u(t + 0) € C =
C([-1,0],R%), and L,: C — R® and F(o,u;) — R® are given by

LQ¢ = (TO + Q)(Mmaxd)(o) + Nmax¢(_1));
F(Q1¢) = (F17F27F3:F4:0)

with
a1 0 a3z 0 aps 0O 0 0 0O
dyy dx» dyz 0 0 0O 0 0 0O
Mpax=] 0 a3 aszz O 01, Npax=]10 0 b33 0 0],
0 0 0 agw O 0 0 by3 0 O
as; 0 0 0 ass 0 0 0 0O
and
Fy = a1697(0) + a17$3(0) + a13¢1(0)¢3(0) + a10¢7(0)¢p3(0)
+ ﬂ110¢1(0)¢§(0) + 0111145?(0) + ﬂ112¢§(0) +-,
Fy = a2¢7(0) + a25¢3(0) + a26¢1(0)3(0) + @767 (0)h3(0)
+ azs1 (0)$3(0) + azod7 (0) + an10h3(0) + - - -,
F3 = a3 (1) + assdy (=1) + -+,
Fy = assds(=1) + ageps(=1) +- -,
al, (I, +c) aS, (S, +¢)
916 = (Se + 1, +¢)3’ M7= Sy + 1, +¢)3’
208, I + co(Sy + I, + )
a8 =" (Se + I, +¢)3
~ 20L,.(2S, — 1) + 2ca (S, + ¢)
oo = (Se + I + )% ’
208, (21, — S,) + 2ca(l, + c)
110 = (Sy + 1, + )4 ’
al (I, +c) a8, (S, +¢)
— :_(S*+I*+c)4' 61112=—(S*+1*+C)4,
al (I, +¢) aS,.(S, +¢)
208, + ca(Sy + I, +¢)
26 = (Se + I, +¢)3 ’
201, (2S, — I,) + 2ca (S, + ¢)
== (Sy + 1. + )% ’
208, (21, — S,) + 2ca(l, + c)
928 == (Sy + I, + c)* ’
ol (I, +c¢) aS,.(S, +¢)
@ = (Ss + I, + )Y’ @210 = Sy + 1, + )%
ap ap ap ap
S VA B A N A N A



Zhao et al. Advances in Difference Equations (2018) 2018:256 Page 9 of 16

According to the Riesz representation theorem, there is a matrix 7(0, ) in 6 € [-1,0]
such that

0
L= [ dne.00) (15)
-1
for ¢ € C. In fact, we choose
77(9,Q) = (TO + Q)(Mmaxa(e) +Nmax5(9 + 1)):

where §(0) is the Dirac delta function.
For ¢ € C([-1,0],R%), define

d‘s—g)), -1<6<0,
Al@)P =1 5
f_l dTI(Q’QW(@), 0= 0;

and

0, -1<6«<0,
F(o,¢), 6=0.

R(o)¢p =

Then system (14) becomes
u(t) = A(o)ur + R(0)u. (16)
For ¢ € C1([0, 1], (R%)*), the adjoint operator A* of A(0) can be defined as

. —%, 0<s<1,
A¥(p) =

ff)l dn’(s,0)p(-s), s=0.
Next, we define the bilinear inner form for A and A*:
0 6
(006.00) - 5000~ [ [ g -rdn@)0(e)a, 17)
0=-1Jz=0
where n(0) = n(0,0).

Let p(8) = (1, p2, p3, P4, p5) " €0 and p*(s) = (1, p3, p3, P}, p3)" €™ be the eigenvec-
tors for A(0) and A*(0) corresponding to +itowy and —itowy, respectively. Then, we have

a1 +dz3P3
pr=—T——,
lwy — ax
iwy —a aisasi
pP3 = - ) ’
a13 a3 (iwy — ass)
baze™™ pg asi
P4 = —; ’ P5 = )
Lo — A44 lwo — adss
" ai5as51 iwo + an
P = - ’

as (iwg + ass) an
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« liwo +ax)p . as
pg = _7, ps = _’7,
a3z iwo + ass
] iT * *
pf = (iwg + asz + b33€' ™) p3 — axp; +ais
4 - .

b4sei‘l.’0w0

From Eq. (17) we get
_ B . ) i ) ) .
D =[1+ p2p + p3p5 + papy + pspy + Toe ™ p3(bszps + baspy)|

so that (p*, p) = 1 and (p*, p) = 0.
Next, based on the algorithms in [24] and a computation similar to that in [25-27], we

obtain

&0 = 270D [ars + ar703 + argps + py (aza + azsp3 + dseps)
+ (@ + ass ) e 7o),
g1 = D[ 2a16 + 2170303 + 2a13 Re{ps} + p3 (2a24 + 2a25p3p3 + 2a26 Re{ps})
+2(a3ap3 + a15p;) 33,
= D ~2 = —% ) _
802 = 270D[ar6 + @173 + arsps + p3 (aza + azs 3 + a26P3)
=2 2ir0a)0]

+ (@343 + asspy) pse

gn = 20D [ms(z WIP(0) + Wig (0)) + axy (2W17 (0)ps + Wsg(0))
1 _ 1
+aig (Wﬁ)(o)pa t3 Wi (0)p3 + W(0) + 5 Wz(g)(o))

+a19(p3 +203) + ario (03 +20353) + 3an +3a11203 03

+ 0 (“24 2W(0) + Wi (0)) + ass (2WE(0) ps + Wiy (0)53)
1 - 1
+ % (W{P(O)pg t3 W (0)53 + W(0) + 5 Wég)(o))

+ayr(Ps + 2p3) + as (03 +20303) + 3de + 36{210,03%,53)
+ 95 (@34 (W37 (1) p3e ™0™ + WD) (~1)53€™0°0) + Bags p3 pze 0°0)

+ 03 (s (W17 (1) pse™ ™ + Wig (1) 53¢ + 3463 ,sgeirowo)],

with

Wi (6) ig20/0(0) gitowod | Me—irowoe +E162”°w°0,

Towo 31wo

Meifowoé’ + Me—irowoe +
ToWo Towo

Wh(8) = - E,,
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where E; and E; can be obtained by the following two equations:

2iwy — aq1 0 —d13 0 —d1s
—dy 2iwg — dyn —ds3 0 0
E =2 0 —az 2iwg — ass — baze 20 0 0
0 0 —byze im0 2iwy — dsa 0
—ds; 0 0 0 2iwgy — ass
EY
EY
X E§3) ,
EY
0
-t (1
an O ais 0 as E;
az axp dss 0 0 E§2>
Ey=—]1 0 as ass+bsz O 0 X Eg’) )
0 0 bis  dwm O EY
as; O 0 0 ass 0

with

(1) 2

EY’ =ae +ar7p3 + aigps,
(2) 2

EY” = ag + ax p3 + axp3,

(3) 2 20
E l‘[()a)(),

—2iTow,
1 =dsapze€ 0o,

EgA’) = asspie
EVY = 2a16 + 2a17p353 + 2a13 Re{ps},
EY = 2a5, + 2a55p353 + 2a6 Re{ps),

3 _ 4 _
Eé ) = 2434033, Eé ) = 2a45.0355.

Then we can obtain

lgo2*\  gn
C1(0) = —2gyq|? = 2= ,
1(0) T <g11g20 |g11] W AR
oy RelGO)
2= TN .7
Re{)\(19)}

B2 = 2Re{C1(0)},
Im{C1(0)} + a2 Im{A (7o)}

Towo

T, =~ (18)
Thus, based on the properties of the Hopf bifurcation discussed in [24], we can get the

following:

Theorem 2 The sign of |1, determines the direction of the Hopf bifurcation: if o > 0
(2 < 0), then the Hopf bifurcation is supercritical (subcritical); the sign of By determines the
stability of the bifurcated periodic solutions: if By < 0 (B > 0), then the bifurcated periodic

Page 11 of 16
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solutions are stable (unstable); and the sign of T, determines the period of the bifurcated
periodic solutions: if Ty > 0 (T, < 0), then the period of the bifurcated periodic solutions
increases (decreases).

4 Numerical simulation

In this section, we try to present some numerical simulations for system (2) to validate the
previous main results. By extracting some values from [22] and considering the conditions
for the existence of the Hopf bifurcation, we choose a set of parameters as follows: A = 2,
80 =0.02, @ = 0.27, B = 0.003, c = 0.01, n = 0.2, u = 0.003, §; = 0.2, §, = 0.045, 53 = 0.03,
a = 0.4. Then, we obtain the following specific case of system (2):

B =2-0.025(2) - 5o + 0.2V (2) - 0.003S(8),

dE@) _ 0278010 _ o 9o p(y),

dt S(¢)+1(¢)+0.01

49 = 0.2E(t) - 0.051(t) — 0.0451(t — 7) — 3227, (19)
dRr(t) _ 0.0031(t-7)
A = 0.0451(t - 7) - 0.02R(z) + G2,
40 - 0.0035(£) - 0.22V ().
Then Eq. (3) becomes
~1.7084¢ — 004> + 0.00281 + 0.0023] + 4.6141¢ — 004 = 0. (20)

By means of Matlab software package we can get the unique positive root I, = 17.1823 of
Eq. (20). Then we get [281 — (8o + 81) (80 + 82 + 83)] (L + @) = 0.5820 > $81(8o + 81) = 1.3200e —
004. Thus we obtain the unique viral equilibrium P,(10.8619,8.3082,17.1832, 38.8068,
0.1481) of system (19).

By computation we obtain wy = 3.5844, 75 = 81.3618, and A/(tp) = 0.0041 — 0.0872i. As
is shown in Figs. 1-3, the viral equilibrium P,(10.8619,8.3082,17.1832,38.8068,0.1481) is
locally asymptotically stable when 7 = 63.65 < 7y = 81.3618. However, the viral equilibrium
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Figure 1 The trajectories of S, £, /, R, and V with T = 63.65 < 1y
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Figure 3 Dynamic behavior of system (19): projection on E-I-V with T = 63.65 < 1

P,(10.8619,8.3082,17.1832, 38.8068, 0.1481) loses its stability, and a Hopf bifurcation oc-
curs once T > T = 81.3618, which can be exhibited by Figs. 4—6 with v = 106.79. This is
consistent with the results in Theorem 1. Therefore we can conclude that the propaga-
tion of the viruses in system (19) can be controlled by shortening the period that antivirus
software uses to clean the viruses.

In addition, by some complex computations based on Eq. (18) we obtain g, = —-3.7011 +
6.8056i, g1 = 2.9207 + 0.6036i, go» = —3.7011 — 6.8056i, go; = —8.7200 — 3.3956i, and
C1(0) = —4.4504 — 1.6676i. Further, we obtain 8, = —8.9008 < 0, u; = 1085.5 > 0, and
Ty = 0.3303 > 0. According to Theorem 2, the Hopf bifurcation is supercritical, the bi-
furcated periodic solutions are stable, and the period of the bifurcated periodic solutions
increases. Therefore, the time delay due to the period that antivirus software uses to clean
the viruses is harmful since the periodic behavior is unpleasant from the viewpoint of epi-
demiology. In practice, the stability of the computer virus system must be guaranteed to

predict and even eliminate the viruses.

5 Conclusions

In this paper, we propose a delayed SVEIR computer virus model with nonlinear incident
rate and saturated treatment rate by incorporating the time delay due to the period that
antivirus software uses to clean the viruses in the infectious computers into the model

considered in the literature [22]. Compared with the work in [22], the model considered
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Figure 6 Dynamic behavior of system (19): projection on E-I-V with T = 106.79 > 19

in the present paper is more general, and we mainly investigate the effects of the delay on

the model.

The main results are given in terms of the stability of the viral equilibrium and Hopf

bifurcation. We prove that the propagation of the viruses can be controlled when the value

of the delay is below the critical value 7o. However, a Hopf bifurcation occurs when the
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value of the delay passes through the critical value 7y, which indicates that computers of
the five classes in the model may coexist in an oscillatory mode under some conditions and
the viruses will be out of control in this case. Therefore, we should control the occurrence
of the Hopf bifurcation by using some bifurcation control strategies, and this will be a

major emphasis of our future research.
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