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1 Introduction

It is well known that the Euler gamma function is defined by
(x) = / #letds, x>0.
0

The logarithmic derivative of I"(x) is called the psi or digamma function. That is,
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where y = 0.5772... is the Euler—-Mascheroni constant. The gamma, digamma, and
polygamma functions play an important role in the theory of special function, and have
many applications in many other branches such as statistics, fractional differential equa-
tions, mathematical physics, and theory of infinite series. The reader may see related ref-
erences [5,7,9, 13, 16, 23-28].

In [6], the k-analogue of the gamma function is defined for k > 0 and x > 0 as follows:
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where limg_,; Tx(x) = ['(x). It is natural that the k-analogue of the digamma function is
defined for x > 0 by

_ I (x)
Ti(x)

d
Vi(x) = I log 'k (%)
x

It is worth noting that Nantomah et al. gave (p, k)-analogue of the gamma and the
digamma functions in [15]. Further, they established some inequalities involving these
new functions. The reader may see references [14, 15].

Very recently, Alzer and Jameson [2] presented a harmonic mean inequality for the
digamma function, and also showed some interesting inequalities. It is natural to ask if
one can generalize these results to the generalized digamma function with single param-
eters. This is the first object in this paper.

The second object of this paper came from the article of Ismail and Laforgia. In [11],
they proved complete monotonicity of a determinant function involving the derivatives
of the digamma function. Using their idea, we prove that their conclusion is also true for
the generalized digamma function. In particular, some of the work about the complete
monotonicity of these special functions may be found in [3, 4, 8, 10, 12, 17-22].

2 Lemmas
Lemma 2.1 For k >0 and x > 0, the following identities hold true:

Ti(x) :kilr(z), 2.1)
Ink 1 x
Vi (x) = - * %1ﬁ<%)- (2.2)

Proof Using the substitution ,\%ﬁ = u and u¥ = p, we easily obtain

K

BN

So, we prove formula (2.1). To (2.2), direct computation yields
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Lemma 2.2 ([1, 2]) For x >0, we have
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and

¥ (x) < —% - % (2.4)

Lemma 2.3 For k,x > 0,m € N, we have

o]

(m) _ (_1\mt+l 1

¥ () = (-1) ngi(nk”)mﬂ (2.5)
and

P ) = (1 /0 et 2.6)

Proof Formula (2.5) may be found in reference [15]. By using formula (9) in reference [15],

we have
w( )(x) = lim w( ’)(x)
k p—> pk

. el /1= e—k(p+1)t et
= lim (-1) — "™ dt
0

p—o0 1-—e*

71 t
=(-1)"™ t"e ™ dt.
(-1) /0 ol e
So, we prove formula (2.6). d

3 Main results
Theorem 3.1 For k > 0, the function x*yr(x) is strictly increasing on (0,00).

Proof Using Lemma 2.1, we have

I 1 / X 4 1 " X
w5 (7) wd ww -5 (7)
Combining with the identity ¥ (x) = (=1)"*1m! 3", m, we get
d, , 2%, (x\ x* ,(x
VW) = (%)%‘” (z)
> nk
=2 —>0.
xXO: (nk+x)° O

Theorem 3.2 For k > 0, the function @bk(i) is strictly concave on (0, 00).

Proof Easy computation results in

()4 (2)

Considering Theorem 3.1, we complete the proof. d
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Theorem 3.3 For k > —= =0.693361..., the function

s|~

(%) = Ye(x) + 1///<< )

is strictly concave on (0, 00).

Proof By differentiation and applying Lemma 2.1, we easily obtain

1 1
= v - i (5)

2 1 1 1
=i () + o0 ()

and

KBt 0] (%) = x 1///( )+2kxlﬁ ( 1) W(i).
kx

Applying Lemma 2.2, k > —=, and the recurrence relations

f
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= _S(Txkxﬁ [3k2 +9K3x + 9% + K2 (3k3 - l)x3 + 3k4x4]
< 0.

This implies that Ax(x) is strictly concave on (0, 00). O

Theorem 3.4 For x € (0,00) and k > 5=, we have

f

2Ink +2
1/fk(x)+1/fk<) %‘0() (3.1)

Proof Since the function Ag(x) = Y (x) + wk(i) is strictly concave on (0, 00), we get

(%) = 2,(1)=0, x€(0,1],
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and

It follows that A is increasing on (0, 1] and decreasing on [1,00). Hence, Ax(x) < Ax(1) for

x> 0. The proof is complete. 0

Remark 3.1 Let yr = —yi(1) = —M - —w( ) be the k-analogue of the Euler—Mascheroni

constant. It is obvious that llm;Hl Vk=7V.-

Definition 3.1 Itis known that the generalized digamma function v () is strictly increas-
ing on (0, 0o) with ¥ (0%)y(00) < 0. So, the function has a sole positive root in (0, c0). We
define this positive root for x;. That is,

Ink + w(%) =0.

Theorem 3.5 For x € (0,1) and %[ <k <1, wehave

I’k +y2=2(y +1)Ink

= (32)

Vi1 +x)Yr(1 - %) <
Proof Considering -- 75 = k <1 and the definition of xx, we have

1
—S=%0 = X = Xo,

J3
where xq satisfies ¥ (xg) = 0 with xg = 1.46163....
Case 1. Ifx € [x — 1, 1), then we have ¥x (1 —x) < 0 < ¥ (1 +x). This implies that formula
(3.2) holds.
Case 2. If x € (0, x¢ — 1], using the power series expansion

YA +z)=-y + Z ke(l)Z* Y, 1z <1, (3.3)
we obtain
V(1 +x) > lﬁk(k+x)— 1/f( k>

Ink 1
- 7+—[—y+2( D¢ (k) 1],

where ¢ (k) =Y ">, k is the Riemann zeta function.
Furthermore, we have

0<-yr(1+x) < —% + 1[ - (2x + £ (3)x%]. (3.4)
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Completely similar to (3.4), we have

0 < —y(1-%) S—% + %[V +§(2)y+§(3)k2;x"]

< % + %[y +C(2)x + {(S)xz]. (3.5)
Combining (3.4) with (3.5), we obtain

2k +y2-2(y +1)Ink

V(1 +x)yr(1 —x) <

2
by using ¢ (3)x* < 1. O
Theorem 3.6 For x € (0,00) and % <k <1, we have
1 I’k +y2=2(y +1)Ink
Vi) - w(;) < Y 5 Y : (3.6)

Proof We only need to prove (3.6) for x > 1. If x > x;, then we get 1///((}6) <0< yrlx). It
follows that inequality (3.6) holds true.
If x € (1, x¢] and setting x = 1 + z, we get

X

wk(l—z>swk(1).

Therefore, we have

Vi (x) - 1ﬁk<l> = Y1+ Z)lﬁk(l>
X X

= Y1 +2)Yi(1-2)
- In®k +y2-2(y +1)Ink
- K2

by using Theorem 3.5. 0

Corollary 3.1 For x € (0,00) and % <k <1, wehave

29 (x)Yi(2) - 2k +y2-2(y +1)Ink
Vi) + Yi(2) ~ klInk + v (3)]

(3.7)

Proof Applying Theorems 3.4 and 3.6, we obtain

20 (%) Y (3) . In2k+y2-2(y + 1) Ink 1

Vi) + Y(2) ~ 'S Vi (x) + Y (3)
>1n2k+)/2—2()/+1)1nk k
- k2 Ink +v(3)

The proof is complete. d
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Next, for m, n,j € N, we define the function p, by

¥ (x)

v @) |
v )

v (x)
Mn (x) = .
wlgm+n/’) (x) wlgm+(n+l)j) (x)

¥ (x)
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w[m+ (n+1)j] (x)

o
(m+2nj) x

k

Completely similar to the method in [11], the following Theorem 3.7 can be proved.

Theorem 3.7 For m,n,j € N, then (-1)"*V0D . (x) is completely monotonic on (0, 00).

Proof Using Lemma 2.3, we have

m m+j m+nj
Uy Uy Uy
m+j m+2j m+(n+1)j
X 0 o | " U (n+1)j
n+
o) = et [ [0
—00 —00 . . .
n+1 times u;n+n] u;n+(n+1)} MZHZ"I
X
eF(u0+"1+ +Uy)
7du0du1 -+ duy,
[Tizo
m m+j m-+nj
s 50 “50)
0 0 um+j um+2j m+(n+1)
_ L1y / / 5(1) 5(1) (1)
—00 —00 . . .
%/_J . . .
n+1 times m+nj m+(n+1)j . um+2”1
8(n) 3(n) 8(n)

e%(lloﬂll Fotily)
duogdu; - - - du,,

. [To(1 —e)

where § is a permutationon 0,1,2,...,n
Let sgn(8) be the sign of §, we can obtain

u0+u1+ ~+Uy)

ww—(wﬂf = il ms@&rh
i=0

n+1 times
0 j 1
Uy y
j 2j n+l)j
W, ul u(l )i
. . dugdu, - - - du,
n n+l 2n
unl u( Voo u

Z(ug+up+--+uy)

(1)n+1 ek ”
(n+1)! / /oo (1 ey o0

n+1 times

1_[ (ui—u?)duodu1~~~ du,

0<i<l<n




Yin et al. Advances in Difference Equations (2018) 2018:246 Page 8 of 9

Replacing uo, u1,...,u, by —ug, —u1,...,—u,, we get

oo 0o
() = (_1)(n+l)(rn+1)/ .. / e—%(uomﬁ.umn)
Lo I

n+1 times
. 2 u”
[T @-u)]] T duodur -+ duy.
0<i<i<n i=0
This implies that (—1)"*D0+ 1 (x) is completely monotonic. d

By taking n = 1, the following Corollary 3.2 can be easily obtained.

Corollary 3.2 Form,j €N, and x > 0, we have

)y () .
") P (%)

4 Conclusions

We established a concave theorem and some monotonic properties for the generalized
digamma function, and some interesting inequalities were obtained. These conclusions
generalize Alzer’s results. On the other hand, we prove a completely monotonic property

for the generalized digamma function by using Ismail and Laforgia’s idea.

5 Methods and experiment
Not applicable.
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