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Abstract

We study fuzzy stochastic bidirectional associative memory cellular neural networks
with discrete delays in leakage terms and with continuous and infinitely distributed
delays in the transmission terms. Under certain structural assumptions, we prove that
the networks in question are mean-square exponentially stable. Our main ingredient
is the classical direct Lyapunov approach, in which we construct an elaborate
Lyapunov-Krasovskii function. The arguments in the paper can be readily adapted to
study stability problems for other cellular neural networks.
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1 Introduction

Since the 1950s, various artificial neural networks (ANNSs) have been designed to solve
problems of pattern recognition, prediction, optimization, signal processing, associative
memory, control, and so on; see, for instance, [1]. Among them, the so-called bidirec-
tional associative memory network (BAMN) was invented and studied initially by a series
of papers by Kosko [2, 3]. In the last three decades, BAMN created by Kosko was mod-
ified into the so-called fuzzy (delayed, resp. stochastic) BAMs to describe the the fuzzy
transmission of information (aftereffect or memory, resp. stochastic perturbations) in the
concerned BAMNES; see [4] and the vast references therein for more detail on the physical
background of various BAMNS.

In recent years, deterministic BAMNs have been studied intensively and extensively
from the point view of control theory and/or dynamical system theory. Gopalsamy [5] and
Liu [6] studied deterministic BAMNSs with delays in leakage terms for their stability. Duan
and Huang [7] investigated fuzzy BAM neural networks with distributed delays and time-
varying delays in the leakage terms for their global exponential stability. Cai and Huang [8]
tried to understand better dynamic behaviors for memristor-based BAM neural networks
with time-varying delays by utilizing theory of functional differential inclusions. Wang
and Liu [9] studied a class of high-order bidirectional associative memory (BAM) neural
networks with time delays in leakage terms for global exponential stability. Balasubrama-
niam, Kalpana, and Rakkiyappan [10] established an asymptotic stability result for BAM
fuzzy cellular neural networks with time delay (discrete and unbounded distributed) in the
leakage term. Li and Fan [11] considered the stability problem of almost periodic solution
for Cohen—Grossberg BAM neural networks with variable coefficients. Song and Zhao
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[12] provided a stability criterion of complex-valued neural networks with both leakage
delay and time-varying delays on time scales. Song and Cao [13] proved the exponen-
tial stability for a class of impulsive BAM neural networks with time-varying delays and
reaction—diffusion terms. See [14—37] and the references therein for more information on
the study of stability problems for deterministic BAMNSs.

There is also a large number of references on stability and/or stabilization problems for
stochastic BAMNSs. Zhu, Rakkiyappan, and Chandrasekar [38] proved a stochastic stability
result for Markovian jump BAM neural networks with leakage delays and impulse control.
Senthilraj, Raja, Zhu, Samidurai, and Yao [39] provided the exponential passivity analysis
of stochastic neural networks with leakage, distributed delays, and Markovian jumping
parameters. Balasubramaniam and Vidhya [40] proved the global asymptotic stability of
stochastic BAM neural networks with distributed delays and reaction—diffusion terms.
Zhu, Li, and Yang [41] studied the exponential stability of stochastic reaction-diffusion
BAM neural networks with time-varying and distributed delays. Li and Fu [42] provided
an LMI-based stability criteria guaranteeing the global asymptotic stability for stochastic
Cohen—Grossberg-type BAM neural networks with mixed delays. Bao and Cao [43] stud-
ied the exponential stability of stochastic BAM networks with discrete and distributed
delays. Rakkiyappan, Chandrasekar, Lakshmanan, and Park [44] investigated a class of
Markovian jumping stochastic BAM neural networks with mode-dependent probabilistic
time-varying delays and impulse control for their exponential stability. Ye, Zhang, Zhang,
Zhang and Lu [45] considered the mean-square stabilization and mean-square exponen-
tial stabilization of a class of stochastic BAM neural networks with Markovian jump-
ing. Syed Ali, Balasubramaniam, Rihan, and Lakshmanan [46] provided a stability criteria
for stochastic Takagi—Sugeno fuzzy Cohen—Grossberg BAM neural networks with mixed
time-varying delays. Apart from the aforementioned references, there is still a large num-
ber of studies on the dynamics of stochastic BAMN:S; see [47—54], just to name a few.

Motivated by the results obtained in the aforecited references, we are concerned in this
paper with a fuzzy stochastic BAMN (see (2.1)) with discrete delays in the leakage terms,
time-varying delays, and infinitely distributed delays in the drift and diffusion terms. After
proving the existence of an equilibrium state, we focus on proving the mean-square expo-
nential stability of the network under consideration. The main contribution of this work is
establishing a mean-square exponential stability property for fuzzy stochastic BAM neu-
ral networks incorporating discrete delays in leakage terms and incorporating continuous
and infinitely distributed delays in the transmission terms. The novelty of our proof is
in employing an integral transformation to recover the dissipation mechanism hidden in
the leakage terms and to design an elaborate Lyapunov—Krasovskii function to obtain the
aforeclaimed mean-square exponential stability.

The rest of the paper is planed as follows. In Sect. 2, we formulate the main problem
of this paper and provide some preliminaries. In Sect. 3, we state and prove in detail the
main results of the paper. In Sect. 4, we provide an illustrative example for our results. In
Sect. 5, we conclude by several remarks.

2 Formulation of the problem and preliminaries

Let (2, F,F,P) be a complete filtered probability space, and let B(¢) be the one-dimensional
standard Wiener process on this space. We assume that the filtration F = {F;|¢ € [0, +00)}
satisfies the so-called usual conditions: (i) o contains all P-null sets in £; (i) £ = )., Fs.
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In the rest of the paper, EX denotes the mathematical expectation of a random variable X.
Our aim in this paper is to study the following model system for BAMN:S:

du;(t) = [—pyu(t —tyy) + Z,ml aj, ,(vi(8) + Z;Zl b, (vt — o1(2)))
g f Kyt - s)frj(vi(s)) ds
+ \/}. lﬁi].f Ky(t - s)frj(vi(s)) ds
+20 ciw +/\]1Tl}wg+\/]1H;wu+I]dt
+[37 1511}f1/(1/;(t)) +3 LB (vt - G15(2)))
+ A\ &1 f Ky(t —s)fl,(v,(s))ds

+ \/j=1 ﬁij f_oc Kyj(t - s)f( vi(s))ds)dB(t), i=1,...,n,

(2.1)
dvj(t) = [—szV/(t— ) + Doy Apfaiui(®) + o1y bfaiui(t — 024(1)))
ALy of [ Kailt = $)fi(i(s)) dis
+ \/,» lﬁ,% f Kai(t = )foi(ui(s)) ds
+Zz 1 ]z l /\l lTﬁwjzz-"\/i 1]—1]21W121+]/]dt
+ [Zz 1 1 21 u; (t Zz 1%ji Zl(u t— UZl(t)))
ln 1 ﬂf I<21(t S)fZZ(ul(s)) dS
+ \/l.=1 i f_oo I(Zi(t—s)lef(ui(s))ds] dBt), j=1,....m
supplemented by the initial value condition
ui(s) = ¢i(s), vi(s) = ¥;(s), Vs e (-o0,0],P-as., (2.2)

where A (resp. V) denotes the fuzzy AND (resp. OR) operation; u1; > 0 and 15 > 0 describe
the time scales of the respective layers of the network; 71; > 0and 5; > 0 denote the discrete

ak,bl,bial,a

72
delays in the leakage terms; thetransmlssmncoefﬁc1entsa”, i Dijs B 015 0 ﬂl], i U, a;,

bu,bﬂ,au,a 0 ﬁz;’ ﬁ/; € R reflect the connections of the neurons; the activation functions
i f1,, i f2i map R into itself; 1(1,,1(1,,Kzl, and Ky, reflect the hereditary properties of the

network; ¢k, ¢2, T}, T2, H} HZER w , wh

i G Lij» L My, }l,I,,],aremputs,L—1,...,n,]—1,...,

i’

Assumption 1 fis,fi¢ are Lipschitz continuous, where £ = 1,...,n for k = 1, and £ =
1,...,mfork=2.

Assumption?2 Ky, Ky € LIOC [0, +00) take nonnegative values. There exists ¢ > 0 such that
Jo = Kie(s)e ds < +00, £ = 1,...,nfork=1,£=1,...,m for k = 2.

Assumption 3 The bounded functions oy(t), ok (¢) : [0,+00) — [0, +00) are continu-
ously differentiable and such that 0 < oy (£) < £,0 < 0k (£) < £ SUP,c[o,,o0) Oke() < 1, and
supte[o,mo)ék((t) <L, ¢=1,...,nfork=1,¢=1,...,mfor k =2.

For convenience, we denote

g = sup{s >0 ‘ / Kij(s)e® ds,/ 1~<1j(s)e“ ds,/ Kyi(s)e® ds,
0 0 0

/ Koi(s)e™ ds < +00, izl,...,n,jzl,...,m} (2.3)
0

Page 3 of 26
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and

. +00 M +00 -
[(11'(8) = / I<1/(S)ess ds, 1<1j(5) = / I(lj(S)ess ds,
0 0
o +00 M +00 -
Kyi(e) = / Kai(s)e™ ds, Kyi(e) = f Kai(s)e ds,
0 0
(u) - f1:(v ~ f i\u f,
Llj = flij( ) fl]( ) , Ll/ = Ssup flil( f
u,veR,u#v u-—-v u,veR,u#v u—-v
(u) = Fi(v - £(u) = Fi(v
e s [BOBO) R -R)|
u,veR,u#v u-v u,veR,u#v u-—-v
. . - : (2.4)
G1j= sup &y;(2), G1j= sup &y(2),
te[0,+00) te[0,+00)
Goi= sup Gy(t), Goi = sup &2u(t),
te[0,+00) te[0,+00)
o1j= sup oy(f), glj = sup ay(t),
te[0,+00) te[0,+00)
02i= sup o0y(t), Ga= sup G&ylt),
te[0,+00) te[0,+00)

€[0,8), i=1,...,m j=1,...,m.

By Assumption 1, 0 < Lie» Lie < +00; by Assumption 2, 0 < & < +00, and f(ke(&’),f(ke(é‘) are
increasing in [0, £); by Assumption 3, 0 < 6;(5,(:7” <1.Heref=1,...,nfork=1,and £ =
1,...,mfor k=2.

We are now in a position to introduce the notion of equilibrium states. Loosely speaking,

an equilibrium state of system (2.1) is any solution to the system

j<1

m m m
—pu; + Za}.}ﬁj(vf) + Zbll}fl,(v]*) + /\a;f(l,»(O)flj(V;‘)
j=1 J=1
m

m
+\/ﬁl11(1, fl} ch}w +/\T1 L \/ UWU+1 =0,
j=1 j=1

j=1

m

>l Z o] /\ SRy (O () + \/ ALKy (0 (v7) = 0
j=1 1

(2.5)

M2]Vl + Z Lf2l be‘fm( /\ [<2l(0)f2t )
i=1

\/ BROu7) + Y + /\Tﬁsz \/Hiw} =0, and
i=1

i=1

Z ;fZl ZEJZJ?ZL( /\ I(2z(of2t \/,3111(21 fZl( ): )
i=1

i=1

i=1,...,nj=1,...,m
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Definition 1 Let w},wf,w}j, wl.zi,li,]j € LX(Q,F0,P),i=1,...,n,j=1,...,m. Then (u},...,
u,vi,...,vi) € LA, Fo,P;R™™) is said to be an equilibrium state of system (2.1) if

(uy,...,u,vi,...,v;,) is the solution to the system of equations (2.5).

Definition 2 A function (u1,..., 4y, V1,..., Vi) : 2 X R — R is called a solution to ini-
tial value problem (IVP) (2.1)—(2.2) if (u1(2), ..., uu(£), v1(t), ..., vim(t))i>0 is F-adapted and
(1, ...y Uy V1,..., V) satisfies the model (2.1) and the initial condition (2.2).

Definition 3 System (2.1) is said to be mean-square exponentially stable if every solution
(1, ., Upy V1y ..., Vi) 1O IVP (2.1)—(2.2) satisfies

]E(Z|ui(t) —ut CE ;f|2)

i=1 j=1

Eée_gt sup E’(¢1(':S)»-~,¢n(':s)»wl(';s):---rlﬂm(',s)ﬂz

s€(~00,0]

for every ¢ € [0,+00) and some C > 0 and & > 0, where (u},...,u%,v},...,v},) is an equilib-
rium state of system (2.1).

Remark 2.1 Note that if (uq,...,uy,,v1,..., V) is a solution, then
(ul! ey Upy V1o ey Vm)lQX[O,+OO) € L%‘(Qr G([O! +OO); Rn+m))~

Remark 2.2 Let Assumptions 1, 2, and 3 be fulfilled. By the theory of stochastic ODEs,
for every (¢1,...,Pu Vis- -, Um) € C((—00,0]; L2(R, Fo, P; R™™)) satisfying (a) (¢1(w, ), ...,
bul®,"), ¥1(®,), ..., Ym(®,-)) is continuous on (-00, 0], P-a.s., and (b) sup,c o, o) El(#1(-5),
s D (8), U1 (5 8)s s Y (-, 8))|? < +00, IVP (2.1)—(2.2) admits a unique solution.

Remark 2.3 If system (2.1) is mean-square exponentially stable, then it has a unique fixed
point.

We conclude this section by including two necessary lemmas. In the first lemma, we
present the well-known Gronwall’s inequality, and in the second lemma, we collect two
facts about the fuzzy AND and OR operations. Since the proofs are not rare in the litera-
ture, we omit their details here.

Lemma 2.1 (Gronwall’s lemma) Let § € R, let x : [ty, T] — R be bounded, and let h :
[0, T] — [0, +00) be Lebesgue integrable. If x(t) < § + ftg h(s)x(s)ds for t € [to, T, then

x(t) < 8¢l "% for all t € 10, T).

Lemma 2.2 For all x = (x1,...,xx)", ¥ = 01,...,9n) " € RN, and (uq,...,un)" € RN,
we have | \/j_1 ki — ooy vl < 3 per [kllox — yil and | Ny e — NNy iyl <
S Ll 2k = yiel-

3 Main results and their proofs
In this section, we prove under some conditions that system (2.1) has a unique equilib-
rium state by Banach’s contraction fixed point argument and prove under some additional
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conditions that system (2.1) is mean-square exponentially stable. The main ingredient in
proving the stability result is a well-chosen Lyapunov functional. We first state the first

main result concerned with the existence of equilibrium states of system (2.1).

Theorem 3.1 Let Assumptions 1,2, and 3 be fulfilled. Suppose in addition that the follow-
ing two properties hold.:

() If (u1,..., Uy, V1, ..., V) Solves the system

pm = Y00 alfyi () + S bifi () + A\t Ky (0)fi;(v)

+Vii B 1<1,(0f1,(V,)+Z, Lehwh e NI Thwh + \/2 Hiwl + I,
Majvj = Zi—l“ﬁf% D+ b ; +/\z 1 111<21( Vai(ui)

+\Vi, B 21(2: O)le(u)+2, 1 /z wi + APy T,%W;zz + Vi 1H;21W;21 +Jjs

then (U1,...,Un, V1,..., Vi) Satisfies

1“)f11(Vl) + Z/ b} 11("1) + A\t NIKU O)flJ(V/) +V;. 1/3 KlJ(O)fIJ(VJ) 0,
> ﬂj;fZi(”i) +3 b,-fzi(uz') + A\ 111<21(0)_f21(u )+ Vi B 21<2L(O)f2i(uz') =0;

(if) A1 <1and Xy <1 with

Lyj(laj;|+1b}|+Ki;(0) o +K1;(0)|B] )
A =maxi<jom ) oy J i,

Lai(|a; |+|b2|+1<2,< )\a2|+1<2,< 0)IB31)
M) :

(3.1)

Ay =maXi<i<y ) )
Then system (2.1) admits a unique equilibrium state.

Proof Let us define the nonlinear mapping on R"*” by

U (Ulyeees UpyVisenns Vi)

M1 M11 M11 M11

) (i ayhy(v)) N i bifii(v)) N /m\ o} Ky (0)fy(v) N \m/ BLK(0)f(v)

j=1 j=1 j=1 j=1
1 m 1 m 1
T Wl/ H; Wl/

Z +/\” V=

j=1
gl Ky(O)hi(v) " BLKO0)fi(vy) I Eaw! " Tlw
+/\n/1]fl11+\/n111f111+ n1}+/\n1n1

s i @i (V) . i by fii(v))

M11 M11 Min Min

j=1 j=1

j=1 Hin j=1 Min =1 MHin =1 MHin
1 v
+ \Wl/ Hn] n} n Z 11f21 Z bifh(ul) " /Vl\ a%il<2i(0)f2i(ui)
Mln o M2 o M2 i1 Ha1
n >, n n
L\ B O)foi(oms) | ) av | /\ Ty, \/ Hiwi, | S
H21 21 21 H21 M21

i=1 i=1 i=1 i=1

Z a2, foi(u;) Z mle(u) afmkzi(oyzi(ui)+\”/ 2 Koi(0)fou(us:)

Mom MHom Mom Hom

i=1 i=1 i=1 i=1
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Zmzz /\mzmz \/Hrzmmz_l_]l)

i1 M2am i1 Mom j=1 M2am M2m

for (u1,..., Uy, Viy..., V) € R,

For every X; € R™” and every X, € R"" with X; = (uy,...,uu,v1,...,vy) and X5 =
(®1,---»%w Y1 --+»¥m), by Lemma 2.2 and by conducting some routine calculations we ob-
tain the following sequence of inequalities:

¥ (X)) - (X))
=)
i=1

"aif0) N D) R K000 " BKG(0)f ()
> > A 1\{

1 M o M Hii

" oalfiv) b)) el Ky0)fv) ", B (0)f(v)
+ + +
> > A \/

=1 i =1 Hii j=1 i i

i1 M1

Z /,f21(ut sz Zt z /n\ ]L1<2z th(u) \n/ 21(21 )sz(u)

-1 M)

53

j=1

—Z 1,f21(xz Z ;fZI(xl _/n\ ],1<2l(0)f21(x1 _\"/ﬂ,%kzi(oyzi(xi)

=1 M2j

IA

. i bl'l'}flj(v/‘) ~ i bifri(v)

-1 i =1 Hii

i ﬂ};ﬁ;‘(V/) ~ i "Zl'l‘)flj(yj)
1 Hii =1 Hii

2

. /m\ Ky (0)fs;(v)) ~ /m\ Ky (0)f ()

i1 Hii i-1 Hii

\m/ BEK;(0)f3;(v) \m/ BLK(0)f3;())
+ —_— —_—

j=1 M1 j=1 M1

" Bfuln) I Bl
) D B

1 1] 1 o)

o]

m n
<k Iyl 4k Yl — x| < max(ra, A) X1 = Xa
j=1 i=1

m
+
j=1

A zl(2l(0)fZl(ul N 1<21(0)f21 (%)
/\ J

/\”

" 21(2;(0)f21(uz " ,3,%K2i(0)f2i(xi)
e g

]LszM) " ]21
LR

i=1

i=1 K

i=

where A; and X, are given by (3.1). Since A; < 1 and A, < 1 by assumption, this means
that ¥ is a (strict) contraction on R"*"”. By Banach’s contraction fixed point argument,
¥ admits a unique fixed point (uf,...,u},v,...,v},) in R™". By the definition of ¥,
(uy,...,u,vi,...,v},) is indeed an equilibrium state of system (2.1).

The uniqueness can be obtained readily, since ¥ is a strict contraction. The proof is
complete. O
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Theorem 3.2 Let Assumptions 1,2, and 3 be fulfilled. If M1,(0) < 0, M5;(0) <0 (i=1,...,mn,
j=1,...,m), and the hypothesis of Theorem 3.1 are satisfied, then system (2.1) is mean-

square exponentially stable. Here My; and My; are continuous functions on [0, &) given by

Mii(e) = (/Ll e Z|aZI|L1, + Z| |L2l + Z|b |L1] £01j

+ Z|al]|L1]K1,(e) + Z| 2|Lyikni(e) + Z\ Bh|L1jKoj ()

j=1

“ 2 ~ . |L21 UZIO'ZL
+ Z|131’i |LaiKi() + 21" (g™ — &) 1y; + Z

j=1

+ E w1 a

1 -6y

efr et 1 £
l]|L1]7-'lz + E Haj€ 2’| |L2172/+ E piie” ™| by; |L11 61}711

j=1

b2|Lyie 2 195y

m ET)i
e |b;;
+
1-

m
+ Z|Ol,«1j|L1jM1i€””K1j(8)f1i

o Gai
+Z| 7| Loipnoe % Ky 8)7-'21+4ZZ| |2|Z21|2
i=1 j=1
| |L21| 021 <
422 ZZ| 2P Lo Kaile) ) Kaile)
i=1 j=1 i=1 j=1
n m B 9 ~ v v
+4(ZZ|I3,%| |L2i|21(2i(8)>1<2i(8)y (m1)
=1 j=1
and
n n |L oy
Miy(e) = —2(pye’™ ) + Y |ab|Ly + Z| % Lo + Z 11] 5 v

i=1

+ Z|al,|L1,1<1,(e) + Z| 2| LoiKoie) + Z|ﬁ,, |LyjKoyy(e)

i=1

n n
+ ZLB,% |L2if<2i(8) + 2p0e"Y (Mz;‘em" —&)Ty + Z|b,21 |L2i6832i

i-1 i1
+ Zm e |ﬂ,|L1/f1z + Z Moy 6”2’| 2| Loityy

pai€ byl L1je" 7V 110

>

1-06y;
i=1 1

n n
2 Foi 1 ™
+ E [h2j€" ™ | b | Loie ™ 15 + E || Lyjperie” ™ Ky () s
' i1

+Z| | Laipoef /KZL(S)T2]+4ZZ| |L1;

i=1 j=1
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BPILGEY (SN o e\
ZZ 1 z, . ( Z|a/21|2|L21|21(1](8)>1(11(8)
i=1 j=1 1j i=1 j=1
+4<ZZm;|2|z2,.|2f<1,(8>)f<1,(8), (m2)
i=1 j=1

Proof Let (uf,...,u},v},...,v},) be the unique equilibrium state of system (2.1), and let
(¢41,..., Uy, V1,...,Vy) be the solution to system (2.1) with initial data given by (2.2). Ob-
serve that (i41(2),...,u,(£), V1i(t), ..., V() = (1 (&) — 5, ..., 1 (£) — 15, vi(v1) =V, o, V() —

v¥,) is the unique solution to the following initial value problem

d[

xl

i) — i f) o, 4i0) do]
= [—pyui(2) + Z, V(v +v(8) - (V)
+ 27 bi(hy(vF + 9t = 00(2)) = £ (v)))
+ A l]f Kij(t = s)fyj(v; +Vi(s)) ds
711 z,f Kyt - 5)f11( vi)ds
+ V7 Bj ffooKlj(t—s)ﬁj(v/ +¥i(s)) ds
=\ B [ Kaj(t = )fsj(ve) ds) dt
+ [Z, La(hivr +7(0) = f()
+ 20 l,(fl;(V + 95t = 61(8)) = iy (v)) )
+ \mal [ Kyt - )fi(v; +7(s)) ds
— N [f Kyt - 9)fy(v) ds
+ \/j=113ij [ Kt —s)flj(vj +i(s)) ds
=V Bl [ Kyt = $)fi;(v7) ds) dB(),
dlyy(e) — oy [, 7(0) db]
= [=1a9(8) + 207, ag(foua + i(2) fz,(u*))
+ i by + 1yt = 024(2))) = fri(u
+ Aica ,,f Kot = s)fai(u] + (s ))dS
AV ”f Koi(t — 8)foi(u}) ds
+ Vi, i f_ool(2,-(t—s)ﬁ,~(ui +i1;(s)) ds
=iy B2 [* o Kailt - s)foi(u) ds) dt
+ [0 @il + w®) - fosls})
+2 ,,(fzz(u + ikt — 62(8)) = fou(u))
+ ALy ]lf Koi(t — s)foi (e + i1:(s)) dls
JAVEY’ ﬂf Koi(t — 8)foi(u) ds
+\Vi, ﬁﬁ ffoo Kot - S)_fy(lzti +u;(s)) ds
= Vi1 By [ Kot = $)foulws?) ds) dB(e),
u;(s) = ¢i(s) — uf, Vi(s) = ¥i(s) = vi, Vse(-00,0],P-as.,
i=1,...,mj=1,...,m
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Let

Izi(t)» t<0,
Ui(t) =
e”ﬁi(t)) t=> 0;

fori=1,...,n, and let

l-/l(t); t < 0)
etvi(t), t=0,

Vi(e) =
forj=1,...,m. By Itd’s rule, we have
du;(t) = e~ (dU;(t) — eUj(t) dt),

and

t ¢
d/ u(s)ds = d/ e *SUi(s)ds
¢ ¢

—T1i —T1i

= [e* Ui(e) - eIt - )] dt

= e_St[ui(t) - eETli Ul(t - tli)] at

= [(1 — MU (t)dt + e Mid U;(s)ds

Therefore

ﬁmnﬂmftmwmﬂ+m@mm

—T1i

t

=du;(t) — pud ui(0)do + pyu;(t) dt

t-19;

= ™! (AU (8) - eLy(8) ) + pye™ Ui(e) dt

— e |:(1 — ) Uy(t) dt + e Mid

t

=e " {d [Ui(t) - pe’™

-1y

Similarly, we have

%Mﬂﬂ%/ @wwﬂ+mﬂmﬁ

—Ty

t
= e_gt{d[vi(t) - ,U«Ziemj/ Vj(s) ds] + (MZjemj - 8)‘/}(” dt}’ j=L...,m.
L

—Tgj

L[i(s) dS] + (/que”” - S)Ui(t) dt}, i

Page 10 of 26

With these preparations in hand, we can deduce that, for every solution (i1, ..., iy, V1, . . .,
V) to IVP (3.2), (Uy,..., U, Vi,..., Vy,) is the unique solution to the initial value prob-
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lem

dAlUy(t) - paet™i f) o, Uils) ds]
= [~(mae™ = e)Ui(8) + 3j2 aze™ () + e Vi) = /(7))
Z, 1 l, G + e D Vit — 01(1))) —f;(¥))
11 ll ”f Kyt = s)fyy( v +67”V(S))d5
aget [ Kt = s)fyj(v7)
+ vj:lﬁi/egt f—oo Kyt = s)h(v; +e ‘”V/(S))dS
—\/,*”1/3,-} et [ Kyj(t - s)f(v7) dsl dt
+ ] 1 l] ”(fl,(v +e ' Vi(t) f1; vi))
+ 1 " b} ”(fl, v 4 ot al,(t)v(t a1j(1))) —ﬁj(vl’.‘))
+ A\ & ”f Kyji(t - s)fij( Vi + e Vi(s)) ds
/\,’“1 ~,§ ¢ [1 Kyt = 9)fyy(v) ds
+ ]1 ”f Ky(t —s)fl,(v +eVj(s)) ds
-Vi 151';3”f Kyj(t - s)fy( v})ds] dB(¢),
dLVi(t) = uae™ [, Vi(s) ds)
= [~(naie’™ — ) Vj(t) + X1y aze™ (fuuluf + e Ui(t)) — foi(u))
+ 3 b ,l e (foi(uf + e DUt — 09:(2))) — foi us])
AV ,l “f Kyi(t = s)foi(uf + e Uy(s)) ds
- Nie1 & 2e°t [ Kailt — s)fai(u}) ds
+Vie 1/3,% et [1 Kot — s)fsiu} + e Uy(s)) ds
-V gtf Kot = s)foi(uf) ds] dt
+[Xka /‘i e (i u} + e U(2)) - foi 1))
+y b ,, 26 (it + e COUO Ut — G2(1)) — foulu))
+ N1 @ ”f Koi(t — s)foi(u? + 55U (s)) dis
- N\ & ”f Kot — s)fou(u?) ds
+ Vi 1#3;% et [1 Koilt = )foilus} + e Ui(s)) ds
-Vi ﬂjzi et ffoo Kgi(t—s)fzi(u}k)ds] dB(t),
Ui(s) = ¢ils) —uj, Vi(s) = ¥(s) = vi, Vs e (-00,0], P-as,
i=1,...,mj=1,...,m

+

Let V(t;¢) =E Zi:l Vi(t; €), where Vi(t;€) (k = 1,2,3,4) are defined by

n t 2
Vi(t;e) = Z Ui(t) —I«LliBHU/ U(s)ds| ,
i-1 -
|b2|L21 £02i t 2
Vy(t;e) = ZZ / |Ui(s)| ds
i=1 j=1 2i t—0;(t)

+ZZ| |L2L/ €% Ki(s) /t_s|ui(9)|2d6ds

i=1 j=1
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and

Vs(t;€) = Z

+00 t
+ZZ|/311|L21/ eSSI(Zi(S) /t~_5|Ui(9)|2d9ds

i=1 j=1

t t
+ Zﬂliesru (Mliesm _ 8) / |Ui(s)|2dsdr

t-11; JT

Y e

,]‘LU/ ’U | dsdt
t-11; JT

i=1 j=1
t
+22uue”h‘ by|Lye / |us) 2 dsdr
i=1 j=1 -1 JtT
n m ET2j | 12 £09;
Waje” ™ by | L€ % 1y /t )
= u; d
+;; 1-0y t*f’zi(t)| l(S)‘ ’
t
+ZZ’%‘L1}M1,6 ‘Kl i(e) ’L[i(s)yzdsdt
i=1 j=1 t-11; JT
+00 t 9
+ZZ| i Lainsye rZ’TZJ/ egusi(S)/ |U:(0)|” do ds
i=1 j=1 0 l=s
t
+ZZ|5U|L1/M1z £ ’1(1/(8) |Ui(s)|2dsdr
i=1 j=1 t-11; JT
t
+ZZ|/%|L2M; Ty / " Kai(s) / |U(6)|* d6 ds
i=1 j=1 i=s

(Zzuﬂ MZ)Z/ s

i=1 j=1 1-0 t=62;(t

+4<ZZ¢5‘2| Lai ZKZ‘(S))Z/ Ki(s)e® / |L(O)[ do ds

i=1 j=1

+4<Z Y BT 21<2l(e)>z / O f |U(0)|* d6 ds,

i=1 j=1
" 2

’

t
Vi(t) — poje™ / Vj(s)ds
-1y

j=1

t

blL
V4(t8)—zzl ll/ ’ / |V,'(S)|2ds

j=1 i=1 t-01(t)
+00 t
+ZZ|O{U|L11/ eSSKlj(S)/ |V](9)|2d9ds
j=1 i=1 t-s

+ZZ|ﬁl]|L1/‘/ ssKlj(S)/t_s|V/(9)|2d9ds

j=1 i=1

Page 12 of 26
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t

m t
+ Z [oje”™ (uoje”™ — €) / | Vj(s)|2 dsdt
-1

L’—‘L’zj T

+szw|w/

j=1 i=1 t-

pge b} Lyje™

/ T1i t 2
Vi d
i Z Z 1- 01 Z_Glj(t)| I(S)| S

j=1 i=1

/|V(s)| dsdt
'Ez] T

t
/ \Vi(s)|* dsdx

+ ZZMZ 6”21|b2|L e”zl/

j=1 i=1 t—Ty;
+00 t
+ZZ|“L/|L1/M“6 hT“/ egsKli(S)/ |Vj(0)|" do ds
j=1 i=1 t—s
t
+ZZ| 2| Lyipuaje" ™ Koi(e) Vi(s)[* dsdr
j=1 i=1 t— T VT
+00 t
+ZZ|/3,,|L1;M1L i/ 8851<1;‘(S)/ |Vj(0)| do ds
j=1 i=1 t—s
t
+ ZZ|/31,|L21M2; Y Koi(e) V()2 dsdr
j=1 i=1 -1y Jt

1B} |L1,|2

Tyt

j=1 i=1 1_ (]

)Z/ ’V;(s)’zds
+4<ZZ|“1| Ly PRy ’3)>Z/+ Kij(s) / |Vj(©)|” do ds

i=1 j=1 ]:10

0

+4<22|ﬂ1,! L) )Z/ Kyy(s) / |V;(0)|* a6 ds.

i=1 j=1 j=1

Let us denote

AlU(E) - e [ ., Uils)ds] = () dt + axi(6) dB(t), i=1,....m,

d[V( ) — o€ e’y ft ) )ds] bl/(t) dt + sz(t) dB(t), j=1,....m

By It6’s formula,

t
Ui(t) — 6”“/ U;(s)ds
t:

—T

n

- Z{Zali(t)[ui(t) — Lyl /t U;(s) dSi| + {QZi(t)|2} dt

i=1

+2Z[ — ;€™ / t 'Ui(s)ds]agi(t)dB(t).

Page 13 of 26

(3.4)

(3.5)
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Thanks to (3.3) and (3.4), we have

t

Zah t)[ () — pye™
__Z Mleé‘l’ll_ |LI(t‘

Ui(S) ds:|

t-19;

+ZZa LUE) (i (v) + e V(D) - £;(v)))

i=1 j=1

3 S B 4 e IOV —000) i )

i=1 j=1

+Z stu(t)|:/\ocl]/ Kl,(t—s)fl,(v +e Vi(s)) ds
—/\0%1;/ Kyj(t = ) (v)) ds:|
=1 0T
n Zestui(t) |:\/ ,3;/ Klj(t—s)ﬁj(v}" +e7 8 V](S)) ds
i=1 j=1 o
_ \/ﬁ;/ Kij(t = ) (v)) ds:|
=L T

n t
3 e e - e)u) [ sy
-1y

i=1

t

- Z Z Wi e”llale” U;(s) a’s(fl,»(vj.‘ +e V(1) —flj(v/’.‘))

i=1 j=1 st

e11; 1,1 et
—E E 1€ 1lbije

i=1 j=1

* / Ui(s) ds(fiy (v + e VOV (e - 011(8)) = fis (1))

—T1i

—Zm e et f Ui(s) ds

X[/\“"l"/ Kyt = fy (] + V) d /\a,, [ Kite-ssi07) }
j=1

- peie’t t U;(s)ds

; 1 /t—fu

|:\/131,/ Kyt - sfl,(v +e ”V(S)) s

_\/’3"}/ Kl"(t‘s)ﬁf(vf)dS} (3.6)
a1 e
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Let us spare some space to analyze the right-hand side of (3.6) term-by-term. Firstly, we
have

2D D apet Ui (fy (v + e Vi) £ (v)))

i=1 j=1

=220 lajle [uO|Ifs (v + Vi) ~£ ()]

=1 j=1
= 2> Iyl U@’ (3.7)
=1 j=1 j=1 i=1
where the first inequality follows from the Cauchy—Schwarz inequality. We have
2|30 e Uy (v + e OV (e 0,0) i >>‘
i=1 j=1
<237 Y |Lybjle v U]y ( - o)
=1 j=1
<Yl + 30 3 b e Vi - o)
=1 j=1 j=1 i=1
n m : |L1 bl |egal d
:ZZ|LU |e8 11|L[(t) ZZ 1] G i) )| j(s)|2ds
i=1 j=1 j=1 i=1 1
|byIL S"1’(0" (t) - 61))
+ZZ Ve IOV vt - o 0)) e
j=1 i=1
|Lyb}: |e i &
DI — e 69)
j=1 i=1

where the first inequality follows from the triangle inequality and the definition of Ly;, the

second inequality follows from the Cauchy—Schwarz inequality, and the equality follows
from some routine calculations. Further, we have

”Ll(t)|:/\a” / Kyj(t = s)fiy (v} + € Vi(s)) ds

Nt [ Klj(t—s)flj(vf)ds]
=L 0T

<2 e |Ui)|
i=1

m t
A< / Kij(t = ) (v + e V(s)) ds
1 e

/\alj/ I<1J(t S)flJ( )

<zZZL1,|U(t||a,]|/ FEIK( — 5)| Vils)| ds

i=1 j=1
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<ZZ|L1/%|KU(8)|” ®)* +ZZ|L11%| / S Kyj(s)| Vit - 5)| ds

i=1 j=1 j=1 i=1
ZZle |Kyje) o) ZZlef,«lkuw)\vf(r)lz
i=1 j=1 j=1 i=1

—ZZ|L1, / e Kiy(s) / \Vi(6)[” db ds, (3.9)

j=1 i=1

where the second inequality follows from Lemma 2.2, the third inequality follows from
the Cauchy—Schwarz inequality, and the equality follows from some routine calculations.

Similarly, we have

stu(t)|:\//3l]/ Ky(t —S)fl,(v +e Vj(s))ds

\/,3” / Kyt - )fy;(v)) d ]

> LB Ko | U; @ +ZZ|L1],3U|K1](€ Vi)
i=1 j=1

j=1 i=1
m n . d +00 t 9
DA / e*Ky;(s) / |Vi(0)|” d6 ds. (3.10)
dt
j=1 i=1 0 t=s
We further have

t

n
2 Z i€ ™ (et — ) Ui(2) U;(s) ds

t-11;

n t
<2) pue™ (e —e)|Ui(e)| | |Uis)| ds

i=1 t-71y;

< Zﬂuem" (1™ - 8)/ (|Ui(5)|2 + ‘Ui(t)F) ds

i=1 =

n
=2 Z Tyip1e” ™ (ne™ - g) |U;(2) |2

i-1
n d t

- Z p1i€ ™ (e —g) — / |Ui(s) ’2 ds, (3.11)
i=1 dt Ji,

where the second inequality follows from the Cauchy—Schwarz inequality, and the equality
follows from some routine calculations. We have

Z Z i e”hale” Ui(s) ds(fy; (V]* +e V(1) - fi) (V/*))

i=1 j=1 [t

<233 e Lyl / )| ds| V()|

i=1 j=1
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m n
< ZZMhe | Lyja; a; / |Ui(5)|2d5+ZZMliemliTuMliﬂ}jHVj(t)|2

i=1 j=1 [t j=1 i=1

m n
Lljﬂilj| |L1i(s) |2 ds + Z Z M1,~€”“T1,’|L1ja}j| | V,r(t)|2

n m
ET1i
ZE E el

=1 j=1 j=1 i=1
—ZZM “HLyay] — / /|L[(s)| dsdr, (3.12)
i=1 j=1

where the first inequality follows from the triangle inequality, the second inequality fol-
lows from the Cauchy—Schwarz inequality, and the equality follows from some routine

calculations. By some calculations as in (3.8) and (3.12), we obtain

n m t
2 Z Z ,ulie””bilje” Ui(s) ds(fyy (v]* + e elt-oy®) Vi(t - 0y;(2))) —fl,-(v;‘))

i=1 j=1 =7

n m
< Z Z €T ef Y |L1/b,'lj | Ty | Ui(t)|2

i=1 j=1

n m B d t t 9
S S e nypt) / / \(s) [ ds
dt t-11; J1

i=1 j=1

M1 €1 %1 7—'11|L1]b,1|(01} 01})

593 s V(= o)’

j=1 i=1

T Mliesrli|b,'1j|Llje€EU7—'h d [t 9
Yy o CIRE
-0y LJe

j=1 i=1 ~o15(t)
m n 1 P
pai€ byl Lyje" TiTy5y; 2
+2.2 o vl (3.13)
j=1 =1

We have

Zul e”“e”/ s)ds|:/\otl/ Ky(t S)fl,(v +eVi(s)) ds

¢ i=1 —o0

—/\ozl]/ Ky(t - S)flj( ;) d :|

<2 Z Z“’l €7 | Lyjor; | |LI )| ds/ e U Kyt - s)|Vj(s)| ds
t-T1y; 0

i=1 j=1

< ZZMh e |Lyjo 11|K1] €) |Ui(S)|2dS

i=1 j=1 -ty

+ZZuhe 1’11,|L1] l/i/ e Ky;(s) |V(t—s)| ds

j=1 i=1

n m
= Z Z pie |L1jai1j|1v(1j(8)fli|ui(t)|2

i=1 j=1
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_ZZ'“““E 7 /t|L[,-(s)|2dsdt

Lllozl]|1(1,(€ pr /
i=1 j=1 4

+00 t
S e vnliel] & [ e [ ot
t-s

j=1 i=1

m n
Y0 e iy Ly Koy (

j=1 i=1

T1i

(3.14)

where the first inequality follows from Lemma 2.2, the second inequality follows from
the Cauchy-Schwarz inequality, and the equality follows from some routine calculations.

Similarly, we have

Zul e”lle”/ U;(s)ds

t-11;

|:\//3,,/ Kij(t = s)f(vi + e Vi(s)) ds

\/ﬁl]/ Kyt s)flj(vl’.‘) ds:|

m n

Z Hoje ”2"L2; ’1(21 &)1y | Vj( t)’
j=1 i=1

_ZZM2j38T2i|L2iaj2i|I<2l(€) —/ |V(s)| dsdt

j=1 i=1 =my /T

+00 t
_ZZ 127" T Loser ﬂ|— / " Ka(s) / |16 db ds
t-s

i=1 j=1

+ Z Z Moje™ 72j|L2i05]‘2i|Iv<2i(8)|ui(t)|2' (3.15)

i=1 j=1

Now, we estimate the term Y, |uy;(£)|*. By the inequality (a + b + ¢ + d)* < 4(a® + b* +

¢ + d?) we have

2

Z|u2, t)| <4Z Zale’”(fh v+ e V() - £ (v)))

i=11j=1
2
+4Z Zbl (v + e V(- 6500))) - A7)
i=11j=1
+4Z /\oz e? / Kll(t—s)fl, Vi + e V(s)) ds
i=11j=1

2

m t
_ /\&iljeé?t/ f(lj(t - S)_]?ll'(V;»k) ds
j=1 -
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+4Z

i=1

\/ﬁ1 ”/ klj(t—s)ﬁj(vf+e_83W(s)) ds

j=1

2
—\//31 “/ Kyt - )y (v;) ds (3.16)
We have
2
Z Za e”(fl} v +e V(1) —flj(v;-‘))
i=1 | j=1
n m 2
<3(Soaiviol)
-1 \j-1
< (ZZ|Z1,{:}, 2) (3.17)
i1 j-1 1

where the first inequality follows from the triangle inequality and the definition of Ly,
and the second inequality follows from the Cauchy—Schwarz inequality. By mimicking
the steps in (3.8) we have

n m 2
Z Zbl gt(fl] V +e e(t-015(t ))Vj(t— 5’1}'(t))) _]?ll'(v;‘k))
i=11j=1

m n
<SS -0
j=1 i=1 j=1
2B PIL P Gy(0) - 1) | & 5
(Z y AU y ) Z|1/j(t_alj(t))|2
i 1- 01/ j=1

(ZZ |2 mﬁ)i < / |V].(s)|2ds

j=1 i=1 1 01j 61;(0)

12
|b *Lyj1%6

(Tt

j=1 i=1 101}

) vl (3.18)
j=1

where the inequality follows from the triangle inequality and the definition of L, ;. We have

a; ”/ Kyt - s)flj(v +eVi(s)) ds

2

t
Kyj(t - S)fl,»(v;‘ +e*Vj(s))ds

i

_ / Kyj(t - s)fl,«(v;") ds
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n m t 2
52[2\%&% / es(t—s)f(lj(t—S)|Vj(s)|ds:|

i=1 L j=1 -0

1 i v +00 % 2
= Z|:Z|Z1}&;|<f(lj(8)/ e851~<1,(s)|1/,(t—s){2ds) i|

i=1 L j=1 0
= ZZ|L1/0¢ |:Z:( 8)/ e Ky(s) |V(t—s)| dsj|

j=1

i=1 j=1

st) (Z > |Lyal 1<1,(e)) Vi)

i=1 j=1

(Z > |Lyal| 1<1,(e))z / e Kiyj(s) / |Vi(6)| do ds, (3.19)

i=1 j=1

where the second inequality follows from the Lemma 2.2, the third inequality (resp.,
fourth) follows from the Cauchy—Schwarz inequality for functions (resp., for finite se-

quences), and the equality follows from some routine calculations. Similarly, we have

>

i=1

\/,31 ”/ Kyj(t - s)ﬁ}(v +eVj(s)) ds

j=1

B \/ﬁl st/ f(lj(t —S).};li(v;'k) ds

2

<Y |y (Z Z|Z1,~/§;|2> Vil
j=1

i=1 j=1

_qu, £) (Z > |y ) / - e Ky (s) f |Vi(6)[ db ds. (3.20)

i=1 j=1

Combining (3.4), (3.5), (3.6), (3.7), (3.8), (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), (3.15),
(3.16), (3.17), (3.18), (3.19), (3.20) and utilizing the symmetry of U;(t) and Vj(t), by some

calculations we obtain

d[Vi(t;€) + Va(t;€) + Va(t;€) + Va(t; ) ]

<Y MuE)|Ui)|* de+ Y Myy(e)|Vi(e)| dt

i=1 j=1

|192 | L€ % (poje”™ + 1)(62i(£) — G)

+ZZ 1 -6y |Ui(t - 0(0)) | dt

i=1 j=1

|b1 L€V (par;€°™10 + 1)(64;(2) — 617)

DI - V(e - o0 0)) | de

j=1 i=1

[ZZ B2 12| L |2 (Gi(2) — ozl)}

i=1 j=1 1021

S it - G2(0) | dt

i=1



Wang and Wang Advances in Difference Equations (2018) 2018:235 Page 21 of 26

- |l~9}j|2|zlj|2(3lj(t) - élj):| i

+4[Xm: S Vit -6y(0)[*at

=1 il 1-0y =

+2 Xn:[ui(t) — e / U ds:| ay(t) dB(2)
i=1 t-11;

+2 i[vj(t) — (1€ /t t Vis) ds]sz(t) dB(t)
=1 )

< iMU(s)Wi(t)]z dt + isz(s)‘ Vi(o)|® dr

i=1 j=1

+2 i[u,.(t) — e / U ds} ay(t) dB(t)
i=1 it

+2 Z[‘/j(t) - prie"™ / Vj(s) ds] by;(£) dB(2),
j=1 !

—To)

vVt € [0, +00),P-a.s.

Therefore

d n m
V() <Y MuEE|U@| + Y My(e)E V()]

i=1 j=1

Vt € [0, +00).

Since M;;(¢) and My;(e) are continuous and M1;(0) < 0 and My;(0) < 0, there exists * €
(0,¢) such that My;(¢*) < 0 and My;(¢*) < 0, and therefore V(t;e*) is decreasing. This,
together with the definition of V(¢;¢*), directly implies

2 m
+E
j=1

t 2

U;(t) — pye™ U;(s) ds

-1y

t

VO -npe™ [ Vs

t—1'2]'

=)
i=1

<V(te*) <V(0;¢*), Vtel0,+00).

Applying the inequality (a + b)* < 2(a® + b?), we have

E(Zw,.(t)yz + th,(t)\Z)
i=1 j=1

n t 2 n t 2
< ZEZ U;(t) — e / U(s)ds| +2E Z ;€0 / Ui(s)ds
i-1 I-11; i=1 -1
m t 2 m t 2
+2E Z Vj(£) — o€ / Vi(s)ds| +2E oje™ / Vj(s) ds
j=1 t—l’zl' j=1 t—'rzj

<2V(0;¢*) + 2max((u1:)2€*° M 1y, (1) €0 1)

% /t - XH:E(i|Ui(t)|2+i|Vj(t)|2) ds, Vtel0,+00).
‘ i=1 j=1

—max(\/:fl:l Tliv\/,‘:l ©)) =1
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By Gronwall’s lemma we have
n m
E(Zw,.(t)yz + Z|\/,(t)|2> <C, Vrel0,+00),
i=1 j=1
or equivalently
E(ZW,:) —ui Yo -y |2) <Ae™, Vi e [0,+00),
i=1 j=1
where

n m
A=2V(0;6") exp (maX((Mu)ZeW“ T1 (o)) 2€*0™ 1) max (\/ i \/ tz;))

i=1 j=1

2

’

< A sup E|(¢1(-,8), !¢n("s)’ WI("S)i LR 1pm("s))

s€(~00,0]

where A is independent of the initial data (¢y,...,¢,, ¥1,...,¥,). The proof is com-
plete. d

4 Anillustrative example
In this section, by using the aforeobtained results we attempt to investigate the mean-
square stability of the following system:

duy(t) = [-32u;(t - 2048) +sin(v(¢)) + sm(v(Zt +t))

2t+2
+f =) sin(v(s)) ds

+ c{lw1 + Thwl, + Hiywh + L] dt
+ [cos(v(£)) + cos(¥( 2;::2‘))
+f ~(=9) cos(v(s)) ds] dB(¢),
dus(t) = [-32u(t — 355
+ f_too e~ =9 sin(v(s)) ds

1 1 1 1 1 1
+ ey wy + Toywyy + Hyywy, + L] dt

2t2+t))

)+ sin(v(¢)) + sin(v(55

¥ [cos(v(t)) + cos(v(gff;;)) (4.1)
+f s) cos(v(s)) ds] dB(¢),

dv(t) = [-32v(t - M) + cos(uy (2)) + sin(us(t))

2 . 2 s
+ cos(ul(Zth*;)) +sin(ua(54)) [ e cos(ui(s)) ds

+ f =) sin(uy(s)) ds
2
+ Zz 1 Cuwz + /\l 1 T121W1L +Via H%tw%i +]]dt

+ [tanh(z1(¢)) + arctan(u,(2)) + tanh(ul(%))

+ arctan(uz(gfg)) + [ e tanh(u (5)) ds

¥ f ~(=9) arctan(u, (s)) ds] dB(t).

We can recast this system into the form of (2.1) with 17 = 712 = 721 = WZS, 11 = H12 =

o1 = 32, fi1(u) = sin u,fu(u) = cosu, fo1(u) = cosu, foo(u) = sin u,le(u) =tanhuy = ixx:ij,
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Foo(u) = arctanu, Ln =Ly =Ly =Ly =1Ly =Ly =1, 011(t) = o21(t) = oma(t) = 611 (8) =
Uzl(t) = onlt) = 2”2» Ku(t) = f(n(tz = Ko (t) = K1 (t) = Ko () = Kip(t) = €7, K11(0)
£1(0) = K21(0) = K (0) = K0 (0) = Knp(0) = 1, @y = al, = b, = b}, = an =al =Bl =
By =ay, = aj = ];%1 = ];%1 ajy =ay = ,311 ﬂ21 aj) = aj, = by, =bj, = af; = 512 = “11
“12—17 11 —blz—“n —/312— 1 0‘12—/311 —0‘12—,311 =0,and 011 =021 =0» =011=021
Gy =011 =09 =0 =011 = 021 =0y = Then we have

Mi(0) = —2py; + @ | L + | @] Loi + | bl [Lia + oy |L11Ki1(0) + |0, | L2iKoi(0)

|b};| L2 5
|.311‘L11K11 + |83 ’L211(2z 0) +2(11:) 11; + % + paila | Lt

2
) _
2 1 w21 |b7;|Loit21072; 1 y
+ par|af;|Laitor + pi| by | Lun T + —ll P + |ofy [L11 1K1 (0) 7y
— 0y

9 . 2 22,7 2 2 |]~9%L'|2|i2i|2§2i
+ |0!1i|L2il/«21K2i(0)T21 + 4Z|ﬂli| [Lai|” + 42 —
i=1 i=1 —02i
2 . . 2 . .
0125 25 > 0125 95 z
+ 4<Z|“i| |L21|21<2i(0)>1<25(0> + 4(Z|ﬂ%,»| |L25|21<2i(0)>1<2f(0>
i=1 i=1

=-22.9063

and

2 X 2 ) 2 b} |Lo 1
M51(0) = —2un + Z’“il‘Lll + Z|“li‘L2i + Z 14
i=1 i=1

l1-o0
=) 11

2 2 2
+ Z|Oli11 |L111V<11(0) + Z|G!fi|L21’[V<2i(0) + Z|ﬁi11 |L111V<11(0)

i=1 i=1 i=1

2 2

2
+ Z|,812i|L2i1v<2i(O) +2(u21)° 21 + Z|b%i|L2i + Z il ah | Lty

i=1 i=1 i=1

9 2 wilb} |ILiiTio 11 2 9
+ Z M21 |611i|L2iT21 + Z — = t Z M21 |b1i|L2iT21

l1-0
i=1 i=1 1 i=1

2 2 2
+ Z|Ol,»11 ‘Lu,uu]v(u(o)fu + Z|Ol%,'|L2ilL211V<2i(0)f21 + 42‘51511 ’2|Z11|2

i=1 i=1 i=1
b} PILu P Z : :
11 11 ~212,% o ~
4217 4<Z|ai| |L2i|21<u<0))1<n(0)
o1 i-1

i=1

2
~ 2~ X X
+ 4<Z| B |L2,»|2K11(0)>K11(0) =-12.8125.

Therefore by Theorem 3.2 we have that system (4.1) is mean-square exponentially stable.

5 Conclusions

We proved in the paper that fuzzy stochastic BAMNSs with delays are mean-square expo-
nentially stable, provided that the amplification effect of the activation functions is weak
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enough and that the transmission coefficients are small enough. Our study is worth some
additional remarks:

« Asindicated in the introduction, the deterministic BAMNSs have received extensive
and intensive investigations. One of the most striking phenomenons in this direction
is that a large number of experts have constructed very elaborate
Lyapunov—Krasovskii functions to reduce the conservatism of the stability results.
Note, however, that just a few of these ideas can be applied to study the stability
problems for stochastic systems. Therefore, it is extremely promising to work in the
direction to prove less conservative stability results for stochastic neural networks.

« For the stochastic dynamical systems, it is equally (or even more) interesting to study
the pth moment (exponential) stability. Therefore, we shall contemplate, in the next
step, more carefully the structure of the neural networks in the paper and try our best
to obtain the pth moment exponential stability results.

« More realistically, some dissipative mechanism, in one form or another, should be
introduced into neural networks, and thus we are led to the so-called
reaction—diffusion neural networks (RDNNS). In the past two decades, RDNNs have
received extensive attentions. Inspired by the results obtained in these studies, we are
tempted to study fuzzy stochastic reaction—diffusion BAM neural networks for their

long-time behavior.
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