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1 Introduction
In the last few years, fractional calculus has attracted lots of attention. The increasing in-
terest in fractional equations is motivated by their applications in various fields of science
such as fluid mechanics, heat conduction in materials with memory, physics, chemistry,
and engineering [1-5]. As we know, fractional differential equations are highly effective
mathematical tools to describe complex behaviors and phenomena of memory processes
because of the convolution integral with the power-law memory kernel introduced in
the fractional derivatives [6—8]. On the other hand, stochastic perturbations cannot be
avoided in physical systems and sometimes even cannot be ignored, so that the corre-
sponding stochastic terms need to be added to the deterministic governing equations.
Hence stochastic differential equations with fractional time derivatives have been pro-
posed, which are a more realistic mathematical model of the real-world situations [9], just
like the equations (1.1) we are going to discuss in this paper naturally arise from the con-
sideration of the heat equation in a material with thermal memory [10].

In this paper, we consider the following initial value problem for the nonlinear fractional

stochastic partial differential equation (SPDE) with multiplicative noise:

Du(t) + Ault) = f(u(t)) + gu@®) 252, o< (0,1),t€(0,T], 1)
u(0) = up. '
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The random process {u(£)};c[0,7], defined on a filtered probability space (2, F, P, {F;}:>0)
with normal filtration {F;};>¢, takes values in a separable Hilbert space H with inner prod-
uct (+,+) and norm | - ||. The initial value ug is an H-valued and JFy-measurable random
variable. The operator A : D(A) C H — H is not necessarily a bounded, linear, densely
defined, and selfadjoint operator with compact inverse. The nonlinear operators f and g
are Lipschitz continuous in an appropriate sense. The process W with values in some sep-
arable Hilbert space U is a nuclear Q-Wiener process with respect to the filtration. The
covariance operator Q is assumed to be selfadjoint and positive semidefinite with finite
trace. Here, we denote the Caputo fractional derivative of order « (0 < « < 1) with respect
to ¢ by DY and define it as [11, 12]

D u(t) = # /t(t -5 iu(s) ds.
ra-w) o ds
It is known that the fractional derivative DY recovers the canonical first-order deriva-
tive %u(t) for the fractional order « = 1, and thus model (1.1) evolves into the standard
stochastic partial differential equation (SPDE), whose numerical approximation has been
extensively discussed in the literature; see, for example, [13-16].

Stochastic partial differential equations have been applied in many fields such as vis-
coelasticity, turbulence, electromagnetic theory, heterogeneous flows, and materials [17-
22], so the study of stochastic partial differential equations has recently attracted a lot of
attention. In particular, as in [10, 23-26], equations of type (1.1) can be used to model
random effects on transport of particles in medium with thermal memory. In [10], a class
of SPDEs with time-fractional derivatives was introduced, and the existence and unique-
ness of solutions to these equations was proved. The existence of mild solutions for a class
of nonlinear fractional stochastic partial differential equations has been discussed in [24].
Foondun and Nane [23] studied asymptotic properties of space—time fractional SPDEs.
In [25], the existence and uniqueness of mild solutions for a class of nonlinear fractional
Sobolev-type stochastic differential equations under non-Lipschitz conditions was dis-
cussed by employing Picard-type approximate sequences. The approximate controllability
problem for fractional stochastic differential inclusions with nonlocal conditions and infi-
nite delay has been researched in [26]. Since the random effects on transport of particles in
medium with thermal memory can be exactly modeled by fractional stochastic differential
systems, it is important and necessary to discuss numerical schemes and error estimation
for stochastic fractional equations. However, numerical methods for these kinds of frac-
tional SPDEs are rarely studied, and we only note [27-30]. To the authors’ knowledge, no
result has been reported on the error estimation of nonlinear fractional stochastic par-
tial differential equations with multiplicative noise based on the form of mild solutions
proposed in [24], so the motivation of this paper is to fill this gap.

The main difficulty in the analysis is estimation of nonlinear terms; see Lemmas 3.6 and
3.7. Estimation of a discrete solution operator with limited smoothing properties is also a
challenge; see Lemma 4.3. Our main results are as follows. First, in Theorem 3.1, denoting
by u(t) and u(t) the mild solutions to (3.2) and (1.1), we derive a strong convergence error
bound for the semidiscrete scheme:

||u(t) - Mh(t)”Lz(Q_H) < Ch2.
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Second, for @ € (0,1), we obtain am Ly p)-norm error estimate for the fully discrete
scheme in Theorem 4.1:

||u(t,,) - uj, HLZ(Q;H) < C[ka + hz],
where u}, denotes an approximation of the mild solution u(t) at time £,,. The parameters &
and &, which will be detailed in Sects. 3 and 4, represent the maximal meshsize and time
step, respectively.

The rest of the paper is organized as follows: In Sect. 2, we introduce some basic no-
tation, present the Laplace transform, and give a representation of the mild solution of
equation (1.1) by using basic properties of the Mittag—Leffler function. In Sect. 3, we first
give a short review of Galerkin finite element methods and then study the space semidis-
crete scheme and derive error estimates for the standard Galerkin finite element method
with smooth initial data. Finally, in Sect. 4, using the GMMP scheme, we prove strong
error estimates for the fully discrete scheme.

2 Preliminaries

In this section, we recall some useful properties on the Mittag—Leftler function, introduce
the Laplace transform and present a representation of the mild solution of problem (1.1).
Besides, we use the letter C to denote a constant that may vary from one occurrence to
another and denote by L(U, H) the space of bounded linear operators from U to H, where
U and H are real separable Hilbert spaces with inner product (+,-) and norms || - ||;; and

Ml

2.1 Mittag-Leffler function
The Mittag—Leffler function is defined by

o0 k

Z
EO( = ’ )
8(2) kgzo NI zeC

where I'(-) is the standard gamma function
o0
I'(2) =/ et dt, PR(z)>0.
0

We give important properties of the Mittag—Leftler function E, 4(z) essential in our anal-
ysis.

Lemma 2.1([31]) Let0<a <2and B € R be arbitrary, and let %5* < u < min(rw, o). Then
there exists a constant C = C(«, B, 1) > 0 such that, for pn <|arg(z)| <,

c _
gy B-aeZ U0}
|Eot,/3(z)| =< c

o otherwise.

Moreover, for A >0, a >0, and t >0, we have

iEa,l(—)Lt") = A" Eq o (-At%).

D}Eqy(-At") = —AEq1(-At) and pr
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In our analysis, we also use the Laplace transform. Let 7 : R, — H be subexponential,
thatis, for any & > 0, the function ¢ — 7 (t)e~* belongs to L(R,, H). The Laplace transform
of 7 : C, — H is denoted by

7(z) = /H)O m()e?dt, M(z)>0,
0

where the same notation H represents the complexification of H. Further, we denote by
* the Laplace convolution product on [0, ] of two locally integrable subexponential func-
tions w,0 € Ll (R,,H), that is,

loc
= - ds.
(r xo)(2) /0 7 (t—s)o(s)ds

It is well known that 7 % o € Lll0 (R, H) is subexponential and

—

T x0 =7(2)0(2).

2.2 Solution representation

In order to study the representation of the solution of (1.1), we introduce some notation.
Let (€2, F, P) be a probability space. By L, (2, H) we denote the space of H-valued square-

integrable random variables with norm

1
2
)

Wil = (EIVIZ) = ( /Q [v(w) ||f,1><w>)

where E stands for expected value. Let Q € L(U) be a selfadjoint positive semidefinite
operator with Tr(Q) < oo, where Tr(Q) is the trace of Q. Let {(y, ¢)) ]‘?fl be the eigenpairs of
Q with orthonormal eigenvectors. The U-valued Q-Wiener process W(¢), defined on the
probability space (€2, F, P), has the orthogonal expansion

W) =)y B0e;

-1

where {,BJv(t)}}‘-’j1 are real-valued mutually independent standard Brownian motions. Fur-
ther, the set LY = HS(QY?*(H), H) expresses the space of all Hilbert-Schmidt operators
from QY2(H) to H with norm ||y g = O3y ¥ Q"2¢;||*)V2, and the subset LI, C L), r > 0
is the subspace of all Hilbert—Schmidt operators from QY2(H) to H” with norm |||| 0 =

lAZy || 19 It is then possible to define the stochastic integral fot Y (s) dW (s) together with
Itd’s isometry

E

t 2 t
/ V() dW(s)| = / E[[y(5)] 3o s (2.1)
0 H 0

In a standard way, we present the fractional powers A%, s € R, of A as

> 00
A’y = Z)»j(v,ﬁl)j)wp D(A%) = [V €eH: ||A%v||2 = Z)L;(V»‘P/)Z <00 ¢,

j=1 j=1
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where U9t and {gj}%) are respectively the eigenvalues and the orthonormal eigenfunc-
tions of A, that is,

Agi=)jg; and (@, ¢)=6;; forij>1

In addition, the sequence {1}, is an increasing sequence of real numbers, that is, 0 <
M A<, Let H* :D(A%) with norm

0 1/2
||v||5:||A%vH:(ij(v,goj)Z) . veH.
j=1

We define the operators E(t) and E(t) by

o]

E(t)v = ZEOKJ (—)»jta)(V, gl)j)gl)j, ve HS,
j=1

[ee]
E(t)v = Z t* 1 Ey (—Ajt“)(v, )y, VE H,
j=1

where « € (0,1) indicates the order of Caputo fractional derivative. Then, we present the
mild solution u(¢) of (1.1) [24]:

u(t) = E(t)ug + /0 E@t- s)f(u(s)) ds + ./o E@t- s)g(u(s)) dw (s). (2.2)

Next, we impose the following conditions on f, g, and u(t), which are the conditions of
existence and uniqueness of the mild solution u [24].

Assumption 2.1 For the nonlinear operator f : H — H, there exists a constant C such
that

lf®) —fO)| < Cllx =yl [f@)] = Clixl. (2.3)

Assumption 2.2 For the nonlinear operator g : H — L), there exists a constant C such
that

le) -2 g = Cllx =yl gt = Cllall (24)
Assumption 2.3 The mild solution #: [0, T] x Q — H satisfies
sup E(Hu(t)”f) < 400, (2.5)
0<t<T

where s € [0, 2].

Some properties of the operators E(£) and E(t), which are crucial for the semidiscrete
error estimates, will be introduced later.
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Lemma 2.2 ([32]) For « € (0, 1), we have the following estimates:

|() E@w], < ce= 5Dl €50,
where 0 <q<p<2forl=0,and0<p<qg<2andq<p+2forl=1.
Lemma 2.3 ([31]) Foranyt>0and0<p—q <4, we have

)

|E@v, < Ct 1)y,

3 Error estimates for spatially semidiscrete approximation

In this section, we first review the Galerkin finite element methods and some basic esti-
mates for the finite element projection operators. Then we introduce a representation of
the semidiscrete scheme of the mild solution «(¢) and some smoothing properties of the

operators Ej(t) and Ej,(t). We close this section with the proof of the semidiscrete error

estimates.
3.1 Space discretization
Let {7} neo,1] denote a regular family of triangulations of D, where / is the maximal mesh-
size, and let V), denote the space of piecewise linear continuous functions with respect to
Ty vanishing on 9D. Thereby, V), C H}(D) = H' = {v € Ly(D), Vv € Ly(D),v|yp = 0}. De-
note by Ry, : H' — V}, the Ritz projector onto Vj, with respect to the inner product
a(v,w) = (A%V,A%W), v,we HL.
Thus we obtain
aRyv, x)=alv,x), veH' x € V.
Meanwhile, the following error estimate is established:

IRy —v|| < CH|v|ls, veH)1<s<2. (3.1)
The semidiscrete problem corresponding to (1.1) is to find a process u(t) € V}, such that
D up(8) + Apun(t) = Pyf (un(t)) + Pug (un(t)) ‘%fy; up(0) = Pyuo, (3.2)
where the mapping Aj : V), — V), is a discrete version of the operator A defined by
a(@, x) = (An@, X)), Vo, X € Vi,
and Py, is the orthogonal projector

Py:H—Vy,, @Puwv,x)=Wx), VYveH,Vx eV,
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Depending on the eigenvalues and eigenfunctions {Ah}N L and {g; }N , of the discrete op-

erator Ay, we can introduce a representation of the solution of (3.2). Firstly, we present the
discrete analogues of operators E(t) and E(t) as follows:

N

En()i =Y Eo (1) (vi o))l (3.3)
=1

= Zt“ "Eua (=31%) (vio 9]) ] (3.4)

Analogously, the unique solution of the finite element problem (3.2) can be given by

uy,(t) = Ej(8)Pyug + /o Eu(t - S)th(uh(s)) ds + /0 Ey(t - s)Phg(uh(s)) dw (s). (3.5)

Then, similarly to Lemmas 2.2 and 2.3, we show some vital properties of E,(t) and Ej,(t)
in the following:

Lemma 3.1 ([32]) Let E;(t) be defined by (3.3), and let x € V. Then, for « € (0,1) and
p,q € [-1,1], we have

[(05) Entox |, = o= 1l
whereq<pand0<p-q<2forl=0,andp<q<p+2forf=1.
Lemma 3.2 ([32]) Let Ej, be defined by (3.4), and let x € Vy,. Then, for all t >0,

_ q-r
) Xl p-2<q=<p,

|Ex@)x ], <
Tolee Xl p<q
where p,q € [-1,1].

Based on this lemma, we have the following conclusion.

Lemma 3.3 Let E), be defined by (3.4), and let v e H,Pyv = vy,. For all t > 0, we have
|Ex@)Pyv| < CE* VIl

Proof By Lemma 3.2 with p = g = 0 we get
|En@wn|| < Ce*Hwall.

Since vy, = Pyv, we get
|En(e)va|| < M| Pyvl| < CE M,

which completes the proof. d

Moreover, we need the following estimate of u(%).
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Lemma 3.4 Foranyt e [0,T] and o € (%, 1), let uy(t) be the mild solution of (3.2). Then
there exists a constant C > 0 such that

2 2
OZ?ST”uh(t)”LZ(Q;H) = C||u0||L2(Q;H)'

Proof Foranyt € [0, T], from (3.5) by Lemma 3.1 with £ = p = g = 0, Lemma 3.3, Assump-
tions 2.1 and 2.2, and Itd’s isometry we obtain

t 2
E|un(®)| < 4E| B0 Pyo |’ + 415” /0 Eult - 9)Puf (1nls)) ds

¢ 2
+ 4EH/O Eu(t - S)Phg(uh(s)) dw (s)

< 4E|Ey(0)Pyuo | + 4 / E|[ Bt - 9)Puf (1n(s)) | s
0
+ 4/ E||Eh(t—s)Phg(uh(s)) ||i0 ds
0 2
< CE|luo||? + C/t(t—s)z"‘_zE”uh(s) |” ds
0

+C / - )% 72E | un(s) | ds.
0

Thus, applying the integral version of Gronwall’s lemma, we deduce that

t
2 o—
sup E|un(t)|” < CElluol|* exp (C/ (t—s)* st) < CE|\uoll* 0
0<t<T 0

3.2 Semidiscrete finite element approximation

In this subsection, we first present and prove some lemmas, which are crucial for the
derivation of the semidiscrete error estimate for the nonlinear fractional stochastic dif-
ferential equation. Then we give a detailed proof of the semidiscrete error estimate.

Lemma 3.5 ([28]) Let 0 <v < pu <2 and Fj(t) = E(t) — E;(t)Py. Then, for o € (0, 1), there
exists a constant C such that

|Ea@)x|| < Ch* e xll,, € H.

Lemma 3.6 Let 1 < q <2 and Fy(t) = E(t) — Ej,(t)Py. Then, for t € [0, T, there exists a
constant C such that

T 2 T
H / E,(Oh(@) dt| < Ch* / | (2) ||;_2 dt, h(t) e HI2.
0 0

Proof By the definition of Fj,(t) we split fot E,,(¢ — $)h(t) ds into two additional terms:

ft Fu(t - s)h(t)ds = ftE(t —s)h(t)ds — /tEh(t — 8)Pyh(t) ds
0 0 0

=v(t) - vi(t)
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= (v(8) = Ppv(9)) + (Puv() — vi(0))

= U(t) + ‘i:(t),

where v(t) and vj(t) are the solutions of the following equations:

DYv(t) + Av(t) = h(2), 36)
v(0) =0,

D‘;‘vh(t) + Apvy(t) = Pyh(t), (37)
Vh(O) = PhV(O) =0.

To bound &, we note that by our definitions
DEE(E) + AR () = A (Ryv(8) — Py(t)),  £(0) =0,

By the Laplace transforms of both sides of this equation, we recover
2% (2) + Ak (2) = An(Ry - Pp)i(2).

Therefore
§@) = (1 + A1) ARy = PYI(Q).

Since the operator A generates an analytic contraction semigroup, there exists a constant
C, depending only on ¢ and «, such that

|21+ 4)7 | <Cz®, Vzes,,
where £, = {z € C:|argz| < ¢}. By the identity
(T +An) Ay =1 -2 (2T + An) ™
we get
| (221 +Ap) " Au| <1+ || (21 +4) | <1+ C<C.
Using the inverse Laplace transform and inequality (3.1), we obtain

[§@] = Ry - Pu)v(@)|
< C| @y =Dv(@)| + C||t = Pv(®) | < Ch?|[v(®)] -

Then by Theorem 2.1 of [31] we get

' 2ar<cin [ olPae<cr [ o d
| el ar < i [ ol ae = cie [y ar
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According to inequality (3.1) and Theorem 2.1 of [31], the estimate of 1 yields
T 2 T 2 T 2
[ In@)|?dt < C / IRy — ()| dt < i / [vo)| de
0 0 0

T
<Ch™ /0 |n@;_, .

Since
T 2
/0

t 2
/ Fy(t —s)hds| dt=C(T)
0

‘/tﬁh(t)h ds
0

T
:/0 [n(6) + £ 1) de
T T
2 2dt+2 d
<2 o) a2 [ [ew)
T
<cn [ ol e

we get the conclusion

T 2 T )
/ Euohdt| <cw / )|, d. q
0

0

Lemma 3.7 Let 1 < q <2 and Fy(t) = E(t) — Ej,(t)Py. Then, for t € [0, T] and h(s) € H1,
there exists a constant C such that

t - 2 t -
E / Ey(t - s)h(s)dW (s)| < Ch™ / (¢ - ) 2E|[is)| 30 ds.
0 0 24q

Proof Just like in the proof of Lemma 3.6, we split fot Fy(t — $)h(¢t) ds into two additional
terms:

/ tﬁh(t —8)h(s) AW (s) = / tE(t — 8)h(s) AW (s) — f tEh(t — 8)Puh(s) AW (s)
0 0 0

= 9(t) — v(t) = (W(t) - Puv(t)) + (Pu(t) — vi(t))
=o(t) + ¥ (1),

where V() and v,(t) are the solutions of the following equations:

DE(E) + Ai(e) = h(t) 52, y
¥(0) =0, ‘

DED () + Anin(t) = Pyi(t) 2522, (3.9)
v,(0) = P,v(0) = 0. |

To bound ¥, we note that by our definitions

DO (t) + Apd(t) = Ap(Ry¥(t) - Pyi(8)),  9(0) =0.
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As in the proof of Lemma 3.6, taking the Laplace transform and inverse Laplace transform
on both sides of this equation, we eventually get

|2 < C| Ry - PR)¥(0)]|

= C| @y - D70 + €| - PO | = |70,

Thus by Lemma 2.3 with p = g € (1,2] and Itd’s isometry we derive

2
E|lo®|” < chE|0); = Ch*E

‘ f tE(t — 8)h(s) AW (s)
0

q
t ~ 2

- CH™E / ASE(t = $)i(s) AW (s)
0

t
:cmw/’gwﬁéu—@MQMyk
0

2

t
< Chzq/ (¢ —s)*2E ds
0

Y Qe
j=1

q

- Ch™ /o (- 9 E[[Ah(s)] o ds.
According to inequality (3.1) and Lemma 2.3, the estimate of o yields
Ello@®)|* < C|®y - D)oe)|* < CH4E|(2) ||;
<o 5P| AS RO ds.

Thereby,

2 t
E < / (2 E| )|, ds. .
0

2.4

/ t Eu(t - s)h(s) dW (s)
0

Now, we will give the semidiscrete error estimate in space for the stochastic fractional
differential equation (1.1).

Theorem 3.1 Let u(t) and uy(t) be the solutions of (1.1) and (3.2), respectively. Then, for
t>0,a € (3,1), and ug € Lr(Q, F*),s € [0,2], we have

”u(t) — ”h(t)HLz(QH) < Ch.
Proof For t € [0,T], by (1.1) and (3.2) we have

Jut®) - (@),

< (0 - P,

+

/0 (E(t — s)f(u(s)) —E,(t- s)P;Lf(uh (s))) ds

Lyo,m)
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+

| (B = 1g(ut9) = Eute - 9P ) w19

Lyo,nH)
=1+1+1l.
For I, by Lemma 3.5 with v = u =1 + r (r € (0, 1]) we have
I< Ch1+r||M0||L2(Q;H1+,)-

We dominate /I by two additional terms:

Il = H/o E(t - 8)f (u(s)) — En(t — $)Pyf (un(s)) ds

Lyq,H)

<| [ Be-9Pu () £ (m5) ds
0 Ly,m)
+ / Fu(t - s)f(u(s)) ds
0 Ly,H)
= 11 + 12.

We estimate each term separately. First, note that by Lemma 3.3 and Assumption 2.1 we
have

]1 < \/0‘ ||Eh(t - S)Ph (f(u(s)) _f(uh(s))) ||L2(Q,H) ds
<c f =9 | (us) = (@), s
< C/O (&= 5)" " uls) = up(s) ”Lzm,H) ds.

The term I is reckoned by applying Lemma 3.6, Assumptions 2.1 and 2.3. Then we get

2

t
Ig = EH/ Fu(t - s)f(u(s)) ds
0
t
<ant / E[f (u(s)) > ds
0
¢ 2
< Ch4/ sup E||u(s) || ds
0 0<s<T
< Ch*.
A combination of the estimates ; and I, gives

t
2 4 _ o2(e-1) _ 2
I < Ch* + C/(; (t—5s) || u(s) — uy(s) ||L2(Q,H) ds.
In a similar way as for /I, we dominate III by two additional terms:

I =

| B 9(u09) - Bt - 9Pig (5) aw s

Ly,
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=

/0 Ey(t - 5)Py(g(u(s)) — g(un(s))) dW (s)

Ly,H)

+

| Fute -9 awes

La,m)

= 13 + 14.
As in an estimate for /;, we can get an estimate for /3 by using Lemma 3.3 together with
Assumption 2.2 and Itd’s isometry:

2
IL=E

/0 En(t - 5)Py(g(u(s)) — g(un(s))) dW (s)

- /0 tEHEh(t = )Py (¢(u(s) ~g(1()) [y ds
- [ (S 1B 9metu) - anlelF) s

<c / (t = 5P 2E|[g(u(5)) - g(4(5)) |y ds
<c [ -9 u -0}, ds

For the estimate of term I, we apply Lemma 3.7, Assumptions 2.2 and 2.3, and Itd’s isom-

etry:

2

IZ = EH/O Eu(t - s)g(u(s)) dW (s)

t
< Ch4f (t- s)Z“’ZE” u(s) ”;ds
0

t t
< cnt /0 (-9 2ds fo sup E|u(s)|; ds

0<s<T

<Ch*.
In total, we have by /3 and I, that
ur<ch*+C / (o g |us) - u@];  ds.
o 2AQH)
Let o(t) = ||u(s) - uh(s)||%2(Q,H). Since

P < C* ||ug|L )= Ch*|luollz

AL 2AH2)’

t
) 4 _ o201 _ 2
1" < Ch +C/0‘ (t-s) ””(S) (s) ”LZ(Q,H) s,

t
) 4 200—-2 2
P <Ch+C /0 (t =92 uls) ~u@)],,  ds
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according to the integral version of Gronwall’s lemma, we get
o(t) < Ch*.
Then we have
Juts) - un)] ., = I -

4 Error estimates for fully discrete approximation
In this section, we first introduce the GMMP scheme. Then we give a fully discrete scheme
and the corresponding fully discrete error estimate, together with some lemmas, which are

significant in the proof of the fully discrete error estimate.

4.1 The GMMP scheme

We denote the time mesh points by ¢, = nk,n = 0,1,...,N, with a fixed time step k > 0, such
that 0 <t, < T and k = % Now let us present the GMMP scheme derived by Gorenflo,
Mainardi, Moretti, and Paradisi [33]. The Caputo fractional derivative (when 0 < « < 1)

can be approximated by

Du(t,) ~ kia > W [wltnom) - u(0)]
m=0

- ,}[Z Wty ) — ¢nu(o>} (@1)
m=0
where
o I'(m-a)
Y = T Ca)rm + 1) (42)
¢n:ZWa— F(l’l"'l—ol) n>0. (43)

moT1l-a)L(n+1) -

m=0

Moreover, w9, and ¢, have the following properties.

Lemma 4.1 ([34, 35]) Fora >0,n=1,2,..., we have:
(1) wg=1,w2<0, Wl < W, and O< =Y 1  wo <=y = w* =ug;

(2) ¢p—Pu1 =W <0, thatis, ¢y < Pu_1 <Ppa <+ <o =1.

4.2 Error estimates
By using the GMMP scheme (4.1) we indicate the approximation of u(z,) by u” ~ u(t,).
Then the fully discrete scheme for equation (1.1) can be defined by

1|« 1 [
e [Z we i — ¢nu2:| + Al = Pyf (ull) + x / Pug(u™t) dw (s). (4.4)
m=0 tn-1
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Furthermore, we define R(A, X) = (AL — X)L, A > 0, and Eg, = R(k™%, —Ay) = (k1 + Aj)™".

Then scheme (4.4) can be rewritten as

n
up =k q),,Ekhu?, —k“Ey, Z whu, "+ Ethhf (uZ)

m=1

1 [ .
+ /—(/ Ethhg(uZ_l) dw (s). (4.5)
ty-1

Besides, the semidiscretized version of mild solution (3.5) at time t,, should be shown:
tn _
) = Bt + [ Eule, = 9P (19 ds
0
tn _
+ / En(tn — 5)Pug (un(s)) dW (s). (4.6)
0

Now let us introduce and prove some lemmas, which will play an important role later

on.

Lemma 4.2 ([30]) For any k >0 and h € (0, 1), there exists a constant C > 0 such that
IEwvll < CK*lIvl,  EwPuvll < CK|Ivll, VveH.
Lemma 4.3 Foranyt>0andp,q € [-1,1] such that 0 <p — q < 2, we have

Vvh (S] Vh.

”Eh(t)l/h -V “ < le
Proof The definition of Ej(¢)vy, in (3.3) and Lemma 2.1 yield

|Ex@)vi = vi ”2

N
=Y (Y (1= Ean(-42%))* (v )

Jj=1

O ) (1= B (1)) (7))

j=1

“i ( [/ Bty a) 1) ol

j=1

1 2 2
Ct(‘H’) / st d> AN (v,
= ( 0 1+()J“s°‘)2 () ()

)\h a—1 )\h Tq) 2
= Ctla-pe Z p q(/ s ds> (kf)q(Vhrfﬁf')z

0 (Ms) 201+ (1)s2)?

~.

2:

j=1

Z

“m ) 1) Oty

< Ct(q_P)Ot P q<

c\
>)
E‘
[}
Q

_q
2
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N £ -1 2
_ Ct(q—p)a Z(ta)P—q (/ N dS) ()";l)q+2 (Vh, (011,,)2
5 0

r—q
j=1 (%)

z

< Ctlapl Z (e geloma)e ()L]’?)'”z (Vi <p]h )2

j=1

= GOy g O
Lemma 4.4 ([30]) For any A >0 and u € R, there exists a constant C such that
| [1R G, Ap) = I]Pyv|| < CA7IvI.

Based on the previous discussion, we are ready to prove the error estimates for the fully

discrete approximation.

Theorem 4.1 Let uj, and u(t,) be solutions of (4.4) and (1.1), respectively, for t > 0, o €
(%, 1), and ug € Ly(Q, H¥), s € [0,2). Then there exists a constant C > 0 such that

|utts) -2 < C[K**+ ).

Ly;Hy —

Proof By the triangle inequality we have

) =], = ) =)+ i) =

2(; Q;H)

= 0" g + 16" |1y

Since we have estimated the error of || 0"||1,,;,, in Theorem 3.1, we only need to estimate

H)
16”1l gy, - Using equations (4.6) and (4.5), we obtain

167 1, = [EnEn)Prsto = K 9uEinPhno

+

n
—a o n—m
-k Ekhg Wy, Uy,
m=1

Ly;H)

+

/0 " Eult — 5)Puf (un(s)) ds

Loas;H)
+ | =EnPuf (uy)

|| LZ(Q;H)

+

| Eites -9z n09) aws
0

Lyo;H)

+

1 [ .
- / EuPug(111) dW/(s)
tp-1

Loas;H)

=11 +12 +13 +I4 +I5 +16-
For I1, by the triangle inequality, we separate I7 into two additional terms:

I} = E|| Ep(tn)Puto — k™ $ErinPutio ||2
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= E||[En(t)Putto — Putto] + [Puto — kb Erg.Pyuso] ||
< 2E| [En(tn) Pyt — Putto] |* + 2 || [Putto — k™ $uEruPriuo] |

=11 + 1.
For I1;, by Lemma 4.3 with p = g = 0 we get

I = 2E“ [Eh(tn)Phuo - Phuo] ||2 < Ct,"E||PpAuo|?

< CK*E|luol3-
For I1,, setting i = k“¢,, and using Lemma 4.4, we have

Ty = 2E || uEsg,Pyuto — Prso |
= 2E||[uR (K™, Ap) = 1| Pyuto |*

< CK™E||uo?.

By Lemma 4.1 we have >, _; [w%| < w§ = 1. Together with Lemmas 4.2 and 3.4, we obtain

2

I=E

n
k¢ Ekh Z Wﬁl MZ_m

2

k™ Eg, Z Wi, — wn(tn-m)) + tn(tum) ]

< CZEHQ""” |? + CZE”Ekhuh(tn_m)”z)

m=1 m=1

<CY E[|o"™|* + Ck* (Elluol).

m=1

The term I3 is estimated by applying Lemma 3.2, Assumption 2.1, and Lemma 3.4: for
0<t, < T =Nk, we get

tn 2
Ig =E / Eu(t, - s)th(uh (s)) ds

0

< / E|[Entn - )Puf (n(s)) | ds
0
tn )
< C/ (t, —s)Z“_ZEHuh(s) || ds
0
< CK*E||uo||>.
By Lemma 4.2, Lemma 3.4, and Assumption 2.1 we get the following estimate for Iy:

13 < 2| B (f () — f (a(t))) |* + 2E] EenPf (un(2)) |

)-
< CRE|f () ~f (wn(t) | + CRE[f (n(e)) |
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< CK*E||uf} - wn(t) | + CK*“E||up(t,,)|*

< C/<2"‘E||9”||2 + CK* E|uo]*.

For I5, by Lemma 3.2, Assumption 2.2, Lemma 3.4, and Itd’s isometry, we obtain

2
IZ=E

fo " Bt — 9)Pug (1(s)) AW s)

ty _
= / E||En(ty — 5)Pug (un(s)) ||§g ds
0

tn
<C / (tn — %2 | un(s)|) > ds
0

< CK* (Elluol?)-

For I, by Lemma 4.2, Lemma 3.4, Assumption 2.2, and It6’s isometry we have

1 [ 2
IGZZEH_Z / EnPrg(uy™) dW (s)

tn-1

2

< ZEH% / " BPulg(uy™) - g(uwnltnr)) AW

tn-1

2
+2E

% / " EanPig(un(tar) AW(5)

n—1

2 (-
- f E[|EuPi(g (™) = g (1n(60-1))) [ 7o ds
n

-1

2 [t
o ElBapgtnte) [y ds

< CK*E||6"1||* + CK** (El|uo|I?).

Therefore, coming back to ||6” ||L2(Q;H>, combining 11,5, I3, 14, I5, and Is and applying a dis-
crete version of Gronwall’s lemma, we have

o712, = R

By the triangle inequality we obtain

e = w317, < 10 * 107y < COR + 1Y),
which completes the proof. O

5 Conclusions and discussions

In this paper, we have studied semidiscrete and fully discrete schemes for nonlinear time-
fractional SPDEs. The semidiscrete scheme employs a standard Galerkin finite element
method, and the time direction of the fully discrete scheme is based on the GMMP scheme.
The strong convergence error estimates for the semidiscrete and fully discrete schemes
in the Ly-norm are demonstrated. However, there are several possible extensions of the
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work. First, we only consider the initial value condition in our given problem; the complex
boundary condition in our future study will be discussed. Second, numerical investigations
on time-space fractional SPDEs are an interesting direction for our future research.
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