
Liu et al. Advances in Difference Equations  (2018) 2018:210 
https://doi.org/10.1186/s13662-018-1659-y

R E S E A R C H Open Access

Bifurcation analysis and integrability in
the segmented disc dynamo with
mechanical friction
Yebei Liu1, Junze Li1, Zhouchao Wei1,2* and Irene Moroz3

*Correspondence:
weizhouchao@163.com
1School of Mathematics and
Physics, China University of
Geosciences, Wuhan, P.R. China
2Guangxi Colleges and Universities
Key Laboratory of Complex System
Optimization and Big Data
Processing, Yulin Normal University,
Yulin, P.R. China
Full list of author information is
available at the end of the article

Abstract
Using center manifold theory, we investigate complex dynamics in a segmented disc
dynamo with mechanical friction by making a determination of equilibrium states
and analyzing local stability. We find that the system undergoes Hopf bifurcation for a
key parameter. Normal form theory produces the formulae for determining a super-
or sub-critical Hopf bifurcation; the stability of the bifurcating limit cycle is also
determined. In addition, integrability of the system is studied carefully.
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1 Introduction
Since the first chaotic attractor in numerical experiments was discovered by E.N. Lorenz in
the 1960s, chaos has achieved tremendous and far-reaching growth in many fields. Based
on the existing chaotic systems, more researchers have focused on not only identifying
new and interesting nonlinear systems, but also on enhancing complex dynamics and
topological structure [1].

Model dynamos have been investigated over the past few decades to help to explicate
how the magnetic field is reversed and generated in astrophysical bodies [2–8]. The self-
exciting disc dynamo has been proposed as a simple prototype capable of dynamo action,
which is deemed to be similar to the mechanism in both the convective envelope of the Sun
and in the inner core of the Earth. Realizing that the analysis of the simplest disc dynamo
was inconsistent, Moffatt proposed a segmented disc dynamo, where the current, related
to radial diffusion of the magnetic field, could be included simply [5]. The frictionless
dynamo is studied in the reference [4, 7]. In this paper we take into account mechanical
friction, which can be described by the equations [4, 7]:

⎧
⎪⎪⎨

⎪⎪⎩

ẋ = r(y – x) = P(x, y, z),

ẏ = xz + mx – (1 + m)y = Q(x, y, z),

ż = g(1 – (1 + m)xy + mx2) – fz = R(x, y, z),

(1.1)
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where x(t) is the magnetic fluxes owing to radial and y(t) denotes azimuthal currents, z(t)
measures the disc’s angular velocity; g represents the applied torque, f is on behalf of the
mechanical friction. Here m, r are positive dimensionless parameters.

Based on the thought [9, 10] and no mechanical frictions, hidden chaotic solutions have
been found, depending on the parameters of the problem [11]. In the case where friction
is neglected (f = 0), the system will be structurally unstable and so not physically realistic
[12]. However, Hide showed that it is ‘unwarranted’ for neglecting the mechanical fric-
tion in considering the two-disc dynamo [13]. A suitable choice of bifurcation parameter
shows that Hopf bifurcations occur in equations (1.1). We will derive equations for de-
ciding the direction of the bifurcating limit cycles and determine their linear stability by
applying the theories of center manifolds and normal forms [14–16]. In the theory of poly-
nomial differential equations, Darboux and Liouvillian integrals act a crucial role. Here we
only study the Darboux integral of equations (1.1) by applying the theory of algebraic in-
variant surfaces, exponential factors, and Darboux polynomials (see [17–28]). We make
further efforts to learn the behavior and geometry structure of equations (1.1) by study-
ing their integrability. It turns out that there are no Darboux polynomials with cofactors
being nonzero. And they have neither polynomial first integrals nor exponential factors.
Furthermore, their first integrals of Darboux type do not exist either.

The paper is organized as follows. Section 2 investigates the dynamical behaviors of the
segmented disc dynamo. In Sect. 3, normal form theory determines the super- or sub-
criticality of Hopf bifurcations and the stability of the bifurcating limit cycles. Section 4
considers integrability of system (1.1). And Sect. 5 contains our conclusions.

2 Equilibria and local stability of system (1.1)
Equations (1.1) are invariant under rotational symmetry about the z-axis, so that (x, y, z) →
(–x, –y, z). The divergence of the flow associated with (1.1) is ∇ · V = –(m + r + f + 1). The
system is therefore dissipative.

Central manifold theory gives Theorem 2.1.

Theorem 2.1 For r > 0, m > 0, g > 0, and f > 0, one can get the following four conclusions.
(i) If f = g , (1.1) has only one non-hyperbolic equilibrium: P∗ = (0, 0, 1); P∗ is

asymptotically stable.
(ii) If f < g , (1.1) has three equilibria P+ = (

√
1 – f

g ,
√

1 – f
g , 1), P– = (–

√
1 – f

g , –
√

1 – f
g ,

1), and P0 = (0, 0, g
f ). P0 is unstable, while P± are both asymptotically stable under

the following criteria:

2r(g – f )
r + f + m + 1

< g(m + 1) + rf .

(iii) If f > g , (1.1) has only one equilibrium P0 = (0, 0, g
f ), and P0 is asymptotically stable

when

(rf – rg) < (f + m + r + 1)
(

r –
rg
f

+ f + mf + rf
)

.
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Proof For case (i) with f = g , the change of variable x1 = x, y1 = y, z1 = z – 1 gives

⎧
⎪⎪⎨

⎪⎪⎩

ẋ1 = r(y1 – x1),

ẏ1 = x1z1 + (m + 1)x1 – (1 + m)y1,

ż1 = g(–(1 + m)x1y1 + mx2
1) – gz1.

(2.1)

Hence, E0 = (0, 0, 0) will be the only one equilibrium and its characteristic equation is

λ3 + (g + m + r + 1)λ2 + (rg + mg + g)λ = 0. (2.2)

The roots of equation (2.2) are λ1 = 0, λ2 = –g , and λ3 = –(1 + m + r) with corresponding
eigenvectors α1 = (1, 1, 0)T , α2 = (0, 0, 1)T , and α3 = (– r

r+m , 1, 0)T , respectively, where T1

denotes transpose.
Let

⎛

⎜
⎝

x1

y1

z1

⎞

⎟
⎠ = T1

⎛

⎜
⎝

u
v
w

⎞

⎟
⎠ ,

where

T1 =

⎛

⎜
⎝

1 0 – r
r+m

1 0 1
0 1 0

⎞

⎟
⎠ ,

then system (2.1) becomes

⎧
⎪⎪⎨

⎪⎪⎩

u̇ = ruv
1+m+r – r2vw

(1+m)(1+m+r) ,

v̇ = –gv – gu2 + g + g(–1 – m + r – 2mr
1+m )uw + g(r + mr2

(1+m)2 )w2,

ẇ = –(1 + m + r)w + 1+m
1+m+r uv – rvw

1+m+r .

(2.3)

The linear stability of E0 = (0, 0, 0) can be found from a first-order ordinary differential
equation on a center manifold for the variable u as follows:

W c(0) =
{

u, v, w ∈ R | v = h1(u), w = h2(u), hj(0) = 0, Dhj(0) = 0, j = 1, 2
}

for u sufficiently small.
Writing

v = h1(u) = a2u2 + a3u3 + O
(
u4),

w = h2(u) = b2u2 + b3u3 + O
(
u4)

(2.4)

gives

N
(
h(x)

)
= Dxh(x)Ax + Dxh(x)f

(
x, h(x)

)
– Bh(x) – g

(
x, h(x)

)
= 0, (2.5)
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where

x = u, y = (v, w), h = (h1, h2), A = 0,

and

B =

(
–g 0
0 –(1 + m + r)

)

,

f (x, y) =
rv(u + mu – rw)

(1 + m)(1 + m + r)
,

g(x, y) =

(
– f (u+mu–rw)((1+m)u+(1+m2+m(2+r))w))

(1+m)2
v(u+mu–rw)

1+m+r

)

.

Collecting the same terms and assigning the coefficients values of zero, we can get

u2: –g – ga2 = 0 ⇒ a2 = –1,

–(1 + m + r)b2 = 0 ⇒ b2 = 0,

u3: –fa3 –
f (1 + m2 – r + m(2 + r))b2

1 + m
= 0 ⇒ a3 = 0,

(1 + m)a2

(1 + m + r)
– (1 + m + r)b3 = 0 ⇒ b3 = –

1 + m
(1 + m + r)2 .

(2.6)

Equations (2.4) and (2.6) give

h1(u) = –u2 + · · · ,

h2(u) = –
1 + m

(1 + m + r)2 u3 + · · · ,
(2.7)

which can approximate center manifold W c(0). Finally, substituting (2.7) into (2.3), the
vector field restricted to the center manifold is given by

u̇ = –
ru3

1 + m + r
–

r2u5

(1 + m + r)3 + · · · . (2.8)

It follows from (2.8) that u → 0 for t → +∞ and so E0 is asymptotically stable. Therefore
P∗ is also asymptotically stable.

For case (ii) with f < g , system (1.1) has three equilibria P±(±
√

1 – f
g ,±

√
1 – f

g , 1) and
P0(0, 0, g

f ). The characteristic equations for both P+ and P– are identical:

λ3 + (1 + m + r + f )λ2 + (g + rf + mg)λ + 2gr – 2rf = 0. (2.9)

Because of the symmetry of the system, it is enough if we just discuss P+ here.
According to the Routh–Hurwitz criterion, P+ and P– are both asymptotically stable

provided

2r(g – f )
r + f + m + 1

< g(m + 1) + rf .
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The characteristic equation for P0 is

λ3 + (1 + m + r + f )λ2 +
(

r + rf + mf + f –
rg
f

)

λ + rf – rg = 0. (2.10)

It is straightforward to show that P0 is unstable.
For case (iii) with f > g , system (1.1) has only one equilibrium P0 = (0, 0, g

f ), which is
asymptotically stable when

(rf – rg) < (f + m + r + 1)
(

r –
rg
f

+ f + mf + rf
)

. �

3 Hopf bifurcations in system (1.1)
Due to the symmetry of the system, the equilibrium points P+ and P– have the same bi-
furcation properties, so we confine our focus to P+. Theorems 3.1 and 3.2 can be proved.

Theorem 3.1 When 0 < m < 1, r > (m+1)(m+f +1)
1–m , and g > f , P+, given in Theorem 2.1, under-

goes a Hopf bifurcation when

g = g0 =
2r + r(r + f + m + 1)

2r – (m + 1)(r + f + m + 1)
f .

Proof When P+ undergoes a Hopf bifurcation, (2.9) has a conjugate complex eigenvalue,
and the real part is zero. Assume λ = ±iω.

When λ = iω, (2.9) becomes

–2fr + 2gr + (g + gm + rf )iω – (1 + f + m + r)ω2 – iω3 = 0. (3.1)

Equating real and imaginary parts of (3.1) gives

2r(g – f ) = ω2(1 + m + r + f ),ω2 = (g + gm + rf ), (3.2)

since ω �= 0. Eliminating ω2 from (3.2) gives 0 < m < 1, g > f , r > (1+m)(1+m+f )
1–m , so that

g = g0 =
2r + r(1 + m + r + f )

2r – (m + 1)(1 + m + r + f )
f , ω2 = ω2

0 =
2rf (1 + m + r)

2r – (1 + m)(1 + m + r + f )
.

Eigenvalues of the equation are λ1,2 = ±iω0 and λ3 = –(1 + f + m + r). We therefore have
a Hopf bifurcation when g = g0, 0 < m < 1, g > f , and r > (m+1)(m+f +1)

1–m .
It is also necessary for us to check the transversality condition for a non-degenerate Hopf

bifurcation. Differentiating (2.9) with respect to g gives

Re
(
λ′(g)

)|g=g0,λ=iω0 = –
g2

2
2(f 3(1 + m) – g2

1 (g2 + f + fm) + f 2(3(1 + m)2 + 3mr + r) + 3fg3)

�= 0,

where g1, g2, and g3 can be found in the Appendix. The transversality condition is therefore
satisfied. �
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Theorem 3.2 Let 0 < m < 1, r > (m+1)(m+f +1)
1–m , and g = g0 = 2r+r(r+f +m+1)

2r–(m+1)(r+f +m+1) f . If
Re(λ′(g))|g=g0,λ=iω0 > 0 and Re C1(0) > 0, then in a sufficiently small left neighborhood of
parameter g0 bifurcating periodic solutions exist for μ2 < 0. The periodic solutions of (1.1)
at P+ are non-degenerate, subcritical, and orbitally unstable. The period of the period so-
lution and its characteristic exponent are respectively:

T =
2π

ω0

(
1 + τ2ε

2 + o
(
ε4)), β = β2ε

2 + o
(
ε4),

where

ω0 =
√

2fr(1 + m + r)
√

–1 – m2 – f (1 + m) + r – m(2 + r)
,

τ2 = –
Im C1(0) + μ2ω

′(0)
ω0

=
1

64(rfg1) 3
2 g2

(
–A5

√
g2

(√
2A8r(fg2 – g3) + A7g2

√
g1g2fr

)

+ A6
(
rA7

√
2g2(–fg2 + g3) + A8g2

2
√

frg1
)

– 16
√

g1
(
2rA1

√
fr(–fg2 + g3) + g2

√
frg2(A3

√
g2 – A4

√
g2 +

√
2rfg1A2)

))
,

β2 = 2 Re C1(0) = –
√

2g2A6A7 +
√

2g2A5A8 – 32
√

frg1A1

32
√

frg1
,

ε2 =
r – r0

μ2
+ o

[
(r – r0)2],

μ2 = –
Re C1(0)

α′(0)

= –
1

32
√

frg1g2
2

(
√

2g2A6A7 +
√

2g2A5A8 – 32
√

frg1A1)

× (
3fg3 + f 3(1 + m) – g2

1 (f + g2 + fm) + f 2(3 + 3m2 + r + 3m(2 + r)
))

,

and A1, A2, A3, A4, A5, A6, A7, A8 can be found in the Appendix.

Proof When 0 < m < 1, r > (m+1)(m+f +1)
1–m , and g = g0, equation (2.9) has a negative real

root –(1 + f + m + r) and a pair of conjugate complex roots, given by Theorem 3.1:

±
√

2fr(1+m+r)√
–1–m2–f (1+m)+r–m(2+r)

i. Setting x1 = x –
√

1 – f
g0

, y1 = y –
√

1 – f
g0

, and z1 = z – 1, trans-

forms system (1.1) into
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ1 = r(y1 – x1),

ẏ1 = (1 + m)x1 – (1 + m)y1 +
√

1 – f
g0

z1 + x1z1,

ż1 = g0(m – 1)
√

1 – f
g0

x1 – g0(m + 1)
√

1 – f
g0

y1 – fz1 + g0mx2
1 – g0(m + 1)x1y1.

(3.3)

E0 = (0, 0, 0) is an equilibrium of system (3.3) and the characteristic equation about the
E0 = (0, 0, 0) is (2.9) with g = g0:

λ3 + (1 + m + r + f )λ2 + (g0 + rf + mg0)λ + 2g0r – 2rf = 0.

The roots of the above equation are given above in Theorem 3.1.
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The eigenvectors corresponding to λ1, λ2, λ3 are α1, α2, α3, respectively, where

α1,2 =

⎛

⎜
⎜
⎜
⎝

g2g4
√

r
g3(g1+f ) ± i g2g4

√g1g2
g3(g1+f )

√
2f

– g2g4(1+m)
g3(g1+f )

√
r ± i g4(2f +g2)√g1g2

g3(g1+f )
√

2f

1

⎞

⎟
⎟
⎟
⎠

, α3 =

⎛

⎝

g4
√

r
f (g1+f )

– g4(1+f +m)
f (g1+f )

√
r

⎞

⎠ ,

and g1, g2, g3, g4 are given in the Appendix.
For system (3.3), define

T2 = (Imα1, Reα1,α3) =

⎛

⎜
⎜
⎜
⎝

g2g4
√g1g2

g3(g1+f )
√

2f
g2g4

√
r

g3(g1+f )
g4

√
r

f (g1+f )

g4(g2+2f )√g1g2
g3(g1+f )

√
2f

– g2g4(1+m)
g3(g1+f )

√
r – g4(1+f +m)

f (g1+f )
√

r

0 1 1

⎞

⎟
⎟
⎟
⎠

,

and (x1, y1, z1)T = T2(u, v, w)T . Then system (3.3) transforms into

u̇ = –
√

2fr(1 + m + r)
√

–1 – m2 – f (1 + m) + r – m(2 + r)
v + F1(u, v, w),

v̇ =
√

2fr(1 + m + r)
√

–1 – m2 – f (1 + m) + r – m(2 + r)
u + F2(u, v, w),

ẇ = –(1 + f + m + r)w + F3(u, v, w),

(3.4)

where

F1(u, v, w) = –
f2g4

√
r(fg2 – g3)(v + w)
ff1g3(f + g1)

–
frf2g2

4 (2 + f + g1)(mf2 – (1 + m)f3)
f1g3(f + g1)2 ,

F2(u, v, w) =
f2g2g4

√g1g2(v + w)
f1g3

√
2f (f + g1)

+
f2g2

4
√g1r(2 + f + g1)(mf2 – (1 + m)f3)(2fr + g2(g1 + f ))

f1g3
√

2fg2(f + g1)2
,

F3(u, v, w) = –
f2g2g4

√g1g2(v + w)
f1g3

√
2f (f + g1)

+
f2g2

4
√

frg1g2(2 + f + g1)(f3 – mf2 + mf3)(2fr + g1g2)√
2f1g2

3 (f + g1)2
,

and f1, f2, f3 in the Appendix. Furthermore, based on the theory of Hopf bifurcation [9–11],
some dominant quantities can be worked out:

g11 =
1
4

[(
∂2F1

∂u2 +
∂2F1

∂v2

)

+ i
(

∂2F2

∂u2 +
∂2F2

∂v2

)]

,

g02 =
1
4

[(
∂2F1

∂u2 –
∂2F1

∂v2 – 2
∂2F2

∂u ∂v

)

+ i
(

∂2F2

∂u2 –
∂2F2

∂v2 + 2
∂2F1

∂u ∂v

)]

,

g20 =
1
4

[(
∂2F1

∂u2 –
∂2F1

∂v2 + 2
∂2F2

∂u ∂v

)

+ i
(

∂2F2

∂u2 –
∂2F2

∂v2 – 2
∂2F1

∂u ∂v

)]

,
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G21 =
1
8

(
∂3F1

∂u3 +
∂3F1

∂u ∂v2 +
∂3F2

∂u2 ∂v
+

∂3F2

∂v3

)

+
1
8

i
(

∂3F2

∂u3 +
∂3F2

∂u ∂v2 –
∂3F1

∂u2 ∂v
–

∂3F1

∂v3

)

,

h11 =
1
4

(
∂2F3

∂u2 +
∂2F3

∂v2

)

,

h20 =
1
4

(
∂2F3

∂u2 –
∂2F3

∂v2 – 2i
∂2F3

∂u ∂v

)

,

we can obtain the results about g11, g02, g20, G21, and h11, h20, which can be found in the
Appendix.

Solving

λ3ω11 = –h11,

(λ3 – 2iω0)ω20 = –h20,

we can get ω11 and ω20 (see the Appendix). Furthermore,

G110 =
1
2

[(
∂2F1

∂u ∂w
+

∂2F2

∂v ∂w

)

+ i
(

∂2F2

∂u ∂w
–

∂2F1

∂v ∂w

)]

,

G101 =
1
2

[(
∂2F1

∂u ∂w
–

∂2F2

∂v ∂w

)

+ i
(

∂2F2

∂u ∂w
+

∂2F1

∂v ∂w

)]

,

g21 = G21 + (2G110ω11 + G101ω20),

which can be found in the Appendix.
Then, some dominant quantities can be worked out:

C1(0) =
i

2ω0

[

g20g11 – 2|g11|2 –
1
3
|g02|2

]

+
g21

2

= –
√

2g2A6A7 +
√

2g2A5A8 – 32
√

frg1A1

64
√

frg1

+ i
16

√
2g2A3 – 16

√
2g2A4 +

√
2g2A5A7 –

√
2g2A6A8 + 32

√
frg1A2

64
√

frg1
,

μ2 = –
Re C1(0)

Re(λ′(g))|g=g0,λ=iω0

= –
1

32
√

frg1g2
2

(
√

2g2A6A7 +
√

2g2A5A8 – 32
√

frg1A1)

× (
3fg3 + f 3(1 + m) – g2

1 (f + g2 + fm) + f 2(3 + 3m2 + r + 3m(2 + r)
))

,

τ2 = –
Im C1(0) + μ2ω

′(0)
ω0

=
1

64(rfg1) 3
2 g2

(
–A5

√
g2

(√
2A8r(fg2 – g3) + A7g2

√
g1g2fr

)

+ A6
(
rA7

√
2g2(–fg2 + g3) + A8g2

2
√

frg1
)
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– 16
√

g1
(
2rA1

√
fr(–fg2 + g3) + g2

√
frg2(A3

√
g2 – A4

√
g2 +

√
2rfg1A2)

))
,

β2 = 2 Re C1(0) = –
√

2g2A6A7 +
√

2g2A5A8 – 32
√

frg1A1

32
√

frg1
,

where

α′(0) = Re
(
λ′(g0)

)
= –

g2
2

2(f 3(1 + m) – g2
1 (g2 + f + fm) + f 2(3(1 + m)2 + 3mr + r) + 3fg3)

,

ω0 =
√

2fr(1 + m + r)
√

–1 – m2 – f (1 + m) + r – m(2 + r)
,

ω′(0) =
r√g2(–fg2 + g3)

√
2rfg1(–g2

1 g2 + 3fg3 + f 3(1 + m) – fg2
1 (1 + m) + f 2(3 + 3m2 + r + 3m(2 + r)))

,

T =
2π

ω0

(
1 + τ2ε

2 + o
(
ε4)),

β = β2ε
2 + o

(
ε4),

ε2 =
r – r0

μ2
+ o

[
(r – r0)2].

With the exception of an arbitrary phase angle, the bifurcating periodic solution is

(x, y, z)T =
(√

1 –
f
g0

,

√

1 –
f
g0

, 1
)T

+

⎛

⎜
⎜
⎜
⎝

g2g4
√g1g2

g3(g1+f )
√

2f
g2g4

√
r

g3(g1+f )
g4

√
r

f (g1+f )

g4(g2+2f )√g1g2
g3(g1+f )

√
2f

– g2g4(1+m)
g3(g1+f )

√
r – g4(1+f +m)

f (g1+f )
√

r

0 1 1

⎞

⎟
⎟
⎟
⎠

× (u, v, w)T ,

where

u = Re θ , v = Im θ , w = ω11|θ |2 + Re
(
ω20θ

2) + O
(|θ |3),

θ = εe2itπ/T +
iε2

6ω0

[
g02e–4itπ/T – 3g02e4itπ/T + 6g11

]
+ O

(
ε3).

Because the system is symmetry about the z axis, Theorems 3.1 and 3.2 are also true for
P–(–

√
1 – f

g0
, –

√
1 – f

g0
, 1). �

4 Darboux integrability of system (1.1)
Let R[x, y, z] be the ring of the real polynomials in the variables x, y, and z. We say that
h(x, y, z) ∈ R(x, y, z) is a Darboux polynomial of system (1.1) if it satisfies

∂h
∂x

P +
∂h
∂y

Q +
∂h
∂z

R = hLh (4.1)

for some polynomial Lh, which is called the cofactor of h(x, y, z) [17–28]. If h(x, y, z) is a
Darboux polynomial, then the surface h(x, y, z) = 0 is an invariant algebraic surface [18–21,
25, 28], which means that if an orbit of system (1.1) has a point on the surface h(x, y, z) = 0,
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then the whole orbit is contained in it. We assert categorically that the order k of Lh is at
most to 1. This is because

deg(Lh) + deg(h)

= max
{
deg(h) – 1 + deg(P), deg(h) – 1 + deg(Q), deg(h) – 1 + deg(R)

}

≤ deg(h) + 1. (4.2)

Assume that the cofactor is

Lh = b0 + b1x + b2y + b3z,

then (4.1) becomes

∂h
∂x

P +
∂h
∂y

Q +
∂h
∂z

R = h(b0 + b1x + b2y + b3z), (4.3)

where b0, b1, b2, b3 ∈ R.
Supposing that E = e

g
h is an exponential factor of (1.1). Thus, h, g both are Darboux

polynomials of equations (1.1) and h, g are coprime [22–28]. If real-valued polynomial Le

is the cofactor of E, then

∂E
∂x

P +
∂E
∂y

Q +
∂E
∂z

R = ELe. (4.4)

If H(x, y, z) is a first integral [26, 27], then

∂H
∂x

P +
∂H
∂y

Q +
∂H
∂z

R = 0. (4.5)

Theorem 4.1 When r �= 0, the following four conclusions are suitable for equations (1.1).
(1) There are no Darboux polynomials with cofactors not equal to zero.
(2) Their polynomial first integrals do not exist.
(3) Their exponential factors cannot be found.
(4) Their first integrals of Darboux type also do not exist.

Proof Since there are four parts to the proof of Theorem 4.1, we consider two cases of
p = 0 and p �= 0 for each of these four parts in turn.

Part (1). Let

h(x, y, z) =
n∑

i=0

hi, (4.6)

where hi = hi(x, y, z) is a polynomial and its each item is of degree i. Assume hn �= 0, n �= 0.
Collecting the terms of degree n + 1 in (4.3) yields

xz
∂hn

∂y
+ g

(
mx2 – (1 + m)xy

)∂hn

∂z
= hn(b1x + b2y + b3z). (4.7)
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Solving this equation for hn, we can get

hn(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2)

× exp

(

b3
y
x

–
b1

√
g(1 + m)

k(x, y, z) – b2
z
√

g(1 + m) + xgmk(x, y, z)
√

g(1 + m)g(1 + m)x

)

, (4.8)

where F is a smooth function and

k(x, y, z) = arctan

(√
g(1 + m)(mx – (1 + m)y)

(1 + m)z

)

. (4.9)

For the assumption of hn(x, y, z), we have b1 = b2 = b3 = 0.
Let

hn(x, y, z) = xn–2p(g(1 + m)y2 – 2gmxy + z2)p,

where the (nonnegative) integer p satisfies p ≤ n
2 .

Calculating the terms of order n in (4.3), one can obtain

xz
∂hn–1

∂y
+ gx

(
m(x – y) – y

)∂hn–1

∂z
+ r(y – x)

∂hn

∂x
+

(
m(x – y) – y

)∂hn

∂y
–

∂hn

∂z
fz

= b0hn. (4.10)

Case 1. p = 0. Solving equation (4.10), one can obtain

hn–1(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2) –

xn–1k(x, y, z)
√

g(1 + m)
b0

–
nrxn–2(gxk(x, y, z) –

√
g(1 + m)z)

√
g(1 + m)g(1 + m)

,

where F is a smooth function. Considering the definition of polynomial, we must have
n = 0, b0 = 0, which is impossible.

Case 2. p > 0. Solving equation (4.10), one can obtain

hn–1(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2) – b0

k(x, y, z)
x
√

g(1 + m)
hn

–
zy

(1 + m)2 k1k2 – k
(1 + m)rn + pk3hn + k1k4m2x3g

x√gm + m(1 + m)2

+
z

g(1 + m)2x2

(
(m + 1)(nr – 2pr)hn + k1k5gmx3),

where F is a smooth function and

k1(x, y, z) = pxn–2p–1(–2gmxy + (gm + g)y2 + z2)p–1,

k2(x, y, z) = m3 + (–f + r + 3)m2 + (–2f + r + 3)m – f + 1,

k3(x, y, z) = m3 + (f + r + 3)m2 + (2f – r + 3)m + f – 2r + 1,
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k4(x, y, x) = m2 + (f + r + 2)m + (f – 2r + 1),

k5(x, y, z) = m2 + (–f – r + 2)m + (–f + 2r + 1).

Since hn–1(x, y, z) is a polynomial, we obtain p = 0, n = 0, b0 = 0. And the case is again not
possible.

Part (2). Let b0 = b1 = b2 = b3 = 0 in (4.3). Then h satisfies

∂h
∂x

P +
∂h
∂y

Q +
∂h
∂z

R = 0. (4.11)

We still assume

h =
n∑

i=0

hi(x, y, z), (4.12)

where hi = hi(x, y, z) is a polynomial and its each item is of degree i. Assume that hn �= 0
and n �= 0.

Collecting terms of degree n + 1 in (4.11) yields

xz
∂hn

∂y
+ g

(
mx2 – (1 + m)xy

)∂hn

∂z
= 0. (4.13)

Solving this equation for hn gives

hn(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2),

where F is a smooth function.
Assume

hn(x, y, z) = xn–2p(g(1 + m)y2 – 2gmxy + z2)p,

where p is a nonnegative integer and p ≤ n
2 .

Terms of degree n in (4.11) are

xz
∂hn–1

∂y
+ gx

(
m(x – y) – y

)∂hn–1

∂z
+ r(y – x)

∂hn

∂x
+

(
m(x – y) – y

)∂hn

∂y
–

∂hn

∂z
fz = 0. (4.14)

Case 1. Solving equation (4.14) for p = 0, we can give

hn–1(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2)

–
nrxn–2(gxk(x, y, z) –

√
g(1 + m)z)

√
g(1 + m)g(1 + m)

,

where F is a smooth function. Since the expression of hn–1(x, y, z), it forces n = 0, which
is illogicality, because one has made the assumption that n �= 0. This hypothesis therefore
does not hold.
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Case 2. Solving equation (4.14) for p > 0, we can give

hn–1(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2) –

k7(x, y, z)yz
(1 + m)2

+
(m + 1)(n – 2p)rz

gx2(1 + m)2 hn +
mxzg5k5(x, y, z)

(1 + m)2

–
k(x, y, z)(((m + 1)rn + k6(x, y, z)p)hn + gm2x3k4(x, y, z)g5)

x√gm + g(1 + m)2

for a smooth function F . Also

k6(x, y, z) = m3 + 1 + m2r – mr – 2r + (1 + m)2f + 3m(m + 1),

k7(x, y, z) = m3 + (–f + r + 3)m2 + (–2f + r + 3)m – f + 1.

Thus, p = 0, n = 0, there is no possibility, because in the above, one has assumed that n �= 0.
So this hypothesis again does not hold.

Part (3). By Theorem 4.1(1), one can make an assumption that equations (1.1) have an
exponential factor E = xu with u ∈ R[x, y, z]. Suppose that the cofactor L = b0 + b1x + b2y +
b3z with bi ∈ R for i = 0, 1, 2, 3.

Obviously, by (4.4), u is the solution of equation (4.15), that is to say,

∂u
∂x

P +
∂u
∂y

Q +
∂u
∂z

R = b0 + b1x + b2y + b3z. (4.15)

We can write u as

u =
n∑

i=0

ui(x, y, z), (4.16)

where each ui = ui(x, y, z) is homogeneous of degree i. Supposing that un �= 0 and n �= 0
again, calculating terms of order n + 1 in (4.15), we can have

xz
∂un

∂y
+ g

(
mx2 – (1 + m)xy

)∂un

∂z
= 0. (4.17)

Solving this equation for un gives

un(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2)

for a smooth function F .
Assume

un(x, y, z) = xn–2p(g(1 + m)y2 – 2gmxy + z2)p,

where p is a nonnegative integer and p ≤ n
2 .

Calculating terms of order n in (4.15) gets

xz
∂un–1

∂y
+ gx

(
m(x – y) – y

)∂un–1

∂z
+ r(y – x)

∂un

∂x
+

(
m(x – y) – y

)∂un

∂y
–

∂un

∂z
fz = 0. (4.18)
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Case 1. When p = 0, equation (4.18) yields

un–1(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2)

–
nrxn–2(gxk(x, y, z) –

√
g(1 + m)z)

√
g(1 + m)g(1 + m)

for a smooth function F . Thus, one can obtain that n = 0, which is also impossible for n �= 0
in the assumption. This hypothesis cannot hold.

Case 2. Solving equation (4.18) for p > 0 yields

un–1(x, y, z) = F
(
x, –2gmxy + g(m + 1)y2 + z2) –

k7(x, y, z)yz
(1 + m)2

+
(m + 1)(n – 2p)rz

gx2(1 + m)2 un +
mxzg5k5(x, y, z)

(1 + m)2

–
k(x, y, z)(((m + 1)rn + k6(x, y, z)p)un + gm2x3k4(x, y, z)g5)

x√gm + g(1 + m)2 ,

where F is a smooth function. Since un–1(x, y, z) is a polynomial, we get p = 0, n = 0, con-
tradicting the assumption that n �= 0. This hypothesis again does not hold.

Part (4). By the arguments of Part (3) above, together with the definition of the expo-
nential factor, Part (4) follows. �

5 Conclusions
The dynamic properties of equations (1.1), which describe the segmented disc dynamo
with mechanical friction, are investigated extensively. We determined the equilibria and
their linear stabilities. We analyzed the direction of Hopf bifurcations and determined the
stability of the bifurcating limit cycles by using the theory of normal form in detail. Some
numerical simulations are presented to illustrate the theoretical analysis. In addition, the
Darboux integrability of the system is studied. It is expected that more detailed theory
analysis and simulation investigations will be provided in a forthcoming study.

Appendix

g4 =

√
(1 + m + r)(1 + f + m + r)

3 + f + m + r
,

f1 = –
√g1g2g2

2 g2
4 (1 + m)

√
2fr(f + g1)2g2

3
+

√g1g2g2g2
4 (1 + f + m)

fg3
√

2fr(f + g1)2

–
√g1g2rg2g2

4 (2f + g2)
√

2f g2
3 (f + g1)2

+
√g1g2r(2f + g2)g2

4

fg3
√

2f (f + g1)2
,

f2 =
√g1g2g2g4u

√
2f (f + g1)g3

+
g2g4

√
rv

g3(f + g1)
+

g4
√

rw
f (f + g1)

,

f3 =
√g1g2g4(2f + g2)u

√
2f g3(f + g1)

–
g2g4(1 + m)v
g3(f + g1)

√
r

–
g4(1 + f + m)w

f (f + g1)
√

r
,

f4 = –
√rg1g2g1g2(2f + g2)

√
2f (f + g1)(2 + f + g1)g2

3
+

√g1g2g2
4 (g1g2g3 + f (g2g3 – g2

2 (1 + m) + 2rg3))
√

2frf (f + g1)2g2
3

,
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f5 = –
g2g2

4 (1 + f + m)
f (f + g1)2g3

+
g1g2(1 + m)

f (f + g1)(2 + f + g1)g3
,

g11 =
1
4

(

–
2rg2g2

4 (fg2 – g3)
ff4(f + g1)2g2

3
–

rg2f5g2
1 (g2 + 2f (1 + m))
f4(f + g1)g2

3

+
2rfg2f5((2 + f + g1)(1 + m)2g2

4 + mrg1(f + g1))
f4(f + g1)2g2

3

+ i
( √

2rg1g2g1g2
2√

f f4(f + g1)(2 + f + g1)g2
3

–
√rg1g2g2

1 g2g2
4 (g2 + 2f (1 + m))(2fr + g2(g1 + f ))

√
2f ff4g3

3 (f + g1)3

+
√

2rg1g2g2g2
4 ((2 + f + g1)(1 + m)2g2

4 + g1mr(f + g1))(2fr + g2(g1 + f ))√
rf4(f + g1)4g3

3

))

,

g02 =
1
4

(
2g2(fg2 – g3)g2

4 r
ff4(f + g1)2g2

3
–

2rff5g2((2 + f + g1)(1 + m)2g2
4 + g1(f + g1)mr)

f4(f + g1)2g2
3

–
f5g2

1 g2(g2 + 2f (1 + m))r
f4(f + g1)g2

3
– 2

(
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

+
√g1g2g2

4 (2fr + g2(g1 + f ))
√

2rf ff4g3(f + g1)2

×
(√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2(f + g1)2g2

3
–

√
rfg1g2g1r(g2 – g2m + 2f (1 + m))√

2(f + g1)g2
3

))

+ i
(

–
√

2rg1g2g1g2
2√

f f4(f + g1)(2 + f + g1)g2
3

–
√rg1g2g2

1 g2g2
4 (g2 + 2f (1 + m))(2fr + g2(g1 + f ))

√
2f ff4(f + g1)3g3

3

–
√

2rg1g2g2g2
4 ((2 + f + g1)(1 + m)2g2

4 + mrg1(f + g1))(2fr + g2(g1 + f ))
√

f f4(f + g1)4g3
3

+ 2
(

–
√rg1g2g2g2

4 (fg2 – g3)
√

2f ff4(f + g1)2g2
3

– f5

(

–
√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4(f + g1)2g2

3

+
√

rfg1g2g1r(g2 – g2m + 2f (1 + m))√
2f4(f + g1)g2

3

))))

,

g20 =
1
4

(
2g2(fg2 – g3)g2

4 r
ff4(f + g1)2g2

3
–

2rff5g2((2 + f + g1)(1 + m)2g2
4 + g1(f + g1)mr)

f4(f + g1)2g2
3

–
f5g2

1 g2(g2 + 2f (1 + m))r
f4(f + g1)g2

3
+ 2

(
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

+
√g1g2g2

4 (2fr + g2(g1 + f ))
√

2rf ff4g3(f + g1)2

×
(√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2(f + g1)2g2

3
–

√
rfg1g2g1r(g2 – g2m + 2f (1 + m))√

2(f + g1)g2
3

))

+ i
(

–
√

2rg1g2g1g2
2√

f f4(f + g1)(2 + f + g1)g2
3

–
√rg1g2g2

1 g2g2
4 (g2 + 2f (1 + m))(2fr + g2(g1 + f ))

√
2f ff4(f + g1)3g3

3

–
√

2rg1g2g2g2
4 ((2 + f + g1)(1 + m)2g2

4 + mrg1(f + g1))(2fr + g2(g1 + f ))
√

f f4(f + g1)4g3
3

+ 2
(√rg1g2g2g2

4 (fg2 – g3)
√

2f ff4(f + g1)2g2
3

+ f5

(

–
√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4(f + g1)2g2

3
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+
√

rfg1g2g1r(g2 – g2m + 2f (1 + m))√
2f4(f + g1)g2

3

))))

,

G21 = 0,

h11 =
1
4

(

–
√

2rg1g2g1g2
2√

f f4g2
3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2frg2

3 (f + g1)2
+

√rg1g2g1g2(2f + g2)
√

2f g2
3 (f + g1)(2 + f + g1)

)

×
(

rg1g2(g1g2 + 2f (g1 + mg1 – mr))
f4g2

3 (f + g1)
–

2rfg2g2
4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2

))

,

h20 =
1
4

( √
2rg1g2g1g2

2√
f f4g2

3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2frg2

3 (f + g1)2
+

√rg1g2g1g2(2f + g2)
√

2f g2
3 (f + g1)(2 + f + g1)

)

×
(

rg1g2(g1g2 + 2f (g1 + mg1 + mr))
f4g2

3 (f + g1)
+

2rfg2g2
4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2

)

+ 2i
(

g2
1 g3

2
2ff4g2

3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2frg2

3 (f + g1)2
+

√rg1g2g1g2(2f + g2)
√

2f g2
3 (f + g1)(2 + f + g1)

)

×
(√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4g2

3 (f + g1)2
–

√
rfg1g2rg1(g2 – g2m + 2f (1 + m))√

2f4g2
3 (f + g1)

)))

,

ω11 =
1

4(f + g1)

(

–
√

2rg1g2g1g2
2√

f f4g2
3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2fr(f + g1)2g2

3
+

√rg1g2g1g2(2f + g2)
√

2f (f + g1)(2 + f + g1)g2
3

)

×
(

g1g2r(g1g2 + 2f (g1 + g1m – mr))
f4(f + g1)g2

3
–

2frg2g2
4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2

))

,

ω20 =
fg2 + g1g2

4(f 2g2 + g2
1 g2 + 2fg1(g2 + 4r))

( √
2rg1g2g1g2

2√
f f4g2

3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2fr(f + g1)2g2

3
+

√rg1g2g1g2(2f + g2)
√

2f (f + g1)(2 + f + g1)g2
3

)

×
(

g1g2r(g1g2 + 2f (g1 + g1m + mr))
f4(f + g1)g2

3
+

2frg2g2
4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2

))

+
√

2frg1g2

(f 2g2 + g2
1 g2 + 2fg1(g2 + 4r))

(
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2fr(f + g1)2g2

3
+

√rg1g2g1g2(2f + g2)
√

2f (f + g1)(2 + f + g1)g2
3

)

×
(√

frg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4(f + g1)2g2

3
–

√
frg1g2g1r(g2 – g2m + 2f (1 + m))√

2f4g2
3 (f + g1)

))
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+ i
(

fg2 + g1g2

2(f 2g2 + g2
1 g2 + 2fg1(g2 + 4r))

(
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2fr(f + g1)2g2

3
+

√rg1g2g1g2(2f + g2)
√

2f (f + g1)(2 + f + g1)g2
3

)

×
(√

frg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4(f + g1)2g2

3
–

√
frg1g2g1r(g2 – g2m + 2f (1 + m))√

2f4g2
3 (f + g1)

))

–
√

2frg1g2

2(f 2g2 + g2
1 g2 + 2fg1(g2 + 4r))

( √
2rg1g2g1g2

2√
f f4g2

3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2fr(f + g1)2g2

3
+

√rg1g2g1g2(2f + g2)
√

2f (f + g1)(2 + f + g1)g2
3

)

×
(

g1g2r(g1g2 + 2f (g1 + g1m + mr))
f4(f + g1)g2

3
+

2frg2g2
4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2

)))

,

G110 =
1
2

( √rg1g2g1g2
2

√
2f f4(f + g1)(2 + f + g1)g2

3
–

√rg1g2g2g2
4 (fg2 – 2g3)

√
2f ff4(f + g1)2g2

3

+
(

g1g2(1 + m)
ff4(f + g1)(2 + f + g1)g3

–
g2g2

4 (1 + f + m)
ff4(f + g1)2g2

3

)

×
(√rg1g2

4 (2 + f + g1)(–2f (1 + m)r + g2(1 + f + 2m + fm + m2 – r + mr))
√

2fg2g3(f + g1)2

)

+
√g1g2g2

4 (2fr + g2(g1 + f )
√

2rf ff4(f + g1)2g3

×
(

rg1(1 + m)2

(f + g1)g3
+

rg2
4 (2 + f + g1))(1 + m2 + f (1 + m) + 2m(1 + r))

(f + g1)2g3

))

+
i
2

(
g2

1 g3
2

2ff4(f + g1)(2 + f + g1)g2
3

+
(f 2g2

2 – g2
3 )g2

4 r
f 2f4(f + g1)2g2

3
+

√g1g2g2
4 (2fr + g2(g1 + f ))

ff4g3
√

2rf (f + g1)2

×
(√rg1g2

4 (2 + f + g1)(–2rf (1 + m) – g2
2 )

√
2fg2(f + g1)2g3

)

–
(

g1g2(1 + m)
fg3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
f (f + g1)2g3

)

×
(

rg1(1 + m)2

f4(f + g1)g3
+

rg2
4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))

g3f4(f + g1)2

))

,

G101 =
1
2

(

–
√rg1g2g1g2

2
√

2f f4g2
3 (f + g1)(2 + f + g1)

–
√rg1g2g2

2 g2
4

√
2f f4g2

3 (f + g1)2

+
(

g1g2(1 + m)
ff4g3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
ff4g3(f + g1)2

)

×
√rg1g2

4 (2 + f + g1)(–2rf (1 + m) – g1g2)
√

2fg2g3(f + g1)2
–

√g1g2g2
4 (2rf + g2(g1 + f ))

√
2rf fg3f4(f + g1)2

×
(

rg1(1 + m)2

g3(f + g1)
+

rg2
4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))

(f + g1)2g3

))

+
i
2

(
g2

1 g3
2

2ff4(f + g1)(2 + f + g1)g2
3

–
rg2

4 (f 2g2
2 – g2

3 )
f 2f4(f + g1)2g2

3
+

√g1g2g2
4 (2fr + g2(g1 + f ))

√
2rf ff4g3(f + g1)2
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×
√rg1g2

4 (2 + f + g1)(–2fr(1 + m) – g1g2)
√

2fg2g3(f + g1)2

+
(

g1g2(1 + m)
fg3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
f (f + g1)2g3

)

×
(

rg1(1 + m)2

g3f4(f + g1)
+

rg2
4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))

f4g3(f + g1)2

))

,

g211 = –
1

4(f + g1)

( √
2rg1g2g1g2

2√
f f4g2

3 (f + g1)(2 + f + g1)

–
rg2

1 g2(g2 + 2f (1 + m))
g2

3 (f + g1)

(√g1g2g2
2 g2

4 (1 + m)
√

2rf f4g2
3 (f + g1)2

+
√rg1g2g1g2(2f + g2)

√
2f f4g2

3 (f + g1)(2 + f + g1)

)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2rf (f + g1)2g2

3

+
√rg1g2g1g2(2f + g2)

√
2f g2

3 (f + g1)(2 + f + g1)

)(
2rfg2g2

4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2 +

2mr2fg1g2

f4(f + g1)g2
3

))

,

g212 =
√rg1g2g1g2

2
√

2f f4g2
3 (f + g1)(2 + f + g1)

–
√rg1g2g2g2

4 (fg2 – 2g3)
√

2f ff4(f + g1)2g2
3

+
(

g1g2(1 + m)
ff4g3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
ff4g3(f + g1)2

)

×
(

–
√rg1rg2

4 (2 + f + g1)(2f + g2)(1 + m)
√

2fg2g3(f + g1)2

+
√rg1g2g2

4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))
√

2f g2
3 (f + g1)2

)

×
√g1g2g2

4 (2fr + g2(g1 + f ))
√

2rf ff4g3(f + g1)2

(
rg1(1 + m)2

g3(f + g1)

+
rg2

4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))
g3(f + g1)2

)

,

g213 =
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

+
rg2g2

4 (fg2 – g3)
ff4g2

3 (f + g1)2

+
rg2

4 (fg2 – g3)
f 2f4g3(f + g1)2 +

√g1g2g2
4 (2rf + g2(g1 + f ))

√
2rf ff4g3(f + g1)2

×
(

–
rg2

4
√rg1(2 + f + g1)(2f + g2)(1 + m)

√
2fg2g3(f + g1)2

+
√rg1g2g2

4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))
√

2f g3(f + g1)2

)

×
(

g1g2(1 + m)
fg3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
fg3(f + g1)2

)(
rg1(1 + m)2

g3f4(f + g1)

+
rg2

4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))
f4g3(f + g1)2

)

,

g214 = –
√

2rg1g2g1g2
2√

f f4g2
3 (f + g1)(2 + f + g1)

–
rg2

1 g2(g2 + 2f (1 + m))
g2

3 (f + g1)

(√g1g2g2
2 g2

4 (1 + m)
√

2rf f4g2
3 (f + g1)2
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+
√rg1g2g1g2(2f + g2)

√
2f f4g2

3 (f + g1)(2 + f + g1)

)

–
(√g1g2g2

2 g2
4 (1 + m)

√
2rf g2

3 (f + g1)2
+

√rg1g2g1g2(2f + g2)
√

2f g2
3 (f + g1)(2 + f + g1)

)

×
(

2rfg2g2
4 (2 + f + g1)(1 + m)2

f4g2
3 (f + g1)2 +

2fmr2g1g2

f4(f + g1)g2
3

)

,

g215 =
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

+
(√g1g2g2

2 g2
4 (1 + m)

√
2rf (f + g1)2g2

3
+

√rg1g2g1g2(2f + g2)
√

2f g2
3 (f + g1)(2 + f + g1)

)

×
(√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4g2

3 (f + g1)2
–

√
rfg1g2rg1(g2 – g2m + 2f (1 + m))√

2f4g2
3 (f + g1)

)

,

g216 = –
√rg1g2g1g2

2
√

2f f4g2
3 (f + g1)(2 + f + g1)

–
√rg1g2g2g2

4 (fg2 – g3)
√

2f ff4g2
3 (f + g1)2

–
√rg1g2g2g2

4
√

2f ff4g3(f + g1)2

+
(

g1g2(1 + m)
ff4g3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
ff4g3(f + g1)2

)

×
(

–
rg2

4
√rg1(2 + f + g1)(2f + g2)(1 + m)

√
2fg2g3(f + g1)2

+
√rg1g2g2

4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))
√

2f g3(f + g1)2

)

–
√g1g2g2

4 (2rf + g2(g1 + f ))
√

2rf ff4g3(f + g1)2

+
(

rg1(1 + m)2

g3(f + g1)
+

rg2
4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))

g3(f + g1)2

)

,

g217 =
g2

1 g3
2

2ff4g2
3 (f + g1)(2 + f + g1)

–
rg2g2

4 (fg2 – g3)
ff4g2

3 (f + g1)2 –
rg2

4 (fg2 – g3)
f 2f4g3(f + g1)2

+
√g1g2g2

4 (2rf + g2(g1 + f ))
√

2rf ff4g3(f + g1)2

(

–
√rg1rg2

4 (2 + f + g1)(2f + g2)(1 + m)
√

2fg2g3(f + g1)2

+
√rg1g2g2

4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))
√

2f g3(f + g1)2

)

+
(

g1g2(1 + m)
fg3(f + g1)(2 + f + g1)

–
g2g2

4 (1 + f + m)
fg3(f + g1)2

)

×
(

rg1(1 + m)2

g3f4(f + g1)
+

rg2
4 (2 + f + g1)(1 + m2 + f (1 + m) + 2m(1 + r))

f4g3(f + g1)2

)

.

g21 = g211g212 –
(2 + g1)(g214g216 + 2g215g217)g2 + 4√rg1g2(2g215g216 – g214g217)

8((2 + g1)2g2 + 16rg1)

+ i
(

g211g213 +
(2 + g1)(2g215g216 – g214g217)g2 + 4√rg1g2(g214g216 + 2g215g217)

8((2 + g1)2g2 + 16rg1)

)

,

A1 = g211g212 –
g2(2 + g1)(g214g216 + 2g215g217) + 4√g1g2r(2g215g216 – g214g217)

8((2 + g1)2g2 + 16rg1)
,

A2 = g211g213 +
g2(2 + g1)(2g215g216 – g214g217) + 4√g1g2r(g214g216 + 2g215g217)

8((2 + g1)2g2 + 16rg1)
,
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A3 = –
1

16rf 3g6
3 f 2

4 (f + g1)8(2 + f + g1)2

(
2rfg2

3 (f + g1)4(2 + f + g1)2(–2rg2g2
4 (fg2 – g3)

– rff5g2
1 g2(f + g1)

(
g2 + 2f (1 + m)

)

+ 2rf 2f5g2
(
g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1)
))2 + g1g2

(
2rfg1g2

2 g3(f + g1)3

– rg2
1 g2g2

4 (f + g1)(2 + f + g1)
(
g2 + 2f (1 + m)

)(
2fr + g2(g1 + f )

)

+ 2rfg2g2
4 (2 + f + g1)

(
g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1)
)(

2fr + g2(g1 + f )
))2),

A4 =
1

96rf 3f 2
4 g6

3 (f + g1)8(2 + f + g1)2

(
2fr

(
g2

1 g3
2 g3(f + g1)3

– 2rg2g3g2
4 (f + g1)2(2 + f + g1)(fg2 – g3)

+ rff5g2
1 g2g3(f + g1)3(2 + f + g1)

(
g2 + 2f (1 + m)

)
+ 2rf 2f5g2g3(f + g1)2(2 + f + g1)

× (
g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1)
)

+ g1g2g2
4 (2 + f + g1)

(
g2g2

4 (2 + f + g1)(1 + m)2

– rg1(f + g1)
(
g2 – g2m + 2f (1 + m)

))(
2rf + g2(g1 + f )

))2 + g1g2
(
2rfg1g2

2 g3(f + g1)3

+ rg2
1 g2g2

4 (f + g1)(2 + f + g1)
(
g2 + 2f (1 + m)

)(
2rf + g2(g1 + f )

)

+ 2rfg2g2
4 (2 + f + g1)

(
g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1)
)(

2fr + g2(g1 + f )
)

+ 2rg3(f + g1)2(2 + f + g1)
(
g2g2

4 (fg2 – g3) – f 2f5
(
g2g2

4 (2 + f + g1)(1 + m)2

– g1(f + g1)
(
g2 – g2m + 2f (1 + m)

)
r
)))2),

A5 = –
2rg2g2

4 (fg2 – g3)
ff4g2

3 (f + g1)2 +
2rff5g2(g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1))
f4g2

3 (f + g1)2

–
rf5g2

1 g2(g2 + 2f (1 + m))
f4g2

3 (f + g1)
,

A6 =
√

2rg1g2g1g2
2√

f f4g2
3 (f + g1)(2 + f + g1)

–
√rg1g2g2

1 g2g2
4 (g2 + 2f (1 + m))(2fr + g2(g1 + f ))

√
2f ff4g3

3 (f + g1)3

+
√

2rg1g2g2g2
4 (g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1))(2fr + g2(g1 + f ))
√

f f4g3
3 (f + g1)4

,

A7 =
2rg2g2

4 (fg2 – g3)
ff4g2

3 (f + g1)2 –
rf5g2

1 g2(g2 + 2f (1 + m))
f4(f + g1)g2

3

–
2rff5g2(g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1))
f4g2

3 (f + g1)2

+ 2
(

g2
1 g3

2
2ff4g2

3 (f + g1)(2 + f + g1)
+

√g1g2g2
4 (2fr + g2(g1 + f ))

√
2frff4g3(f + g1)2

×
(√

frg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2g2

3 (f + g1)2
–

√
frg1g2rg1(g2 – g2m + 2f (1 + m))√

2g2
3 (f + g1)

))

,

A8 = –
√

2rg1g2g1g2
2√

f f4g2
3 (f + g1)(2 + f + g1)

–
√rg1g2g2

1 g2g2
4 (g2 + 2f (1 + m))(2rf + g2(g1 + f ))

√
2f ff4g3

3 (f + g1)3

×
√

2rg1g2g2g2
4 (g2

4 (2 + f + g1)(1 + m)2 + mrg1(f + g1))(2fr + g2(g1 + f ))
√

f f4g3
3 (f + g1)4
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+ 2
(√rg1g2g2g2

4 (fg2 – g3)
√

2f ff4g2
3 (f + g1)2

+ f5

(

–
√

rfg1g2g2g2
4 (2 + f + g1)(1 + m)2

√
2f4g2

3 (f + g1)2

+
√

rfg1g2rg1(g2 – g2m + 2f (1 + m))√
2f4g2

3 (f + g1)

))

.
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