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Abstract

Using center manifold theory, we investigate complex dynamics in a segmented disc
dynamo with mechanical friction by making a determination of equilibrium states
and analyzing local stability. We find that the system undergoes Hopf bifurcation for a
key parameter. Normal form theory produces the formulae for determining a super-
or sub-critical Hopf bifurcation; the stability of the bifurcating limit cycle is also
determined. In addition, integrability of the system is studied carefully.
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1 Introduction

Since the first chaotic attractor in numerical experiments was discovered by E.N. Lorenz in
the 1960s, chaos has achieved tremendous and far-reaching growth in many fields. Based
on the existing chaotic systems, more researchers have focused on not only identifying
new and interesting nonlinear systems, but also on enhancing complex dynamics and
topological structure [1].

Model dynamos have been investigated over the past few decades to help to explicate
how the magnetic field is reversed and generated in astrophysical bodies [2—8]. The self-
exciting disc dynamo has been proposed as a simple prototype capable of dynamo action,
which is deemed to be similar to the mechanism in both the convective envelope of the Sun
and in the inner core of the Earth. Realizing that the analysis of the simplest disc dynamo
was inconsistent, Moffatt proposed a segmented disc dynamo, where the current, related
to radial diffusion of the magnetic field, could be included simply [5]. The frictionless
dynamo is studied in the reference [4, 7]. In this paper we take into account mechanical

friction, which can be described by the equations [4, 7]:

x=r(y—x)=Px,7y,2),

y=xz+mx—(1+m)y=Q(x7y2), (1.1)

z=g(1 - (1 +m)xy+ mx?) — fz = R(x,%,2),
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where x(¢) is the magnetic fluxes owing to radial and y(¢) denotes azimuthal currents, z()
measures the disc’s angular velocity; g represents the applied torque, f is on behalf of the
mechanical friction. Here m, r are positive dimensionless parameters.

Based on the thought [9, 10] and no mechanical frictions, hidden chaotic solutions have
been found, depending on the parameters of the problem [11]. In the case where friction
is neglected (f = 0), the system will be structurally unstable and so not physically realistic
[12]. However, Hide showed that it is ‘unwarranted’ for neglecting the mechanical fric-
tion in considering the two-disc dynamo [13]. A suitable choice of bifurcation parameter
shows that Hopf bifurcations occur in equations (1.1). We will derive equations for de-
ciding the direction of the bifurcating limit cycles and determine their linear stability by
applying the theories of center manifolds and normal forms [14—16]. In the theory of poly-
nomial differential equations, Darboux and Liouvillian integrals act a crucial role. Here we
only study the Darboux integral of equations (1.1) by applying the theory of algebraic in-
variant surfaces, exponential factors, and Darboux polynomials (see [17-28]). We make
further efforts to learn the behavior and geometry structure of equations (1.1) by study-
ing their integrability. It turns out that there are no Darboux polynomials with cofactors
being nonzero. And they have neither polynomial first integrals nor exponential factors.
Furthermore, their first integrals of Darboux type do not exist either.

The paper is organized as follows. Section 2 investigates the dynamical behaviors of the
segmented disc dynamo. In Sect. 3, normal form theory determines the super- or sub-
criticality of Hopf bifurcations and the stability of the bifurcating limit cycles. Section 4

considers integrability of system (1.1). And Sect. 5 contains our conclusions.

2 Equilibria and local stability of system (1.1)

Equations (1.1) are invariant under rotational symmetry about the z-axis, so that (x, y, z) —
(=x, -y, z). The divergence of the flow associated with (1.1)is V-V = —(m +r + f + 1). The
system is therefore dissipative.

Central manifold theory gives Theorem 2.1.

Theorem 2.1 Forr>0,m>0,g>0,andf >0, one can get the following four conclusions.
(i) Iff =g, (1.1) has only one non-hyperbolic equilibrium: P* = (0,0,1); P* is
asymptotically stable.
. —(/1_f _f -~ /1-f_ /1L
(i) Iff <g, (1.1) has three equilibria P* = (,/1 — o 1 o 1),P =(-,/1 o 1 o
1), and P° = (0,0, %). PV is unstable, while P* are both asymptotically stable under

the following criteria:

2rg-f)
_ 1 .
r+f+m+1 <glm+1)+1f
(iii) Iff > g, (1.1) has only one equilibrium P° = (0, 0,)5(), and P° is asymptotically stable
when

g

(rf—rg)<(f+m+r+1)(r—f

+f+mf+rf).
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Proof For case (i) with f = g, the change of variable x; =x, y; =y, z; =z — 1 gives

X1 = 7‘()/1 —X1),
J1=x121 + (m + 1)x; — (1 + m)y1, (2.1)

z1 = g(—=(1 + m)x1ys + mx?) — gzi.
Hence, Ej = (0,0, 0) will be the only one equilibrium and its characteristic equation is
Mr(@em+r+ 1A%+ (rg+mg+g)h=0. (2.2)

The roots of equation (2.2) are A; =0, A, = —g, and A3 = —(1 + m + r) with corresponding

_r
r+m’

eigenvectors a; = (1,1,0)7, oy = (0,0,1)7, and a3 = (- 1,0)7, respectively, where T}

denotes transpose.

Let
X1 u
)1 = Tl 1 )
Z1 w
where
1 0 —ﬁ
;=11 0 1 ,
0 1 0

then system (2.1) becomes

2

= e rlvw
T l+m+r  (L+m)(1+m+r)’
. 2, 2
v=—gv-gu’ +g+g(-1—m+r—Euw+ g(r + Fis )W, (2:3)
w=—-1+m+rw+ 11*”‘ uy — 2,
+m+r 1+m+r

The linear stability of Ey = (0,0,0) can be found from a first-order ordinary differential
equation on a center manifold for the variable u as follows:

W(0) = {u,v,w € R | v =hy(u), w = hy(u), h(0) = 0, Dh;(0) = 0,/ = 1,2}

for u sufficiently small.
Writing

v=h(u) = ayu® + azu® + O(u4),
(2.4)
w = hy(u) = bou® + byu® + O(u*)

gives

N (h(%)) = Dxh(x)Ax + Dh(x)f (x, h(x)) — Bh(x) - g(x, h(x)) =0, (2.5)
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where
X =1u, y=(v,w), h = (hy,h), A=0,

and

o )
0 —-(1+m+r)

_ rv(u+ mu—rw)
Sflx,y) = W’

_f(u+mu—rw)((1+m)u+(l+m2+m(2+r))w))
glxy) = (Lm)” :

v(u+mu—rw)
1+m+r

Collecting the same terms and assigning the coefficients values of zero, we can get

u-g-gay=0 = ay=-1,

—-(1+m+r)by,=0 = by=0,

1+m?- 2 b 2.6
u:—fag—f( tm—r+m2+7) 2.0 = a3 =0, 26)
1+m

(1+m)ay l1+m
2T = I
1+m+r) (L+m+r)bs=0 = b (1+m+r)?

Equations (2.4) and (2.6) give

hy(u)=—u?+---,

l+m (2.7)

M) = ———— By
2() (1+m+r)2u "
which can approximate center manifold W*(0). Finally, substituting (2.7) into (2.3), the

vector field restricted to the center manifold is given by

ru® r’u®

it = T (2.8)

l+m+r (Q+m+r)3
It follows from (2.8) that # — 0 for £ — +00 and so Ej is asymptotically stable. Therefore
P* is also asymptotically stable.

For case (ii) with f < g, system (1.1) has three equilibria P*(&,/1 - i;, +./1- i;, 1) and
P°(0,0, %). The characteristic equations for both P* and P~ are identical:

R+ (L+mar+f)A2+(g+1f +mg)h +2gr —2rf = 0. (2.9)

Because of the symmetry of the system, it is enough if we just discuss P* here.
According to the Routh—Hurwitz criterion, P* and P~ are both asymptotically stable
provided

2rg-f)

1 .
r+f+m+1<g(m+ ) +if

Page 4 of 22
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The characteristic equation for P° is
A3+(1+m+r+f)kz+(r+1f+mf+f—rf£)k+;f—rg:0. (2.10)

It is straightforward to show that P is unstable.
For case (iii) with f > g, system (1.1) has only one equilibrium P° = (0, 0,;‘—;), which is
asymptotically stable when

(rf—rg)<(f+m+r+1)(r—;§+f+mf+rf). 0
3 Hopf bifurcations in system (1.1)

Due to the symmetry of the system, the equilibrium points P* and P~ have the same bi-
furcation properties, so we confine our focus to P*. Theorems 3.1 and 3.2 can be proved.

Theorem 3.1 WhenO<m<1,r> %, and g > f, P*, given in Theorem 2.1, under-

goes a Hopf bifurcation when

2r+r(r+f+m+1) y

o S T ) fame1)

Proof When P* undergoes a Hopf bifurcation, (2.9) has a conjugate complex eigenvalue,
and the real part is zero. Assume A = +iw.
When A = iw, (2.9) becomes

—2fr +2gr + (g +gm + rf)iw— (1 +f + m + r)w* — iw® = 0. (3.1)
Equating real and imaginary parts of (3.1) gives

2r(g—f) = *(L+ m+ 7 +f),0* = (g +gm +rf), (3.2)

(L+m)(1+m+f)
1—

since w #0. Eliminating w? from (3.2) gives 0 <m < 1,g>f, r> , so that

2rf(1+ m+7)
2r—(1+m)(1+m+r+f)

_ 2r+r(L+m+r+f)
_2r—(m+1)(1+m+r+f

g£=9 f, o' =wy=

Eigenvalues of the equation are 115 = +iwg and A3 = —(1 + f + m + r). We therefore have
. . _ (m+1)(m+f+1)
a Hopf bifurcation when g = g0, 0 <m < 1, g > f,and r > — .
Itis also necessary for us to check the transversality condition for a non-degenerate Hopf

bifurcation. Differentiating (2.9) with respect to g gives

I
_2(f3(1 +m) - gi(g +f +fm) +f2(3(1 + m)? + 3mr +r) + 3fg3)

7{0;

Re (/\/(g)) |g=gor=iwy =

where g1, g2, and g3 can be found in the Appendix. The transversality condition is therefore
satisfied. O
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(m+1)( 1 2r+1( 1)
Theorem3.2Let0<m<1,r>%,and‘g:gg:%.lf

Re(1'(g)|g=go,r=iwy > O and Re C1(0) > O, then in a sufficiently small left neighborhood of
parameter gy bifurcating periodic solutions exist for j1y < 0. The periodic solutions of (1.1)
at P* are non-degenerate, subcritical, and orbitally unstable. The period of the period so-
lution and its characteristic exponent are respectively:

2

T=""—(1+ne*+o0(c*),  B=pe’+o(c*),

[20)]

where
2fr(1 + m+r)

wo = R

V-1-m2—f(L+m)+r-m@2+r)

Im Cl(O) + /Lza)/(O)
Ty =—
wo
1
= 73(_‘45@(\/_2148”(@2 - g3) + A7/ 10:/7)
64(rfg1)2 g2

+ Ao (rAz/28(~f2r + 83) + Asga/frar)
~ 1681 (2rA 1/ fr(~fe2 + &) + @/ frie(As /@ — Aa/Ts + v/ 21f21Ad))),

«/2g2A6A7 + 4/2g2A5A8 - 32, /frg1A1
32/fra1 ’

B2 =2ReC;(0) = -

g2 = r—ro + 0[(r—r0)2],
2
_ RCCl(O)
M2 = «(0)

1
N
X (Bfgg +f3(1+m) —gf(f + g +fm) +f2(3 +3m* +7+3m(2 + r))),

(\/ 2g2A6A7 + 4/ 2g2A5A8 -32 nglAl)

and A1, Ay, As, Aa, As, Ag, A7, Ag can be found in the Appendix.

Proof When 0 <m <1, r> %, and g = gy, equation (2.9) has a negative real

root —(1 + f + m + r) and a pair of conjugate complex roots, given by Theorem 3.1:
N 2fr(1+m+r) . . o [ o _f .
\/—l—mz—f(1+m)+r—m(2+r)l' Setting x; = x 1 V1=V /1 o and z; =z — 1, trans
forms system (1.1) into

X1 = V()/1 —x1),

y1=0+mx; —(1+my +,/1- gf—021 + X121, (3.3)

f

21 =go(m —1)\/1~ L1 —go(m +1),/1~ g—oyl —fz1 + gomx? — go(m + L)xyy1.

Ey =(0,0,0) is an equilibrium of system (3.3) and the characteristic equation about the
Ey =(0,0,0) is (2.9) with g = go:

M+ +m+r+)A+ (g +rf + mgo)h + 2gor — 2rf = 0.

The roots of the above equation are given above in Theorem 3.1.
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The eigenvectors corresponding to Aj, Ay, A3 are a1, a3, a3, respectively, where

DT SR Y /AT

23(@1+f) s@VY fi,h/;)

o1n = | - eaam | a@rn)vasn | o3 = 1+ ,
! ga(1+f+m)
@ +NHVr ) s@NVY T

and g1, g2, g3, ga are given in the Appendix.
For system (3.3), define

£284+/8182 22847 T
B@NV2f s@+) flar+h)
T, = (Imag, Reaq,a3) = | &2+2Nveie2 _ palom) _ ea(l4f+m)
2= ' ves) s@2 @+ )Vr Sfla+Hvr
0 1 1

and (x1,y1,21)7 = To(u, v, w)T. Then system (3.3) transforms into

P 2fr(L+m+r)
/A= fA+m) +r-m2+7)

V2fr(l+m+r) w4 Fyl, v, w), (3.4)

e \/—l—mz—f(l+m)+r—m(2+r)

v+ Fi(u,v,w),

w=—1+f+m+r)w+ F3(u,v,w),

where

’

Fy (v, ) = bl -g)v+w)  fihgi(2+f +g)(mf— (1 +m)fs)
e +&) hg(f +&)?

_ 8284/8182(v + W)

N

| PGB+ f + ) mf = (1+ mf)2fr + &2(g1 +)
figsV2ff + 1) ’

/0 + W)

[GVAf +&1)

+fzgix/@(2 +f +g)(fs — mfs + mfs) (2fr + g182)

V2HG(f +41)? '

Fz(u’ v, W)

F(u,v,w) =

and fi, f3, f3 in the Appendix. Furthermore, based on the theory of Hopf bifurcation [9-11],

some dominant quantities can be worked out:

1[92 R\ [9F, o°F
== + +i + ,
fu 4|\ du® 2 ou 92
[(PR_ PR R\, (F R °R
== - - +i - + ,
224 \owz " 9 " “huov 0z~ 92 “oudv
I[(PR PR R\, (P 9 PR
== - + +i - - ,
0= 41wz " o T hur 0 2 oudv
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G 1/9%F; 93F 93F, 93F,
= + + +
178\ 0w T dua? autav | 918

+ — p—
oud  dudv:  ou?dv 93

1 <82F3 821-"3)
hi=— + ’

1. (a% 3BF,  3%F 83F1)
+ —i ,
8

4\ du?r  9?

1/09%F; 0%F; _ 0°%F,
=— - -2 ,
4\ 9u? av? du dv

h20

we can obtain the results about g1, go2, g20, Ga1, and /111, /129, which can be found in the

Appendix.
Solving

3wy = —hiy,

(A3 = 2iwg)wag = —hao,

we can get w11 and wyg (see the Appendix). Furthermore,
1[/ 39%F,  8°F, ([ 8*F,  3’F
Guo = - + +i - ,
2|1 \duow Jvow ouow  ovow

1[/ 3°F,  9’F, o 0*F,  9’F
Gio1 = - - +i + ,
21 \duow ovow dudw  ovow

&1 = Go1 + 2G110011 + Gio1020),

which can be found in the Appendix.
Then, some dominant quantities can be worked out:

i 1
G1(0) = 20 |:g20g11 -2lgul* - §|g02|2] + %
_ «/2g2A6A7 + «/2g2A5A3 - 32‘ /fl’glAl
it
+ i16«/ 2g2A3 - 16«/2g2A4 + «/2g2A5A7 - 2g2A6Ag + 32, /frg1A2
64./fra1 '

s = Re Cl(O)
27 TRe(V(9))lgmgotmion

1
= ——2(\/ 2g2A6A7 + 4/ 2g2A5A8 - 32\/fl"g1A1)
32/fra1g

X (3fg3 +f3(1 +m) —glz(f + g +fm) +f2(3 +3m? +r+3m2+ r))),

_Im C1(0) + p20'(0)

Ty = 00
= % (_A5\/§(\/§A8’”(fg2 -g3)+ A7gz\/g1ngr)
64(rfg1)2 g,

+ As(rA7y/20(~fo + 83) + Asga/frg1)
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— 1621 (2rA 1 fr(~feo + &) + @/ friga(As /& — Aa /T + /21151 A0))),
_ @A6A7 + @A5Ag — 32\ /frg1A1

B2=2ReCi(0) = N
where
o'(0) = Re(X'(go)) = - &
2(F3(1 + m) — gX(ga + f + fim) + f2(3(1 + m)? + 3mr + r) + 3fg3)’
o = 2fr(l+m+r)
0" \/—l—mz—f(1+m)+r—m(2+r)’
rJ/8(-fg + &)

O g + 3 P ) L)+ 2B+ 3 44 B2 7))

2

T="(1+me"+o(s*)),
Wo

B = Bog” +o(e*),

r—r
&%= 90, 0[(r - r0)2].

H2
With the exception of an arbitrary phase angle, the bifurcating periodic solution is
28/8182 g284/7 a/r
g3@1+f) Se1+f)
_ aa(1+f+m)

f f T g3(g1+f)ﬁ
(x’y’ Z)T = 1 - = 1 - =, 1 + g4(g2+2f)«/g1g2 _ g2g4(1+m)

2 2 s@+)2f s@HVr  fla)Hr

0 1 1

x (u, v, w)T,

where
w = w1110]” + Re(wx0?) + O(10°),

u=Reb, v=Imb6,

)
i 123 . .
0 = geZLtJT/T + = [g e*4ltJT/T_3goze4ltJT/T +6g11] + O(SB).
0

Because the system is symmetry about the z axis, Theorems 3.1 and 3.2 are also true for
O

P(-J1-L,—J1-L 1)
14 &40

4 Darboux integrability of system (1.1)

Let R[x,y,z] be the ring of the real polynomials in the variables x, y, and z. We say that
h(x,y,z) € R(x,y,2) is a Darboux polynomial of system (1.1) if it satisfies

(4.1)

oh oh oh
—P+—Q+—R=hlL,

ox ay a9z

for some polynomial Lj, which is called the cofactor of h(x,y,z) [17-28]. If h(x,y,z) is a

Darboux polynomial, then the surface 4(x, y,z) = 0 is an invariant algebraic surface [18-21,
25, 28], which means that if an orbit of system (1.1) has a point on the surface /(x, y,z) = 0,
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then the whole orbit is contained in it. We assert categorically that the order k of L is at
most to 1. This is because

deg(Ly) + deg(h)
= max{deg(h) —1 +deg(P),deg(h) — 1 + deg(Q),deg(h) — 1 + deg(R)}

<deg(h) + 1. (4.2)
Assume that the cofactor is
Ly = by + bix + byy + bz,

then (4.1) becomes

oh oh oh
—P+ —Q+ —R=h(by+bi1x + byy + bsz), (4.3)
ox ay 0z

where bo,bl,bz,bg €R.

Supposing that E = el is an exponential factor of (1.1). Thus, 4, g both are Darboux
polynomials of equations (1.1) and /, g are coprime [22-28]. If real-valued polynomial L,
is the cofactor of E, then

oE oE

JoE
—P+—Q+ —R=EL,. (4.4)
ox ay 0z

If H(x,y,z) is a first integral [26, 27], then

oH _ 0H oH
—P+——Q+—R=0. (4.5)
ox ay 0z

Theorem 4.1 When r #0, the following four conclusions are suitable for equations (1.1).
(1) There are no Darboux polynomials with cofactors not equal to zero.
(2) Their polynomial first integrals do not exist.
(3) Their exponential factors cannot be found.
(4) Their first integrals of Darboux type also do not exist.

Proof Since there are four parts to the proof of Theorem 4.1, we consider two cases of
p =0and p #O0 for each of these four parts in turn.
Part (1). Let

n
hx,y,2) =Y hi, (4.6)
i=0
where /; = h;(x,y,2) is a polynomial and its each item is of degree i. Assume 4, # 0, n # 0.

Collecting the terms of degree n + 1 in (4.3) yields

oh, oh,
xza— +g(rmc2 -1+ m)xy) e = h,(b1x + byy + bsz). (4.7)
y z
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Solving this equation for /,,, we can get

hu(x,9,2) = F(x, ~2gmxy + g(m + 1)y* + 2°)

_b Z\/m+xgml((x’y’z)) (4 8)
2 Wg(l+m)x T

b
X exp(bgg - k(%,3,2)

Vg1 +m)

where F is a smooth function and

gl +m)(mx—(1+ m)y))

(1+m)z (*9)

k(x,y,2) = arctan(

For the assumption of %,(x, y,z), we have by = by = b3 = 0.
Let

hu(x,,2) = "7 (g(1 + m)y* — 2gmxy + %),

where the (nonnegative) integer p satisfies p < 7.
Calculating the terms of order # in (4.3), one can obtain

oh, 0hy,
ay 0z

hy

Xz

_1+r(y—x)z—}:'+(m(x—y)—y) fz

ahn—l
% +ex(mlx =) —y)—-

= boh,,. (4.10)
Case 1. p = 0. Solving equation (4.10), one can obtain

2"k (x,,2)

Vg1 +m)

~ nrx" = (gwk(x, v, z) — /g(1 + m)z)
Ve +m)g(1 + m) ’

where F is a smooth function. Considering the definition of polynomial, we must have

M1 (%,,2) = F(x,—2gmaxy + g(m + 1)y* + 2%) -

n =0, by = 0, which is impossible.
Case 2. p > 0. Solving equation (4.10), one can obtain

k(x,y,2)
B, 1(x,9,2) = F(x, —2gmxy + g(m + 1)y + 2%) — by————"_1,
1(%,9,2) = F(x,—2gmxy + g(m + 1)y )oxm
2 (1 + m)rn + pksh, + kikym*x3g
(1 +m)? 1" x./gm + m(1l + m)?

z
* T a0+ D =200+ Kaksgmss),

where F is a smooth function and

ki(x,9,2) =px”‘2"”1 (—2gmxy + (gm +g)y2 + zz)‘ZF1

’

ky(x,9,2) =m® + (=f +r+3)m® + (=2f +r +3)ym—f + 1,

kg(x,y,z)=m3+(f+r+3)m2+(2f—r+3)m+f—2r+1,
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ka(x,y,%) = m® + (f + 7+ 2)m + (f — 2r + 1),

ks(x,9,2) = m* + (=f —r + 2)m + (—f +2r + 1).

Since 4,1 (x,y,z) is a polynomial, we obtain p =0, n = 0, by = 0. And the case is again not
possible.
Part (2). Let by = by = by = b3 = 0in (4.3). Then 4 satisfies

oh _ oh oh
—P+—Q+—R=0. (4.11)
ox ay 0z

We still assume
h= Z hi(x;y; Z); (4.12)
i=0

where h; = h;(x,y,2) is a polynomial and its each item is of degree i. Assume that /,, # 0
and n #O0.
Collecting terms of degree # + 1 in (4.11) yields

n

oh,
sz +g(rmc2 -1+ m)xy) e 0. (4.13)

Solving this equation for /,, gives
ha(x,y,2) = F(x,—2gmxy + g(m + 1)y* + 2%),

where F is a smooth function.

Assume
h(%,9,2) = 2" (g(1 + m)y* — 2gmxy + 2°)F,

where p is a nonnegative integer and p < 7.

Terms of degree n in (4.11) are

8hn—1
0z

oh,
dy

ahn—l
Xz
)

oh, ohy,
+gx(m(x—y) - y) +r(y—x)a + (m(x—-y)-7) aZfz:O. (4.14)

Case 1. Solving equation (4.14) for p = 0, we can give

hy1(x,9,2) = F(x, —2gmxy + g(m + 1)y* + zz)

~ nrx"~2(gwk(x, v, z) — /g(1 + m)z)
Vel +m)g(l+m) ’

where F is a smooth function. Since the expression of 4,1 (x,y,z), it forces n = 0, which

is illogicality, because one has made the assumption that # # 0. This hypothesis therefore
does not hold.
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Case 2. Solving equation (4.14) for p > 0, we can give

/ ol b
M1 (%,9,2) = F(x,—2gmaxy + g(m + 1)y* + 2%) - ko3, 2)yz

1 +m)?
(m+1)(n-2p)rz mxzgsks(x,y, z)
gx2(1 + m)? " (1 +m)?

k(x,5,2)(((m + )rn + ke(x, , 2)p)hy + gm*x>ka(x, Y, 2)g5)
x/gm + g(1 + m)?

for a smooth function F. Also

ke(x,9,2) = m? + 1+ mPr—mr—2r+(1+ m)2f+ 3m(m + 1),

ky(x,9,2) =m® + (=f +r+3)m* + (=2f +r+3)ym—f + 1.

Thus, p = 0, n = 0, there is no possibility, because in the above, one has assumed that n # 0.
So this hypothesis again does not hold.

Part (3). By Theorem 4.1(1), one can make an assumption that equations (1.1) have an
exponential factor E = x* with u € R[x, y,z]. Suppose that the cofactor L = by + b1x + byy +
b3z with b; e Rfor i =0,1,2,3.

Obviously, by (4.4), u is the solution of equation (4.15), that is to say,

d d d
—MP+ —uQ+ —Mszo +b1x + byy + bsz. (4.15)
ox ay 0z
We can write u as
u= Z ui(xxy: Z)) (4'16)
i=0

where each u; = u;(x,y,z) is homogeneous of degree i. Supposing that #,, # 0 and n # 0
again, calculating terms of order n + 1 in (4.15), we can have

duy, ouy
xza—Z; +g(mx® — (1 + m)xy) 8uz =0. (4.17)

Solving this equation for u, gives
un(x,9,2) = F(x, ~2gmxy + g(m + 1)y* + zz)

for a smooth function F.

Assume
un(%,9,2) = " (g(1 + m)y* — 2gmxy + 2%)°,

where p is a nonnegative integer and p < 7.
Calculating terms of order # in (4.15) gets

u, Jouy,

oUy_1
Z - 0. 4. 18
ay 0z f ( )

Up-1

Xz +gx(m(x—y)-y) +V@—x)%+(m(x—y)—y)

0z

Page 13 of 22
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Case 1. When p = 0, equation (4.18) yields

Un-1(%,9,2) = F(x,~2gmaxy + g(m + 1)y* + 2°)
nrx""2(gwk(x, v, z) — /g(1 + m)z)

Vg1 +m)g(1+ m)

for a smooth function F. Thus, one can obtain that # = 0, which is also impossible for # # 0

in the assumption. This hypothesis cannot hold.
Case 2. Solving equation (4.18) for p > 0 yields

k ol b
U1 (%,9,2) = F(x, —2gmaxy + g(m + 1)y* + 2%) - %
(m+1)(n-2p)rz mxzgsks(x, v, z)
2x2(1 + m)? " 1+ m)?

k(x,,2)(((m + 1)rn + ke(x, , 2)p)tty + gm*x3ka(x, 5, 2)g5)
x/gm+g(1 +m)? ’

where F is a smooth function. Since u,_;(x,y,z) is a polynomial, we get p = 0, n = 0, con-

tradicting the assumption that # # 0. This hypothesis again does not hold.
Part (4). By the arguments of Part (3) above, together with the definition of the expo-
nential factor, Part (4) follows. a

5 Conclusions

The dynamic properties of equations (1.1), which describe the segmented disc dynamo
with mechanical friction, are investigated extensively. We determined the equilibria and
their linear stabilities. We analyzed the direction of Hopf bifurcations and determined the
stability of the bifurcating limit cycles by using the theory of normal form in detail. Some
numerical simulations are presented to illustrate the theoretical analysis. In addition, the
Darboux integrability of the system is studied. It is expected that more detailed theory
analysis and simulation investigations will be provided in a forthcoming study.

Appendix
A +m+r)A+f+m+r)
&= 3+f+m+r ’
fieo VagGeL+m  JBigeg(+f +m)
V2r(f + €)% Jes/2r(f + 1)
VBTG +&) O + &g
VIS +)?  fo2Af+a)?
f= V8182828414 N D1V N arw
VA +a)g sf+a) f(F+a)
fi= V818284 2f + g)u B £8(1+m)v B a1 +f+mw
VAsf+g) S +e)VT fF+e)Vr
- VEEQGY + &) /088 (@00gs + /(@ ~ g (1 +m) + 2rgs)
4 )

VA )2+ + @) V2 + 21283
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7 :_gggf(l +f +m) .\ ool +m)
U ffrare fre)@Af g
o - 1(_2rgzgi(fgz ~83) _ reafsgi (g +2f (1 +m))
AN AT RS filf +8)g3
21fgzﬂ-,((2 +f +g)(1+m)?gs + mrg1(f +g1))
fulf + )83
( V2@ g «/Vglgzglzgzgf(gz +2f (1 + m))(2fr + g2(g1 +f))
VIl +8)Q2+f + )¢ V2GS + )
\/2rg1gzgzg4((2 +f +g)(1+m)*gd + gimr(f + @1))2fr + &2(&1 +f))>)
VIfalf +g1)*gs
oo = (2gz(fgz @)gir _ 22+ +&)(1 +m) g4 +a1(f +g)mr)
faf +81)%83 fulf +21)%g3
_fgiele + 2f L+ m)r 2( 8%
Salf +g1)g3 283(f + @) 2 +f +g1)
. V81828, 2fr + g2(g1 +f))
V2rf g (f +g1)>
(\/ 01820082 +f +g)(L+m)®  Jrfgiggir(g - gm + 2f (1 + Vn))))
V2(f + 1)} V2(f + 1)
, ( V20008 V18182819281 (g2 + 2f (1 + m)) (2fr + g2(g1 + 1))
VI +g)2+f +g)g3 VA + @)%
V28108085 (2 +f +g1)(1 + mPgi + mrai(f + 1)) (2fr + g2(g1 +f))
VI + )%
+ 2<_V 6188281 (82 ~ &) s (_Wf&gzgng(Z +f +g1)(1 +m)?
VA +81)%g V2ilf + &1)%as
LY rfg1&g17(g —gm + 2f (1 + m))))))
V2h(f +g1)g} ’
20 = 1(2g2(fgz ~g)gr  2f5(2+f +g)(1 +m)g +ai(f +g)mr)
M +2)°g fulf +g1)%g3
_fgig@ + 2 L+ m)r 2( &%
fulf +g1)g3 218 (f +8)2+f +&1)
N VOB 2fr + g2(g1 + 1))
V2rffags(f +g1)>?
<\/ 018082 +f +g)L+m)  Jrfaggir(@ -gm+2f(1+ m»))
V2(f + 21’83 V2(f +g1)g3
( V20088 V0810081 (@ + 2 (1+ m)(2fr + &2(g1 +f)
VI +8)Q2+f + g8 VYIS + @)%
V20120812 +f + @)L+ m)gi + mrgi(f +1)(2fr + &2(g1 +1))
VIR +8)'gs

. <\/rg1gzgzg4(fgz LN (_ V121820802 +f + &)(1 + m)?
VB + 86 V2Ailf + &)
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