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Abstract

In this paper, we present an existence criterion for multiple positive solutions of
nonlinear neutral delay partial difference equations. Such equations can be regarded
as a discrete analog of neutral delay partial differential equations. Our main result
relies on fixed point index theory. An example is constructed to show the applicability
of the obtained result.
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1 Introduction

Partial difference equations constitute an important and interesting area of research in
mathematics. For some classical results concerning the solvability of some classes of par-
tial difference equations, see [1]. The qualitative analysis of partial difference equations
has been studied later, especially in recent years; see [2, 3].

Many researchers recently investigated solvability and oscillation criteria for partial dif-
ference equations with two variables. For some solvability results, we refer the reader to a
series of papers [4—10] and the references therein, while some recent work on the oscilla-
tion and nonoscillation criteria for partial difference equations can be found in the articles
[11-18]. However, to the best of our knowledge, the topic of existence of multiple positive
solutions for partial difference equations has yet to be addressed.

The goal of this paper is to discuss the multiplicity of positive solutions of nonlinear
neutral partial difference equation with the aid of the fixed point index theory. Precisely,
we consider the following neutral partial difference equation:

AZA:n(ym,n - Cm,nym—k,n—l) + (_1)h+r+lpm,nf(ym—a,n—r) =0, (11)

where h,r € N*, k,[,0,t € N(0); {P,,,n}
quences; f (x) is a real-valued continuous function of x.

and {c,;,,} are nonnegative se-

00 00 00 'S}
m=moq,n=no m=mo,n=ngp

Equation (1.1) can be considered as a discrete analog of neutral delay partial differential
equations. Such equations appear frequently in random walk problems, molecular orbit
structures, dynamical systems, economics, biology, population dynamics, and other fields.
Finite difference methods applied to partial differential equations also give rise to an equa-
tion of the form (1.1).
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The forward differences A,, and A, are defined in the usual manner as

Am_ym,n =Ym+1ln — Ymn and An_)’m,n =Ymn+l — Ymn-

The higher order forward differences for positive integers » and / are given by

A:nym,n =l (Azlym,n)r A:)y,ym,n = Ymns

Aﬁym,n = An (Aﬁ_lym,n): Agym,n = Ymn-

In the sequel, we denote by N = {0, 1,...} the set of integers and by N* = {1,2,...} the
set of positive integers; N(a) = {a,a + 1,...}, where a € N, N(a,b) = {a,a + 1,...,b} with
a <b<ooand a,b € N. Any one of these three sets will be denoted by N. For ¢ € R, we
define the usual factorial expression (£)") = ¢t(t — 1) - - - (t —m + 1) with (£)° = 1.

00 o]

riemoneno 1S the set of double real sequences defined on the set of positive

The space [
integer pairs, where any individual double sequence is bounded with respect to the usual

supremum norm, that is,

Iyl = sup [Yimul < 00.
meN(mg),neN(ng)

It is well known that [>° >

memo,nono 1S @ Banach space under the supremum norm.
Let

P= {ye Lo e o2 nc | Vi = 0,m € N(my), n € N(no)}.

=mo,n=ng =

1% % as follows:

Then it is easy to see that P is a cone. We define a partial order <in /37, "

lOO

foranyx,y el .

x<y <& y-xeP.

Definition 1 ([16]) A set © of double sequences in [%. > is uniformly Cauchy (or

m=mg,n=ngy
equi-Cauchy) if for every ¢ > 0, there exist positive integers m; and n; such that, for any

X = {xm,n} in ,

|xm,n - xm’,n’| <&

holds whenever (m,n) € D',(m',n') € D', where D' = D} U D) U Dj, D} = {(m,n) |

m>my,n>m}, Dy ={(m,n) | my<m<my,n>m},Dy={(m,n) | m>my,ny<n<mn}

Definition 2 ([19]) An operator A : D — E is called a k-set-contraction (k > 0) if it is

continuous, bounded and

v (A(S)) <ky(S)

for any bounded set S C D, where y(S) denotes the measure of noncompactness of S. A k-

set-contraction is called a strict set contraction if k < 1.
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Definition 3 Let K be a retract of a Banach space X, 2 C K an opensetand f: Q@ — K a
compact map such that f(x) #x on dQ.If r : X — K is aretraction, then deg(I —fr, (), 0)
is defined, where deg denotes the Leray—Schauder degree, this number is called the fixed
point index of f over Q2 with respect to K, i(f, 2, K) for short.
The fixed point index i(f, 2, K) has the following properties:
(i) Normalization: for every constant map f mapping € into , i(f, 2, K) =
(i) Additivity: for every pair of disjoint open subsets 2, Q2 of Q2 such that f has no
fixed points on Q \ (£2; U Q25),

i(f¢ §;I<) = l(Ar erl() + l(f; 921K);

where i(f, 2, K) = i(f|g,, 2, K) for n =1,2.

(iii) Homotopy invariance: for every compact interval [a, b] C R and every compact
map /: [a,b] x Q — K such that (A, x) # x for (A, x) € [a,b] x 3R, i(h(A,-), 2,K) is
well defined and independent of A € [a, b].

Now we state some well-known lemmas which will be used in the next section.

Lemmal ([16] (Discrete Arzela—Ascoli’s theorem)) A bounded, uniformly Cauchy subset

Q of Ly 1o mong 1S relatively compact.
Lemma 2 ([19]) Let P be a cone in a real Banach space X and Q2 be a nonempty bounded
open convex subset of P. Suppose that T : Q — P is a strict set contraction operator and

T(R) C Q, where Q denotes the closure of 2 in P. Then the fixed point index i(T, 2, P) = 1.

2 Main result
Theorem 1 Assume that
(Ry) there exists a constant ¢ such that 0 < ¢,,,, < ¢ < 1, m € N(my), n € N(no);
(Ry) for any m € N(my), n € N(ng), Py > 0, xf(x) > 0 (x #0) with
lim '@ =0, lim '@

x—0+ X X—>+00 X

=0;

(R3) for 81 = max{k,o}, 82 = min{k,o}, n1 = max{/,t}, n, = min{l, t}, there exist positive
integers my, ny satisfying my — 81 € N(mg) and ny — n1 € N(ng) such that

(i+r-1)rV(G+h-1)0D
0<C0—ZZ D=1 P;j < +00;

i=my j=n1

(R4) there exist constants ¢ and ug > 0 such that f(x) > ciuo for x > ugy, and furthermore
there exist positive integers by, by satisfying by > my, by > ny such that

cicy > 1,

where

b1+ ba+ny .

A (i—by+r—=1)"D(—by+ h—1)0D
DI (r—1)\(h—1)! Pij>0.
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Then Eq. (1.1) has at least two positive solutions x* and y* satisfying the relation:

inf x* <wug< inf y*
meN(ayby) " meN(ay,by) Ymm
neN(ap,by) neN(ap,by)

where a; and a, are positive integers with a; € [my —381,b1—81), ax € [n1—n1,b2—11).
Proof Set

D= {(m,n)lmzmo,l’lzl’lo};

Dy = {(m,n) | m = my,n>m},

m,n |m0<m<m1,n>n1}

2 = {(
{mn |m>m1,no<n<n1}
2= {(

m,n |m0<m<m1,n0<n<n1}

For any y € P, define operators 77 and 7> as follows:

ComnYm—k,n-1» (m,n) € Dy;
T, , ) Dy;
(T)mn = (T1Y)my (m,n) € D,
(le)m,nlr (m’ Vl) € DS;
(le)ml,nlﬁ (m) Vl) € D4-;
_1)(r-1) (h—
Zz mZ; n = m+rrl = n+h_1)‘ P}f(yz 0 j— ), (m,n) € Dy;
(sz) _ (TZy)ml,m (I’I’l, i’l) S Dz;
mpu =
(TZy)m,nlx (m) n) S D3;
(ToY)my s (m,n) € Dy.

Fixing T = T} + T3, one can observe that T : P — P. First we show that T is a strict set
contraction operator in P.

(i) T is a contraction operator on P.

Forany x,y € P, x = {Xpn}rr- o, e no,y mnton ge no,we have

(Tlx)m,n = Cm,nXm—k,n—1» m e N(ml): ne N(Vll)’

(le)m,n = Comn)Ym—kn—1» me N(ml); ne N(”l):

so that
| T1x - T1yll = sup |(T1) s = (T19) |

(1m,m)eN(mg)xN(no)

= sup |(T1x)m,n - (le)m,n‘
(m,n)€N(mo) xN(no)

= sup |Cm,nxm—k,n—l - Cm,nym—k,n—l|
(m,n)€N(mo)xN(ng)

= sup Cm,n |xm—k,n—l - ym—k,n—l|

(m,n)eN(mg) xN(ng)
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<c sup |-kt = Yim—kyn—t]
(m,n)eN(mo)xN(no)

= cllx =yl @1)

From (R;), we know that ¢ < 1, therefore T} is a contraction operator.

(ii) T, is completely continuous.

From (R3) and the continuity of f, it follows that T, : P — P is continuous. Thus we
just need to establish that T, is a compact operator in P. For any bounded subset Q C P,

without loss of generality, we may assume Q = {x € P | ||x|| < r'}. Now it suffices to show

that T,Q is relatively compact.

According to lim,._, ;o @ =0, we know that there exists an r’ > 0 such that

1-
0<f(x) < —Cx, x>71".
4-Co
Thus
l1-c¢
0<f(x) < ?x+M, x€R,, (2.2)
0

where M = maxo<,<, f(x). Let

4coM
7= max{r’, r, 1Co } (2.3)
—c

Define [, 8] = {x € P | @ < x < B}, where @ = (0,0,...), B = (,7,...). Obviously, Q C
[or, B]. From (R;), (R3), (2.2) and (2.3), for any x € [«, 8], we have Tox > o and, when
(m,n) € N(m1) x N(n1),

oo oo . .
(i-m+r=1)"D(G—n+h-1)""D
(T2x)m,n = Z Z (}” _ 1)'(/’1 — 1), Pl',jf(xi—a,j—r)
i=m j=n
oo o0 .
(i—-m+r-1)"V(G—n+h-1)0D l-c
< p;; Xi—ojr + M
- XM:; (r = 1)i(h - 1)! U\ dcy T
oo o0 .
(i-m+r=1)"DG—n+h-1)"D 1-c_
< P;; r+M
- Z Z (r—1)!(h-1)! 7\ 4co
i=m j=n
1-c_
< —7+coM
4
1-c_
< r
-2
<r

This means that Thx < 8; in particular, 7,8 < 8. Hence, T5 : &, 8] — [, 8], which implies
that T, [, B] is bounded.

Next we show that T;[«, 8] is uniformly Cauchy. For any given ¢ > 0, by the condition
(R3), there exist sufficiently large positive integers m, € N(m1,), ny € N(n;) such that

o]

> (i+ 7=+ h—1)"D efl-c_ -1
22 (r—1)!(h-1)! Pl’“i( ”M> : (2.4)

; . 4-C0
i=my j=n3
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By the condition (R3), we have

i i (i+7r=1)D(G+h—1)0D
ij < 0.
Pl (r—1!(h-1)
Hence, there exists an w3 > m1, such that
(z+r— YD + b= 1)1 efl-c_ -t
)3)3 g g ()
- D!I(h-1)! 4\ 4cy

i=m3 j=m

Similarly, there exists an n3 > 1, such that

>y

i=my j=n3

YD+ b — 1) £
ij <

i+r-1
(r— 1) —-1)!

For any x = {x,,,,} € [, B], when (m, n), (m', n’) € N(m3) x N(n,), from (2.4) we have
|(T2x)m,n - (TZx)m’,n’|

i=m j=n
+ZZ —m +r-1 (] W +h- 1)(h_1)Pi,jf(xi—a,j—r)j|
i=m' j=n'
1 1 r—1) (h-1)
S(r—l)!(h—l)!<4co )[;;(l—m+r DG -n+h-1)"Dp,;
+ZZ -m' +r-1 (/ n+h- 1)(hlp:|
i=m’' j=n'
< 2 LY i i(i +r=1)VG+h-1)"Vp,
== 0-1\ e 7

i=my j=ny

1-c_ efl-c_ -1
<2 —7+M)--| —7+M
4C0 4 4'C0
<E&.

When (m, n),(m',n') € {(m,n) | m > mz,n; < n<ny}, from (2.4) and (2.5) we have

’(TZx)m,n - (T2x)m’,n/
(r - Z Z(l —-m+r— (’_1)(1' -n+h- 1)(h_1)Pi¢f(xi_g,,»_,)
i=m j=n
— Z Z —m +r— (] n+h- 1)(h71)Pi,jf(xi_alj_‘[)
i=m' j=n'

[eele e}

SN mar =)Vt b= D) IP (i)

i=m j=n

1 [
< @@
= r-1h-1)

Page 6 of 12

(2.6)
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oo o0

+Zz(i"”/+" )(rl(/ n+h_1) Plf(xtcjr):|

i=m' j=n'

5#[22L—m3+r—1)’ VGi—n +h-1)"" 1)Plfxl o ,):|

i=m3 j=ny

2 r—
S(r—l)!(h— )<4cor+M)|:ZZ(z+r_1) 1)(/+h 1)(h1 P,

i=m3 j=n3
oo ny
Y Y G+r-) NGk 1)<h1>pi,,}
i=m3 j=n1
1-c_ efl-c_ -t
<4 r+M)- r+M
4C0 4 4C0

=E&.

Similarly, when (m, n), (n',n') € {(m,n) | my < m < my,n > ns3}, from (2.4) and (2.6) we

have

’ (TZx)m,n - (TZx)m’,n’

<E.

Let D' = D} U D, U Dy, where D} = {(m,n) | m > ms,n > n3}, D = {(m,n) | m > ms,
ny <n<nz}, Dy ={(m,n) | my <m<mz,n>ns}.

Then, for any given ¢, there exist positive integers (m3,13) € N(m2) x N(n3) such that,
for all x = {x,,,} € [o, B],

|(T2x)m,n - (TZx)m’,n/ <&

holds for all (m, n), (m', n') € D', which implies T5[«, 8] is uniformly Cauchy.

Hence, T,[w, B] is relatively compact. Since Q C [, B8] is any bounded subset of P, T,Q is
relatively compact. Thus T is a compact operator in P. Hence T is completely continuous
inP. Then T = Ty + T, : P — P is a strict set contraction operator.

Next, from condition (R,), there exist positive constants 0 < 1| < ug < 7 such that
1-c¢
0<f(x) < 4—x, forO<x <ry,orx=>ry, (2.7)
Co

and

1- _
0<f(x) < 4—Cx+M, forx e R,, (2.8)
Co

where M = MaXgex<r, f(%).
Set

4cy —
rs=maX{rz,l—°M}, Qi ={xeP|lxll <r},
—C

Q={xePllnl<n),  Q={rePllxl<r, inf x..>ul).
a1.by

me.
neN(ag,by)
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Then 2, 2, and Q3 are nonempty bounded open convex subsets of P such that

Q) C 2y, Q3 C Q, QN =0,

Q={xeP|llxl <n},  ={xeP|lxl|=<r}

Q3 = {xeP | lx|| <rs, inf &, > Uo}
meN(ay,b)

neN(ag,by)
Let[=1,2,3. Forany x = {,,,},¥ = (Y} € 2 C P, from (2.1), we have
1Tix - Toyll <cllx-yl,

where ¢ < 1, thus T} : ; — P is a contraction operator.

Notice that any bounded subset D of ©; is also a bounded subset of P. Thus it follows
from the above conclusion that T,D is relatively compact. Also T, : ; — P is continuous.
In consequence, we deduce that T : Q,— Pis completely continuous. Thus, T'=T; + T :
Q;— P (I=1,2,3) is a strict set contraction operator.

Next we show that T(2) C 2.

(i) For x € 21, when (m, n) € N(m;) x N(n), we get

0 < (TX)mn

e ((—m+r=1)V(—n+h—1)"D
= Xkl + Z Z r— D= 1! Pij(xi_aJ_Z).

i=m j=n

From (2.7), we have

(i-m+r-1)"VGi-—n+h-1)"D 1-¢
Tx|| < c|lx| + P;; X
T[] < clla| }:}j T el
i=m j=n
1-c¢
<Cri+Ccy—71
1 0460 1

<r.

Thus T(21) C Q.

(ii) For x € ©,, from (2.8), we also have

e ((—m+r 1) V(-4 h—1)"D 1-c¢ —
Tx|| < P;; M
ITall < cllall + 3 ) T i\ g 1%11+

i=m j=n

<cr3+Co rs+M
4C0

- 1-¢ 1-¢
<crs+ —r3+—r3
4 4

<rs.

Thus, T(2,) C Q.
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(iii) For any x € Q3, we have | Tx| < r3 and infueNwy.b) Xy > Uo. For any (m,n) €
neN(ag,by)

N(a1,b1) x N(ay, by), from condition (R4), we have

e (i—m+r =1V —n+ h—1)"D

(Tx)m,n > Z Z (}” _ ].)'(l’l — 1)' Pi,jf(xi—a,j—r)

e (i=by+7r =1 V(= by + h—1)"D
2.2 (r—1)(h-1)!

Pyif (%iojz)

PP (i by 4y = 1)V — by + b — 1))

z Z Z (r _ 1)'(]’[ _ 1), Pi,jf(xi—a,j—t)

i=b1 j=by

= CaC1Ug

> Ug.
Thus, for any x € Q3, we have

inf  (Tx),,, > to.
meN(ay,by)
neN(ap,by)

Hence T(Q23) C Q3. From (i), (ii), (iii) and Lemma 2, we obtain
(T,2,P)=1, [=1,2,3.

Hence
i(T, /(21 UQs3),P) = i(T,Q,P) —i(T, 2, P) - i(T,Q3,P) = 1.

Thus, T has fixed points x* and y* such that x* € Q,/(Q; U Q3), y* € Q3, and

*

inf x,  <up< inf yy .

méeN(ay,b1) B meN(aq,b1)
neN(ag,by) neN(ag,by)

It is easy to prove that the fixed points of T are exactly the positive solutions of Eq. (1.1).
The proof is complete. g

Example 2.1 Consider a nonlinear partial difference equation given by

1 6115 1
Aanfl (xm,y, - A_Lx”"l'”‘2> + 30l 261_”’_”96,2,1_2,”_3 In(1+ %, 2,3) =0, (2.9)

where (m,n) € N(0) x N(0) and a > 1 is a constant.
1

5 so that ¢, , = i < c< 1. Thus (R,) is satisfied. Also we have

Letus fixc=

61 =max{1,2} =2, 8y =min{l,2} =1,

n1 =max{2,3} =3, 1 =min{2,3} =2,

(,115

= 3Olnch’”_”>0, f(x):x%ln(l +X).

m,n



Zhou et al. Advances in Difference Equations (2018) 2018:200 Page 10 of 12

It is easy to see that xf(x) > 0 (x #0) and

1
In(1 In( + x)) 2xh
fim L% gy M0 On(e2)) o 2

:0,
x—0+ X x—>0+ x2 x—0+ (x%) x—0+ 1 +x
1
x In(1+x In(1 +x))’ 2x2
1mf(_)=]im gzli M lim =0.
X—>+00 X X—>+00

x2 X—>+00 (x2)/ x—>+00 1 +x

Thus, Eq. (2.9) satisfies the condition (R;).

Let m; =2, n; = 3. Then we consider a series of positive terms

oo oo o0 o0

1 1) +2)@ als NG+ +1)
> D262, S Dty G+26+1)
: 112! 3012 & —~ 2

i u; = i(i +Da, (2.10)

=2 i=2
oo o0
G+1G+2)

. y VT 2.11
Sy=y 211
j=3 j=3

we get
L Uin (+2a™t i+2 1
lim = lim = lim — =—<1,
imoo u;  imoo (i+1)a”t  imca(i+l) a
1im@:11m(7+2(j+3 24 . j+3 1

- = lim =—<1
jooo v jmoe 20t (j+1)(j+2) joca(j+l) a

According to the D’Alembert comparison test, the series of positive terms (2.10) and (2.11)
are convergent and consequently, we get

+ 1) +2
E E i+ 1) (]+) —————P;j < +o0.
112! b
i=2 j=3

Thus the condition (R3) is satisfied.

Next, we check that the condition (R4) holds true. Letting uy = 1, ¢; = In2, N(ay,b;) =
N(2’ 5) = {2’ 37 4) 5}r N(“Zr bZ) = N(Br 7) = {37 4, 51 6; 7}) we have

fx) —x? In(1+x)>1In2=ciuy, forx=> u,

and

b1+83 ba+na .

(i= b1+ 1)V = by +2)@
=22 1121 Bij

i=b1 j=by

5+1 7+2

ZZ ‘—5 + 1)(1)(]—7+2)(2) ﬂls —ij

a
112! 30In2

i=5 j=7
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als 3 o (G-5)(-6)
= 4ty L2V T
301n2 Z(’ )a Z 2
i=5 Jj=7
als
= 30102 (a_S + 261_6) (a_7 +3a %+ 661_9)
n
15
> 30471
30In2
1
" n2’

Clearly cic; > 1, which shows that the condition (Ry) is satisfied. Consequently, the con-
clusion of Theorem 1 is applied and hence Eq. (2.9) has at least two positive solutions x*
and y* such that

meibl}(g,s) xj”’” <l< meiblll(g,S) yf"’”'

neN(3?) neN(37)
3 Conclusions
In the past years, the qualitative theory of partial difference equations has been developed
by means of different tools such as comparison principle, Schauder type fixed point the-
orem, Banach’s contraction principle, method of upper and lower solutions, the method
of positive operators, etc. However, the issue of existence of multiple positive solutions
for neutral delay partial difference equations has yet to be addressed. Here we have in-
vestigated this topic with the aid of the fixed point index theory and obtained a criterion
ensuring the existence of multiple positive solutions to Eq. (1.1). Thus the present work
opens a new avenue in the field of partial difference equations and contributes significantly
to the existing literature on the subject.
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