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Abstract

In this paper, we investigate oscillatory and asymptotic properties for a class of
fractional order dynamic equations on time scales, where the fractional derivative is
defined in the sense of the conformable fractional derivative. Based on the properties
of conformable fractional differential and integral, some new oscillatory and
asymptotic criteria are established. Applications of the established results show that
they can be used to research oscillation for fractional order equations in various time
scales such as fractional order differential equations, fractional order difference
equations, and so on.
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1 Introduction

In the last few decades, research into oscillation of various equations, including differential
equations, difference equations, has been a hot topic in the literature, and much effort has
been put in to establish new oscillatory criteria for these equations so far (for example,
see [1-12] and the references therein). In [13], Hilger initiated the theory of time scale
trying to treat continuous and discrete analysis in a consistent way. Since then, the theory
of time scale has received a lot of attention in recent years, and various investigations have
been done by many authors [14—28]. Among these investigations, some authors have taken
research in oscillation of dynamic equations on time scales (see [29—46] and the references
therein). In these investigations for oscillation of dynamic equations on time scales, we
notice that most of the results are concerned with dynamic equations involving derivatives
of integer order, while none attention has been paid to the research into oscillation of
fractional order dynamic equations on time scales so far in the literature.

A time scale is an arbitrary nonempty closed subset of real numbers. T denotes an ar-
bitrary time scale. On T we define the forward and backward jump operators o € (T, T)
and p € (T, T) such that o (¢) = inf{s € T,s > t}, p(t) = sup{s € T,s < £}.

A point ¢t € T is said to be left-dense if p(¢) = ¢ and ¢ # inf T, right-dense if o (t) = ¢ and
t #sup T, left-scattered if p(£) < ¢, and right-scattered if o (¢) > £. The set T* is defined to be
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T if T does not have a left-scattered maximum, otherwise it is T without the left-scattered
maximum.

A function f € (T, R) is called rd-continuous if it is continuous at right-dense points and
if the left-sided limits exist at left-dense points, while f is called regressive if 1 + u(£)f (¢) # 0,
where u(t) = o (t) — t. C,q denotes the set of rd-continuous functions, while R denotes the
set of all regressive and rd-continuous functions, and R* = {f|[f € R, 1 + u()f(¢) >0,Vt €
T}.

Definition 1.1 For some ¢ € T, and a function f € (T, R), the delta derivative of f at ¢

is denoted by f(¢) (provided it exists) with the property such that for every & > 0 there
exists a neighborhood 4l of ¢ satisfying

[f(a(t)) —f(s) —fA(t)(a(t) —s)| < a|o*(t) —s| for all s € 4.

Note that if T = R, then f2(¢) becomes the usual derivative f'(¢), while f2(£) = f(£ + 1) —
f(¢) if T = Z, which represents the forward difference.

Definition 1.2 For p € R, the exponentialfunction is defined by
t
ep(t,s) = exp(/ E,L(t)(p(r))At) fors,t e T.
If T =R, then

t
ey(t,s) = exp(/ p(1) dr) fors,t e R.
S

If T =7Z, then
t-1
ey(t,s) = 1_[[1 +p(T)] fors,t € Z,s<t.

According to [47, Theorem 5.2], if p € ;R*, then e,(t,s) > 0 for Vs, € T.
Recently, Benkhettou et al. developed a conformable fractional calculus theory on ar-
bitrary time scales [48], and established the basic tools for fractional differentiation and

fractional integration on time scales.

Definition 1.3 ([48, Definition 1]) For ¢t € T, « € (0,1], and a function f € (T, R), the
fractional derivative of o order for f at ¢ is denoted by f®)(¢) (provided it exists) with the
property such that for every ¢ > 0 there exists a neighborhood 4! of ¢ satisfying

[f(c®) -f&]t = f ) (o (t) - 5)| < e|o(®) —s| forallse il

Definition 1.4 ([48, Definition 28]) If F(t) = f(¢), t € T*, then F is called an a-order
antiderivative of f, and the Cauchy «-fractional integral of f is defined by

b b
/ F(6)A%t = / F(O)" At = F(b) — F(a), wherea,beT.
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Theorem 1.5 ([48, Theorem 4]) For t € T%, a € (0,1], and a function f € (T,R), the fol-
lowing conclusions hold.:
(i) Iff is conformal fractional differentiable of order o at t > 0, then f is continuous at t.
(i) Iff is continuous at t and t is right-scattered, then f is conformable fractional
differentiable of order o at t with f©(¢) =L (";2;:{“) oo =L (“(;)()t_)f ®) p1-e
(iii) Ift is right-dense, then f is conformable fractional differentiable of order o at t if,
and only if, the limit limsﬁ,%tl’“ exists as a finite number. In this case,
@) = lim,_,, LDl
(iv) Iff is fractional differentiable of order a at t, then f (o (t)) = f(t) + ()t~ *f ().

Corollary 1.6 According to the definition of the conformable fractional differentiable of
order a, it holds that f@(t) = t"-*f2(t), where f2(t) is the usual A derivative in the case
o = 1. Furthermore, if f@(t) > 0 (< 0) for t > 0, then f is increasing (decreasing) for t > 0.

Theorem 1.7 Let p(t) = t* ' p(t), a € (0,1]. If p € R, and fix ty € T, then the exponential
function e;(t, to) is the unique solution of the following initial value problem:

Y () = p(t)y(2),
y(to) = 1.

Proof By [47, Theorem 5.1], if p € R, and fix £y € T, then the exponential function e,(t, to)
is the unique solution of the following initial value problem:

yA(t) = p(O)y(t),
¥(to) = 1.

So, according to Corollary 1.6, one has
(e5(t,20) = £ (ep(t, 1)) " = £ B(D)es(t, t0) = p(De(t, o),
which confirms the proof. d

Theorem 1.8 ([48, Theorem 15]) Assume that f,g € (T,R) are conformable fractional dif-
ferentiable of order a. Then
) (F+0 @) =) +g“ @)
(i) () (&) =f“(B)g() +f (o (£))g@ (@) = f@ ()g(o (1) +f ()¢ ().
(i) (1)) =
S f(@)f (@)

AN C) T B AL O/ O A ()T A )
() () =

Theorem 1.9 Let o € (0,1], f, g be two rd-continuous functions. Then

b b
[ rowgware=[rwgol: - [ rlow)gwac

The proof of Theorem 1.9 can be reached by fulfilling «-fractional integral for the first
equality in Theorem 1.8(ii).
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For more details about the calculus of time scales, we refer to [49].
In this paper, we investigate oscillatory and asymptotic behavior of solutions of the fol-
lowing fractional order dynamic equation on time scales:

(@) ([rOx®]“)) + p) ([rex )] ) + qe)f (x)) =0, teT,,  (11)

where T is an arbitrary time scale, Ty = [£5,00) N T, a,r,p,q € Ca(To,R,), f € C(R,R)

fx) >L>0forx#0,and y > 1 is a quotient of two odd positive

satisfying xf(x) > 0,
integers.

A solution of Eq. (1.1) is said to be oscillatory if it is neither eventually positive nor
eventually negative; otherwise it is nonoscillatory. Equation (1.1) is said to be oscillatory
in case all its solutions are oscillatory.

We will establish some new criteria of oscillatory and asymptotic behavior for Eq. (1.1)
based on the properties of conformable fractional differential and integral together with a
generalized Riccati transformation technique in Sect. 2, and present some applications for
the established results in Sect. 3. Some conclusions are presented in Sect. 4. Throughout

this paper, R denotes the set of real numbers and R, = (0, 00), while Z denotes the set ofin-

le 3 (st0)] v

tegers. B(¢) = t*p(t), t; € T, [t;, 00)1 = [t;, 00)NT,i = 0, 1,...,5.91(t,a) = [} —4—— A%,
Y (s)
ﬁz(t,a):fl D1 (s,a) A%s. a

a r(s)

2 Main results
Lemma 2.1 Suppose —£ e R,, and assume that

o e 5 (5, t0)]7
/ — A% =00, (2.1)

a% (s)
/Do — A% =00, (2.2)

and Eq. (1.1) has an eventually positive solution x. Then the following conclusions hold.
(i) There exists a sufficiently large T} € T such that

(ﬂ(t)([l”(t)x(“)(t)](a)

) (e)
e 5t ty) > <0, [’"(t)x(a)(t)](a) >0 on[T},00),.
_p\H k0

(i) If we assume that

e p(T to) q(s) " v el
tlinolosuP/ |:r(‘§)/ < /; 6_12(0(5),t0)A S) A T:|A :

- oo, (2.3)

then either there exists a sufficiently large Ty € T such that x)(¢) > 0 on [T, 00)t or
lim;_, oo x(£) = 0.

Proof of (i) According to —g € R,, one has e_5(¢,ty) > 0. Since x is eventually a positive
solution of (1.1), there exists a sufficiently large #; such that x(t) > 0 on [£1,00)r, and for
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t € [t1,00)T, by use of Theorem 1.8(iv) and Theorem 1.7, one can deduce that

(a(t)([r(t)anr)w)“"

€ p (t, t())
e_5 (&, t0)(@®) ([r)x (0] “)") — (e_5 (¢, £0)) () ([r()x) (£)] )
- e_3(t,to)e_p (o (1), o)

(@@ ([r@x @)@ + p)([rex® @] —q)f («(2))
= = <0
675 (U(t)) t()) e*% (U(t)r tO)

(2.4)

a® ([ )

So by Corollary 1.6 one can see that e 5 Gio)

s decreasing on [t;, 00)T, and consid-
ering a(t) >0, e_5 (¢, ty) > 0, one can deduce that [r(£)x' ()] is eventually of one sign.
Now we claim [r(£)x®(£)]® > 0 on [£,, 00). Otherwise, assume there exists sufficiently

large 3 > t; such that [r(£)x®(£)]® < 0 on [t3,00)t. Then by Corollary 1.6 one can see
()% (¢) is strictly decreasing, and due to Definition 1.4 it holds that

r(@)x® () - r(£3)x(2)

/t le_5 (s t0)al9)] ¥ [r(s)x@(5))
5 lesGtal)]

- ﬂ%(ts)[r(ts)x(“)(tg)](“) /‘f [e_,g(s, to)]%

: A%, (2.5)
[6’_22 (t3,20)]7

s ar(s)

From (2.1) one can see that lim,_, o 7(£)x(¢) = —00, and thus there exists a sufficiently
large t, € [t3,00)T such that 7(£)x*(t) < 0 on [ty, 00)r. Furthermore,

x(£) = x(ty) = f r(s)’z)()msq(a)x (t) / A

Using (2.2) one has lim;_, o, x(¢) = —oo, which leads to a contradiction. So it holds that
[r(®)x ()] > 0 on [t,00)T, and the proof is complete after setting T3 = t;. a

Proof of (ii) According to (i), one can obtain that x*)(¢) is eventually of one sign. So there
exists a sufficiently large 5 > ¢, such that either ) (¢) > 0 or x*)(£) < 0 on [t5,00)T, where
t, is defined as in Lemma 2.1.

Ifx@(¢) <0, considering x(¢) is an eventually positive solution of Eq. (1.1), one can obtain
that lim;_, o #(£) = A1 > 0 and lim,_, o 7(£)x 2 (£) = B, < 0.

We claim B; = 0. Otherwise, if we assume B; > 0, then x(¢) > B; on [t5,00)T, and for
t € [t5,00)NT, fulfilling o -fractional integral for (2.4) from ¢ to oo, considering% >L>0,
we get that

_a(t)([r(t)x(“)(t)](“))y - lim a(t)([r(e)x ) (£)]@)” . / < —q(s)f (x(s)) A%
e,g(t, to) t—>00 e,g(t,to) ¢ e,g(G(S), to)

< — lim
t—>00 e_IE (t’ t())

a(t)([r(£)x ()] ) s / i CLAO

e 500t

* gls)x’(s) vy [ as) w
<t e = / RGOS
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which means

p(tto) poo v
@ (1@ = L7 gr[ 5 q(s) “
O] < {Lﬁl[ alt) / PETCON I 20

Substituting ¢ with t in (2.6), fulfilling o-fractional integral for (2.6) with respect to t from
¢ to oo yields

1 00 e_g(‘[,to) 00 %
050 = Jim r0x -7 [ ( e e~((ff((ss)) to)AaS> A

1 opegen(io) peo g o v o
= ﬁZ_ﬁlLy/t ( a(t) /r B_E(U(S):L‘o)A s) A
0 re_5(T,t) poo v
% -L q(S) o 4 o
=-piL /t ( a(?) /T e_g(a(s),to)A S) A

which implies

0 ﬁ(f,to) oo 1
() < _ % 1 e_E q(S) a)V a
PO =-AL r(t)/t ( a(0) / e_g(U(S)Jo)AS AT @7)

Substituting ¢ with & in (2.7), fulfilling o-fractional integral for (2.7) with respect to & from
t5 to t yields

x(t) — x(ts)

I 00 eﬁ,g(f,to) 00 a(s) ) %a )
S—ﬂlL”/ts [T‘E)/; < a(t) /f e_g(a(s),to)A S) A r:|A E. (2.8)

By (2.8) and (2.3) one can deduce that lim;_, -, x(t) = —oo, which leads to a contradiction.

So we have B = 0, and the proof is complete. 0

Lemma 2.2 If -2 € M., and x is a positive solution of Eq. (1.1) such that
[Ox®)]” >0,  x9@)>0 on[T; 00)y,

where T € T is sufficiently large, then for t € [T}, 00)r it holds that

£ () >

9(t, T3) { a? (O[r(E)x@ ()@ }
r() le 5 (t,t0)]7

and

% () ()
x(t) > (¢, T;){“ @) [r()x' ()] }

le_p (t, )7
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Proof Take T3 > max(T5, T5), where T5, T; are defined as in Lemma 2.1. By Lemma 2.1

(@) @y . .
one can see that W is decreasing on [T, 00). Then
AU

¢ le_g (s, to)a(9)]7 [r(s)x(s)]
rOxF @) > rex () - r(T3)x“(T3) = / a As

n lest)al)y

X

ar ()[r(H)x (1))@

A%s=(t,T3) <
le_5 (&, t0)]7

- a7 (O)[r(O)x ()] /t le_5 (s, 20)]

e ptt)l? T av()

and

X0 =

0t T3) { ar (&)[r(Ox@ ()] }
r(@) e stt)r |

Furthermore,

t t % % () ()
x(t) > x(t) —x(T;) _ / x(a)(s)Aots > / 191(5, T3) { a (S)[F(S)x (S)] }AaS

73 ry  7(s) le 5(s0)]7

>

{a%u)[r(t)ant)]w) } / 91(s, T%)
T:

g% () [r(t)x(a)(t)](oc) }
le (¢ to)]% +  r(s) .

A%s =By (t, T;){ .
le_5 (&, )17

3

The proof is complete. O

Lemma 2.3 ([50, Theorem 41]) Assume that X and Y are nonnegative real numbers. Then

AXYE X < (v -1)Y* foralla> 1.
Theorem 2.4 Suppose —{2 € R,, and assume that (2.1)—(2.3) hold, and for all sufficiently
large T,

t 1+y
i Sup{ [ {L A0SE) 1t yynis)]@ 5 SO Dlatoe (o))

=00 rl es (o (s),0) r(s)

R

) |:r(5)§(a)(s) +ly+ 11)g(s)my 6 Dlalo (o)) T“ } A } o, 29)
(v + Drvii(s)s 71 ()9, (5, T)

where ¢, n are two given nonnegative functions on T with ¢(t) > 0. Then every solution of

Egq. (1.1) is oscillatory or tends to zero.

Proof Assume that (1.1) has a nonoscillatory solution x(¢) on Ty. Without loss of gen-
erality, we may assume x(t) > 0 on [t;,00)T, where ¢; is sufficiently large. According to
Lemma 2.1, there exists sufficiently large ¢, such that [r(£)x®(£)]“) > 0 on [t,, 00)t, and
either x¥(¢) > 0 on [£3, 00)T or lim,_, o0 %(£) = 0.
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Now we assume x®(£) > 0 on [t,00)t. Define a generalized Riccati function:

(r@®)x@ ()] @)

2 (De atto) ”(t)]'

w(t) = ;(t)a(t)[

Then, for ¢ € [y, 00)T, by Theorems 1.7-1.8 one has

30 {a(t)([r(t)x@(t)](“))y }(” . [ 10 ]@a(o(t))({r(o(t)>x<“><o(t>>]<“>)y
X7 (1) e 5(t,t) 7 () e 5(0(t) ko)

@ (¢) =

+5O[a@n®]” + s @a(o ©)n(o®)
c(t) (€2 &) a@Irex I O1«) ) ~ (e_s (& ) alt) () (O]«
{ e_r (¢, to)e,g (o (1), to) }

xY(t)

. [x () - (x (t))(wg(t)] a(o (1) ([r(o () (o (£))] @)
7 (Ox (0(£) e (00, to)
+ c@[atm®]® + <“Wa(o®)n (o)

_s® [(a(t)([r(t)x("‘)(t)](“))y)("" +p(t)([r(t)x(°"(t)](“))y} . () o(o(®)
X7 (t) ep (o (), to) s(o (1)

(&)@ ()@ T alo @©))([r(o ()x (o (£)]@)r @
- |: xY (t) i| xV(U(t))e_E (o (2), o) + S(t)[ﬂ(t)ﬁ(t)]

_ s® [ q@)f (x(2)) c@(p)
= _x)’ (t) |:e—E (U(t), tO)] + g(a(t)) a)(U(t))

+ c)[a@n®)]

~ [g(t)(xy(t))“*) } a(o (8))([r(o (£)x“ (o (1)])
x7 () x7 (o (t))e_z (0 (2), to)

a®s@®) )
= e0m  sem

SO )@V alo () ([r(o )x (o (£))]@)” o
- |: xV (t) :| xY (O(t))ej (G(t), tO) + §(t) [“(t)n(t)] .

By [49, Theorems 1.87 and 1.93], we have (x” (t))* > yx”~(£)x*(t). So by Corollary 1.6 it
holds that (x7 (£))@ = 1= (x? (£))® > t'*yx? "1 (t)x2(t) = ya? 1 (£)x@(¢), which implies

q(t)s(2) 0 (o)

(o) _
O e )

ya? L 6)x D () T alo (£))([r(o (£))x@ (o (£))]@)” o
2 (2) } Do 00 s OlaOn)]

- 5(t)[

qt)s(2) @)
. e 3(0(t),t0) ' §(a(t))w(o(t))

_ [ ys(®) ] { D1(t, 1) [a%(t) [r(t)x<“>(t)]<“>“
IO | BTG AT
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y a(o (0))([r(o ()% (o (£)]“)”

(@)
# (o (1)e_3 (0 (t),to) +s@[a®)n®)]

a®s(t) @)
2O s

s@®)(t, ) [ w(o(2)) Ly
-y e |: 00 a(a(t))n(a(t))}

+ cO[atn®]®, (2.10)

where Lemma 2.2 has been used in the last two steps.
On the other hand, by use of the following inequality (see [51, Eq. (2.17)]):

(u—v)H% > Wty 4 lv“% - <1 + l)v%u,
Y 14

where u, v are constants and y > 1 is a quotient of two odd positive integers, one can
obtain that

CU(O'(t)) 1+%
[g(o(t)) _“(“(t))’?(a(t))]

" () 1 1
> ———+—[alc@®)n(c@®)]"”
¢ e@) Y

<1 1) [alo (@)n(o )] olo ©)
-(1+— .

<G (0) @11)

So, by a combination of (2.10) and (2.11), one can deduce that

@ < g ABOsO @
0'“(t) < Leﬁg(o(t), t0)+g(t)[a(t)n(t)]

st ) a0 @l @)
r(t)

. HOSD () + (v + 1O (¢ ) lalo (O)n(o ()7
r(t)s(o(t))

w(a (t))

(2.12)

Setting

A=1+ 1 X = s@(t 5) a)h%(o'(t))
14 r(t) gh%(a(t))

|-

yrl oy [r(t)g“”(t) + (v + Ds (Ot ) alo ()n(o ()] ]
(v + Dr 1 (s 7T (00 (¢, 1)
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an application of Lemma 2.3 to (2.12) yields that

@ s B)al OO
r(t)

q(t)s(2)

(@) _ ~
OG0

+s(®)[a)n(®)]

(2.13)

Y

N [r(t)g(a)(t) +(y + 1)g(&)v1(¢, tz)[a(g(t))n(g(t))]% :|y+1.
(v + DreT (e 7 (09 (8, 1)

Substituting ¢ with s in (2.13), fulfilling a-fractional integral for (2.13) with respect to s
from ¢, to ¢ yields

! q(s)s(s) @ )0 t)alo($)n(o )7
/tz {Lie_;z(a(s), . s@®[as)n(s)] + o

Y

~ [r(s)g(oz)(s) + (v + D)5 (8)01(s, 1) [alo () (o ()] ]y+1 }Aws
(v + l)rﬁ(s)g%(s)ﬁ{*l (s, )

< w(t) - o(t) < w(ty) < 0o,

which contradicts (2.9). The proof is complete. d

Theorem 2.5 If—’z € R,, (2.1)-(2.3) hold, and for all sufficiently large T,

a

lim sup{/t{LM - §(S)[a(5)77(5)](u)

t=>o0 T L e_5(0(s),t)

. y<(8)91(s, TV (o (s), T)a2(o (s))n*(o ()
7(s)

 [r95™(s) + 27 s ()91 (s, T)9) " (0(5), Talo (9))n( (s)]* } Aas} oo (214

4y r(s)s(s)91(s, T)0) (o (s), T)

where ¢, ) are defined as in Theorem 2.4. Then every solution of Eq. (1.1) is oscillatory or

tends to zero.

Proof Assume that (1.1) has a nonoscillatory solution x on Ty. Similar to Theorem 2.4, we
may assume x(£) > 0 on [t;,00)T, where ¢ is sufficiently large. By Lemma 2.1, there exists
sufficiently large £, such that [r(£)x®(£)]® > 0 on [t,, 00)T, and either x®)(£) > 0 on [£,, 00)T
or lim,_, o, x(£) = 0.

Now we assume x® () > 0 on [ty,00)r. Let w(t) be defined as in Theorem 2.4. By

Lemma 2.2, one has the following observation:

) _ 9l ) {ai(t)[r(t)w(t)rw} 1
x(t) ~ () le 5(t,8)]7 ) *o®)

_ fz){ a7 OO (O]

: (o (t)
r(t) [e_z(t,to)]vw(a(t))}x @)



Feng and Meng Advances in Difference Equations (2018) 2018:193 Page 11 of 20

_ itb) {a%(a(t))[r(o(t))alcw(a(t))]‘” }xy_l(o(t))
r(t) e 3 (o (1), t0)]7 7 (o (1))

_ st {a%(a(t))[r(g(t»x%(t))yw }
() le 5 (0 (), £6)]7 27 (0 (1))

a7 (0 (0)[r(o () (o (1))@ }y—l

X 1921/_1 (o(t), t2) { 5
le_s (0 (0) 1))

(2.15)

- 91(t,1:)0) " (0 (8), 1) { a(o () ([r(o (£)x (o (£)]@)” }
r(t) e_3(0(8), )27 (0 (1)) ’

Using (2.15) in (2.10) one can deduce that

q)s(2) @)
e 5(o(t),to) g(a(t))w(a(t))

y* @) ] a(o () [(r(o (£)x(o ()1
x(t) (o (t)e_p (0 (8), to)

() < -L

- g(t)[ + cO[a®n@®]®

q0s(t) g(‘”(t)w
e,g(a(t),to) s(o(2)

D1(8, )9 (0 (), 1) { a(o (0))([r(o ()% (o (£)]1“)” }2
r(t) e_p(0() to)x” (0 (£)

+ cO[a®n®]®

s @)
e seo )

(o)

-ys()

y<(®)91(t,6)9) (0 (t), ) [ (o (1)) 2
- ) L(a(t)) ‘“("(”)”("(”)]

+ cOatn®]®

B q(t)s(t) @)
= —L—e_{2 e’ s@®[a®n()]
75O 0)P] T (0 (1), b)aP (o (1)n* (0 (1))
r(t)

N [r(t)g@”(t) +2y ()01 (6,12)95 (o (1), ”)“(U(t))n(a(t))}w(o(t))
r(t)s(o(t))

Y@t 02)0) o (t), )
- Do) “ )

M (o)
= e_3(o (), o) +s(@®)fat)n(@)]

_vs@)o(s £:)9 " (0 (£), ta)a>(o (£))n(o (£))
r(t)
N [r(£)c(8) + 2y ¢ (£) 91 (1, £2)9) " (0 (), tz)a(o(t))n(o(t))]{
4yr(t) s ()01 (8, t2)0) (0 (0), 1)

(2.16)
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Substituting ¢ with s in (2.16), fulfilling a-fractional integral for (2.16) with respect to s

from ¢, to ¢ one can get that

/t{L q(s)s(s) ) [a(s)n(s)](w . y s()91(s,82)93 " (0(s), t2)a> (o (s)n*(o (s)

e_p (o (s), to) r(s)

[7(5)5 @ (s) + 2y 5 ()01 (5, £2)9) " (0 (5), t2)a( (5))n (0 (5)))? }Aas
4y r(s)c(s)91(s, £2)9) (0 (s), £2)

< w(t) - o(t) < w(ty) < oo,

which contradicts (2.14). The proof is complete. O

Theorem 2.6 Suppose —g € Ry, (2.1)-(2.3) hold, and define D = {(t,s)|t > s > to}. If there
exists a function H € Cq(D, R) such that

H(t,t)=0 fort>t H(t,s)>0 fort>s=>t, (2.17)

and H has a nonpositive continuous o-partial fractional derivative Hs(“)(t, s) with respect

to the second variable, and furthermore, for all sufficiently large T,

. 1 ! q(s)s(s) (@)
lim sup He {/to H(t,S){Lm - s(®)[als)n(s)]

s()01(s, T) [ﬂ(G(S))n(U(S))]“%
N
r(s)
[r(S)g(“)(S) + (y + V(991 (s, Dalo () (s)]7 T+1}Aa } _
- 1 y Yo S(=0%
(y + Dr7i(s)g 71 ()0 " (s, T)

(2.18)

where ¢, 1 are defined as in Theorem 2.4. Then every solution of Eq. (1.1) is oscillatory or

tends to zero.

Proof Assume that (1.1) has a nonoscillatory solution x on T,. Without loss of generality,
we may assume x(¢) > 0 on [¢;, 00)T, where #; is sufficiently large. According to Lemma 2.1,
there exists sufficiently large ¢, such that [r(£)x®(£)]® > 0 on [ty, 00)T, and either x* () > 0
on [ty, 00)T or lim,_, « x(£) = 0. Now we assume x(£) > 0 on [£y, 00)7. Let w(t) be defined

as in Theorem 2.4. By (2.13) we have

q(t)s(¢)

@ O ) ale @) )7
—_— - +
e s (0(0,10)

s®)[a)n(®)] "B

_ [r(ng@(r) +(y + D091t t)lalo (O)n(o (1)]7 ]y“ < 0,

: - — (2.19)
(v + Drr @) 71 ()9 (¢, 1)

Substituting ¢ with s in (2.19), multiplying both sides by H(t,s) and then fulfilling o-
fractional integral with respect to s from ¢, to ¢, together with the use of Theorem 1.9,
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yields that

¢ q(s)s(s) @) g(S)l‘h(s,tz)[a(G(S))n(G(S))]“%
I H(t,S){Leg(G(S),to)_ OLeom] 0

1

~ [r(s)g(")(s) +(y + D)g ()01 (s, t2)[alo (s))n(o (s))]” ]yu}AaS
(y + l)rﬁ(s)gﬁ(s)ﬁlm (s, £2)

<- f tH(t,s)a)(“)(s)A“s = H(t,t)o(t) + / tHS("‘)(t,s)a)(o(s))A“s

< H(t, tr)w(ty) < H(t, to)w(ts).

Page 13 of 20

So
‘ q(s)5(s) @ s )alo () E)] 7
[ s){Lie_g e = cOlaon )] + e
_ [V(S)g(")(S) + (v + Ds(8)91(5,12) a0 () (o (5))]7 ]y” }Aas
(v + D7 () 71 ()97 (5, 15)
(" q(s)s(s) @ 15 B)alo(s)n(o )"
= /to H(t’s){Lie_g(a(s), il s@®[als)n(s)]" + o
) [r(s)gw(s) + (y + De(6)91(s, 1) alo (Do (s)]7 ] } A
(y + DT () 71 ()97 (s, 1)
! q(s)s(s) @ S, tz)[a(O(S))n(a(S))]“%
+ /132 H(t's){Lie,;(a(s),to) - s(®[als)n(s)]" + o)
. [r(s>g<a>(s) + (7 + D506 L)a@ () ]V” Jaes
(y + Dt ()5 71 ()97 (s, 1)
21 q(s)s(s) @
< Ht, ty)ltz) + H(t, o) / L SOl
. SO b)al @)
r(s)
- [r(s>g<“>(s) + 0 + D6 B)lal (Do ()] T” A%
(v + D1 ()6 71 ()97 (s, 1)
So

i
T (¢, to)

{ / Hi, s){LM ~ c®[a()n(s)]®

e 50 (5) k)

()01 (s, t2)alo ()n(o ()] 7
N
r(s)
) [r(s>g<“>(s) +(y + Dg)91(s )[alo () ()7 T} Aas}
(y + D7 (8)g 71 (8)07 7 (5, £2)
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1+%
q(s)s(s) ©[als) (s)](“) s s ()01 (s, t2)[a(o (s))n (o (s))]

e 5(0(s)t0) r(s)

2
<w(t) + / L
to £

_ [r(s>g<“>(s) + (v + Ds (9106 1) [alo ()0 (5))7 ]V”
(v + DT ()57 ()] (5,2)

A%s < 00,

which contradicts (2.18). So the proof is complete. d

Based on (2.16) and the deduction process in Theorem 2.6, one can easily prove the

following theorem.

Theorem 2.7 Suppose —i—i € R,,and (2.1)—(2.3) hold. Let H be defined as in Theorem 2.6,
and for all sufficiently large T,

: 1 ! q(5)s(s) (@)
Jim sup 77— { / H(e, S){LW — s (0)ats)n(s)]
56N 1} 0, Dl OIn(o (5)

r(s)

)5 + 27 5(6)016, )9 (0/6), Talo (o ()P } Aas} o (220

4y r(s)s(s)91(s, T)O) (o (s), T)

where ¢, 1 are defined as in Theorem 2.4. Then every solution of Eq. (1.1) is oscillatory or

tends to zero.

Remark 2.8 1f we set o = 1, then the established results above reduce to the case of dy-
namic equations on time scales of integer order derivative, and the latter is an extension
of [51, Theorems 2.1, 2.4] except that the latter is related to time delay.

Remark 2.9 In Theorems 2.4-2.7, if we take T for some special time scales, suchas T = R,
T = Z, T = g%, we can obtain corresponding oscillation criteria for fractional differential

equations, fractional difference equations, fractional g-difference equations and so on.

3 Applications
In this section, we will present some applications for the established results above.

Example1 We consider the following fractional order differential equation with damping

term:

(5 e D) Py P L

(3D 0) D) + — (0 +1]

ty+15 £y +05

=0, te[2,00), (3.1)

where y > 1 is a quotient of two odd positive integers.
Related to (1.1), onehas T =R, o = %, a(t) = t%,p(t) = ﬁ,}i(t) =t*lp(t) = ﬁ, q(t) =
ﬁ’f(x) =xV[e* + 1], r(t) = L‘_%, tp=2.So0 % >1=1L, u(t) = o(t) - t = 0, which implies
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e R,. Then e p(t t)=e p(t 2) = exp(— ft 7 ds) Furthermore,

Ep(s) ) D(s) t 1
— | ==Zds|> ——ds = d.
1>exp( /261(3) s)=1- /ms) - /zs%z s
2.3

Now we check the conditions (2.1)—(2.3). To this end, one has the following observa-

tions:
1 1
o [e_p (s, t0)]” o [e_p (s, t0)]”
f “I—A‘)‘s:/ “1—3""1As
to av (s) to av (s)
1
oo [e_5 (s, 20)]7 1 (1
=/ — s> — —ds = 00,
to av (s) 3y J2 S
and
/ —A“s:f —s"”lAs:/ —s""lds:/ lds =00
to r(s) to }"(S) to r(s) to
Furthermore,

INE=1A (= ;((;t()/, eg(q(fs)),to>Aas);M’]Aas
el ﬂ(é tO)f e-g<3(2>,tof“*“);AT}AS
zﬂfsaﬂ;éié (elrtd I q;?mf“lﬁ);d@ds
LA ) e
LU ) e

) (3;)5 /zoo[/:o%dt} - (3;)5 zwéds >

So (2.1)—(2.3) all hold. On the other hand, for a sufficiently large 7', when ¢ — oo, one has

I\J\»—

N\»—

e (s, t0)]7 cle 55, t0)])7
ﬂl(t,T):/ —e ° A"‘S:/ —e ’ s TAs
T

a% (s) T a% (s)

1

t [e_p(s,20)]” 1 ft1

:/ — " ds> — | ~ds— oo.
T av (s) 37y Jr $
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So there exists a sufficiently large 7% > T such that ¥,(¢,T) > 1 for ¢t € [T*, 00). Taking
c(t) =¥, n(t) = 0in (2.9), one can obtain that

¢ (@) +1
lim sup{/ {L ?(S)g(S) - |: 1 r(S)g y (S) Y ]y }AQS}
t—00 T €_§ (O’(S); to) (]/ + l)rm (s)gm(s)ﬁf’” (S, T)

' [ A l-a qy+1
= tlim sup / {L q(NS)s‘(s) B i’(s)g (f)s _ sﬂflAs}
—00 T 6_% (S, tO) '(V + l)rm (S)gm (S)l?lyﬂ (S, T)'
' [ "(g)sl—¢ qy+1
= tlim sup f {L q(f)g(s) _ 1r(s)§ (sy)s _ o ds}
—00 T e_% (S, tO) _()/ + l)rm (S)gm (5)7}1}/“ (S, T)_
=l r q(S)g(S) [ r(s)g’(s)sl—a qy+1 o
Tt e s(sto) 1 y 7 s ds
T -z b “(y + 1)rm(s)§m(s)l9ly+1 (s, T)-

+/1q@dﬂ_[ LT, ]“1ﬂ4%}
rlegen)l Lo e 60, 6 1)
HMWUWV@M_[ rOs @t r}mﬁ
t=00 T 6_5 (S, tO) )ﬁlyﬂ (S, T)

(y + D)rivt () 71 (s

t Y y+1 1
+/T*[1_(V+1> ];ds}aoo (t — o0).

So (2.9) also holds, and by Theorem 2.4 one can deduce that every solution of Eq. (3.1) is

oscillatory or tends to zero.

Example 2 Consider the following fractional order difference equation:

W%[A(%)(t‘%&%)x(t))]y +

M

AD[E[AD (2 ADx(0)]7} + 7405

=0, te[2,00)z, (3.2)

where A2) denotes the fractional difference operator of order %, M > 0 is a constant, and
y > 1is a quotient of two odd positive integers.
Related to (1.1), onehas T =7Z, a = %, a(t) = t%,p(t) = ﬁ,}}(t) =t*1p(t) = ﬁ%, q(t) =
1
s f@) =M r()) =t72,t=2.50 L2 > M =L, p(t) =o(t) -t =1,and

plt 1 1
PO AN SR S
a(t) 3 2

which means —’Z € R,. So by [52, Lemma 2] one can obtain

t > t 1 t 1
e_g(t,to):e_g(t,2)zl—f &As:l—/ 5 2As21—/ 5
a a 2 2 2

a(s) sF+ sF+1

t-1

:1_2

s=2 S

1 =1 2 3 1
- 21—/ - ds:1+—[(t—1)‘7y—l]>—,
7l 1 Fel 3y 3
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and

e_g(t, f) < eXp(—/:%As) <1.

Then we have

1 1 1
o0 o0
le_5(s,t0)]7 le 5(s,t0)]7 > [e_3(s,t0)]7
/ al AaSzf al Sa—lASZZ al Sa—l
0 ar(s) 0 ar(s) S a0
1 1
< le_p(s2)]7 - le 5(s2)]7 1 =1
=) s = >5 ) o=
s=2 av (S) s=2 s 37 52 $

and
/: %Aas _ /: %Sa_lm _ i %sa_l _ i e
Furthermore,
[T (2 [t
) /: [r(é ) / (e I;(Z o /r o (Z((Sz)’to)sa—l As);At:| AE

e p("—' to) 2

o Ea—l o . q(s)sa—l %
:Z[r@)zf 1( a(v) Zep(s+1 to)) ]

1
37 E=2 L 1=¢
I e 1 1 1
> 1 ZZ = 1 Z_:OO
By o= ) @y 56

On the other hand, for sufficiently large T' > 1, when ¢ — oo, one has

1 1
t [e_z (s, t0)]” t le_z(s,20)]”
ﬁl(t,T)zf al—Aots=/ ﬂlisa—lAS
T T

a” (s)
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So there exists 7* > T such that 91 (s, T) > 1 for ¢ € [T*,00)z. Setting ¢(¢) = t¥, n(t) =0 in
(2.9), by use of the inequality (£ + 1) —¢” < y(t+1)* 1 <277 1¢~1 ¢ > T*, we obtain

¢ (@) +1
lim sup{/ {L ?(S)g(S) - |: 1 r(S)g y (S) ¥ :|y }AQS}
e U beg0On) Lo yimgefmo/ 6 m)

- imsup| [ [ 20 [ OSSO ]
t—00 T €_§(S,t0) ()’ +1) _1(S)§m( ) ly I(S T)

> { 29509 _[ (s + 1) = s ]V“}Sa_l}
e_s(s+1,t) (y + 1)rV*1 (s)¢ 751 (), 7T (s, T)

= lim sup
t—>00 ™
— { O _[ rE)(s(s+1) - s(s))s ]V“}Sal
e 1P e p(s+1,t) L v il
T a (y + Dr7rt(s)cr ()" (s, T)

s=

t-1 —o +1
+Z{M 1)) _[ r9ls+ 1) - g0 ]V }Sa_l}
rloebe b Lo s #1076 1)

s=

. SHP{TZ*{Me 4(s)5(s) _[ r(s)(5 (s + 1) = g(s))s"™ T”}Sa_l
(

= ~ 7
e TlF U et L) Loyt c 7T (097 (s T)

+£21:[M—< Y )y+12”2‘1j|l}—>oo (t > o0),
y+1 s

s=T*

provided that M > (#)7’”21’2’1. So (2.1)=(2.3) and (2.9) all hold, and by Theorem 2.4 one
can obtain that every solution of Eq. (3.2) is oscillatory or tends to zero under the condition
M > (Xg)r+12r*1,

Y+

4 Conclusions

Based on the properties of conformable fractional calculus, we have established some new
oscillatory and asymptotic criteria for a class of fractional order dynamic equation on time
scales, which extend the oscillation results for corresponding dynamic equations on time
scales involving integer order derivative. For illustrating the validity of the present results,
some examples have been proposed. We note that this approach can be applied to research
oscillatory and asymptotic properties of other types of fractional order dynamic equation
on time scales.
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