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1 Introduction

We consider a two-time-scale system of jump-diffusion stochastic differential equation of

the form
dxXg = a(X{,Y;)dt + b(X;) dB, + ¢(X(_) dP,, X§ = x, (1.1)
1 1
dys = gf()(f, Y5)dt + ﬁg(Xf, Y{)dW; + h(X;_,Y; ) dNf, Y§ =y, (1.2)

where X; € R”, Y € R", the drift functions a(x,y) € R”, f(x,y) € R™, the diffusion func-
tions b(x) € R"™*%, ¢(x) € R”, g(x,y) € R”*%, and h(x,y) € R, B; and W; are d;- and d,-
dimensional independent Brownian motions on a complete stochastic base (2, F, F, P),
respectively, P; is a scalar Poisson process with intensity A;, and Ny is a scalar Poisson
process with intensity )‘6—2 The positive parameter ¢ is small and describes the ratio of time
scales between X; and Y;. Systems (1.1)—(1.2) with two time scales occur frequently in
applications, including chemical kinetics, signal processing, complex fluids, and financial
engineering.

With the separation of time scale, we can view the state variable of the system as being
divided into two parts, the “slow” variable X; and the “fast” variable Yf. It is often the
case that we are interested only in the dynamics of the slow component. Then a simplified
equation, which is independent of the fast variable and possesses the essential features
of the system, is highly desirable. Such a simplified equation is often constructed by av-
eraging procedure as in [2, 20] for deterministic ordinary differential equations and in
the further development [7, 8, 13-16, 18, 19, 25] for stochastic differential equations with
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continuous Gaussian processes. As far as averaging for stochastic dynamical systems in
infinite-dimensional space is concerned, it is worth quoting the important works [4—6,
26] and also the works [9, 10, 21]. For related works on averaging for multivalued stochas-
tic differential equations, we refer the reader to [12, 22].

To derive the averaged dynamics of system (1.1)—(1.2), we introduce the fast motion
equation with a frozen slow component x € R” of the form

ayy =f(xY7)dt + g(x, Y) dW, + h(x, Y} ) dN,, Yy=y, (1.3)
and denote its solution by Y} (y). Under suitable conditions on f, g, and /4, Y; (y) induces a
unique invariant measure p*(dy) on R, which is ergodic and ensures the averaged equa-
tion

d)_(t = é()_(t) dat + b()_(t) dBt + C()_(t—) dpt, )_(0 =X,

where the averaging nonlinearity is defined by setting

)= [ ats )

lim Ea (x, Y[ ().

t—+00

In [11], it was shown that, under the stated conditions, the slow motion X converges
strongly to the solution X; of the averaged equation with jumps. The order of convergence
% in the strong sense was provided in [17]. To our best knowledge, there is no literature
addressing the weak order in averaging principle for jump-diffusion stochastic differential
systems. In fact, it is fair to say that the weak convergence in stochastic averaging theory
of systems driven by jump noise is not fully developed yet, although some strong approx-
imation results on the rate of strong convergence were obtained [1, 23, 24].

Therefore, in this paper, we aim to study this problem. Here we are interested in the rate
of weak convergence of the averaging dynamics to the true solution of slow motion X} . In
other word, we will determine the order, with respect to timescale parameter ¢, of weak
deviation between original solution to slow equation and the solution of the corresponding
averaged equation. The main technique we adapted is finding an expansion with respect to
€ of the solutions of the Kolmogorov equations associated with the jump diffusion system.
The solvability of the Poisson equation associated with the generator of frozen equation
provides an expression for the coefficients of the expansion. As a result, the boundedness
for the coefficients of expansion can be proved by smoothing effect of the corresponding
transition semigroup in the space of bounded and uniformly continuous functions, where
some regular conditions on the drift and diffusion terms are needed.

Our result shows that the weak convergence rate is 1 even when there are jump compo-
nents in the system. It is the main contribution of this work. We would like to stress that
an asymptotic method was first applied by Bréhier [3] to an averaging result for stochas-
tic reaction—diffusion equations in the case of Gaussian noise of additive type, which was
included only in the fast motion. However, the extension of this argument is not straight-
forward. The method used in the proof of weak order in [3] is strictly related to the differ-
entiability in time of averaged process. Therefore, once the noise is introduced in the slow
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equation, difficulties arise, and the procedure becomes more complicated. Our result in
this paper bridges such a gap, in which the slow and fast motions are both perturbed by
noise with jumps.

The rest of the paper is structured as follows. Section 2 is devoted to notations and
assumptions and summarizes preliminary results. The ergodicity of a fast process and the
averaged dynamics of system with jumps is introduced in Sect. 3. Then the main result of
this article, which is derived via the asymptotic expansions and uniform error estimates,
is presented in Sect. 4. Finally, we give the Appendix.

It should be pointed out that in the whole paper the letter C with or without subscripts
denotes generic positive constants independent of €.

2 Assumptions and preliminary results

For any integer d, the scalar product and norm on the d-dimensional Euclidean space R¥
are denoted by (-, )ge and || - |pa, respectively. For any integer k, we denote by Cf (R?,R)
the space of all k-times differentiable functions on R with bounded uniformly continuous
derivatives up to the kth order.

In what follows, we assume that the drift and diffusion coefficients arising in the system

fulfill the following conditions.

(A1) The mappings a(x,y), b(x), c(x), f(x, ), g(x,¥), and k(x, y) are of class C? and have
bounded first and second derivatives. Moreover, we assume that a(x, y), b(x), and
c¢(x) are bounded.

(A2) There exists a constant « > 0 such that, for any x € R” and y € R,

g g" (xy)y = allyllzn.
(A3) There exists a constant 8 > 0 such that, for any y;,y, € R” and x € R”,
(yl _y27f(xryl) _f(xiyZ) + )‘Z(h(x!yl) - h(xryZ)))Rm

+ g yn) = g6e32) | + 2ol i 31) = B, 32) |

<=Bly1 = y2llfm-

Remark 2.1 Notice that from (Al) it immediately follows that the following directional
derivatives exist and are controlled:

|Dsatx,y) - kil g < Lllky [y
|Dyatx,y) - 1y

R” S L”ll ||Rmr
|D2a(x,y) - (ki, ks)

|D2,a,5) - (1, 2) | < Ll 1 s e,

rr = LIk [l e &z |l

where L is a constant independent of x, y, k1, k», [1, and /. For the differentiability of
mappings b, ¢, f, g, and &, we possess similar results. For example, we have

| D2 b(x) - (ky, ka)

D2 f @) - (o) | o < LAl ol N, Dy Dy € R

gn < Llkllrnllkollrn, ki, k2 € R,
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As far as assumption (A2) is concerned, it is a sort of nondegeneracy condition, which
we assume in order to have the regularizing effect of the Markov transition semigroup
associated with the fast dynamics. Assumption (A3) is the dissipative condition, which

determines how the fast equation converges to its equilibrium state.

As assumption (A1) holds, for any € > 0 and any initial conditions x € R” and y € R,
system (1.1)—(1.2) admits a unique solution, which, to emphasize the dependence on the
initial data, is denoted by (X (x,y), Y (x,)). Moreover, we have the following lemma (for

a proof, see, e.g., [17]).

Lemma 2.1 Under assumptions (A1), (A2), and (A3), for any x € R", y € R™, and € > 0,

we have

E| X @) |50 < Cr(1+ lxl2n + Iy130), [0, T), @.1)
and

E[Yf(69)| 20 < Cr(1+ 1213 + 19120), £€[0,T]. (2.2)

3 Frozen equation and averaged equation

Fixing € = 1, we consider the fast equation with frozen slow component x € R”,

dyy(y) =f(x, Yr(») dt + gx, Y () dW, + h(x, Y (y)) dN,,
Yy =y.

(3.1)

Under assumptions (A1)—(A3), such a problem has a unique solution, which satisfies [17]
s |12 _
E[Y70)[am < C(1+ lxllZn + € liylZn), £20. (3.2)

Let Y(y') be the solution of problem (3.1) with initial value Y = ¥/, the It6 formula implies
that, for any ¢ > 0,

E[YF0) = () o < |3 =5 [ zme™. (3.3)

Moreover, as discussed in [17] and [11], equation (3.1) admits a unique ergodic invariant

measure u* satisfying

[ it < (1 1), 6.4

Then, by averaging the coefficient a with respect to the invariant measure u* we can define

the R”-valued mapping

a(x) := A{m a(x,y)u*(dy), xeR".
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Due to assumption (A1), it is easily to check that a(x) is twice differentiable with bounded
derivatives, and hence it is Lipschitz-continuous:

|a@1) = a(x2)|| gn < Clixr —Xallrn,  x1,22 € R

According to the invariance property of ¥, (3.4), and assumption (A1), we have

2
”Eu(x, Yy (y x)

R H / a(x, Y7 () - a(x, Y/(2))) u*(d2)

R”

< [ EI%0)- @[
Rm
se*{/ 1y — 22 (d2)
Rm
< Ce P (1 + [|xlFn + 9l Em)- (3.5)

Now we can introduce the effective dynamical system

= a(X,(x)) dt + b(X,(x)) dB; + c(X,—(x)) dP,, (3.6)

As the coefficients a, b, and c are Lipschitz-continuous, this equation admits a unique
solution such that

[

o < Cr(L+ |xllzn), £€[0,T1. (3.7)

With these assumptions and notation, we have the following result, which is a direct
consequence of Lemmas 4.1, 4.2, and 4.5.

Theorem 3.1 Assume that x € R" and y € R™. Then, under assumptions (A1), (A2), and
(A3),forany T >0and ¢ € Cg(]R”, R), there exists a constant Cr g4, such that

|Ep (X5(x,9)) — Ed(X1(x))| < Crpuye.

As a consequence, the weak order in the averaging principle for jump-diffusion stochastic
systems is 1.

4 Asymptotic expansion
Let¢ € CE(R”,R) and define the function u(¢,%,y) : [0, T] x R” x R” — R by

ut (t,%,5) = E¢(X; (x,9)).
We are now ready to seek an expansion formula for z¢ (¢, x, y) with respect to € of the form
u(t,x,5) = uo(t, x,y) + €uy (¢, x,9) + r (¢, %, ), (4.1)

where 1y and #; are smooth functions, which will be constructed further, and r¢ is the
remainder term. To this end, let us recall the Kolmogorov operator corresponding to the
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slow motion equation, with a frozen fast component y € R, which is a second-order op-
erator of the form

L1D(x) = (a(x,y),DxCD(x))Rn + %Tr[Di,gD(x) . b(x)bT(x)]

+ Al(dJ(x + c(x)) - <I>(x)), de Cg(R",R).

For any frozen slow component x € R™, the Kolmogorov operator for equation (3.1) is

given by

L200) = ((5,9), DY 0 + 5 TH[D,W0) gl )" ()]

+ha(V(y +hxy) - V), VeC(R"R).
We set
1
L =L+ L.
€
It is known that u€ (¢, x, y) solves the equation

T u(t,%,9) = LU (t,%,9),
ut(0,%,5) = ().

(4.2)

Also, recall the Kolmogorov operator associated with the averaged equation (3.6) is de-

fined as

£_<I>(x) = (Zz(x),DxCD(x))Rn + %Tr[DfmCI)(x) . b(x)bT(x)]

+ A1 (@ (x + c(x) - @(x)), P e Cy(R",R).
Setting
u(t, x) = E¢ (X,(x)),
we have

3 i(t,x) = Li(t, x),
(0, %) = ¢(x).

(4.3)

4.1 The leading term
Let us begin with constructing the leading term. By substituting expansion (4.1) into (4.2)
we see that

ougy ou; or€

te + — =Liug + €Lyuy + Lyr€
at - ar  ar o oroomTA

1 1
+ —Loug + Louy + —Lor¢.
€ €
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By equating the powers of €, we obtain the following system of equations:

Ezuo =0, (44)
d
% = [:luo + ﬁzul. (45)

According to (4.4), we can conclude that iy does not depend on y, that is,
uo(t! x;)’) = uo(t! x)

We also impose the initial condition #0(0,x) = ¢(x). Noting that £, is the generator of a
Markov process defined by equation (3.1), which admits a unique invariant measure u*,

we have

Lo (t,x,y)1*(dy) = 0. (4.6)
Rm

Thanks to (4.5), this yields

BMO 8140
—(Lx) = — *(d
e = [ S @)

Liug(t, %) " (dy)
]Rm

- / (@), Datiolt,2) (@)

+ %Tr[Dixuo(t,x) . b(x)bT(x)]

+ A (uo (x + c(x)) - uo(x))

= Zuo(t, x)y

so that uy and # are described by the same evolutionary equation. By a uniqueness argu-

ment, we easily have the following lemma.

Lemma 4.1 Under assumptions (A1), (A2), and (A3), for any x e R", y e R", and T > 0,
we have ug(T,x,y) = u(T, x).

4.2 Construction of u,
According to Lemma 4.1, (4.3), and (4.5), we get

E_ﬁ = £1L_t + Lzul,
which means that

Louy (t,%,y) = (a(x) — alx,y), Dyia(t,)) b

= —P(f,x’y), (47)
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where p is of class C? with respect to y, with uniformly bounded derivatives. Moreover,
for any t > 0 and x € R”, equality (4.6) guarantees that

/ (et d) =0,

For any y e R” and s > 0, we have

)
_ P(t’x»)’) = (f(x:y)rDy[Psp(t’xry)])]Rm + %TF[D%[PSP(L‘»%J’)] g(xry)gT(x:y)]

ds °
+ Ao (Ps [p (Lxy + h(x,y))] - Ps[p(t, x,y)]), (4.8)

where

Piotx,9)] =Ep(t,x Y ().

Recalling that p* is the unique invariant measure corresponding to the Markov process
Y/ (y) defined by equation (3.1), from Lemma A.1 we infer that

m

‘E,o(t,x, Ys"(y)) —/ o(t,x,z2)u*(dz)

| Blo(es v0) - p(en v:(@) @2

< » |E(a(x, Y7 (2) - a(x, 7)), Dait(t, %)) g, | 14* (d2)
<[ EIY@-v0)uu@a,
Rm
Now it follows from (3.3) and (3.4) that

_B
< C(1+ lIxllrn + [1yllzm)e 2,

’Ep(t,x, o) [ otw @

which implies

lim ]Ep(t,x, Ys"(y)) = f o(t,x,z2)u*(dz) = 0.

§—>+00

With the aid of the last limit, we can deduce from (4.8) that

(f(x, ».D, /0 [Poolt,27)] ds)

RrRmM

+ %Tr[Diy/O [Pep(t%.9)] - g(x,9)g" (%) dsi|

+A2</O Ps[p(t,x,y+h(x,y))]ds—/0 Ps[p(t,x,y)] ds)

+00 g
:/0 gps[p(t,x,y)] ds
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= lim Ep(t,x, Y (9) - p(t,%,)

§—>+00

/ ple (D) - plexy)

_p(tr x;)’),

which implies

/32( / Psp(t,x,y) dS> =—p(t,x,).
0

Therefore,

ur(t,x,y) := / Ep (t, x, st(y)) ds (4.9)
0

is the solution to equation (4.7).

Lemma 4.2 Under assumptions (A1), (A2), and (A3), for any x e R", y e R", and T > 0,
we have

|ur(8,%,9)| < Cr(1+ llxllgn + Iyllem), £€[0,T1. (4.10)

Proof By (4.9) we have

uy(t,x,y) = /(; E(a(x) - a(x, st(y)),szZ(t, x))R,, ds,

so that
s = [ a6~ Ela(s 0N g - [Duite)] s
Therefore, from Lemma A.1 and (3.5) we get
lur(t,%,9)| < Cr(1+ Ixllge + yllrm) /Om 7 ds < Cr(L+ Ixllrr + Iyllzm). O

4.3 Determination of remainder r¢
We now turn to the construction for the remainder term r¢. It is known that

(3 - L) =0,
which, together with (4.4) and (4.5), implies

(30 — £)7 = —(8, — L)uuo — € (3 — L)y

1 1
= —(8,5 — g£2—£1>uo —6(8t - gﬁz —[.:1>I/l1

= e(ﬁlul - Btul). (411)

To estimate the remainder term r¢, we need the following two lemmas.
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Lemma 4.3 Under assumptions (A1), (A2), and (A3), forany x e R",y e R", and T > 0,
we have

9
ul(t %)

< Cr(1+ llxllrr + Iyllrm).
Proof In view of (4.9), we get

%(t,x,y)=/0‘+oo < (x) —a(x, Y (y)) D ii(2, x)> ds.

R}‘t
By Lemma A.6 introduced in Sect. 4.3 we have

aul

0
u&w’ @mm-dxw@»MfHEDmmw

> ds
RVI

saﬁ E|a() - a(x, Y70)) | o ds,

so that from (3.5) we have

3
ul(t %)

< Cr(1+ llgn + lyllrm). O

Lemma 4.4 Under assumptions (A1), (A2), and (A3), for any x e R", y e R", and T > 0,
we have

| Lo (t,2,9)| < Cr(1+ Ixlzn + llylgn),  £€[0,T].

Proof Recalling that u;(t, %, ) is the solution of equation (4.7) and equality (4.9) holds, we
have

Liwi(t,%,y) = (a(x,9), Dxur (£,%,9)) g + 2Tr[D2 ur(t,%,y) - bx)b" (x)]

+ M [u1 (t,x + c(x),y) - ul(t,x,y)], (4.12)

and then, in order to prove the boundedness of £;u;, we have to estimate the three terms
arising in the right-hand side of (4.12).

Step 1: Estimate of (a(x,y), Dyuy (£, %, y))rn.

For any k € R”, we have

Doy (t,x,y) -k = / D, (a(x) - Ea(x, Y7 (9))) - k, Dyit(t,x)) g, ds
+00
+ f (a(x) - Ea(x, Y7 (), D2, ii(t, %) - k), ds
0
= Il (ty X5, k) + 12(t;x,3/, k)
By Lemma A.1 and A .4 we infer that
|11t %, 9, k)|

< Dt )| [ D000~ Balo, 120) Kl
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+00 ﬁs
< Crllkllrr (1 + Ixllze + Iyllzn) f e ds
0
< Crllkllgn (1 + llllrr + [[¥llzm). (4.13)

By Lemma A.2 and inequality (3.5) we obtain

12t 0] = Crlllen [ ) - B, Y;0)) |0 s

+00
< Crlllan (1 + Il + Iyl [ e s
< Crliklirs (1 + l1xllzn + [1yllzm)-
This, together with (4.13), implies
|Dewr (8,2, y) - k|| < Crllkllzn (1 + lcllzn + lylzm),

and then, as a(x, y) is bounded, it follows that

f CTHﬂ(x’y)

’(ﬂ(x’y)erul (tix’y))]Rn R” (1 + ”x”R” + ||y||]RW’)

< Cr(1+ |xllgn + llyllrm).

Step 2: Estimate of Tr[D2 u; (¢, x,y) - b(x)bT (x)].

Since u; (¢, %,y) is given by the representation formula (4.9), for any ki, k, € R”, we have
Dixul (t’ ) J/) . (klr k2)

= /+00 E(D2, (a(x) — a(x, Y7 (9))) - (k1 ko), Dyiidt, %)) g, s
0

+00

E(Dx (Zz(x) - a(x, st(y))) . kl,Dﬁxit(t, x) - kZ)]Rn ds

+

+
S—, S— —

+00

E(Dx(ax) — a(x, YZ(9))) - ko, D2, ia(t, %) - ky) g ds

+00

E(Zt(x) - a(x, st(y)),szxit(t, x) - (kl,kz))Rn ds

+

M-

Il
—

]i(ty %Y, kl! k2)

14

Thanks to Lemma A.1 and Lemma A.5, we get

|]l(t;x;y; kl; kZ)|

< /0 |]E(D§x(il(x) - a(x, Ys"(y))) . (kl,kg),szZ(t,x))Rn ds

+00
B
< Cr(1+ [lflmn + ||)’||R’")||k1||R”||k2||R”/ e 2'ds
0

< Cr(L+ lIxllrn + Iyllzm) 1K llmn 1ol (4.14)
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By Lemma A.4 and (3.5) we infer that

|]2(t;x;y; kl; kZ)|

ds

< [ 8D a0 - alo ¥20) K D) o)
0
+00 ﬁ
< Cr(1+ |lxllrn + ||)’||R’”)||k1||R”||k2||R”/ e 2%ds
0
< Cr(L+ Ixllre + Iy llem ) 1y |z 1Ko | . (4.15)
With a similar argument, we can also show that

’]3(t$x7y7k11k2)|
< Cr(1+ [1xllrr + Iyllen) ko llgn | Kol e (4.16)

Using Lemma A.3 and (3.5), we get
|]4(t,x,y, kl,kz)|
< Crllkallzs - Mol - (1+ Jxln + yln) /0 e b ds
< Crllkallzn - Kol (1 + Il + 1yllon). (4.17)

In view of estimates (4.14), (4.15), (4.16), and (4.17), we can conclude that there exists a
constant C7 such that

|D2u1(t,%,9) - (ky, ko) | < Crllky e - kellrn (1 + l6llge + yllRm), £ €0, T,
which means that, for fixed y e R” and ¢ € [0, T],

”Dixul(t:x:y) ||L(R",]R) = CVT(1 + ”x”R” + ”y”Rm)y

where || - ||y®n ) denotes the usual operator norm on the Banach space consisting of
bounded and linear operators from R” to R. As the diffusion function g is bounded, we
get

Te(Dyui(t,%,9)gg") < Cr | DL (6:%,9) | o gy

< Cr(1+ Ixllgn + llyllrm).

Step 3: Estimate of A1 [u1 (¢, x + c(x),y) — u1 (¢, x,7)].
By Lemma 4.2 and the boundedness condition of c(x), we directly have

M [ (6% + c(x),9) — w1 (t,%,9)]|
k1[|u1(t,x+ c(x),y)| + |u1(t,x,y)|]
< CT(l + [|x||rr + ”)’H]R'”), tel0,T].
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Finally, it is now easy to gather all previous estimates for terms in (4.12) and conclude

|Lyuy (6,%,9)| < Cr(1+ Ixllrr + IyllRn), ¢ €[0,T]. 0

Lemma 4.5 Under the conditions of Lemma 4.3, for any T > 0, x € R”, and y € R™, we

have
|7(T,2,9)] < Cre(L+ lxller + 1y llem).
Proof By the variation-of-constant formula we write equation (4.11) in thes integral form

r(T,x,y) = E[r° (0, X5(%,9), Yi(x,9))]

r 8u1
+e [f E( Liu; - . (X5 (%, 9), Yi_(x,9)) ds |.
0

Since u¢ and u satisfy the same initial condition, we have

(0, %,9)| = |u(0,%,y) — #(0,x) — €11 (0,,9)|

= G‘Ml(oyx,y) )
so that, thanks to (4.10), (2.1), and (2.2), we have
E[r(0, X7(x,9), Y7(x,9)] < Ce (1 + [|xllpn + [y |rm). (4.18)

Using Lemmas 4.3 and 4.4 yields

]E|:(£1u1 - %) (8, X5_y(x%,9), Yf_s(x,y))i|
)’

< CE(L+ | X7_y@2)| + | Y5 (x)

and, according to (2.1) and (2.2), this implies that
r ou
]E|:/ (£1M1 - 8—51> (S’XET—s(x’y)’ Y7 (%) ds]
0
< Cr(1+ llxllgn + llyllem).
The last inequality, together with (4.18), yields

[r(T,x,9)| < €Cr(1+ lxllrn + |yllgm). O

Appendix
In this appendix, we collect some technical results to which we appeal in the proofs of the

main results in Sect. 4.
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Lemma A.1 Forany T > 0, there exists a constant Ct > 0 such that, for any x,k € R" and
t € [0, T], we have

|D,ii(t, %) - k| < Crllkllgn.
Proof Observe that, for any k € R”,

D,ii(t,x) - k = E[D (X, () - ]

= E(¢'(Xe®), nf™) g

where nf’x denotes the first mean-square derivative of X;(x) with respect to x € R” along
the direction k € R”. Then we have

dnf* = Dya(X,(x)) - nf™* dt + D.b(X,(x)) - 1f* dB, + Dyc(X,_(x)) - 1t dP,,
kx _
ny” =k.

This means that r;f’x is the solution of the integral equation

t t
o =k + / Dx&()_(s(x)) -k ds + f Dxb()_(s(x)) -1 dB,
0 0

t
+ / Dyc(Xs-(%)) - ¥~ dP;,
0
and then, thanks to assumption (A1), we get

E|n| 2 ds.

t
2 k,
2 < Crllklid + CT/O E|

Then by the Gronwall lemma it follows that

x |2
E[n |2, < CrlikliZ, te[o,T], (A1)
so that
IDyii(t,%) - k| < Crliklas. -

Next, we introduce a similar result for the second derivative of #(t, x).

Lemma A.2 Forany T > 0, there exists a constant Cr > 0 such that, for any x, ki, k, € R"
and t € [0, T], we have

| D, %) - (ki ko) | < Crllkallgn - 1Ky |-
Proof For any ki, k; € R”, we have

D2t ) - (ki kz) = E[¢" (Xe(x)) - (i i)

+¢' (X)) - €177, (A.2)
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ki,kax .

where &, is the solution of the second variation equation corresponding to the aver-

aged equation, which may be rewritten in the following form:

tkl,kz,xzfo [Dxﬁ()_(s(x)) €k1k2x+D2 ( ()) (néqx’né(zx)]d

+ /‘t[Dﬁxb()_(s(x)) . (Ylfl"‘ kzx) +D h( (%)) .%_Skl,kz,x] dB,
/O[D c( (x)) ( klx;ﬂfzx)+Dxc()_(S_(x)).gslilvkzvx]dps.

Thus, by assumption (A1) and (A.1) we have

Bl < Cr [ (Bl I Bl 0] s
< Crlkillgr - llkallrn + Cr /0 tE||sfl’k2”‘||§n ds
By the Gronwall lemma we have
E| ¢ |2 < Crllkullp - ksl
Returning to (A.2), we get

| DY a(t, %) - (ki ko) | < Crllh g - ks lgo. O

Using analogous arguments, we can prove the following estimate for the third-order
derivative of (¢, x) with respect to x.

LemmaA.3 Forany T > 0, there exists a constant Cr > 0 such that, for any x, k1, ky, ks € R"
and t € [0, T], we have

(ki K, k3)| < Crlikallgen - 1Kzl - 11ks -

’ xx

The following lemma states the boundedness for the first derivative of a(x) —- Ea(x, Y7 (y))
with respect to x.

Lemma A.4 There exists a constant C > 0 such that, for any x e R”, y e R”, k e R”, and
t>0,

| De(@) - Ba(x, Y2(0))) - K|l g < Ce™ 2 Ikllmn (1 + %l + llyllgn)-

Proof The proof is a modification of the proof of [3, Prop. C.2]. For any £, > 0, we set
&to (x1y1 t) = Zl(x;y; t) - Zl(x;y; t+ t()),
where

a(x,y,t):= Ezz(x, Yj‘(y)).
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Then we have
\ lim a,(xy,t) = Ea(x, Yf(y)) —a(x).
0—> +00

By the Markov property we have

Ello (x’y’ t) = 51(96:)’: t) - Ea<x7 Yt}ito (y))
=a(x,y,t) - IEZz(x, Yt’; ), t).

Due to assumption (A1), for any k € R”, we have
Dyayy(x,y,t) - k = Dyax, y,t) - k — EDx(&(x, Yy (y),t)) -k

=&, (1) - k= Ra,(x, Y (), t) - k

~ B, (x, Y3 0),1) - (D:Y3() - k), (A.3)

where the symbols @, and @, denote the directional derivatives with respect to x and y,
respectively. Note that the first derivative ¢, * =D, Y (y) - k, at the point x and along the
direction k € R”, is the solution of the equation

4G = ({1 Yi0) -k (0 7 0) - 7% i
(@ ®Y0) kg V) - ) aw,
+ (M (0 YEO) -k + (3, YE ) - 675) dN,
with initial data g“g 7k _ 0. Hence, by assumption (A1), it is straightforward to check

E|| 7 | g < Cllk Iz (A4)

for any ¢ > 0. Note that, for any y1,y, € R”, we have

an = [Balx YF (1)) - Ea(x, Y7 (92) | g
< CE|[ Y} (1) = Y7 (52)|| g

|, y1,8) — alx, 2, 1)

_B
< Ce 2" Iy1 = yallwm,
where (3.3) was used to obtain the last inequality. This means that
. B .
||ﬂ;(x,y,t)'l||Rm <Ce 2'||l|gm, leR™. (A.5)
From (A.4) and (A.5) we obtain

], (x, Y00, ) - (Dx Y00 - )]
= | B[ (% Y0 0) - (556" e

< Ce 5|1k |pn. (A.6)
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Then by easy calculations we have

ay(x,y1,t) -k —a(x,y,t) - k
=E(a,(x Y7 (1)) - k —E(d,(x Y (1)) - k
+E(a) (6 Y 00) - ¢ - d (Vi) - 67
= B(a, (% Y 1)) - k- E(a(x Y (12)) - k
+E([a) (% Y7 0) - a) (%, Y7 02)] - 67)
E(a,

+E(a, (x, Y (52)) - (Qx'yl’k - Ctx’yz'k))

3
=Y Nilt,%,91,72, k). (A7)

i=1

Now, we estimate the three terms in the right-hand side of the equality. Concerning
Ni(t, %, y1,y2, k), we have

“Nl(tvx’yl;ybk) R”
< B[ (@ (% Y7 0n)) - k= (@ (% Y/ (72)) - &
< CE| Y7 (1) = Y7 (52) | g - 1Kl

< Ce* 1 =yl - IKllze. (A.8)
Next, by assumption (A1) we get
||N2(t,x;y1’y21 k) || R”
<E|[a)(x Y 00)) - 4, (x Y7 02)] - 6

< CIElZ™ 5} (B 00 - 70050}

_B
< Ce 2! ||kllgn - ly1 — y2llrm. (A.9)

R”

For the third term, using assumption (A1) again, we can infer that

”N3(t;x:yl;y2rk) R”

<Efay (x Y7 02) - (7 =67 |

< CE[l6 = &7

_B
< Ce 2'|ly1 = yallgm - Ikllge. (A.10)
Now, returning to (A.7) and taking into account (A.8), (A.9), and (A.10), we get

|0, 0) -k =, y0,0) - K|

_B
< Ce 2'||y; — yallgm - |Ik||gn,
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which leads to

|y, ) - = Bt (, Y (), t) -k

B
< Ce 2t

R~
(L+ Iyl + [ Y5 0) | ) - 1Kl

B
<e 2 (14 [lxlwe + Iyllrm) - Kllzn, (A.11)

where we used inequality (3.2). Returning to (A.3), by (A.6) and (A.11) we conclude that

B

| Dtz (%,3,8) - k| g < Ce2* (1 + IIxllrn + [[yllzm ) 1 kl| e

Taking the limit as £y — +00, we obtain

| D (@)~ Ea(, Y70)) || s < Ce™ 2 Mkl (1 + 2l + 1yl m)- O

Proceeding with similar arguments, we obtain the following higher-order differentiabil-
ity.

Lemma A.5 There exists a constant C > 0 such that, for any x,ki1,k, € R", y € R™, and
t>0,

| D2, (a(x) - Ea(x, Y7 (9))) (ki, ko)

R”

_B
< Ce 2*|lkyllpnllkallmn (1 + %[z + [yl ).
Finally, we introduce the following auxiliary result.

Lemma A.6 There exists a constant C > 0 such that, for any x,k e R",y e R™, and t > 0,

d _
” &Dxu(t, x) -k

=< Clikllg.
Rn

Proof For simplicity of presentation, we will prove it for the one-dimensional case. The
multidimensional situation can be treated similarly, and only notations are somewhat in-
volved. In this case, we only need to show that

9 0
— — (s,
3z ax 0 %)

<C. (A.12)
In fact, for any ¢ € CS(R, R), we have

2t = LEG(Xw) =E( 0 (%) - %) ).

ox 0x 0x
If we define

0 -
* = — X (%),
St Eye ¢(x)
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then we have
t _ t _
F=1 +/ a' (X)) - ¢Fds +/ b'(X,(x)) - ¢ dB
0 0
t -
+ / c (XS, (x)) - ¥ dp.
0

The boundedness of @', &', and ¢’ guarantees that

Elg;[*

<Cr, tel0,T). (A.13)
By It's formula we have
E[¢' (X)) - /]
W) +E /0 [0/ (%)@ (Xu@) < + 6" (Xo(@)a(Xy()] ds

+ Efo b (X;(%))sie" (X(x))b(X,(x)) ds

t

62" (X,(0))b* (X () ds

t

¢ (%) (Ko () * ds

+-E

S~

N =

+)»1E

S~

t

+ME [ ¢F[o/ (X (®) + c(Xo-(x))) — ¢ (Xs—(x)) ] ds

S~

+ ME /O ¢ (X)) X[ (Ko@) + (Ko ) - ¢ (X ()] .

Since ¢ belongs to C; (R, R), from assumption (A1) it follows that, for any ¢ € [0, T,

8 3 - 3 EY, X
Ebu(z,x)” _ ‘gm (%) - 5]

< C|Es}|.

Then, taking (A.13) into account, we easily arrive at (A.12). O
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