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1 Introduction

Hepatitis B is very contagious and it is hard to control its transmission. Thus studying the
law of its infection has become the focus of attention. Researchers have presented an HBV
epidemic model to study hepatitis B transmission and some results of the investigation
have been given. The model’s dynamics is determined by the basic reproduction number
(the average number of secondary infections caused by one infectious individual in its
duration of infection). When the basic reproduction number is less than unity, the disease-
free steady state is globally asymptotically stable and all hepatitis B patients will recover;
when the basic reproduction number is larger than unity, there exists a unique endemic
steady state and it is globally asymptotically stable.

Although there exist many epidemic models, some are not appropriate to show the hep-
atitis B transmission rules. In [1], Liu divided hepatitis B patients into acute and chronic
patients and presented an ordinary differential model. However, the scaled probability of
hepatitis B virus infection is connected with the age of infection and the risk per unit
time of activation appears to be higher in the early stages of infection than in later stages.
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Therefore, in [2], Li presented the following model:

8(6) = A = (u + p)S(t) - (&) fo Bu(@)i(t,a) da— S() /0 Bs(@)i(t,a) da,

V(£) =pS(®) - (u+ p)V(2) - V(t)/0 p2(a)i(t, a) da

v /O Bul@)i(t,a) da,
Be;i;a) + Begt;a) =-01(a)e(t,a), (1.1)
ai(at;la) s 8i(at;a) - _oy@)ilt,a)
dj(¢, dj(¢, .
sea) T o @yjie.a,

R = pVie) + / $1(@)i(t, ) da + f $2(@)j(t, @) da — R (D),
0 0
with boundary conditions

et =500 [ " (81 @il a) + ()it @) da
V(D) /0 " (B(@)itt, @ + u@)it,a)) da,

i(£,0) = /000 y1(a)e(t,a) da,

j,0) = /o " a@elt.a)da + /0 " (it a)da.

It seems that vaccination has been the most effective prevention measure against hepatitis
B. However, clinic evidence shows that some vaccines gradually lost immunity soon after
vaccination. In other words, even though all individuals have been vaccinated, many of
them may still be infected. Therefore, it is necessary to consider that a small part of vac-
cines will be susceptible individuals after a period of time. Furthermore, acute hepatitis
B patients are highly infectious and they have apparent symptoms, the government and
hospital have to take strategies as soon as possible, such like quarantine measures, ther-
apeutic measures and so on. Considering the real transmission rules of hepatitis B, it is
necessary to introduce saturating incidence to describe the law of hepatitis B’s infection.

Therefore, we propose an epidemic model as follows:

0= A= e sty e avio -5 [ (P2 4 @) da
VO =pS0-Gerp Ve -ve [ (PO @) da

de(t,a) Oe(t,a)
+
da at
di(t,a) 0i(t,a)

52 + o =—0(a)i(t,a), (1.2)

= _91 (“)e(tr 61),
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di(t, 0j(z,

R@)=pV(©)+ /000 81(a)i(t,a) da + /000 82(a)j(t, a) da — uR(t),
where

01(a) = u + y1(a) + y2(a), O2(a) = n + 81(a) + e1(a) + £(a),

03(a) = u + 82(a) + &2(a),

with boundary conditions

e(t,0) = S(t) /000 (M + ﬂs(ﬂ)j(t,ﬂ)) da

1+ ai(t,a)
+ V() /f(% + ﬁ4(a)j(t,a)) da,
. (1.3)
i(¢,0) =/; yi(a)e(t,a) da,
j(t,0) = /0 va(a)e(t,a)da + ‘/0 &(a)i(t,a) da,
and initial conditions
S(0)=¢s>0,  V(0)=¢y >0,  e0,a)=¢.a) € L,(0,00), wa

i(0,a) = gi(a) € L;(0,00),  j(0,a) = gj(a) € L}(0,00),  R(0)=Ry >0,

where e(t, a) represents the density of exposed individuals with age of latency a at time ¢.
i(t,a), j(t, a) represent the density of patients with acute hepatitis B and chronic hepatitis B
with age of infection a at time ¢, respectively. « means the saturating incidence coefficient.

The parameters of model (1.2) are biologically explained in Table 1.

Table 1 Parameters and their biological meaning in model (1.2)

Parameter Interpretation

>

constant recruitment rate

natural death rate

the rate for susceptible individuals to be vaccinated

the rate for vaccinees to obtain immunity and move into recovered population
the proportion of vaccines that lose efficacy

the rate for acute hepatitis B patients infecting susceptible individuals at age a
the rate for acute hepatitis B patients infecting vaccinees at age a

the rate for chronic hepatitis B patients infecting susceptible individuals at age a
the rate for chronic hepatitis B patients infecting vaccinees at age a

the rate for exposed individuals being acute hepatitis B patients at age a

the rate for exposed individuals being chronic hepatitis B patients at age a

=

8

a8

SIS T2TXTTHHZII DO
NN N
SHEONCHC)

D
S

&1(a) acute hepatitis B death rate at age a

&-5(a) chronic hepatitis B death rate at age a

81(a) the rate for acute hepatitis B patients being recovered population at age a
85(a) the rate for chronic hepatitis B patients being recovered population at age a




Li et al. Advances in Difference Equations (2018) 2018:202 Page 4 of 33

Since the variable R(¢) does not appear in the first five equations of (1.2), in this paper,

we consider the following subsystem:

50=2-Ge+ps0+ v -5 [ (LD s @0 da
V() = pS() (e + p + MVIO) - V(D) / (’fﬂ‘fjl(( “; m(a)j(t,a)) da,
aeéi;“) + 89;’;") - _0y(@)elt, a),
Bi(at;za) . 3i(at;a) - _oy@)ilt,a),
Y (atf) + % = _03(a)j(t,a), (15)
et,0) =500 [~ (fl S ﬁs(a)j(t,a)) da
V() / (fz ‘Zz(i “) ﬂ4(a)j(t,a)) da,

i(6,0) = /O yi(@)e(t,a)da,
i(¢,0) = ,a)d i(t,a) da.
(6,0) /o ya(@)e(t, a) da + /0 £(@)ilt,a) da

This paper is organized as follows. In Sect. 2, we introduce some basic results of system
(1.5), including state space, assumptions and boundedness of the solutions. Asymptotic
smoothness of the semi-flow is analyzed in Sect. 3, which is generated by the system (1.5).
Then we study the existence of equilibria and obtain the expression of the basic reproduc-
tion number Ry in Sect. 4. The local stability of equilibria is proved in Sect. 5, while the
uniform persistence of the system (1.5) is verified in Sect. 6. In Sect. 7, we give a proof of
the global stability of equilibria. A brief remark is given in Sect. 8 to conclude this work.

More details concerning the global stability analysis of epidemic model, we refer the
reader to [3-23].

2 Preliminaries
To make the model be biologically significant, we list the assumption as follows:

Assumption 1 We assume that
(i) Bi(a), Ba(a), B3(a), Pa(a), B1(a), 62(a), & (a) are non-negative and belong to
L$°(0, 00) with respective essential upper bound Bi, Bas B3, Pa, 01, 0o, € € (0,00);
(i) Bi(a), Br(a), Bs(a), Bs(a), &(a) are Lipschitz continuous on R, with coefficients
Mg, , Mg,, Mg,, Mg,, M, respectively;
(iii) there exists a positive constant pg € (0, u] such that [6;(a) — y1(a) — y2(a)| = o,
|6>2(a) — &(a)| = o, O3(a) > o, for all a > 0.

2.1 State space
Define the space of functions X as

X =R, x R, x L}(0,00) x L1(0,00) x L1(0,0),
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equipped with the norm

o0 o0 o0
| Gers %2, %3, %4, %5) | o = 21| + |22 ] + / |%3(a)| da + / |x4(a)| da + / |%5(a)| da.
0 0 0
Then the initial values (1.4) of system (1.5) are taken to be included in X:

(S(O)r V(O)r 6(0, ﬂ), l(0¢ a),j(O, (l)) = (SO: VOr %(ﬂ)» %‘(ﬂ)» (/)j(ﬂ)) € X
By the standard theory of functional differential equations [24], it can be verified that sys-
tem (1.5) with initial conditions (1.4) has a unique non-negative solution. Thus, we have a
continuous semi-flow associated with system (1.5), that s,

th(XO) = X(t) = (S(t)! V(t)7 e(t7 ')) l(t¢ ');j(tx )) € X: t 2 07 (21)

with

” q>If()(O) ” x - HS(l‘), V(t): e(t: '): i(t’ ')’j(t’ ) H X

=|S(L‘)|+|V(t)|+/0 |e(t,a)|da+f0 |i(t,a)|dzz+/0 |j(t,a)|da.

Finally, we define the state space for system (1.5) as

Y= {(S(t), V(t),elt,-),i(t,),j(£,-)) € X :0 < S(E) + V(¢) + /Do e(t,a)da
0

[e%s) e ¢} A
+/ i(t,a)da+/ jt,a)da < —},
0 0 Mo

which can be proved to be positive invariant by the following proposition.

2.2 Boundedness
The last three equations of system (1.5) can be reformulated as Volterra equations by use

of Volterra formulation. In order to be convenient for computation, we denote

Bi(a) = exp(— fa Ql(r)dr>, By(a) = exp(— /a 92(r)dr),
0 0
B3(a) = exp(— /Oa 93(1’)(1‘[).

From the expressions of B;(a), Bz(a) and Bs(a), according to Assumption 1, it is easy to

see that, for all @ > 0,

0 < Bi(a), B:(a), Bs(a) < e%,

Bi(a) =—-0,(a)Bi(a),  Bj(a)=—-6y(a)By(a),  Bj(a) = —03(a)Bs(a).
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By integrating the terms e(¢, a), i(t, 4) and j(¢, a) along the characteristic line ¢ — a = const.,

respectively, we get the following expressions:

ot = e(t—a,0)Bi(a) for0<a<t, 22)

goe(a—t)Blf%T(‘z) forO0<t<a,

ita) = i(t—a,0)By(a) for0<ac<t, 2.3)

@ila—t) Bl;%;”_)t) for0<t<a,

j(t—a,0)B3(a) forO<a<t,

jt,a) = (2.4)

wj(a—t)Bf?T(f)t) for0<t<a.

Before analyzing the boundedness of system (1.5), we first show the non-negative of the
solution. From (2.2)—(2.4), it is not difficult to verify that e(¢, a), i(¢,a) and j(¢, a) are non-
negative, due to the non-negativity of Bi(a), Bx(a), Bs(a), and the non-negative initial
conditions (1.4). From the first equation of (1.3), we see that S(¢) > 0 holds or V(¢) > 0
holds. For the sake of contradiction, if V(£) > 0 and S(£) < 0, from the second equation of
(1.5), we know that V(£) < 0. Then V(¢) is a monotone decreasing function with respect
to t and there exists at least one zero solution, which contradicts V'(¢) > 0. If S(¢) > 0 and
V(£) <0, V(t) is a monotone increasing function with respect to ¢, which contradicts the
later boundedness analysis. Thus, all the solutions of system (1.5) remain non-negative.

In order to imply the boundedness of system (1.5), we have the following proposition.

Proposition 2.1 Consider system (1.5) and Eq. (2.1), we have
(i) Y is positively invariant for ®,, that is, ®(Xo) € Y, for Ve > 0, Xy € T;
(i) @, is point dissipative: there is a bounded set that attracts all points in X.

Proof Note that

d _dS(y) dv() d [
EHCDf(XO)HX_ dr + dt +dt/0 elt,a)da

d [ d [
— i(t, — i(t, . 2.
+ dt/o i(t,a)da + dt/o jt,a)da (2.5)

By Eq. (2.2), we get

Bi(a)

Ba-D 7 da.

‘/0 e(l‘,&l)da:/0 e(t—a,O)Bl(u)da+/t @ela—t)

Taking the substitution ¢ =t —a and t = a — ¢ in the first and second integral, respectively,

and differentiating by ¢, we get

d [~ _d d [ Bi(t+71)
Efo e(t,a)da = a/{; e(0,0)B1(t—o0)do + &/0‘ goe(t)T(T)dr
— elt,0)B,(0) + /0 oomﬂ%(:)’) dr+ /0 oo — a)B, (t - o) dor.
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Noting that B;(0) = 1 and B (a) = —0;(a)B1(a), we obtain
d o0 o0
—/ e(t,a)da = e(t,0) - / 01(a)e(t,a)da. (2.6)
dt 0 0
Similarly, we have
d [~ , *© ,
—/ i(t,a)da = i(t,0) —/ 05(a)i(t,a)da, (2.7)
d [, , * .
—/ j(t,a)da = j(t,0) —/ 05(a)j(t,a) da. (2.8)
By (2.6), (2.7) and (2.8), Eq. (2.5) becomes

||d> X0)|| y = A= uSE) = (u+p)V(2) - t)/ (1+ );g ; + Bs(a)j(t, a)>

o
Ba(a)i(t, a)
V(t)/ (1 +ai(t + Bala)j(t, ﬂ)) da
oo 1(a)i(t, a)
(1 + Oll(t d) + B3 (a)j(t, a)) da

V(t)/ < (t ) + Ba(a)j(t,a) | da

_/ 01(a)e (t,a)da+/ yl(a)e(t,a)da—/;Ooez(a)i(t,a)da

0 0

,a)d i(t,a)da — O5(a)j(t, a)d
+/0 va(a)e(t, a) a+‘/0 &(a)i(t,a)da /0 3(a)j(t,a)da
= A= SO~ Gu+ V) - [ (61(0) - 1) - ya@)ett ) da
—/ (Oz(a)—é(a))i(t,a)da—/ 05(a)j(t, a) da.
0 0

Thus, from (iii) of Assumption 1, we can get

n@amu<A uS(e) ~ (1 + PIV()

—MO(/OOe(t,a)da+/ooi(t,a)da+/Omj(t,a)da)
0 0

< A = o] u(Xo) | -

Hence, it follows from the variation of constants formula that, for £ > 0,

o0l < 2 et ( £ ol ) 29)
Ho Ho
which implies that ®,(Xy) € T for any solution of (1.5) satisfying X, € Y and all £ > 0.
Thus, the positive invariance of set Y for semi-flow ® can be verified.

Moreover, by (2.9) we can make inferences that limsup,_, ., [|P:(Xo)l|x < A/puo for any
Xo € X. Therefore, ® is point dissipative and T attracts all points in &X'. This completes
the proof. d
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Proposition 2.2 If Xy € X and || Xo||x < M for some constant M > A/, then the follow-
ing statements hold for t > 0:
i) 0<S@), V@), f;"elt,a)da, [~ {52 da, [77j(t,a)da < M;

(i) e(t,0) < (B1 + B + B3 + Bu)M?, i(£,0) < 1M, j(t,0) < (7o + E)M.

Proposition 2.3 Let C € X’ be bounded, then:
(i) ®4(C) is bounded,
(i) @, is eventually bounded on C.

3 Asymptotic smoothness
In order to obtain global properties of the semi-flow ®(¢),, it is necessary to prove that
the semi-flow is asymptotically smooth. Before giving the results, we first introduce some

lemmas for later use.

Lemma 3.1 ([8]) Let D CR. Forj=1,2, suppose f;: D — R is a bounded Lipschitz contin-
uous function with bound K; and Lipschitz coefficient M;. Then the product function fif is
Lipschitz with coefficient KiM, + KoM .

The definition of asymptotic smoothness is as follows:

Definition 3.1 ([25]) A semi-flow ®(¢,Xj) := Rt x X — X is said to be asymptotically
smooth, if, for any nonempty, closed bounded set B C X for which ®(t,B) C B, there is a
compact set By C B such that By attracts B.

In order to prove the asymptotic smoothness of the semi-flow, we will apply the follow-
ing results, which is based on Lemma 3.2.3 in [25].

Lemma 3.2 ([21, 22]) If the following two conditions hold then the semi-flow ®(t,X,) =
o(t, Xo) + (8, Xo) : R* x X — X is asymptotically smooth in X.
(i) There exists a continuous function w: R* x R* — R* such that w(t,h) — 0 ast — oo
and ||lo(t, Xo)llx < w(t, h) if | Xollx < &
(i) Fort=> 0, ¢(t,Xo) is completely continuous.

To verify that the two conditions are fulfilled for system (1.5), we decompose & : R* x
X — X into the following two operators ¢(t, Xo), ¢(£, Xo) : R* x X — X. Let ¢ (¢, Xo) :=
(S(t)’ V(t)’ é(tl ')’ l(t! ))}(t’ )) and (p(trXO) = (Or 0; (Z)e(t’ ')! @i(tr ')) (Zj}(tr )) Where

N 0 forO0<a<t, . e(t,a) forO<ac<t,

@e(t,a) := and e(t,a):= (3.1)
e(t,a) for0<t<a 0 for0<t<a,

. 0 forO0<a<t, ~ i(t,a) forO0<a<t,

@i(t,a) = and i(t,a):= (3.2)
i(t,a) forO<t<a 0 for0<t<a,

. 0 forO0<ac<t, ~ j(t,a) forO0<ac<t,

@i(t,a) := and j(t,a):= (3.3)

jt,a) for0<t<a 0 for0<t<a.

Then we have ®(t, Xo) = ¢(t, Xo) + ¢(£, Xo) for all £ > 0. In order to verify that condition (i)
of Lemma 3.2 holds true, we turn to a proof of the following proposition.
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Proposition 3.1 ([26]) For h > 0, let w(t,h) = he ™. Then lim;_, o, w(t,h) = 0 and
llo(t, Xo)llx <w(t, h) if | Xollx < h.

Proof Obviously, lim;_, o w(t, ) = 0. For Xy € T and || Xp||x < /&, we have

lo(tXo)| , = |O|+|0|+/0 |g5e(t,u)|da+'/o |<Z)i(t,a)|da+/0 |g;(t,a)|da
=/O° pula— 229 da+/°° Ba(a) ‘
Bs(a—-t)
Bi(t+1)
+/0 B3(r)
+ /000 (p,(t)é:)(p(—/rt+r 63(v) dv)

Bi(a-t) Byla—1t)

J
t

dr + /

Bi(7) 0

o0 t+7
- [Tewen(- [ awa)
0 T
By (iii) of Assumption 1, 6;(a), 62(a), 62(a) > o for a > 0, we have

pila—1)

pjla—1)

By(t+ 1)
Bs(7)

@e(7) @i(7)

@i(7)

dr

dr

Bs(a)
-/
B;(t+ 1)
i B +r9 4
+/0 w(r)exp(/r ,(v) v)

dr.

H(ﬂ(t,Xo)HXSe‘“‘)‘(IOI + |0|+/0 \%(t)!d”/o !(ﬂi(r)\dﬂfo !wj(t)|dr)

= e Xollx < he " = w(t, h).
This completes the proof. d

To verify (ii) of Lemma 3.2, we need to give the following lemma.

Lemma 3.3 ([27]) Let K C L?(0, 00) be closed and bounded where p > 1. Then K is com-
pact if the following conditions hold true.

(1) supyex Js° f(a)da < oo.

(2) limyo0 [ f(a) da — O uniformly in f € K.

(3) limy_, o+ fooo If(a+h)—f(a)|da — O uniformly in f € K.

(4) limy_ o+ fohf(a) da — 0 uniformly in f € K.

Proposition 3.2 ([27]) Fort >0, ¢(t, Xo) is completely continuous.

Proof From Lemma 3.3, for any closed and bounded set B C X, we see that ¢ (¢, B) is com-
pact. According to Proposition 2.2, S(t) and V(¢) remain in the compact set [0, A/uo] C
[0, M], where M > A/ is the bound for B. Thus, it is only to show that e(z, a), ;(t, a) and

j(t,a) remain in a precompact subset of L1(0,00), which is independent of Xy € Y.
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Now, from (2.2) and (3.1) we have

_ e(t—a,0)Bi(a) forO0<ac<t,
0<e(ta)=
for0<t<a.

Then combining (i) of Proposition 2.2, we have
é(t,a) < (By + Ba + B3 + Ba) M€ 0%,

which implies that (1), (2) and (4) in Lemma 3.3 are satisfied. To check condition (3), for
sufficiently small 4 € (0, £), we have

/m|é(t,a+h)—é(t,a)|da=/t‘e(t,a+h)—e(t,a)‘da
0 0
t—h
=/ |e(t—a—h,O)Bl(a+h)—e(t—a,O)Bl(a)|da
0
0O-e(t—a,0)B d
+/[_h| e(t —a,0) 1(a)| a
t—h
5/ e(t—a—h,O)‘Bl(a+h)—Bl(a)’da
0
t-h
+/ Bl(a)|e(t—a—h,0)—e(t—a,O)’da
0

+ /t_h |e(t —a, O)Bl(a)| da.

Recall that 0 < B;(a) < e <1 and By (a) is non-increasing function with respect to 4,
it follows that

t—h t-h t—h
/ fBl(a+h)—B1(a)|da=f Bl(a)da—/ Bi(a+h)da
0 0 0

_ /Ot_hsl(a) da - /htBl(a) da

:/Ot_hBl(a)da—/ht_hBl(a)da—/tt By(a)da

-h

h ¢
_ / Bi(a)da -/ Bi(a)da < h.

0 t—h

Hence, from (ii) of Proposition 2.2, we have
o0 - - - -

/ |é(t,a + h) —e(t, a)| da <2(B1 + B2 + B3 + BOM?h + A, (3.4)
0
where

t—h
A:/ Bl(a)|e(t—a—h,O)—e(t—a,O)|da.
0
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From (i) of Proposition 2.2, we find that |dS(z)/d¢| is bounded by Mg = A + (1 + p)M +
BiM? + B3M? and |dV/ (t)/d¢| is bounded by My = (11 + p)M + BoM? + B4 M?. Therefore, S(-)
and V/(-) are Lipschitz on [0, co) with coefficients Mg and My . By Lemma 3.1 of [28] there
exist two Lipschitz coefficients M, , My,, My, , My, for [;° pi(a)i(-,a)da, [, B2(a)i(-,a) da,
15 Bs@)j(,a)da, [;° Ba(@)j(-,a)da, respectively. Thus, [~ ,Bl(a)l( ,a)S(-) da, fo ﬂz(a)i(~,

V() da, [;° Bs(a)j(-,a)S(-)da, [~ Ba(a)j(,a)V(-) da are Lipschitz continuous on [0, 0)
with coefficients Mg = KMy, + KMs, Mgy = KM, + KMs, My; = KMy, + KMy, Myy = KM, +
KMy, respectively. Denote M = Mg; + Mgy + My; + Myy. Then

Mh
A< Mh/ eM%dag < —. (3.5)
Mo

Finally, by (3.4) and (3.5), we have
e ~ M
/ |e(t,a+ h) - e(t,a)| da < (2ﬁM2 + %>h, (3.6)
0

where B = B + B2 + B3 + Ba. The right hand of (3.6) converges uniformly to 0 as & — 0
and condition (3) is proved for é(¢,a). Noting that (3.4) holds for any X, € B, thus, e(t, )
remains in a precompact subset B; of L!(0,00). Similarly, i(t,a) and }(t, a) remain in a
precompact subset B;, B; of L1(0,000), respectively. Thus, the proof is completed. d

From Propositions 3.1 and 3.2, we apply Lemma 3.2 and conclude that the following
theorem holds.

Theorem 3.1 The semi-flow ®(t),-o generated by system (1.5) is asymptotically smooth.

4 The existence of steady states
System (1.5) always has the steady state Eq = (So, Vb, 0,0,0), where

B Alp+p+n) Voo PA
= P 0— .
(w+p)+p+n)—pn (w+p)+p+n)—pn

Define the basic reproduction number as follows

Roi= So[ / y1(@)B1 (@) da / B1(@)B(a)da
0 0

. /0 ﬂs(a)Bs(a)da< /0 yo(@)B1(a) da

+ /O y1(@)By(a)da /0 E(ﬂ)Bz(ﬂ)dﬂ>]

. Vo[ / y1(@)B1 (@) da / Br(@)By(a)da
0 0

+/0 ,34(a)Bg(a)da</0 v5(a)B1(a)da

+ /0 yi(@)By(a) da /0 sm)Bz(a)da)].
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Now we consider the existence of positive steady state of system (1.5). The steady state
(8%, V*,e*(-),i*(-),j*(-)) of system (1.5) satisfies the following equalities:

= ( Bi(a)i*(a)

A—(u +p)S*+nV*—S*/O < +ﬁ3(a)j*(a)> da=0,

1+ ai*(a)
pS —(u+p+n)V* - V*/O (fzfa) ((a; + Bala) (a)> da=0,
de;;a) = —61(a)e*(a),
T . i@,
VO - @, @1)
-5 [ (PO oy @) da
v [ ) (% + /34(a)j*(a)> da,

0= [ n@e@ds
0
[o¢] [o¢]
j*(0) = / yy(a)e*(a)da + / &(a)i*(a)da.
0 0
Solving the third, fourth and fifth equations of (4.1) yields
€*(a) = €*(0)B1(a), i*(a) =i*(0)By(a),  j*(a) =j"(0)Bs(a).
From the first and second equations of (4.1), it is easy to get

A= uS* = (u+p)V* =S (A - uS* = (u+ p)V)A (S, VF)

— V*(A —uS = (u+ p)V*) 2(5*, V*) =

where
e 1(11(3(@)
S* V* Ky + K1K7)K, da,
- (1+0ll<1(1\—MS*—(M+,0)V*)32(61)+( 2+ KKKy ) da
o 1(11(5(ﬂ)
S* V* Ky + K1K7)K da,
/0 (1+ozl<1(A—MS*—(u+p)V*)Bz(a)+( 2+ Kik)Ks(a) | da
and

Ky = B da, K, = B da,
1 /0 N(@Bi(@da, Ko /O yo(@)B1(a) da
Ks(a) = B1(a)By(a), Ky(a) = B3(a)Bs(a), Ks(a) = Ba(a)By(a),
Ko@) = pl@Bs(a@), K= / £(@)By(a) da.
0
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Let

F(S,V*) = A= uS* = (u+p)V* = S*(A = uS* = (u + p) V)A(S, V*)

- V*(A —uS = (u+ ,o)V*) Q(S*, V*).

Let V* = V,. It is easy to see that F(0, Vp) = A — (i + p) Vo — Vo(A — (i + p) Vo)f2(0, Vo) and
F(So, V) =0. When 0 < §* < 85, A — uS* — (u + p) Vo #0, then we get

S (S, Vo) + Vs (S5, Vo) =1 =0.

Let g(§*) = S*f1(S*, Vo) + Vofa(S*, Vo) — 1, where g(0) = Vof2(0, Vo) — 1 < Vofa(S*, Vo) =1 <0
and g(Sp) = Sof1(So, Vo) + Viofa(So, Vo) — 1. Note that

dfi (S, V¢ dfi(S*, V¢
g Hil o)+V0f2( O

)

g(87) =A(5% Vo) +

ds* ds*
for
dfi(S*, Vo) _ /oo uaK?Kz(a)By(a) das0
ds* o (1+aKi(A—pS* —(u+ p)Vo)Ba(a))? ’
dfi (5%, Vo) f°° uaK?Ks(a)By(a) 4
= a>0.
ds* " Jy (U aki(A—puS — (u+ p)Vo)Ba(@)

It is easy to show that if g(Sp) > 0, g(S*) = 0 has a unique positive root. Define the basic

reproduction number as

Ry = g(So) + 1 = Sof1(So, Vo) + Vofa(So, Vo),

which means the number of newly infected individuals produced by one infected individ-
ual during its period of disease. Therefore, if Ry > 1, there exists a unique positive steady
state E* of system (1.5), where E* = (S§*, V*,e*(a), i*(a),j*(a)).

From the above discussions, we have the following theorem.

Theorem 4.1 System (1.5) always has a steady state Ey(Sp, Vo,0,0,0), where So = A(u +

p+m/ [ +p)(+p+n)—pnl, Vo = pAll(1 +p)(u+ p +n) - pnl; system (1.5) has a unique
positive steady state E*(S*, V*,e*(-),i*(:),j*(-)) if and only if Ry > 1.

5 Local stability
This section is mainly used to prove the local stability of steady states, and to verify that
the basic reproduction number is related to the stability of the steady states.

Theorem 5.1 The steady state Ey is locally asymptotically stable if Ry < 1.

Proof First, we introduce the change of variables as follows:

s1(2) = S(£) — So, vi(t) = V() - Vo, ei(t,a) = e(t,a),

i(t,a) = i(t,a), j1(t,a) = j(¢t, a).
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Linearizing system (1.5) at the steady state E; yields the following system:

$1(8) = =(u + p)s1(t) + nvi () - 50/0 (B1(@)ir(t,a) + B3(a)ji (t,a)) da,

V1(t) = psi(t) — (n + p + n)vi(t) - Vo/(; (B2(@)ir(t, @) + Ba(@)ji (£, a)) da,

dei(t,a) . dei(t,a) _

Py rym —01(a)e,(t,a),
dir(t,a) dir(t,a)
= -0 1 (t,a),
ety h(@)ir(t,a)
3j1(t,6l) 8j1(t,a) ,
= —9 t1 )
52 + Py 3(a)j1(t, a)

e1(1,0) = So / (B(@ir(t @) + Ba(@)js(1,0)) da
0
Vo /0 (Bo(@)is(t,0) + Ba(@) (@) da,
i1(¢,0) = ,a)da,
i1(4,0) /0 yi(@er(t,a)da

j1(6,0) = fo ya(@es(t,a) da + /0 £(@)is(t,0) da.

Set
Sl(t) = S(l)e)w’ Vl(t) = V(l)e)htr el(tr ﬂ) = e(l)(a)e)\t’
il(t! ﬂ) = i(l)(a)e)‘t! jl(t’ ﬂ) :j(l)(ﬂ)ektr

where 52,19, €%(a), %(a), /%(a) will be determined later. We can get

ASD = (1 + p)s0 + V0 - So /0 (B @2(@) + B5(@)(@)) da,

MO = ps0 = (4 p+ )V = Vo fo (B@2(a) + B5(@)(@)) da

ded(a) ~

(1 +0@)a),
d®
% = (1 +6,(a))(a),
d'O
léia) =~ (A +65(@) (@),

&(0) = So /0 (B @E(a) + Bs(@)fa)) da
Vo fo (B@(a) + Ba(@)(@)) da
0(0) = /O " @@ da,

200 = /0 yo(@)é(a) da + /0 £ (@)1(a) da.

Page 14 of 33
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Integrating the third, fourth and fifth equations of (5.1) from 0 to a yields

d(a) = é2(0) exp <—/ (A +61(0)) dr),
0
a
i(l)(a) = i(l)(O) exp(—/ (A + 92(t)) dr),
0
j2(a) = j°(0) exp (—/ (A +65(1)) dl’).
0
If €9(0) = 0, then i9(0) = 0, /2(0) = 0. Plugging it into (5.1), we have
(A+M+p)s?—nv(l)=0, (A+/L+p+n)v(1)—ps(1)=0.
For s¥ #0 and 19 #0, it is easy to get
M4 Quap+p+nh+ (w+p)pe+p+n)—pn=0.

Then

b+ /B—4b,
- ARV

A

where by =2 +p+p +1, by =(u+p)( + p +n) — pn.
I ¢2(0) 0,

A+ pL)S(l) +(A+u+ ,o)v(l) +€%0) =0,

where

o So+u+p+n)fs(A)+nVofa(d) 4
1~ 81(0),
pr—A+pu+p)A+p+p+n)

o PSofs(A) + Vo(h + p +p)fa(A)
Y-t p+p)+ ot p )

N

12 e(l) (0);

where
S :/ (B1(@)Ba(h, a) Uy (X) + B3(a)Bs (A, a) (Ua(A) + Ui (W) U7(1))) da,
0

Ja(r) = /0 (B2(a)Ba(A, @)Uy (1) + Ba(@)Bs(h, @) (Ua(X) + Ur (M) U7(1))) da,

) = /0 (@B (ua)da,  Un(h) = /0 y2(@)B1 () da,

U;(\) = /0 &(a)By(\,a)da, Bi(A,a) = exp(—/o (k + Gl(r)) d'(),

By(h,a) = exp(— /a(k +6,(1)) dl’), Bs(r,a) = exp<— /a(k +05(1)) d‘L’).
0 0

Page 15 of 33
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That is,
Sofs(A) + Vofa(r) = 1. (5.3)

Assume that Rex > 0, then |[fz(1)] < fi(So, Vo) and [fa(X)| < fa(So, Vo) hold. Hence, the
modulus of the left-hand side of Eq. (5.3) satisfies

Sofs(A) + Vafa(R)|
< [Sofs(M)| + | Vafa(W)| < Sofi(So, Vo) + Vafa(So, Vo) = Ro.

It follows from (5.3) that there is a contradiction. Thus, all the roots of Eq. (5.3) have a neg-
ative real part if and only if Ry < 1. Therefore, the steady state Ej is locally asymptotically
stable if Ry < 1. This completes the proof. g

Theorem 5.2 The steady state E* is locally asymptotically stable if Ry > 1.

Proof Linearizing system (1.5) at the steady state £* under introducing the perturbation

variables

so(t) = S(t) - S%, vo(t) = V(t) - V¥, ey(t,a) = e(t,a) — e*(a),

iz(t,&l) = i(t’ ﬂ) - i*(ﬂ)r jg(t,&l) =j(t7 ﬂ) _j*(a)!

we obtain the following system:

$2(8) = =(1 + p)sa(t) + mva(t) — s2(2) / h@rta) /0 ACLICTO

1+ai*(a) (1 + ai*(a))?

~5(0) fo Bo(a) (@) da - 5* ]0 Bo(@yn(t,a) da,

g, . /°° p@ita)
0

V2(8) = psa(t) = (1 + p + Mva(t) = va(2) | Trai@) 1+ ai@)?

() /0 Bul@)*(@)da— V" /O Bul@)js(t,a) da,

dey(t,a) Odey(t,a)
+

=—0 t» )
Y Ey 1(a)ex(t, a)
aiz(t, 6l) aiz(t, ﬂ) .
=-0 t} )
2+ oz h(@)ix(t, a)
ajZ(ti ﬂ) 8}1(tr ﬂ) .
2zt 8 —63(a)js(t, a),

60 =50 [ Mda+5*/ww
0

o l+ai*(a) 1 + ai*(a))?

.5 / Ba(@alt,a) da + a0 f

da+s,(0) /0 By(a)j* (@) da
< By(a)i*(a) dz+ V* / © Ba(a)ix(t, a) d
0

1+ ai*(a) m “

+ ot / Bala da+V*/ Ba(@)ja(t, a) da,

ix(1,0) = / yi(@es(t,a) da,
0
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J2(8,0) = /(*)00 ya(a)es(t, a) da + /000 &(a)iy(t,a)da.
Set

s2(t) =s9e™,  wa(t) =13eM,  et,a) = e)(a)e™,

iZ(t1 ﬂ) = i(z)(a)eAt¢ jZ(tr ﬂ) =jg(ﬂ)eM;
where 3, V9, €5(a), i5(a), j9(a) will be determined later. We get

p@i@ o %A@

o0
0 0 O—S*/ d
=P =St | R O o Trair@ ™

_s / Bo(@)(a) da - ) / Bs(@)j* (@) da,
0 0
Avgzpsg—(,u+p+n)vg—\/*/

v /0 Bu(@)(a) da -2 /0 Ba(a)(a) da,

ded(a) B

- —()\. + Hl(a))eg(ﬂ)»
dif
% — (1 + 0:(@) (@),
d'O

}ég) = (1 +65(a))j5(a),

0(0) = * Bi(a)i*(a) dMS*f"" Bi(@)i(a)
o (

e;(0) =s PR
2 )0 1+ai*(a) 1+ ai*(a))?

+Sg/(; B3(a)j*(a) dﬂ+5*/0 Bs(@)j3(a) da

0
+V,

TRy, . [ SR,
0

o l+ai*(a) 1 + ai*(a))?

[o¢] o0
A [ par@ar v [ p@sada,
0 0

20- [ e da

0

o0 [o¢]

jg(O) = / yz(a)eg(az) da + / E(a)ig(a) da.

0 0

Integrating the third, fourth and fifth equations of (5.4) from 0 to a yields
€9(a) = €5(0) exp (—/ (A +61(7)) dT),
0

ig(a) = ig(O) exp(— /a (A + 92(t)) dr),
0

fa(a) = j5(0) CXP(—/ (A +65(v)) dr).
0

> Baa)iz(a) da_w [~ P@a)

o A+air@)? 7)) Tvair@

Page 17 of 33
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The characteristic equation is
(A + 1)sS + (A + p+ p)vh +€5(0) =0,

where

O S*M+ o+ p+ 0+ fe(€))fs(e* 1) + nV*ﬁL(e*,k)eO
2 — (ot prp+fiE))h+ o+ p+n+faler)
0 pS*fs(e*, M) + V(L + p + p + f5(e"))fa(e*, 1) 2
2=t w4 p+fi@)0+ ot p o+ foler)

v

where

/00( B1(a)By (A, a) U1 (M)
0

s + Bala)Ba ) (0 + Uy (x)um))) da,

Bz )\ a)Ul(A)
/0 ( 1+ aKie*(0)B, () /34(a)Bs()»,a)(U2(A)+Ul(A)U7(A))> da,

m( K1,31(6l)32(6l)
o \1+aKie*(0)By(a)

B °°< K1/32(f1)32(ﬂ)
" Jo \1+aKie*(0)By(a)

+ B3(a)Bs(a)(K; + K1K7)) da,

ﬂ4(61)33(d)([<2 + I<11<7)) d&l.

That is,

A+ )+ pu+p+n+fele) + ph+p+p)
A+p+fse))+u+p+n+fse))+ph+u+p+foler))
s A+ u+p+fs(e))h+p+p)+nh+p)

A+ +p+fs(e)h+ p+p +fo(e*) + n(h + p +f5(e*))

=1 (5.6)

S*fg(e*,)»)

V(e 1)

Assume that Re X > 0, then |f3(e*, 1)| < f5(e*) and |fa(e*, A)| < fs(e*) hold. Hence, the mod-
ulus of the left-hand side of Eq. (5.6) satisfies

A+ )+ p+p+n+fele)) + ph+p+p)
A+pu+fse)+u+p+n+fse)+ph+p+p+folet)

.\ A+u+p+fE)A+p+p)+n+p)
A+ u+p+fse)+un+p+foler) +nh + w +fs(e*))

<|S*fa(ef, 1) + VHa(er, 0)| < |S*(esA) | + [ Via(e, )|
<S*f(e*) + V¥fe(e) =

S*fs(e*, 1)

V(e 1)

It follows from (5.6) that there is a contradiction. Therefore, Re A < 0. This means that all
the roots of (5.6) have negative real parts. Consequently, if Ry > 1, the steady state E* is
locally asymptotically stable. This completes the proof. O
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6 Uniform persistence
In this section, we investigate the uniform persistence of system (1.5) by using the persis-

tence theory for infinite dimensional dynamics system. Define

=infla: [ 61(w)du=0{, b=inf{b: 000 du=0¢,
in :a /ﬂ 1 (1) du } m{ A h(ue) due }
E:inf{c:/weg(u)du:O}.

Since 61 (a), 02(a), 03(a) € L1(0,00), we have a, b,¢ > 0. Furthermore, let

X =L1(0,00) x L}(0,00) x L} (0, 00),

a b c
Y= {(e(t, ), i(t, ), (¢, .))T eX: /0 e(t,x) dx > O,/O i(t,x)dx > O,/(; j(t,x)dx > O},

and
Y=R"xR"'x7Y, Y =X\Y, Y =X\Y.
It is not difficult to verify the following proposition.

Proposition 6.1 The subsets Y and Y are both positively invariant under the semi-flow
{D(t)} 150, namely, ®(t,Y) C Y and &(¢,0Y) C Y fort > 0.

Furthermore, the following result is useful for the proof of uniform persistence.

Theorem 6.1 The disease-free steady state Ey of system (1.5) is globally asymptotically
stable for the semi-flow {®(£)} ;>0 restricted to Y.

Proof Letting (So, Vo, eo(+),io(+),jo(+)) € Y, namely, (eo(-), io(-), jo(-)) € 9Y, we consider the
following system:

de(t,a) de(t,a)

et = —01(a)e(t, a),

) D @ic.a)

% a’gt“) ~05(a)j(t, ),

.0 =50 [ (210D ; B0 da
ovio [ (R e e

i(6,0) = / yi(@e(t, a) da,
0

j(t,O):/0 yg(a)e(t,a)da+/0 &(a)i(t,a) da,

e(0,a) = gela),  i0,a)=¢ia),  j0,a)=ga).

Page 19 of 33
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Since S(¢) < Sp and V() < V; as t tends to infinity, by comparison, we have e(t,a) <

&t a),ilt,a) <t a),j(t,a) < ;(t, a), where &(¢, a), i(t, a) and}(t, a) satisfy the following aux-

iliary system:

delt,a)  0et,a) -6,(a)é(t,a),

da ot
di(t,a) 0i(t,a) -
Y + ryanle —0-(a)i(t, a),
3j(t,a) dj(t,a) 5
8d + 8t = _93(d)](t’ ﬂ),
o0 = L 5
a.0) =50 | (M + Bl a)) da
0 1+ ai(t,a) (6.1)
+ VO/ (M + ,34(61)}(t, a)) da,
0 1+ ai(t,a)
i(£,0) = f vi(a)é(t, a) da,
0
60~ [ p@itadar [ e@itada
0 0
&0,a) = ¢c(a),i(0,a) = ¢;(a),j(0,a) = g;(a).
Similar to (2.2)—(2.4), solving the first three equations of (6.1) yields
Li(t—a)Bi(a), 0<a<t,
a4 19 Bl((“)) == 6.2)
pela-t)g 7 O0=<t=a
. Ly(t—a)By(a), O0<a<t,
o)< 209 BZ((:) =4= 6.3)
(Pi(ﬂ - t) Bz%ﬂ—t)’ 0 < t <a,
~ Ls(t—a)Bs(a) for0O<a<t,
=" (64)
pjla—1) 33(3a_t) for0<t=<a,
where

L6 = So /0 (M + @i, a)) da

1+ ai(t,a)

+ Vo/oo <7ﬁ2(ﬂ)i(t1 %) + Bala)j(t, d)) da,
0

1+ai(t,a)

L) - / y1(@)é(t,a) da,
0

Zg(t):/o yz(a)é(t,a)da+/0 £(a)i(t,a)da.
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It follows from (6.2)—(6.4) that

N " ( Bi(@)Ly(t - a)By(a) z
Lo -s [ (BOZEED bl - @ ) da

£ ( Ba(a)Lo(t — a)Bs(a) 3
Vo /0 < 1 +aLy(t - a)By(a) +Aala)ls(t - a)B3(“)> da + G, (2),

(6.5)

L - [0 Y1 (@1 (¢ — a)By(a) da + GalD),

L) - /0 yo(@L1(t - )By(a)da + fo E(@)L(t - a)Ba(a) da + Ga(0)

where

_ = Bi(@)pi(a — t)Bs(a) ’ Bs(a)
G1l5)= 5 / (Bz(ﬂ )+ agia- 0By T t)) da
Bs(a) )
da

*© Ba(a)pi(a — t)By(a)
* V‘)/t (Bz(ﬂ “0)+agla-0By@ PO g

0o Bl(ﬂ)
Gy(t) = _/t vi(@ge(a - t)Bl(a —t)
Bz(ﬂ)
(

00 B &
60)- [ pi@pta-ngtOsdas [ s@pta-05 2% da

da,

Bi(a-t)

Since (@.(-), pi(-), 9;(-)) € 3Y, we have G;(t) =0 (i = 1,2,3) for all £ > 0. From (6.5), we

obtain

= " ( Bi(@)Ly(t - a)By(a) P
Lo =5 [ (POZEED 0 0 ) da

" /t (ﬂz(a)Lz(t —a)By(a) + Bala)Ls(t - u)&,(u)) da,
0 (6.6)

1+aLy(t —a)By(a)
L) - / 1 (@)L (t - a)By(a) da,
0

L - / ya(@L(¢ - a)By() da + / £(@)La(¢ - a)Ba(a) da.
0 0

It is easy to show that system (6.6) has a unique solution Li(#)=0(i=1,2,3). From (6.2)—
(6.4), we have &(t,a) = 0, i(t,a) = 0, j(t,a) = 0. For a > t, it follows that

Bi(a)

el = jeta-057 =5 el

Il

By (a)

i@l = jota-0gZ=5 ] =" lailn,
L

y AN Bs(a)
”](t’ﬂ)”Ll_ vjla - )Bg(a—t) B

—iot
<e"lgjllz1,

which implies that e(¢,a) = 0, i(t,a) =0, f(t, a) = 0 as t — oco. Noting that e(t,a) < e(t,a),
i(t,a) <i(t,a) and j(t, a) 5}(15, a), we have e(t,a) — 0, i(t,a) > 0 and j(t,a) > O as t — oo
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It follows from the first two equations of system (1.5) that S(¢) — Sp and V(t) — V; as
t — oo. Thus, Ej is globally asymptotically stable in 9Y. O

Theorem 6.2 If Ry > 1, then the semi-flow {®(t)};>¢ is uniformly persistent with respect
to (Y,0Y), i.e., there exists an ¢ > 0 which is independent of initial values such that
lim, || P (¢, %) || x > € for x € Y. Furthermore, there is a compact subset Ay C Y which is a
global attractor for {®(t,x)} >0 in Y.

Proof It follows from Theorem 6.1 that E, is globally asymptotically stable in dY. Applying
Theorem 4.2 in [25], we need only to show that W*(Ey) N Y = ), where

W*(Ep) = {x €Y: lim ®(¢x) =E0}.
t—00
Otherwise, there exists a solution y C Y such that ®(¢,y) — Ey as ¢ — oo. In this case,
there exists a sequence {y,} C Y such that ||®(¢y,) — Eollx < 1/n for t > 0. Denote

D(t,5,) = (Su(t), Vaule), e(t,),i(t,-),j(t,-)) and y, = (S,(0), V,,(0),e(t,-),i(t,-),j(¢,-)). Since
Ry > 1, we can choose n sufficiently large satisfying So > 1/n and Vj > 1/n,

(5 _ l) / K@) + (K + KiKo)Ki(a)] da
n 0
1 o0
+ (Vo - Z) / [KiKs5(a) + (K> + K1K7)Kg(a)] da > 1. (6.7)
0

For such a # > 0, there exists a T > 0 such that, for £t > T, Sg — 1/n < S,(¢t) < Sp + 1/n and
Vo — 1/n <V, (t) < Vo + 1/n. Consider the following auxiliary system:

de(t,a) 0de(t,a)

e —61(a)é(t, a),

ey WD o, wie,a)

% N @ = -63(a)j(t,),

5,0) - (SO _ 1) / = (M + Bs(@j(t, a)) da ©9)
n)Jo \1+aita)

+ (vo_ %) /0°° (% +54(a)}(t,a)) da,
i(£,0) = /0 ~ v (a)é(t,a) da,

j(2,0) = / va(a)e(t,a)da + / £(a)i(t, a) da.
0 0

A

Looking for solutions of system (6.8) of the form &(t,a) = é(a)e*, i(t,a) = i(a)eM

and
}(t, a) =]A'(a)e“, where the functions &(a), i(a) and }(a) will be determined later, we obtain
the following linear eigenvalue problem:

oe(a)

=~ +61(a))é(a),
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di(a)

=g " ~(r +62(@)i(a),

ag(Z) = —(1 +65())j(a),

R 1\ [*( Bia)i(a) .

20) - (50 . ;) fo (W +/33(a)1(a)) da (6.9)

1\ [®( Bla)ia) .
; <V0 _ ;) | (71 e m(a)/(a)) da,
i(O):/O yi(a)e(a) da,
7(0) = h é(a)d Ty da.
j(0) /0 n(a)e(a) a+/0 &(a)i(a)da

Solving the first three equations of system (6.9) yields

&(a) = &(0) exp[- / ’ (2 +61(9) ds:|, i(a) = (0) exp|:— / ’ (% +65(9)) ds:|,
y 0 (6.10)
J(a) = j(0) exp [—fo (A +65(9)) ds:|.

Substituting (6.10) into the last three equations of (6.9), we obtain the characteristic equa-
tion of system (6.8) at the steady state E; as follows:

f)=1 (6.11)

where

£0) = (so - %)

y /°° Bi(a) [y~ ri(a)expl= [5' (h +61(s)) ds] daexp[= [y (& + 62(s)) ds] d
0 1+ «i(0) exp[rt — [y ( + 62(s)) ds]

+ (So— %)/0 {ﬁg(d)exp[—/o (A+03(s)) ds:|
X /oo va(a) exp[— ‘/u (A + 01(5)) ds] da} da

0 0
+ (So - %) /000 Bs(a) exp|:— /Oa (A + 93(3)) ds]
X /Ooog‘(oz) exp|:— /: (A +o92(s)) ds]

X ‘/0 v1(@) exp [—/0 (A +61(s)) ds] dadada

(-2

y /oc Ba(a) expl— [; (1 +02(s)) ds] [5~ yi(a) exp[- [y (A +61(s)) ds] da d
0 1+ «i(0) exp[At — Jo (1 +6a(s)) ds]

a
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1 o a
+ (V —;)/0 {ﬁ;;(a)exp[—/o ()L+93(s))ds}
- A+6 ds|datd
xfo yz(a)exp[ /(; (A +61(s)) s] tl} a
1 o0 a
+ (Vo—;)/o ,34(a)exp|:—/0 ()»+63(s)) ds]

X./o s(a)exp[— /Oa (A +6a(s5)) ds]

X /(; y1(a)exp |:—/(; (A +61(s)) ds:| dadada.

Clearly, we have lim; _, f (1) = 0 and
1 o0
£(0) < <S - —) / [KiK3(a) + (K> + K1K7)Ka(a)] da
n; Jo
1 oo
+ (vo - —) / [KiK5(a) + (K> + K1K7)Kg(a)] da.
njJo
From (6.7), there exist a n >0 and a T > 0 such that
1 (o)
(So - —) [ [K1K3(a) + (K3 + K1K7)Ky(a) ] da
njJo
1 o0
+ (VO — —) / [[(11(5(61) + (I(z + I<1[(7)I<6(ﬂ)] da>1.
n; Jo

Hence, if Ry > 1, Eq. (6.11) has at least one positive root. This implies that the solution
@, ), it -),}(t, -)) of system (6.8) is unbounded. By comparison, the solution ®(z,y,) of
system (1.5) is unbounded, which contradicts Proposition 2.1. Therefore, the semi-flow
®(t),> generated by system (1.5) is uniformly persistent. Furthermore, there is a compact
subset Ag C Y which is a global attractor for ®(),, in Y. This completes the proof. [

7 Global stability
This section is devoted to the global stability of equilibria. Before going into details, we
make some preparations.

First, we introduce an important function which is obtained from the linear combination

of Volterra-type functions of the form
gx)=x—-1-Inx.

Obviously, g(x) > 0 for x > 0 and g’(x) = 1 — 1/x. Then g(x) has a global minimum at x =1
and g(1) = 0.

Theorem 7.1 If Ry < 1, the disease-free steady state Ey is globally asymptotically stable.

Proof Define a Lyapunov functional as

Vi=Vi+Via+ Vi,
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where
Vi1 = Sog(S@®)/So) + Vog(V(®)/ Vo),  Via= /0 N wi(a)e(t,a)da,
Viz = /0 wy(a)i(t,a) da, Vig = ‘/0 ws(a)j(t,a) da,

where
o1(@) = / " (@301) + O () exp (— / x&(r)dr)dx,
wy(a) = /aoo(Soﬁl (%) + Vo Ba(x) + a)g(O)g(x)) exp(— /ax 92(r)d7:)dx,
w3(a) = /aoo(Soﬁg(x) + V0ﬁ4(x)) exp(— /: 03(t)dr)dx,

then

w2(0)y1(a) + ws3(0)y2(a) + ) (a) - 61(a)w:(a) = 0,
SoBi(a) + VoBa + w3(0)é (a) + w)(a) — b2(a)w,(a) = 0,
SoBs(a) + VoBa + wy(a) - 65(a)ws(a) = 0.

The derivative of V1; along with the solution of system (1.5) can be calculated as

*® Bi(a)i(t, a)

o l+ai(t,a)

e\ %) <A —(u+p)SE)+nV(t)-S@)

450 fo Bu(@)j(t,a) da)

v * By(a)i(t,a)
+ (1—m> <pS(t)_(M+p+n)V(t)—v(t)A 1+Oli(t;ﬂ) da

—vi) /0 Bula)(t,a) da)

=M50<2 0 i) +(M+,0)Vo(3— VO _ S va")

TS S Vo  S@) SoV(t)

SH)Vo  SoV(t)
G (2_ SV s<t)vo>

- (8() - So) /0 OO(ﬂl(a)i(t' il + B3(a)j(t, a)) da

1+ ai(t,a)

- (V@) - Vo) /000 (ﬁz(a)i(t,a) + ,84(a)j(t,a)) da. (7.1)

1+ ai(t,a)

The derivative of V1, along with the solution of system (1.5) can be calculated as

ZA%0 _ d twl(a)e(t—a,O)exp<— /‘“ 91(7:)0[7:> da
0

dr  dt ),

+ %/toowl(a)goe(a —1) exp(— /:t 91(1)d1> da.
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Letr =t —a, then

de d t ( t-r
=— | wi(t-r)e(r,0)ex —/ 0 (r)dt) dr
e de ), ! P\ 2

+ % /too w1(t + r)pe(r) exp(—/rm 91(T)d1') dr

= w1(0)e(t,0) + / (a)/(a) - Ql(a)a)l(a))e(t, a)da. (7.2)
0

Similarly, we can get

% = w,(0) /OOO yi(a)e(t,a)da + /(;Oo(w’z(d) - 92(a)w2(a))i(t, a)da,
% = ws3(0) /Ow(yz(tz)e(t, a) + £(a)i(t, a)) da (7.3)

+/ (w3(a) - O3(a)ws(a))j(t, a) da.
0

Combining the (7.1)—(7.3), it is easy to get

v S SO VO S S@OVe
TE‘:“%<”‘§5_?§>+““””%<3_7%__§5_504n)

SHVy  SoV(¢)
+"W<2_%vuf_ﬂnw
+(S Bi(a) LV Ba(a)

o1 + i(t,a) o7 + i(t,a)

> —e(t,0) + w1 (0)e(t, 0)

+ w2 (0)& (a) + ) (a) — 91(a)a)1(zz)> i(t,a)da
+A(&m@+%mw+@@—%wwmmmmm

+ [ @0001(@ + 0x0020) +0/(0) -6y @ @)elt ) da
0

So  S(8) Vi) So SV
= I/LSO(Z— % - S_o) +(/L+,0)V0(3— 70 - % — S—OV(t)>

v SOVo  SoV(2)
’ °(‘%vm‘smw

> + (Ro — 1)e(z,0).

Therefore, Ry < 1 ensures that dV;/d¢ < 0 holds. Furthermore, the strict equality holds
if and only if S = Sy, V = Vj, e(t,a) = 0, i(t,a) = 0 and j(¢,a) = 0, simultaneously. Thus,
My = Ey C Y is the largest invariant subset of dV;/d¢ = 0, and by the Lyapunov—LaSalle
invariance principle, the steady state Ej is globally asymptotically stable when Ry < 1. O

Theorem 7.2 If Ry > 1, the steady state E* is globally asymptotically stable.

Proof Constructing a Lyapunov functional as follows

Vo=Vor+ Vaa + Vo3 + Vay,
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where

Vo1 =g(S(t)/S*) +g(V(t)/V*),

* §*B1(a)By(a) + V*Ba(a)Ba(a) * x
Vs :/0 Bila 21‘: ;i*(afz dlad A da./o q1(a)g(e(t,a)/e*(a)) da

" /0 " (S*Ba(@)Bs(a) + V*Ba(@)Bs(a)) da ( /0 " @ (elt.a)le* (@) da
+ /O h q3(a)g(i(t, a)/i* () da),

Vi = /0 " @it @) (1 + 0i* (@) i (@) (1 + ai(t, ) da,

Vo = /000 q;(a)g(j(t,a)/j*(a)) da

where

(@) = / n(@)e (@)do,  qgala) - / y2(0)e" (@) do,

43(a) - / £(0)i*(0) do, ql(a>-/ IS+ BV ) o,

1+ ai*(o)

g/(a) - / (B3(0)S" + Balo) V)" (o) do.

Calculating the derivative of V3; along with the solution of system (1.5), we have

dVv- S*
el (1 - S(t)) <A ~ e PSE v

_ s /0 (ff‘fx):gg +ﬂ3(a>j(t,a>) da)
v* a)i(t,a)
+(1 V(t)><”5() (i +p+D)V(O = V(D) f i da

—vi) /0 Bula)i(t,a) da)

N S S§* < ( Ba(a)i*(a) N

= pS (2‘ 5 ‘s<t>>+(’“”+/o (1+az*<> Palaya )> )V
y (3_@_£_S(t)v*)+ v*<2_S*V(t)_S(t)V*)
SV S*V(¢)

Ve o S S¥V()

« [ Bila)i*(a) .
s /0 (1+ai*( )+'33(“)] (ﬂ))da

_ () / (’31(“ 69 | ta );(ta))da

1+ai(t

S . Bi(a)i* (u) .
B S(t)s /o‘ (1 +ai*(a) + Bs(a)j (ﬂ)) da

« [ Brla)i(t, a) . « [ Bait(a)
+S /0 (1 + i(t,a) * ﬁg(a)](t,a)> da-Vv /0 (1 + ai*(a)
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+ﬂ4(ﬂ)j*(ﬂ)> da + V*/ <;32(ﬂ)i(t,ﬂ) +,34(d)j(t,(l)> da
0

1+ ai(t,a)

< ( Bs(a)i(t,a) )
—v) /0 (1 s ﬁ4<a>;<t,a)) da

. V(t)/o (ﬂz(ﬂ)i*(ﬂ) +,B4(a)j*(a)) da.

1+ ai*(a)

It follows that

dVy ; S S * [ Ba(a)i*(a)

a M (2_ s S(t)> ¥ (’“’”fo (1+ai*(ﬂ)
" " vie) St SV

+ Bala)j (a)) da)\/ (3— S 3 % - SVO

+7]V <2_ S(t)v* - S*V(t)) +A (m +,33(&Z)S] (ﬂ)) da

_s@ [~ (M + @St a)) da

s Jo \Traita)
s | (A s @) da
+ /()w<'31(?57;::;;) + ﬁg(d)S*j(t,a)) da - /ow<%
+ Ba(a) V*j*(a)> da + /000 (% + ﬂ4(a)V*j(t,a)) da
- [(AOE s v ) da
+ ‘(,(t) OOO (% + /34(61)V*j*(a)) da. (7.4)

The derivative of V5, V53 and Va4 can be calculated as follows:

dVy [ S*Bi(a)Ba(a) + V* Ba(a)Bs(a) e « | et 0) et a)
dr _/0 1+ai*(a) da / yi(a)e (ﬂ){ e(0)  e*(a)

+1n

e(t’ d) e(t, 0)
e*(a) tn e*(0) } 4
. /0 (S*,Bg(ﬂ)Bg(ﬂ) + V*ﬂ4(ﬂ)B3(a)) d(,z/O yz(a)e*(ﬂ){ ee(*té(()))) _ ee(*t(r:))

+1In

e(t,a) e(t,0)
@ —In #(0) }da

R . o0 " i(t,0) i(t,a)
+ /0 (S*Bs(@Bs(@) + V* Ba(a)Bs(a)) da /0 £ (a){ -

i(t,a) i(¢,0)
n m —1n W } d 5 (75)
dVas /°° (B1(@)S* + Ba(@)V*)i*(a) { i(£,0)1 +i*(0))  i(t,a)(1 + ai*(a))
dt 0 1+ ai*(a) #(0)(1 + xi(t,0)) *(@)1 + ai(t,a))

i(t,a)(1 + ai*(a)) N i(£,0)(1 + ai*(0)) } 7.6)
#*(a)(1 + ai(t, a)) #0)(1 + ai(£,0) | ’
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dVas _ . . j&0) jta)  jta)  j(t0)
& /0 (Bo(a)S™ + ula) V") ){ O @ ") j*<o>}d“' 77
Combining (7.4)—(7.7), we get
v, NOBERY > ( Baa)i*(a) o *
(g (oo [ (NG o mar@)aa)e
140 B (7} i} Vi) SOV
g (?’_W‘%‘ s*vm) wv (2 SOV ‘S*V(t))
¥ p@S @[, SOita(rait@) ST 601 +ei(0)
o 1+ai*(a) { TS @1+ aita)  SE) | #(0)1 +wilz,0))

i(t,a)(1 + ai*(a))

i(£,0)(1 + ai*(0))

#*(a)(1 + ait,a))

Jaa

N 0) (1 + ai(z,0))

0

*B@VE@ [ VOilha(+eit@) | V' 0+ ai'(0)
1+ai*(a) {_ T Vi@l +aita) V@) T #0)1 + it 0)
i(t,a)(1 + ai*(a)) i(£,0)(1 + ai*(0)) d
@)1 +aita) #0)1+ailt0) } @
* S®jt,a) S jt0) | jta) | j(t0)
+/o Pla)S (“){1’ s7@ 50 0 @ "0 }d“
0 Vi) V* jt,0)
IS (“){_1_ Vi@ VO T 0

ni(t’a) B n]’(t,O)}da
j*(a) j*(0)
© §*B1(a)By(a) + V* Ba(a)Ba(a ,0) et a)
+/0 1+ai*(a) d / n(a)e’(a ){ - e*(a)
e(t,a) e(t,0)
+1n (@) —In 2(0) }da
o . ®© . [et,0) elta)
+ /0 (S*B3(a)B3(a) + V* B4(a)B3()) da fo ya(a)e (a){ =0 =@
e(t,a) e(t,0) d
Ve T e ) } “
; /O (5" B5(@)Bs(@) + V" B4(a)Bs()) da fo s(mi*(a){ iiit(’g)) - ’;fg:;
it,a)  i(t,0)
+1In @) —1In (0) }doz
= uS* (2 - ;i) - S(t)) + (u +0 +/0 <f2562;*§2 + ﬂ4(a)j*(a)> da) v*
vie S S@EV* . S*V(E) SV
g (3'7"%' SV )) v (2‘S(t)v* 's*vm)
 B1(a)S*i*(a) {1 S* i(t,a)(1 + ai*(a))
y l+rair@ | SO @+ aita)

i(,0)(1 + ai*(0))
N 0)(1 + @iz, 0))

}da
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© By(a)V*it(a) {_1 v* i i(t,a)(1 + ai*(a))

,  l+ai(a) Ve @+ aia)

i(,0)(1 + ai*(0))
T0) 1+ ai(5,0)) }

. * S* (t,ﬂ) B ](t;O) }
/ Bala)Sy { s j(a) " j*(0) a

» v o jlta) | j(t0)
f PV W’{ Yo @ 0 }d“

/ S*B1(a)By(a) + V*ﬂz(ﬂ)Bz(a)
+ da
0 1+ ai*(a)

o e(t,a) e(t,0)
x/ yi(a)e*(a ){ n (@ —1In 20 }da

N / (S*Bs(a)Bs(a) + V*Bu(@)Bs(a)) da
0

o e(t,a) e(t,0)
X/o le { o@ " e*<o>}d“

(S*Bs(@)Bs(a) + V*Ba(a)Bs(a)) da

i(t,a) i(¢,0)
(@) —In 0) }dzz

+

S~

o]

x Sa)l(){

0

+

0 1+ ai*(a) e*(0)

. /0 (S*Bs(@)Bs(a) + V™ Bal@)Bs(@) da) / Vz(a)e*(a){ o

. / (S*B3(@)Bs(a) + V™ Bal@)Bs(@)) da / £(@)i(a {
0 0

® B(a)S*i*(a) S(B)i(t, a)(1 + ai* ()
Jo l+aif(a) S*iF(a)(1 +ailta))

/ BaV*(a)i*(a) V()i(t,a)(1 + ai*(a)) da

1+ai*(a) V*i*(a)(l +ai(t,a))

_ / By(@)S*f(a S(t)/(ta / Bul@) V(@ t)}(t D 44
0

- (K38* + K5 V*)i(t, 0) - (1(45* + KeV*);(t,0)

* Bi(a@)S* + Bal@)V* ., i(£,0)(1 + i*(0))
i*(a)

0 1 +ai*(a) #(0)(1 + «i(t, 0))
' / T (B@s" + @V (a)]}%) da.

It is easy to see that the last 11 terms of the above equation equal 0. Then we have

dV, SHS*(Z—S(t)— S* )+(M+p)v*<3_w_i_s(t)v*>

dt st S(b) Ve S StV

e(y STV SV
o ( _S(t)V*_S*V(t)>

/oo S*B1(@)By(a) + V* By(a)By(a) d“/O (@ (a ){ e(z,0) } da

Page 30 of 33
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©( Ba@)V*i*(a) . Vi S0 SV
*/0 ( Lrar@ HA@VI (“)>{3_ Ve S S*V(t)}da

o0 ﬂl(a)S*i*(a){ ~ S_* I i(t,a)(1 + ai*(a))
o l+ai*(a) S(¥) i*(a)(1 + ai(t, a))
i i(t,0)(1 + ai*(0)) } d
TR0 +ai,0)) | 4
®© Byla)V*i*(a) {_1 . V* ol i(t,a)(1 + ai*(a))
0 1+ ai*(a) V() *(a)(1 + ai(t,a))
| i(t,0)(1 + ai*(0)) d
“Eoa +ai(t,0))} a

+/ ﬂg(d)s*]*(ﬂ){l _ SS(Z) +1 (t ﬂ t 0)}

. y ;am )
/ﬂmv’@{“vml (@) Jm}

+/ S*B1(a)By(a) + V* Ba(a)Bs(a)
0

1+ ai*(a)

& . e(t,a) e(t,0)
X/O y1(a)e (oz){ln (@ —1In #(0) }da
v [ 5 @@+ v pi@E@) da

0

y fo Vz(a)e*(zz){ln —Zf(’z)) i —i(*tg(())))}da

da

+ /0 (5*B3(@)Bs(@) + V*Ba(a)Bs(@)) da
<[ s<a)i*(a>{1n 9 i) } da.

*(0)
Consequently, we have

v (. S® s Ve s SV
FaR (2_ 5 _S(t))+(”+p)v (3_7_%_5*%))

Ve (2 ~ S*V(¢t) ~ S(t)V*)

SV S*V(¢)
- [P )+ (s stV @ o ) da

1+ ai*(a) S(t)
* §*B1(a)By(a) + V* Ba(a)Ba(a) o0 . e(t,a)i*(0)
) /o 1+ai*(a) d“/O n@elag (e*(a)i(t, 0)) da

e(, ﬂ)j*(O)) da

- /0 (S Ba(@Bs(a) + V" Ba(@Bs(a)) da /0 VZ(a)e*(a)g(e*(a)j(t,O)

_ /0 (S*B3(a)Bs(a) + V*Ba(a)B3(a)) da /o S@i’(a) (l’(f( L;)it(g;)dd

@S @ (SOita)e O +ai @)
") 1+aita) (5* i*(@)e(t, 0)(1 + «ilt, @) ) “

7 Bala)Vit(a) <V(t) i(t, a)e*(0)(1 +al*(ﬂ))> da
0 1+ ai*(a) V*i*(a)e(t,0)(1 + ai(t, a))
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o S()j(t, a)e*(0)
- /0 Bs(@)S") (@ )g( et )du
o s V(t)](t a)e*(0)
_/0 Bla)V'y g( tO))d“

© Baa)V*i*(a) (S(t)V*)
1+ ai*(a) S*V(t)

S *
/ BV (a)g( Si’%))da

Hence, dV,/d¢ < 0 holds. Furthermore, the strict equality holds if and only if S =S§*, V =
V*, e(t,a) = e*(a), i(t,a) = i*(a), j(t,a) = j*(a). Thus, M* = {E*} C Q is the largest invariant
subset of dV,/dt = 0, and by the Lyapunov—LaSalle invariance principle, when Ry > 1, the

steady state £* is globally asymptotically stable. This completes the proof. O

8 Discussion

An age-structured HBV model with saturating incidence has been proposed here to incor-
porate patients with acute hepatitis B and chronic hepatitis B. By mathematical analysis,
the dynamic behavior of system (1.5) was shown to be determined completely by the basic
reproduction number Ry: disease free steady state Ey is locally and globally asymptoti-
cally stable if Ry < 1; endemic steady state E* is locally and globally asymptotically stable
if Ry > 1. To place the model on more sound biological grounds, we considered the fact
that the vaccines may lose efficacy and the infection may reach a saturating state. Next, we
will focus on the numerical simulations of such a complex partial differential equations
(PDEs) model.
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