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1 Introduction and main result

In the last several decades, models of (infinitely) many coupled oscillators have found di-
verse applications in various fields of science. Among a lot of examples are the collective
dynamics of Josephson junctions [1, 2], lasers [3, 4], relativistic magnetrons [5], chemical
reactions [6—9], circadian pacemakers [10, 11], intestinal electrical rhythms [12], a vari-
ety of biological processes [13—15], etc. The research of these systems has brought out-
standing examples of different types of dynamical behavior that can be induced by the
attendance of coupling. See [13, 14, 16—30] for more details. Meanwhile, the pendulum
equation or analogous ones can be used to depict the synchronous electric motor models
of a single machine infinite bus [31], Josephson junctions [32—-34], super-conducting de-
rive [35], shunted model of electrical rotator [36], and many other applications. Among

those interesting models are the networks of weakly coupled pendulum equations

d’x,
dt?

+ Afl sinx, = € W, (%1, %, X41), M E 7, (1.1)

where A,,n € Z are constants and W, are real analytic functions given in (1.6). While
the existence of normally hyperbolic invariant tori which are infinite dimensional in both
tangent and normal directions for (1.1) can be showed via KAM theory in this paper.
The classical KAM theory [37-39], founded by Kolmogorov, Arnold, and Moser in the
last century, is a milestone of the evolution of Hamiltonian systems. It provided a new
method for the research of Hamiltonian systems. The classical KAM theory established
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on a 2n-dimensional smoothly manifold affirms that most of the non-resonant tori of a
non-degenerate integrable Hamiltonian system are not destroyed under perturbations,
they only have a small deformation. The KAM theory has been developed into a very
complete theory in the past nearly half a century.

In the 1980s, the distinguished KAM theory was triumphantly developed to infinitely
dimensional Hamiltonian systems of short range so as to research a class of Hamiltonian
networks of weakly coupled oscillators. To describe it more precisely, we consider from
three aspects the infinitely dimensional Hamiltonian system

H=H(u,v)= % an(ui +v)) +€P(u,v), (1.2)

nez

where P is of short range.
(i) Introducing the action-angle variables on u,,v, for Vn € Z, then the Hamiltonian
system (1.2) takes the form

H=H(I,0)= o, +€P(,0), (1.3)

nez

where tangent frequencies w, = A,, 1 € Z. Vittot and Bellissard [40], Frohlich et al. [41]
asserted that there is a full dimensional invariant torus with infinite dimension for (1.3).
Poschel [42] got also the above results for the Hamiltonian systems with a more general
spatial structure for P. Thus, any solution starting from the torus is almost-periodic in
time. For more results on the existence of almost-periodic solutions, see Bourgain [43]
and Cong et al. [44].

(ii) Constructing the action-angle variables on u,, v, for n € {1,2,...,m} and by abuse of
notation to rearrange the subscript of u,, v,, A,, we get

0—>0-n—-mm+n—>n, forn=>1.

Then Hamiltonian (1.2) is of the form

m
1
H=H(I,0) = ;wnln +3 > Ml +v}) + €P(L,0,u,v). (1.4)

nez

Here tangent frequencies w are m-dimensional and normal frequencies are infinite di-
mensional. Kuksin [45], Poschel [46, 47], and Wayne [48] (in alphabetic order) concluded
that, under the multiplicity of 1, equals to 1 for Vx € Z and some non-resonant condi-
tions (Melnikov condition), most of elliptic type lower-dimensional invariant tori for (1.4)
without being of short range will remain under small perturbations. While all of A,, are the
same, Yuan [49, 50] obtained similar KAM results for infinitely dimensional Hamiltonian
system (1.4) of short range. On the other hand, the persistence problem of hyperbolic type
lower-dimensional invariant tori with finite dimension was researched first by Moser [51].
Graff [52] then generalized Moser’s theory. Then, Zehnder in [53, 54] has brought a sub-
stitute proof of Graff’s conclusion by an implicit function technique. For more results on
the evolutions in this direction, one can refer to [55-61]. By virtue of the KAM theory of
this situation, we obtain that there are quasi-periodic solutions for the coupled pendulum
equations.
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(iii) For the case that both tangent frequencies @ and normal frequencies are infinite
dimensional, according to our knowledge, not only of elliptic type but also of hyperbolic
type, there has not been any KAM theorem to deal with this situation. However, the ex-
istence of almost-periodic solutions for the networks of weakly coupled pendulum equa-
tions (1.1) needs to be proved. That is the problem we are most concerned with in this
paper.

To describe it more accurately, by virtue of the technique of action-angle variables on
%2j+1,j € Z and the transformation (xy; — 7, %) = (1/\/222;(1; — vj), \/ A9/ 2(w; + v))),j € Z,
we transform the Hamiltonian of Eq. (1.1) into the form

H=H(I,0,u,v)= Y ol + Y hyjujv; + €P(1,0,u,), (1.5)
JEL JEL

where P is of short range. Obviously, both tangent frequencies @ = (wj)jcz and nor-
mal frequencies £ = (Ay))jez are infinite dimensional belonging to case (iii). Meanwhile,
(4j,vj)jez = (0,0);ez is a hyperbolic equilibrium point on the normal direction. From this,
we then mainly study the persistence of normally hyperbolic invariant tori which are in-
finite dimensional in both tangent and normal directions for this Hamiltonian system in
this issue.

Before starting our theorem, we define the norm

|¥[o0 = sup |
jEZ

in CZ and give the following assumptions:
(A1) 1y, n € Z satisty

A1 =A>0, Ay >IN, g =gl = [l - i

. i,j € Z\{0},N > 0.

(A2) W, satisfies

3
_1‘”|1+a

W, = W,(xnﬂ —Xp t (—1)"7‘[)6 - W,(xn —Xn-1— (_l)nﬂ)e_%‘n_lllw (1.6)

with a > 0 (arbitrarily small), and W = O(|x|3) is real analytic in the strip domain {x € C:
[Imx| < 8o} for some constant &y > 0.

The expression % 92+ 22(1 = cosx) = h with % < h < A? denotes a simple closed curve I’
which encloses (0, 0) in the (x,y)-plane. Let p = p(/) be the area enclosed by I'(%), i.e.,

o) - .
%y2+}\2(1—cosx):h

Then we can see that p'(h) >0, p”(h) #0 for any h € [%, A2
Equation (1.1) can be regarded as a perturbation of the following system:

2
d X2j+

o L A sinxy, =0, jeZ, (1.7a)
d*xy; .
dt21 = A3(xpj—7) =0, je. (1.7b)
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For any 1 = (h)jez, h; € [%, %], then, by the fact that $y* + A*(1 — cosx) = /;,j € Z is a first
integral of (1.7a), [ [,
for (1.7a), where Hy is the inverse of p = p(h). Observe that (7r,0) is an equilibrium of
(1.7b). Thus,

I" (%) is an invariant torus with the frequencies w(n) = (Hy(o(%)))jez

T =]r) x [T{er.0)

YEA JEL

is an invariant torus with the frequencies w(n) for (1.7a)—(1.7b). Therefore, any solution
of (1.7a)—(1.7b) starting from 7 (n) is a trivial breather for (1.7a)—(1.7b). Our goal is to
show that the torus 7 (n) remains under the small perturbation. Here is our main re-
sult which expresses that there does persist a large Cantor sub-family of rotational Z-tori
which are only slightly deformed, thus the solutions starting from the persisted tori are

almost-periodic breathers of (1.1).

Theorem 1.1 Suppose that Eq. (1.1) satisfies assumptions (A1), (A2). Then, for the set
Q= [ﬁ,kz]z, there is a positive constant €* sufficiently small such that, when 0 < € < €¥,
there are a set S C Q with Prob(S) arbitrarily close to one (depending on €), a family of
Z-tori

TISI=JTmc |70

nesS ne

over S, and an analytic embedding
@ :T[S] = R x T? x R% x R%,

which is a higher order perturbation of the inclusion map ®o:J,cq T (1) = RZ x T% x
RZ x RZ restricted to T[S), such that the restriction ® to each T (n) in the family is an
embedding of a rotational Z-torus for (1.1). Moreover, any solution of (1.1) starting from
®(T(n)) is an almost-periodic breather of frequencies * with |®* — | = O(€'°).

This paper is organized as follows. In Sect. 2, Eq. (1.1) is, by the technique of action-angle
variables, reduced to a normal form to which a KAM theorem is applicable. In Sect. 3, a
KAM theorem and its iterative lemma are given, and the proof for the iterative lemma is
finished. Theorem 1.1 and the KAM theorem are proven in Sect. 4.

2 Reduced to normal form
In this section, we will find a series of changes in variables to transform Eq. (1.1) into a
normal form.

Let X, = y,. Then (1.1) is a Hamiltonian system with its Hamiltonian

1 1
H-= Z{ 531%’“ +22(1 - cosx2j+1)} + Z{ Ey%j -1+ cosxz,-))\%,}
jeZ JEL

_ 3 11+ _ 3 l+a
+GZ{W(x2j+2—x2j+1—n)e 2+l +W(x2j+1—x2/+7r)e 2l }

JEL
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1 1
= Z{Eygi” +22(1 —cosxz,ﬂ)} t3 Z{yé - Agj(xzj - 71)2} + Z O(Ix95 — 71|4)

jeZ JEZL jeZ

1‘1+a
2

_3y _3il+a
+€Z{W(x2j+2—x2j+1—ﬂ)€ 2l + W (xgje1 — 2 +w)e 2V L,

Jje€Z

We now carry out the standard reduction to action-angle variables. To construct the map
(x,) — (0, p), where p and 6 are action and angle variables, respectively, we let Hy(p) be
the value of the function % 9% + A2(1 — cosx) on the closed curve which encloses area p in
the (x,y)-plane, i.e., we define Hy(p) implicitly by

f P (2.1)
192422(1-cosx)=Ho(p)

We now define a generating function S(x, p) as follows:
Stu0) = [yl (2.2)
l"*

where I'* is a part of the closed curve %y2 + A2(1 = cosx) = Hy(p) connecting the y-axis
with point (x,y), oriented clockwise. We define the map v : (0, p) > (x,y) via

Sx(x,p) =) Sp(x)p) =0. (2'3)
Then

dx N dy=dx N (Sydx+ Sy, dp) =Sy, dx A dp,

dO A dp =(Spxdx+S,,dp) A dp =Spedx A dp.
Thus,

dx N dy=do A dp.

Let
(x2j+1»y2j+1) =y (6, Pj), (2.4)
(le' - 7T;y2j) = (1/, /2)»2/(”1' - V]'), A /)\2]‘/2(1/!]* + Vj)).
Then
Z dx2j+1 VAN dy2j+1 + Z dxz}' AN dyzj = Z d@l VAN d,O] + Z dbt] VAN dV]’.
jE€L j€Z jE€L jeZ
This implies that W is symplectic. Thus, Hamiltonian H is transformed into
H= ZH()(/)/) + Zkzjujvj + Z O<|M1 - V/|4)
jEL jeZ jEL
+ € Z{ W(leurz — x2j+1 — N)e_%lﬂ%‘lm + W(x2j+1 — x2/ + ﬂ)e_%ljllm } (25)

JEL
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By assumption (A2), there exists the inverse H;' of Hy. Let [u,v] = Hal([%, )2]). For any
& = (&)jez € [, v]%Z,let p =1+ &, where I = (I})jez- Expand Hy(&; + I;) in &; by Taylor’s for-
mula:

Ho(& + 1)) = Ho(§) + Hy(&)I; + O(II*), jeZ.

Let w = (H}(&))jez, T1 = [11,v]%, and from transformation (2.4), we can denote

1 |l+a
2

_ 3 _ 3l
W (3742 — %3j41 — )€ 2" + W (ojar — x5 + 1) 20 = (1, 6, w4y, 151, v, 111, ).

Then & € IT and (2.5) can be written as
H= Z(Djl/ + Z)\zjujVj + Z O(ll/t] - Vj|4) + Z O(|I]|2)
jeL JjEL jEL JEZ
te E i1}, 6;, uj, uji1, vj vis1, &), (2.6)

JEL

where the constant ZjeZ Hy(&;) is omitted since it does not affect the dynamics.
Now we need to introduce the domain of the definition for Hamiltonian H. Set

D={{0,u,v,§) € CE x C% x C* x CE x C%: 11| <p;),|1rn9j| < 80,

|uj| < QIQ, vl < Q/Q, and |$,» —§}f| <wforsome &’ €Il,j € Z}, (2.7)

here ,0,9 = iue—\ill*‘”, Q/Q = i p;).ﬁ(l,e,u, v),j € Z are real analytic on the domain D and
satisfy

sgplﬁ(l,e,u,v,éﬂfKeXP[—;(Ijl—l)““], jEL, (2.8)

for some K > 0.
Letting

P(1,0,u,v,£) = E Ij(lj,ej,Mj,uj+1,ijVj+1,§j),

JjEL

QU u,v) = Z O(luj —vil*) + Z o(I51?).

jeZ jeZ
Then Hamiltonian (2.6) is of the form

H=H(,9,u,v,&) = Zw,], + Zkzjujvj +QU,u,v) +€P,0,u,v,§), (2.9)
JEL jeL

where the Hamiltonian H satisfies the following conditions:

(B1) H is real analytic in D.

(B2) (Non-degenerate) There are constants 8, > 3, > 0 such that on some complex neigh-
borhood of I1
Bwj

30 < <&y jEZ.

]
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(B3) The inequality
|P| < Ky
holds on the domain D, where Kj is a positive constant.

3 KAM theorem and its iterative lemma
3.1 Statement of KAM theorem
Let TZ = CZ/(27 Z)%. Define the phase space

P=ClxT:xCExCL> (I,0,u,v).
We now consider a small perturbation

H=Hy+eP(,0,u,v,&), £ell, (3.1)
of an infinite dimensional Hamiltonian in the parameter-dependent normal form

Hy = Zw,[, + Z)‘ZIM/V/’ E ell, (32)

jeZ jEL
on the phase space P with the symplectic structure

Do doyadl+ ) du A dv;. (3.3)
JEL jeZ

The Hamiltonian equations of motion of Hy are as follows:
6 = w, I=0, w=Av, v=—Au,

here A = diag(Ay))jez. Hence, for each & € I, there is an infinite dimensional invariant
torus: T2 = TZ x {0} x {0} x {0} for H.

Our aim in this issue is to prove the persistence of the torus 7~ under the small pertur-
bation €P for “most” & € I via a KAM method similar to that in [41].

Theorem 3.1 Suppose that Hamiltonian (2.9) satisfies conditions (B1)—(B3). Then there
exists a small constant €* such that, if 0 < € < €*, then there are a set I, C I1 with
Prob(Ily) arbitrarily close to one (depending on €), an analytic torus embedding C* :
T? x My — P, and a map o> : My, — R% such that, for each & € T, the map C*®
restricted to T? x {€} is an analytic embedding of rotational torus with frequencies >
satisfying | o™ — o|oo < €V for the Hamiltonian H defined by (2.9).

3.2 Iterative constants and iterative domains

In what follows, we denote by C, C;, Cs, ... positive constants which arrive in estimates,
and by K, K3, Ky, . .. positive constants which arrive in lemmas and theorems. Both of them
are independent of € and the number m of the iteration, and may be different in differ-
ent parts of the text. Let C(m1) be the function of m of the form C,m®" or C1m62m2 or
o
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As usual, the KAM theorem is proved by the Newton-type iteration procedure which
involves an infinite sequence of coordinate changes. In order to make our iteration proce-
dure run, we need the following iterative constants and iterative domains.

l.g, = e(%)m, €,, bounds the size of the interaction after m iterations.

2. 8,41 = 8 — by = 8, — 80/[64(m + 1)?], §,,, measures the size of the analyticity domain
in the angular variables after m iterations, and b,, is the amount by which the domain
shrinks in the (m + 1)th step.

3. W = (64)?”, wy, measures the size of the analyticity domain in the frequency space.
y is a small positive constant.

4. Ly = {2(1 + B)|In€,,|/3}1*%; L, determines the size of the region we must consider
at the mth iterative step. Here $ is a small positive constant, « is the constant in (1.6).

5. M,,.1 = 3|Ine,|/(2b,,), M,, determines the number of Fourier coefficients we must
consider at the mth step of the iteration, b,, is defined in (2).

6.

P =270, i[> L,

=27p)" |, if|jl < Ly,

p" measures the size of the analyticity domain for the action variables.
7.

o/t =270, if|j| > Linaa,

=270 i |jl < Ly,

0™ measures the size of the analyticity domain for variables u, v.
8.

& =0, if|j| > Ly,

m-1

= Z (En)2/9r if |]| <L,
n=n)

[Here, n(j) is defined by L, < |j| < Lyg)+1].

9.
m-1 m—-1
ny = min{ > (&), Y (en)”ﬁ} if |i] < Ly, and |j] < Ly,
n=n(i) n=n(j)

=0, otherwise.
10. {I1,,}°°_,: be a sequence of compact subsets of RZ with
oD DD, DMy D+,

here ITj = IT.
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11. Dfn ={(I,0,u,v) € CZ x C%* x CZ x CZ: 1] < %,|Im9j| <8, —-01- %)bm,|uj| <

QZL,, lvj| < %,]’ €7},1=0,1,2; and denote D,,, = DY.
12.0,, = {£ € CZ: & —Sj’| < Wy, j € Z,for some &' € T1,,,}.

3.3 Iterative lemma
The proof of Theorem 3.1 uses the KAM method with a novel addition:

We introduce a sequence of length scales, L,, /' 0o, and at the mth stage of our iterative
procedure, we consider only sites j : |j| < L,,.

As a standard way of proving the theorem, we must give the iterative lemma.

Lemma 3.2 Counsider a family of Hamiltonians H; (0 <1 <m):

Hi=o' T+ ANu-v+Q+Prve Y flO,uv,8), (3.4)
J1>Lzeq

where (I,0,u,v,£) € D, Alu-v=>

1 . R > / y /
jeZ A/u/v/. Write Py := Py, + P}, where Py, = P, — P,

and

Py= > R0, Dut()V(D), (3.5)

2|pl+lg+q1=<2

in the usual multi-index notation, where
IO =yjizryy  wl) = Wjizr,,, v = 0ji=ey,-

Assume that, for 0 < [ < m, the following conditions hold true:

(l.1) H; is real analytic in the domain Dy x Oy, Hy = H;

(2)P =P +¢ ZL;SI/I<L1+1fi and P' depends only on U, 6, uj,vj, &) with |j| < Ly, PO
€ X jiro il 0,u,v,§), and |P'|Pr<O1 < C(l)ey;

(13) 0] = ] + Ri3(0,6),1 > 1,0° = w, and Rig3 (0,§) = 0 with |j| > Ly, and | — ;| O
), |0g, (0] — )| < ;3

(14) Aj = ATM+ RGH0,8),L> 1, A% = A, and R} (0,€) = 0 with |j| > Ly, |A] - Aj|“

IA

IA

C?)j}
(1.5) Prob(I1;)) > 1 - Zfzo(ej)Kfor some k > 0;
(1.6) WritingC' =C10---0Cr=[I + .0 + W, u + ¢!, v + '], we have

-1 -1
EED AL S AL
n=n(j) n=n(j)
-1 -1 (36)
6] < @b |l Y (e,
n=n() n=n()

and C' = identity at sites, j, with |j| > L;.

Then there is a positive constant €* small enough such that, if 0 < € < €*, there is a
set 1,1 C I, with Prob(I,, \ ,,41) < (€,), and a change of variables Cy,.1 : D1 X
Ops1 = Dy x O, is real analytic in D,y X Opyyq. Furthermore, the new Hamiltonian
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Huns1 = Hm 0 Cpur = Ho 0 C"™* is of the form

Hpe1 =™ T+ A"y v+ Q+ Py +€ Z Sill,0,u,v,£) (3.7)

1=Lm+2

and satisfies all the above conditions (1.1)—(1.6) with [ being replaced by m + 1.

3.4 Derivation of homological equations
Step 1. Splitting the perturbation. Let us consider the Hamiltonian #,,. Following Kuksin
[45] and Yuan [49], we split the perturbation P, into an “essential” part P, (i.e., [ = m in

(3.5)) which is linear in I, quadratic in #, v, and an unessential part P;,,.

Lemma 3.3 If0 <€ < €* K 1, then the following estimates hold true:
(a)

m Om 2 m Om 2 .
IRG6(0,6)] 7" < (em)?,  [REO,E)]7" < (em)®, il < L1,

Oums 1
|8E,R]rgo(0’%_)| ! = (Em)ﬁf |l|’|]| < L1,
(3.8)
9g,Rig0(0,6) =0,  otherwise;

R;SO(O’S) = RS;';((): E) =0, |]| > Lm+1o

(b) |P5,,,[PreXOm < Clm + Déma;
(c) the functions P,,, and Py, are real analytic and depend only on (I;,6;, uj, v;, &) with

|]| SLWHL

Proof For (a), we consider R;go(e, £). Since |P,,|P*Om < C(m)e,,, by Assumption (1.2), we
get that |P},, |P*Om < C(m)e,,. Therefore,

Dy x Oy
< C(m)e,y,.

> Ry (0,6)I0m);

fI=Lm+1

For any k with |k| < L,,,1, let I*(m) satisfy

0 =k

I"(m); =
0 otherwise.

Then | Zl]“SLWHl R;go(e,é)l*(m)ﬂpmxom < C(m)e,,. At the same time,

Dy x O

1 %O
> RE6,6)1(m), = 0 R 0,6) .
/1=Lm+1
Thus
[Rego(0, )| < (o) Clmey. (3.9)
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By the definition of p”, when |j| < L,,, we have

_ _ _ . 2+28
,0;”:2 Banmlzz Bmpgm ) 3m ZT(Em) 3,

Hence, if |k| < L,,,, we have

Dy x O

R, (0,8)| < Clm)(em)3~". (3.10)

For the case L, < |k| < Ly41, by Assumption (/.2), we know that P makes no contribu-
tiosn to 15%0(0, &). Thus we see that in this case the factor ¢,, in (3.9) can be replaced by
e 30K=D"* and by the definition of p™:

Dy x O

[Rigo(6,6)] 7" < (o)™ Clom) exp{ (1K1~ 1)““}

< C(m)exp{ |k|'™ - §(|k| - 1)1+a}
< Cm)exp{ (1+ B)(lk| - 1) - §(|k| = 1)“”}

< C(m)exp —#(mea} < Clm)(en)¥". (3.11)

Also, by Assumption (1.2), if |k| > L,y.1,R5,(60,&) = 0. From (3.10) and (3.11), for B small
enough, we have |RI’{}0(9,“§)|D’"XO"‘ < (em)*°,]jl < Lyus1. Thus

Om . ,
IRG0(0,6)| ™" < (em)™®, | <Lm and Ro(0,6) =0, [j| > Lyper. (3.12)

The case of Rfj;
By the Cauchy estimate, we have

(0,&) can be proved in a similar way.

IR(0,€)] O

m — W+l

- Ops 2_ 1 .
|9, Rigo (0, €)[ 7! < <2(em)?? <(em)®, il [jl < L.
If |i| > Lyyi1 or |f] > Liys1, 3&R;610(0’5) =0 is obvious.
FOI' (b) Let (1, 9, u, V) S Dm+l;Pm = Em,])mr and v = (Gm)l/lz' Then ((%)2179’(5)1'{’(5)1/)
€ D,, for z € C,|z| < 1. Let us consider the function z > ’Pm((f)zl,@, (£)u,(£)v) and its
Taylor series at zero:

2
73,,,((5) Lo, <i>u, (E>v) =hy+hz+hz*+---.
v v v

From |P,,|Pm*%m < C(m)e,,, we have |P,,|Pm*Om < C(m). Thus |h|Pm*Om < C(m) for

all k. Since Py, = €,,(h3v> + hyv* + - - ), then

Dy x O DyxOm _ Clm)(€n)**
’Pém’ X =€m|h3U3+h4U4+--- | X < Tm)ml/u §C(m+ 1)6m+1.

For (c). From Assumptions (/.1), (/.2), the proof of (c) is obvious. O
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Step 2. Truncation. Let

w;’“l = w]m + R]'go(o,%'), jE Z, (3.13)

A = AT+ RE(0,E), jEZ. (3.14)

Then, by Lemma 3.3, the frequencies satisfy assumptions (/.3) and ([.4) with [ = m + 1.
Write

_ m V-1k0 1p 4 é_z mor moo
Pyu= Y > Rp e Puly { R ool + Riy14iv;}
(K| <M1 21pl+lg+31<2 j

Pyu= > > Rp©)TROPunA, ke 7, (3.15)

|k[>Mp41 2|pl+|g+g]<2
D /
Pgm = sz + PBm

here I = I(m),u = u(m),v = v(m). In addition, 6']’.00 = R]'.(’)’O(O,é),R(’)’(’)ﬁ = RB’I’j(O,S) is obvious.

Then we can write H,, as

Hpw =™ T+ A"y v+ QU u,v) + Poyy + Psyy

+€ Z Sil,0,u,v,8), (3.16)

mZLmH

and the functions Py, and P, are real analytic and depend only on (I}, 6}, uj, v}, ;) with

I < Lpsa.
Claim

| P3| P12 Om < Cm + 1)€ppan.
Proof From (3.15) we first consider

|i)2m|Dm+1><Om < Z |Z’)\,2m(k)|'DmXOme|k|8m+1
|kI>Mpns1

/| DmxOm —|k|b,
< E |P2m| e 1om
|kI>Mpns1

< Clm+1)(€n)* < €ma.
With Lemma 3.3(b), we obtain that
[Pyya| P19 < Clm + 1. (3.17)
Thus the proof of the claim is complicated. d

Step 3. Derivation of the homological equations.
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Proof We look for a near-to-the-identity transformation C,,,; so that (3.7) holds; such
transformation will be determined by a generating function of the form

I=1+%, 0 =0+,
I'0+u'v+S(I,0,u,v), % o (3.18)
u:u’+g—€, v:v+a—,f,,

and assume that S is O(em)

Inserting I =1’ + 09,u u + a_ into H,,, one finds

as as
m ' _’9; ! a0
H ( tog o v)

:wm+1 '1/ + Am+1u/ . V/ + Q(]/’ l/l/, V/)

m+1 aS m+1 aS / S
+w + A ——u - — +P2m(19u v)
90 av ou
, 0S8 , 0S8
+Py +em; ﬁ(l + £,9,u + %,V),
>Lm+2

_ pm+l (7! 4 9S s
where P,,,1 = P +eZLm+15V|<Lm+2ﬁ(I +55,0,u' + ,v) and

as aS as aS
pret o Q(I’ ae,u’ + E)v'v> -Q(7, u/,v/) + Ps,, <I/ + ﬁ,e,u/ + 5,1/)
as aS
+ Py I'+ —,0,u/ + —,v) = Pyu(I',0,u,v).
30 v
Clearly, we hope to find the transformation S satisfying
aS aS aS
@™ = ¢ AL ——u — +P2m(1 0,u, v) 0, (3.19)
30 v o’
i.e.,, the homological equation. O

3.5 Solutions to the homological equations and investigation of Cp,.+
We can solve (3.19) by means of Fourier series, and we find

R;C’;q;, .y
Stpuz = | VIR G A7) Ik +1q -1 70, (3.20)
0 otherwise.
Thus
(S)e‘/_k orey gt

(3.21)

S— S(I/,Q, u',v,f) _ kpqq
|k\+§—;?l#o V=Lt + (g - g A

In general, the sum in (3.21) will diverge. To cure this problem, we first reduce the infinite
sum to a finite one. By the definition of Py, we can restrict the sum in (3.21) to vectors

k € X"+ with

X7 = {k € 2271 1 0 < |k| < My }. (3.22)
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With these restrictions, the sum in (3.21) contains only a finite number of terms, and a
simple estimate shows this number is bounded by (2M,,,, )@+,

To prevent that the sum in (3.21) fails to be well defined, we exclude
R"={& €M,y Tk eX" st k-0 | < (ea)}, (3.23)

and set I,,,,; = I1,,, \ R".
Now we start to estimate IT,,,1. By the definition of X+l

R”’ﬂ( I R+):@,

I>Ly+1

therefore we just need to consider the finite dimensional situation. Let & (m) = (§)ji<L,,,15
wm+1(m) = {(w;n+1)(£(m))}\j\§Lm+1’ ,,(m) = I1,, N (l_[\jISLm+1 R.), O,,(m) be the Complex
wy,-neighborhood of IT,,(m). In view of estimates ([.3) with / = m + 1 and assumption

(B2), it is easy to see that, if 0 < € < €* < %,
Y 2

Omlm) 5

awm+1(m) - .
- 2 .

0 (m)

Moreover, by the inverse function theorem, there exists the inverse (v (m)) ! (w(m)) for
w(m) € "™ (m)(O,,(m)) =4 Q,,,, and

m K,
=< herel(zzlglealgl(|w(‘§)|oo.

a

9 (a)m+1 (m))—l
| dw(m)

Obviously, the Kolmogorov measure
Prob{w(m) € (wm”(m))_l(l'[m(m)) : |/< . a)(m)| < (em)”} <Cle,)", keXmt
then

Prob{&(m) € T,,(m) : |k - " (m)| < (€4)”} < CK3(€)”, k€ X,

3wm+l(m)

0§ (m)

here K3 = maxXg (e, (m) | |. Hence

Prob{é € [, : |k - ™| < (€4)"} < CK3(e)”, ke X™1

Since there are at most (2M,,,,1)21 vectors in X”*!, we find that Prob(IT,,,\IT,,.,1) is
bounded by (¢,,,)* for some 0 < x < y, and the bound on Prob(I1,,,;) follows.

We can bound the denominators in (3.21) only if £ € I1,,,1. However, note that for any
&' € O,,.1, we can write

k- wm+1(§/)
— k- "N &1 - (k- ")) [k 0™ E) k- 0" (E)]) (3.24)
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Since

dom+!
ko™l E) k- o™ E) < Y Ikl D als (&-&)
<L+ il <Lims1 !
™ —w)| |0
<) Y. |/<,»|H’7 ‘ ’}
lil il <Lims1 9; 9
< (€m)” (8 +4Lma€"®) Y k]
/1=Lms1
= (Em)2y ((Sb + 4Lm+1€1/6)]\4m+1) (325)

thus, for € small enough, one gets

|(k - wmﬂ(g))*l[k ™ E) — k- ™M (EN]] < (€m)Y (8 + ALpns1 €)My < %

Therefore

k- "™ (&) = = (em)” (3.26)

1
2
remains valid on the domain O,,,;.

For these preparations, we now can estimate the transformation S = S(I',0, &', v). For the
estimates, we decompose Py, = R® + R! + R?, where R comprises |q + g| = j; and further-

more,

RO = R
R'= <R1°,u(m)) + <R01,V(m)), (3.27)

R? = <R2°u(m), u(m)) + (Rnu(m), v(m)> + <R02V(m), V(m)),

where RY depend on 6, £, and R depends in addition on 1. With a similar decomposition
of S, it suffices to discuss each term individually. In the following we do this for § = $'° and
S=su.

Consider the term § = §', and the corresponding coefficient of § is given by

. Ry
Sk,j = 1’
=1k - @1 — AI’.Wr

|]| = Lm+1, |k| = Mm+1' (328)

By the small divisor assumptions, we have

|x/——1k~a)—l\ly'n+1|om+1 Zmin{ (Em)y,i} > (6n)
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and thus |Sk,jlo'"+1 <2(en)7Y |I'2k,j|0m. Hence

. . b
|Sj|D,1,,><Om+1 < Z |Sk'j|0m+le‘k‘(8m_Tm)

|kl =M1
. b,
<2(e)”” Z |Rk,j|o’”e|k|(5”’_7m)
|K| <M1
. b
<2ew)” Y R POme WE
[k| <M1

2L .
< 2(—) (e) 7 IRy PO,
by,
Therefore

|<S1o,u/(m+1)>|D}ﬂxOm+1§ Z isju”D;xoWl

1=Lm+1

2 2L
- D 1Dy x O
52(5) @7 Y &Ry

1=Lm+1

2Ly41
(by Cauchy estimate) < C(m1)L,41 (b_) (€)'

Consider now the term § = S', and the corresponding coefficient of S is given by

Rk,ij
. ym+l m+l _ A m+l’
V=lk- o™+ A Al

Skij = lil, 1] < Liner, [k| < Mypi. (3.29)

Without loss of generality, let i > j, and from the norm frequencies assumption, we get
o - N- _N-
’A;n+1 _ A:n+l| m >j N-1 _ Z(Gn(j))z/g > LmI\jll _ Z(Em)2/9.

Choose € small enough such that

N+1

[2(em)2/9 + (em)V] (%(1 + B)| lnem+1|> " <1
Thus

A7 AT O > (e)?, i) (3.30)
For O,,.1 C O,,, the small divisor satisfies

[V=Tk- o AP A O > %(em)”. (3.31)
Using this estimate, we see that

18k Ot < 2(€) 7Y [Ricii1 O™, il 1] < L, 1k| < Mippan. (3.32)
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Hence

|:S"i].|’D}nXOm+l§ Z |§k,ij|o’"+le'k‘(5m‘b7m)

|k <M1

- B 1Om kI (6m -2
<2em)” Y RpylOmelOnE)
|k| <M1

. b
<2ew) T Y Ry|PrxOmeHIN
|k| <M1

2Lp+1 .
< 2(—) (€m) 7 1Ry | PO,
Therefore

(M O+ 1), vm + DY PO < 3 Sy PO

lil, 1 =Lm+1
2 V2L
2(2)

mem (D | DmuxOm
G, 2 SR

‘il;‘j‘SLm+l

2 2Lp+1
(by Cauchy estimate) < C(m1)L> (—) (em)'".

m+1 b
m

The remaining terms of S can be estimated in the same line. Therefore we obtain

2Lp+1
S|P Ot < ComLL,,, (zT) (€)' < (em), (3.33)

where we have written 2y as y by abuse of notation.

Using the similar discussion in the proof of Lemma (a) and the Cauchy estimate, on the
domain D2, x O,,,1, one has

aS -1 1- S -1 1-
— | <4 " m )/’ —| <4 bm m J/,
| <40 e a5, = 4w ()
S S -1 _ ,
P 3—1/] 54(Q1' ) (€)™, il < L
]
(3.34)
98 <4(p»’”)_1(6 ) g3 (k=D 9 < 4(b,) Y(e,,) " e 2 k=D
81]/ — J m ’ 89] — m m )
aS -1 3 (k|- ,
Tl |5 | S4(0)) (em) Ve 208D Ly < ] < L.
i j
Choose 8, y small enough, thus
9S ,D%n X Ol bm 39S ,D;%n XOpms1 jm
3—1]{ < ?, 3_91 < ?;
X ) ; (3.35)
aS Dmxom+1 9S Dmxom+1 i
7 o ] i <Lm+ .
o o, < I < L1
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By the analytic inverse function theorems, the equations

I=I’+%(1’,9,u/,v,f;‘), 9/=9+§(1’,0,u/,v,$),
(3.36)

aS S
=u +—(I,0,u,v,§), V=v+—(I,0,u,v,
u=u Bv( u vé) 81/( u S)
can be inverted to yield an analytic and invertible canonical transformation on the domain
Dyrs1 X Opy1. More precisely, we have
CW,H(I',B’, u’,v’) = (I’ + E(I’,@’, u, v’,E),Q/ + ®(I',9’, u’,v’,“;‘),

'+ A0V, E), V+X(1,6,u,V, E)) (3.37)
maps Dy1 X Oyyyq into Dy, x O,,. Furthermore, on the domain D,,,1 X O41, we get

1Bl < @)™ <(en)’, 16 < ()37 <(ew), il <L

AL G < (6n) 3P < (en)5,

18] < 4bw)  (em) Ve 7M™ < (€)1 < (m)®) Ly < jl < Lina, (3.38)
18| < 4(p}.’")*1(em)—ye—%ﬂk\—l)“‘* < ()37 < (e,)3,

- 3 +o 2 5
AL 1T < 4(0)") " (e) 7€ HID < (6,)3 < (6,5,
Since C"™*! =C" 0 C,.1,

" NLL0,u,v) = EUL,0,u,v) + D[+ E,0 + O,u+ A,v+ ),
WY 0, u,v) = OU,0,u,v) + W1 + E,0 + O,u+ A, v+ ),
"0, u,v) = AL O, u,v) + "I + 2,0 + O,u+ A, v+ ),

Y L0, u,v) = YO, u,v) + (I + E,0 + O,u+ A, v+ ),

and (3.38) imply the bounds on C”*! stated in (3.6) with [/ = m + 1. In addition, on the
domain D,,;1 X Oy41, by Cauchy estimate and (3.38), we obtain

’q);”*l—dbj”’ = ‘E,+<I>;”(I+ E,0+0,u+Av+ T)—@;”(I,G,u,v)’

<(m)d+ Y. { !

li<Lm+1

D2

D2 2
10, |Dm+1

m
[Pt +

m
J

—;‘M
00;

i

dd™ | Din Dy
S AP

Bui

o
+ —1

|7y Pt }

< (e} + @77 3 cOmen)F

li1<Lm

Y C(m)(emﬁ-zﬁ-y}s(em)%, 1 < L. (3.39)

Lm<lil<Lm+1
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Making use of the same way to the other three terms, on the domain D,,;; X O,,;1, one
gets

W] (gt = ] [ = g < () Sy 1] < Lo (3.40)

By virtue of the fact that S does not depend on (I}, 6}, u;, ;) with |j| > L,,.1, we see that
Cyns1, and hence C”*1 will reduce to the identity at these sites. Then with these bounds we

conclude that

Cm+1 _cm D1 XOms1 < (Em)% (341)
o)

It remains to verify [.2 with [ = m + 1. Write Hyps1 = Hum 0 Cun (', 60", u/,V') = Hp(I' +
E,0'+0,u + A,V + ), which is in turn equal to

0" T+ A Y QU u V) + Py + € Z S0 u V)

1= L2

with P*! having the form

SoeEliEi+igR) e Y (|t = v = A+ " = |, = vi[*) + Psmy

J1<Lm+1 1=Lms1
Lrap
2m — —
+ E /{ ol (I'+ta,9,u’+A,v)a,'
1 <Lons1 ¥ © j

aPZm
Buj

(I'+E0,u + tA,v)Aj} dt. (3.42)

Now we estimate P”*!. From (3.38), the first term in (3.42) is bounded on the domain
Dm+1 X Om+1 bY

_3m— 2428 _ _ 3
2Lm+l[2 3 5T(GWHI) 3 (Em)l v+ (Em)2 Zy] =< (6,,,)2. (343)

The second term in (3.42) can be similarly estimated on D,,;1 x O,;1 by (em)%. Finally,
the fourth term in (3.42) is bounded by using similar discussion as that in the proof of
Lemma 3.3(a) on the domain D,,.;; x O,,.1, and we find it is less than

2L,a [COm) )5 (€)' + Clm)(En) P (e) 377 ] < (e)F = €ppan. (3.44)
Thus, with (3.17), we obtain that

|t ‘D”’”XO’”” < C(m + 1)€pme1
completing the verification of /.2 with [ = m + 1 and the proof of Lemma 3.2.

4 Proof of the theorem

Proof of Theorem 3.1 The proof is finished by running Lemma 3.2. Obviously, the Hamil-
tonian H defined by (2.9) satisfies conditions (/.1)-(/.6), with [ = 0. Thus, the iterative
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lemma (Lemma 3.2) works. Inductively, we get the following sequences:

D1 X i1 C Dy X Mg,
+1
C"™" i Dye1 x M1 — Dy,

Homi1 = Hpm 0 Cops1 =™ T+ A" v+ Q+ Pppyy + € Z Ji-

1= Lym+2

Let

e I,

m=0

)
Do = (I,O,u,v)e(CZ x CZ x C% X(CZ:Ijzujzv,:O,HmO,»l < Eo,jeZ}.

By (3.41), [.2, and 1.3, we conclude that H,,,C" converges uniformly on the domain D, X
Moo, and

C* = lim C",

m— 00

Hoo =0 -1+ A%u-v+Q.

Thus, TZ x {0} x {0} x {0} is an embedding torus with rotational frequencies ™ € I,
of the Hamiltonian H . Returning to the original Hamiltonian H, it has an embedding
torus C*(TZ x {0} x {0} x {0}) with frequencies »*. This proves the theorem. (|

Proof of Theorem 1.1 By Sect. 2, Theorem 1.1 is just a corollary of Theorem 3.1. 0
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