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1 Introduction

As we all know, Chua’s circuit is the first analog system to implement chaos in experi-
ments. Although Chua’s system is comprised of simple ordinary differential equations, it
can present some extremely complex dynamical behaviors such as chaos and bifurcation.
It is for this reason that Chua’s circuit shows comparative advantage in practical applica-
tions and has attracted many researchers [1-15].

People have noticed that the research of Chua’s circuit relies heavily on computer nu-
merical simulations. Many fundamental questions, such as complex chaotic behavior and
the existence of a global attractive compact set, are still not solved. Recently, a hidden
attractor was proposed by Leonov et al. [16—18], and means basin of attraction does not
contain neighborhoods of any equilibria. Based on the idea of a hidden attractor, Leonov et
al. discovered a hidden Chua attractor [17] in smooth Chua systems. Chua et al. expressed
a conjecture that Andronov—Hopf bifurcation can lead to the birth of hidden attractors in
Chua systems [19].

Regarding the original Chua’s system, people use continuous piecewise linear functions
with two non-differentiable breakpoints and three segments to characterize the charac-
teristics of Chua’s diode. It can be easily implemented experimentally with simple elec-
tronics for piecewise-linear functions. However, we should know that, seriously talking,
the characteristics of segmented devices are generally smooth in the actual circuits [20].
Thus, it is also extremely important to consider the complex dynamics in smooth Chua’s
systems whose piecewise linear functions are replaced by smooth polynomials [21-38].
Llibre and Valls analyzed the existence of the first integral locally and globally for Chua’s
system [34]. By using the Poincaré compactification for a polynomial vector field in R3,
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Messias researched the dynamics at infinity of the modified smoothly Chua system [36].
The local codimension one, two, and three Hopf bifurcations, which occur in Chua’s dif-
ferential equations with cubic nonlinearity, was studied in [37]. In addition, Algaba and his
coworkers proved the existence of codimension-three Hopf bifurcations for the nontriv-
ial equilibria in Chua’s system[38]. Based on the works mentioned above and the research
about the Hopf bifurcations in [38], the modified Chua circuit system is described as the
following form:

x=a(y—bx—cx® —ax?),
J=x-y+2z, (1)
z=-Py-vz

where a = £1 and o, 8, ¥, ¢, b € R. Note that for « = 0 system (1) is linear and if 8 = 0 it is

uncoupled. In this paper we extend the result in [38] and consider the case a = 1. System
(1) will be of the following form:

X =a(y—bx—cx® —x3),
J=x-y+z, 2)
z=-By-yz.
The rest of this paper is organized as follows. In Sect. 2, distribution of equilibria of
system (2) is presented. The problem of zero-Hopf bifurcation of system (2) is addressed

in Sect. 3. In Sect. 4, the classical Hopf bifurcation is studied to illustrate the existence of
periodic solution. Finally, we conclude this paper in Sect. 5.

2 Distribution of equilibria of Chua’s system
In this section, the distribution of the equilibria in the modified Chua system (2) is studied.
The equilibria of system (2) can be obtained from the following equations:

y—bx—cx®>-x>=0,
x-y+2=0, (3)
-By—-vz=0.

Hence we can draw the following conclusions.

Theorem 2.1 Denote

Ag=(B+y)(dy —4b(B+y) + (B +7)),
Ei=( c, VA _V@ﬁ+cy$~0ﬁ)ﬁ@ﬁ+cy$vﬁa>

27 2B+y) 2B+y)? T 2B+y)
£l (—c:l:«/4—4-h+c2 —cEt V4 —-4b+ 2 0
+ = 2 ) 2 ) )

> (—ci«/—4b+c2 0 —c:F«/—4b+cz>
j:: .

2 7 2
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Table 1 The distribution of equilibrium of system (1)

o B y b c Distribution of equilibrium
= 70 70 Plane (WTVW,y,—%)

= =0 #0 Plane (x,x,0)

=0 #0 =0 Plane (x,0,—x)

= = = Plane (x,y,—x + )

40 =0 40 4-4b+c2>0 Fo=1(0,0,0)and FL

40 = 40 4-4b+c?<0 Unique o = (0,0,0)

#0 = = Surface (x, x(b + cx + x2),x(=1 + b+ cx + x2))
40 40 = ~4b+c? >0 Unique £ = (0,0,0) and £5.
#0 #0 =0 ~4b+c% <0 Eo =(0,0,0)

0 0 0 Ao >0 Unique £ = (0,0,0)

#0 #0 #0 Ao <0 Eo=1(0,0,0) and £+

The distribution of equilibria of system (2) are summarized in Table 1 when the parameters

a, B, v, b, and c vary in R®.

3 Zero-Hopf bifurcation of system (2)

Itis easy to obtain the characteristic equation associated with the equilibrium Ej in Table 1:
pA) =23+ (1 +ba+ y)A* + (—a + ba + B +y + bay)r + bap —ay + bay = 0. (4)

Zero-Hopf bifurcation at the equilibrium Ey in Table 1 could happen in condition that the
characteristic equation associated with the equilibrium Ej has a zero real eigenvalue and

a pair of pure imaginary eigenvalues. Therefore, we have the following proposition.

Proposition 3.1 The differential system (2) has a zero-Hopf equilibrium localized at equi-
librium E, if the following condition is satisfied:

-1- l+oa+
po_ L7V 5=V( a+y)
o 1+y

—1-3y -3y -3 —? - yw?

1+2y

Moreover, the eigenvalues at the origin are 0, and L wi.
Now, we give the averaging theory.

Theorem 3.2 (First-order averaging theory [39-43]) We consider the following two initial

value problems:
x= €f(t,x) + Szg(t’xr 8)1 x(o) = X0, (6)
and

j=ef°0)  ¥(0)=x, 7)
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where x,y,%0 € Q2 is an open subset of R", t € [0,00), € € (0, &), f and g are periodic of period
T in the variable t, and f°(y) is the averaged function of f (t, x) with respect to t, i.e.,

1 T
0 - —
20 -1 [ sy @

Suppose:

(i) f, its Jacobian %, its Hessian %, g and its Jacobian g—i are defined, continuous, and
bounded by a constant independent of ¢ in [0,00) x Q and ¢ € (0, &];

(i) T is a constant independent of &; and

(iii) y(¢) belongs to Q2 on the interval of time [0, 1/¢]. Then the following statements hold.:
(a) On the time scale 1/¢, we have that x(t) — y(t) = O(e), as € — 0.
(b) Ifp is a singular point of the averaged system (9) such that the determinant of

the Jacobian matrix

af°

9
., )

is not zero, then there exists a limit cycle ¢(t, €) of period T for system (8) which
is close to p and such that ¢(t,e) — p as ¢ — 0.

(c) The stability or instability of the limit cycle ¢(¢, €) is given by the stability or
instability of the singular point p of the averaged system (9). In fact, the singular
point p has the stability behavior of the Poincaré map associated to the limit
cycle ¢(t, €).

In the rest of this section, we employ the three-dimensional zero-Hopf bifurcation the-
ory and apply symbolic computations to perform the analysis of parametric variations in
system (2).

Theorem 3.3 Let

-1- l+a+
po LV o ﬁ:)/( v, ’
o 1+y
(10)
-1-3y -3y -3 —? - yw?
o=- +e.

1+2y

Ifo #0 and T >0, where

I=y(10y™+y"® + 16y (8 + 0®) + y (45 + 20°)
+y'°(422 + 1200 - 100*)
+y11(266 + 570” — 0*) + 20* (-1 + ©* + ©*)
+y°(518 + 168w” — 41w* - 40°)
—2y%(-247 - 880 + 550" + 120°)
- 2y°%(-92 - 450° + 1580" + 450° + 0®)

—y7(=357 - 1340 + 2170* + 620° + &)
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+2y20?(5 - 530" + 140* + 190° + 50° + ')
+y°(62 + 86w” — 3830* — 790° + 30® + 20'°)
+2y*(6 + 380” - 1890* — 160° + 110° + 40'°)
+y(0? - 230" + 130° + 150° + 30" + ©'?)

+9°(1 + 390 - 2580* + 160° + 430® + 130" + 0'?)).

Then the smooth Chua system (2) has a zero-Hopf bifurcation and produces a limit cycle
at the equilibrium point Ey located at the origin of coordinates for ¢ > 0 sufficiently small.
The equilibrium point of a planar differential system has the same stability or instability

as this limit cycle, and the equilibrium point with eigenvalues

AlAy £ /-y (1 +y)*A3A, (11)

271 +27)03(y +y? - 0?)(y?2 + o)A,

where A; (i = 1,2,3,4) can be found in the Appendix.

Proof of Theorem 3.3 We first write the linear part at the origin of the differential system
(2) when condition (5) is satisfied into its real Jordan normal form, i.e., into the following

form:

0 -o 0
w 0 0]. (12)
0O 0 O

For that we consider the linear change

3w+ 2yw w
x=- + u
yi+o®  y(y?+o?)
. _—y2+a)2—1—2y+ w? y
y?+o? y(y*+o?)
<y2+w2+1+2y> (13)
Y A el A PR
V2 + ot
yeo 2w . w . 1+2yv_ 1+2yw
Y2+ o?  y(y?+o?) Y2+ y +o?

Z=vV+w.

By using the replaced variables (i, v, w), the differential system (2) will be changed to

. B
U= —su+

2
T y240? w(y2+w2)v + w(y2+w2)w’

V= %(uBg + a(uB4+ng+w36)2(—cy3+uB7—cyw2+vBs+WB(,)

w Bg

+wy (=By + Bo + V(~y By + B11))), (14)
W= LZ(MB12 + ot(uB4+vB5+wB6)2(—cyBs+uB7—cya)2+vB5+wBé)

w 8

+ VBlg + WBM),
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where B; (i =1,2,...,10) can be found in the Appendix. Then we use the cylindrical coor-

dinates (i, v) = (rcos 9, rsin6) and obtain

= —é(Cl cos(Cyyw + Cywrcos 6 + Czrsinf) — ﬁ sin@(B3ar3 cos 63
+y2(B11C5C2 + 3BsCiaw? — C5CsC7 By — 2¢CsCsCra (1 + y)w)rsin®
— B(cCs — 3Cyw)ayr*sinf? + Biar® sin6°
+ Biar? cos 0% (~cCsy + 3Cyyw + 3Bsrsinf)
+ wrcos 8(y2(Caw(-2c¢Cs + 3Caw)aCs + C5Cs(—~C78 + Cev (1 + 7)
+ Cea(=1+b+by))) —2C;5Cray(cCs(1l + y)? —3C4(1 + y>)w)rsiné
+3C5C2a(1 + y)3r?sin6?)
+wy(y (bCyCla — cC2Caw + Ciaw* — C5Cs(Coax + C78)
+ C2Cry) + 6C4C5Cramr? sin 20))),

6= c%%(Cl sin@(Coyw + Cowrcos 6 + Carsinf) — ﬁ cos O (B3ar3 cos 6>
+¥2(B11CsC2 + 3BsCiaw? — C5CoC7 By — 2¢CaCeCra(1 + y)w)rsind
- B2(cCs - 3Cyw)ayr*sin6? + Biar® sin 3
+ Biar? cos 02 (~cCgy + 3Cyyw + 3Bsrsin)
+ wrcos B(y2(Cyaw(—2¢Cs + 3Cuw)aCs + C5Ce(-C78 + Coy (1 +y)
+ Coa(—1+ b+ by))) —2C5Cray (cCs(1 + ¥)? = 3C4(1 + y2)w)rsind
+3C5C2a(1 + y)3r?sin6?)
+wy(y(bCyCla — cCi Coaw + Ciaw? — CsCe(Coax + C7B)
+ C2Cry) + 6C4C5Crawr? sin 20))),

(15)

= %(CCZCG(X)/W— Ciayw? - Cly(1+y)
+ CH(CsB + (=bCy + Cs)ary)) — Bjar® cos 63
—y2(3B5Claw? — 2¢C4CsCra(1 + y)w
—CGCsB -1+ y)(y° - —y?)
+a(y —2(-1+b)y? - by + bo? + by (-1 + ®?))))rsind
+ B2ay (cCq — 3C4w)r? sin 6
- Bdar®sin® — Biar? cos 0*(—cCsy + 3Cyyw + 3Bsrsinf)
+ wrcos8(2cCyCsCsay*w
- 3C;Ceay*w? + CsCoy (B(L+y) -y (y(L+y) + a(=1+ b + by)))
+2C5Cor(cCs — 3Caw)ay (1 + y)*sinf — 3C5sC2r2a(1 + )3 sin6?),

where C; (i=1,2,...,8) can be found in the Appendix.
We take condition (6) into system (15), and rescale (r,w) = (¢R,e W) with ¢ > 0 being a

sufficiently small parameter, so system (15) becomes

Z_I; = 6F11(97 R: W) + 0(82)!

(16)
2Y = eF5(0,R, W) + O(e?),
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where

1
Fi1(6,R, W) = —W(Cg’wcosa(lewcose +y(W + Rsin6))
1

_ l i 2 _ 2 2
s1n9(D2W WDs3 + DyR” cos 0
)/

-y (yC2Cy = 2¢(1 +y)’C;C; W + D5)Rsin®
+cR*(1 + y)4C§C4 sin6?

(17)
+ CswRcosO(DgW — Dg + D7R sin9))),

1
Fy1(0,R, W) = 7(1 +¥)(=cy’CiW? + y CeDoW — D1oR* cos 6°
Yy

—y(2¢(1 + )C,CaW) R = CeD11) sin6 — D15 R? sin 6

— C5a)R Ccos 9(D15W — Dlg + D14R sin@),

and D; (i=1,2,...,15) can be found in the Appendix.
By using the notation of the averaging theory, we get t =0, T = 27, x = (R, W). Then
we mark g(R, W) = (g11(R, W), £21(R, W)) and calculate the integrals (17), which are the

averaged functions

gn(R W) = & [07 Fu(0,R, W) do
R(C3?~Cy(E1+E2 W)
2(1+y)Dy ’ (18)
&1 (R W) = 2 [0 Fx(0,R, W) do
(1+y)(—cCi((l+y)2C6RZ+2y2C4W2)+2yC653W)
2yDy ’

where

Ei=-y*1+yB+»)1+y(2+y +7?)) -y1L+y)e0® + (1L +y) o
Ey =2c(1+y)’C;Cy, (19)

Es=1+y(5+8y +6y°>+4y° +y*+2(1+y) 0’ + 0*).

Therefore, from g11(R, W) = g21(R, W) = 0, we can obtain a unique positive real solution
(Ry, W) (satisfying R, > 0)

r E,
Ri= | ————, Wy ———, 20
\ 2¢2(1 + y)*C2Cy 2¢(1+y)C;C2 (20)

where

Ev=4y"+y" +y°(6+ ) + y*(8 + 30%) + y*(1 + 70* - 20*) + ¥3(5 + 40” — 0*)

- 0*(-1+0* + o) -y’ (-5 + 20* + 0*). (21)
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We recall that I is defined in the statement of Theorem 3.2, and get the Jacobian matrix

1+y)2C7Ca/yT
(11,821 ) 03 o GG (22)
where
Es=(1+ y)2(1 + 2y)(y + 3)/2 + 3;/3 + )/4 - sz - w2(1 + w2)). (23)

Furthermore, the determinant of Jacobian matrix (22) at (R,, W) takes the following value:

(1+y)°C,Cir

0. 24
C2CowO2E} 7 (24)

In a nutshell, we prove that when ¢ > 0 sufficiently small, the periodic solutions cor-
responding to (R,, W,) produce a periodic solution that bifurcates from the coordinate
origin of the differential system (18). Theorem 3.3 guarantees the existence of a periodic
solution corresponding to the point (R, W,) of the form (R(0,¢), W(0,¢)) for € > 0 small
enough, such that (R(0, €), W(0,€)) — (R,, W) when € — 0. Thus we get the periodic so-
lution of system (14)

u(0,¢€) = €Rcosb, v(0,¢€) = €Rsinb, w(f,€) =eW (25)

for € > 0 small enough. From relation (28) to the linear change of variable (13), we can
get a periodic solution (x(8),y(6),z(0)) of system (2). Finally, we get the conclusion that
the modified Chua system (2) has a periodic solution (x(6), y(6), z(0)) for € > 0 sufficiently
small, and when € — 0, it tends to the origin of coordinates. The periodic solution starts
from the zero-Hopf equilibrium point, and is located at the origin of coordinates when
€ = 0. So we have completed the proof of Theorem 3.3. d

4 Hopf bifurcation of the modified Chua system
Assume that the characteristic equation of the modified Chua system (2) has a pair of
imaginary roots iw (w € R*). It is not hard to know that when

(ab+1)(aby +b-1)+y(y +1))

B=Po=- : 26)
y+1
(4) yields
by +1)—ab
M=—ba—y—1<0, xz,gzii\/“(“ v+ )1“ +r) 27)
_y_

where ba +y +1>0, a(ab?(y +1) —ab+y)(-y —1)>0.
Proposition 4.1 Define

T= {(a,,B,y,b) |ba+y +1> 0,0l(abz()/ +1)—ab+ y)(—y -1)> 0},

(@b + )@y +b-1)+y(y +1) (28)
ﬂ=,30=— ’
y+1
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then the Jacobian matrix of system (2) at O(0, 0, 0) has a negative real eigenvalue —bo —y — 1
alab?(y+1)— ab+y)

and a pair of purely imaginary eigenvalues +i v

Let B be the Hopf bifurcation parameter, the transverse condition

Re ()‘/(ﬂ(’)) | al@b?(y+1)-abry)
olab?(y+1)abry)

A=%i g

_ (y+17
2((a +3)y +2a2b%(y + 1) +ab2(y +1)2 —a) + y3 +3y2 +1)

40 (29)

can also be satisfied. Consequently, we can get the following theorem.

Theorem 4.2 If (o, B,y,b) € T and B varies and passes through the critical value

(@b +1)(x(by +b-1)+y(y +1))

ﬁoz_ )/+1 )

system (2) undergoes the Hopf bifurcation at the equilibrium O(0,0,0).

Firstly, let us retrospect the projection method presented in [44], but after the study of
[45-51], used to figure out the first Lyapunov coefficient /; connected with the stability of
a Hopf bifurcation. Consider the following differential equation:

X =f(X, ), (30)

where X € R? and i1 € R® are respectively vectors representing phase variables and control
parameters. Assume that f is a class of C* in R® x R°. Suppose that (33) has an equilibrium
X = Xp at i = po. Denoting the variable X = Xj at ;1 = i, and denoting the variable X — X,
also by X, write

F(X) =f(X, o) (31)
as
F(X)=AX + %B(X,X) + éC(X,X,X) +O(IIX1%), (32)

where A = £,(0, o) and, fori = 1,2, 3,

2\ 92Fi(€)
Z 505 |, 0T

]kl

3
93F;
©) XYz,

COXD= 2 5t o),
ki=1 >/ §=0

Assume that A has one pair of complex eigenvalues on the imaginary axis: Ao 3 = £wp (wo >
0), and these eigenvalues are the only eigenvalues with Re A = 0. Let T be the generalized
eigenvalues of A corresponding to A, 3. Let p,q € C* be vectors such that

Aq = iwoq, ATp = —iWOP; (pr q) = 1) (33)
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where A7 is the transpose of the matrix A. Any vector y € T can be expressed as y = wq +
wq, where w = (p,y) € C. The two-dimensional center manifold related to the eigenvalues
Ag,3 can be parameterized by w and w, by way of an immersion of the form X = H(w,w),

where H : C> — R® has a Taylor expansion of the following form:

Hw,w) = wq +wq
1 i
+ Z - /ku/wk + O(|w|4), (34)

1k!
2<j+k<3 J

with 1 € C?and hjx = I_zk,'. Taking this expression into (34), we get the following differential

equation:
H,w + H,w =F(H(w,W)),

where F is given by (32). The complex vectors /;; are obtained by the coefficients of (34).
Considering the coefficients of F, system (30) can be written as the following form on the
chart w for a central manifold:

1
W= iwow + §G21w|w|2 + O(|w|4),
with Gg; € C. The first Lyapunov coefficient can be presented as
l L Re G
= —Re ,
1=3 21
where

G21 = (p’ C(q’ 9 6) + B(‘_]r hZO) + 23(61, hll))‘

If the Jacobian matrix A of an equilibrium point has only a pair of purely imaginary
eigenvalues +iwg (W > 0), and the other eigenvalue with nonzero real part, then the equi-
librium point is called a Hopf bifurcation point (X, 1t¢). It is clear that a two-dimensional
center manifold is well defined at a Hopf point. Also, it is invariant and can continue any
higher-order derivative to nearby parameter values.

If the parameter-dependent complex eigenvalues cross the imaginary axis with nonzero
derivative, the Hopf point is called transversal. In the neighborhood of transverse Hopf
points with /; # 0, the dynamic behavior of system (30) is reduced to a family of parameter-
dependent continuations of the center manifold, which is topologically equivalent to the
following complex standard form in orbit:

w = +iw)w + Lw|w|?,

where w € C, n, w, and /; are real functions with any higher-order derivative, which are
continuations of 0, wy, and the first Lyapunov coefficient at the Hopf point [46]. In this
manifold family, we find one family of stable (unstable) periodic orbits as /; < 0 (/; > 0),
narrowing to a point of equilibrium at the Hopf point.
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In the remainder of this part, we apply the three-dimensional Hopf bifurcation method,
and symbolic calculations are used to analyze the parameter changes regarding dynamic
bifurcations. We consider the bifurcation of system (2) at O(0, 0, 0) (system (2) at Ey).

Theorem 4.3 Take the two-parameter family of system (2) into account. The first Lyapunov
coefficient related to the equilibrium point O is presented by

1
i =
! 2(ab +y + 1)((4a + 3)y +5a2b2(y + 1) + 2ab((y +1)2 = 2a) + y3 + 32 + 1)

x (144a(y +1)*Ki(ab + 1)*(ab®(y +1) —ab +y)

X (a(by +b-1)+y(y + 1))4(3K3 - 202K2)),

where K; (i = 1,2,3) can be found in the Appendix. If I, > 0, then the Hopf point at equi-
librium O is unstable(weak repelling focus), and for each b > by = %, but near by, there
is an unstable limit cycle around the asymptotically stable equilibrium point O. If [; <0,
the Hopf point at the equilibrium point O is asymptotically stable (weak attractor focus),
and for each b > by = %, but close to by, there is a stable limit cycle around the unstable

equilibrium point O.

Proof Under these circumstances (28), the transversality condition (29) is also satisfied.
Consequently, the Hopf bifurcation at equilibrium point O happens. The value of the first
Lyapunov coefficient /; determines the stability of the equilibrium point O and it can also
exhibit the stability of the equilibrium point and the previous section. The multilinear

symmetric functions can be presented as

B(x,y) = (-2¢x191,0,0),

C(x,9,2) = (—6x1y121,0,0).

Furthermore, we can also obtain

1 (l,\/(—)/ —1)(ab* (y +1)—ab+y)

X a -b(y +1)+1,

p:

1\/a(ab2(y+1)—ab+y) )
Y+ = ,1),

i -y -1
~ <\/5(7/ + 1)((=/@)(by +b—-1) —i\/(=y = D)(ab?(y + 1) —ab+y))
1= (@b + )(aby +b-1)+p(y +1)

—iyJa(-y —D)(@b*>(y + 1) —ab+y)+y2+y )
(ab+ 1)y +b-1)+y(y +1)) ’ )

’

and

. 2ac(y + 1) (ab*(y + 1)+ b((y +1)* —a) - 1)
n= ((ozb+ D2(aby +b-1)+y(y + 1)) (@2b3(y + 1) + ab2(y + 12 —a) —ab + y(y + 1))’

2cy(y +1)3
(ab+ 12y +b-1)+y(y + D)(@2b3(y + 1) + ab?>((y +1)2 —a) —ab + y(y + 1))’
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2c(y +1)2
(ab+1)(a2b3(y +1) +ab*((y +1)2 —a)—ab+y(y + 1)))'
1
ab+1)2(ab (y +1) —ab+y)(alby +b-1) + y(y + 1))2K,

h20 = (3(

x 2/ac(-y —1)%2 (\/(—y —D(ab?(y +1)—ab+y) —ivalby +b- 1))2
X (2i(—y —1)*2/ab(y +1)—ab+y +3a*?b(by + b-1)

+a(=b(y +1)* +4y +1)),

1
" 3(ab+ 1)2(ab?(y +1)—ab+y)(aby +b-1) + y(y +1))2Ky

x 20l + 1 (y /=y =1+ 20\ (@bl + ) - b+ )

x (Valby +b=1) + i/ (-y - D)(@b(y + 1) —ab+))’,
2c(-y = 12/ (-y - D(@b?>(y +1) —ab+y) - i/a(by + b—1))?
3ab+1)(ab*(y +1) —ab+y)(aby +b-1)+y(y + 1)K,

2/a(y + D(alby +b-1)+y(y + 1)Ks
Ks ’

),

Gy =

where A and K;i = 4,5,6 can be found in the Appendix.
Therefore, we obtain the first Lyapunov coefficient

1
I =
! 2ab +y + 1)((4a + 3)y +5a2b2(y + 1) + 2ab((y +1)? - 2a) + y3 + 32 + 1)
X (144a(y + 1D*Ky (b + l)z(abz(y +1)—ab+ y)
X (a(by +b-1)+y(y + 1))4(3K3 - 262]<2)).
Therefore, Theorem 4.3 is proved. d

5 Conclusion

In this paper, Chua’s system with a smooth nonlinearity, described by a cubic polynomial,
has been presented. Two kinds of bifurcations of the modified smooth Chua system have
been studied theoretically. We explored the distribution of the equilibrium points and
researched the limit cycles bifurcating from zero-Hopf equilibrium points of the modified
Chua system by using the averaging theory. Moreover, the existence of periodic solutions
in the modified Chua system by the classical Hopf bifurcation was derived. In fact, there
are many other rich dynamic properties of Chua’s system that are not fully exploited. We
hope to propose more new things about Chua’s system in later research.

Appendix

A= \/(1 + )1 +2y)2(y +3y2+3y3 + yt—y? —?(1 + wz))z,
Ay = —)/%a)2 —4)/%0)2 —4y%w2 - Jro* —4)/%504 —4)/%(1)4,

As=(3y° +y° —y?0’ (-2 + 0*) —0*(1 + &?) + y*(3 + ©?)
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+7°(1+20%) + y(0® - a)4))2,
Ay =132y + 24y " + 29" 4 30" - 40° - 40° - 6y (~76 + 0?)
+719(3256 - 9920 - 2100*)
+y' (2164 - 3020 - 540*) - 6y '*(~189 + 100 + *)
+4y°(976 - 5690 — 114w* + 30°)
+6y%(621 - 6380w* — 0w* + 140° + »°)
+6y7 (464 - 8100* — 220" + 470° + 60°)
+2y°(787 - 23140” + 3400* + 2760° + 420°)
+y°(640 - 31900 + 13000" + 6380° + 74w® — 60'°)
-2y0*(3 - 210” + 130" + 170° + 30° + ©'°)
—2y*(-87 + 7560 - 6210* — 2000° + 170° + 120" + ©'?)
—2y%(-1 +400” - 118" + 200° + 500° + 120" + 3w'?)
- 2y°(~14 + 2300 - 353w* - 430° + 620° + 180" + 30'?),
Bi=-B-2By +y’ +ya?,
By=y"~By(1+2y) -0,

Bs =a)<y(1 ) +a(=1+b+by)- M)

V2 4 a2
B, = w(l +3y + 2;/2),

Bs=(1+y)(y+y> -0,

Bs=y(1+2y +y*+0?),

By =w+3yw +2y%w,

By =y*(1+2y)(y* +0?),

5 - B +y? - w?)
g TV )
V2 + 02
B - vy +y2—w?) +a(-1-2y +b(1 +2y + y2 + 0?))
10" 1+2y ’
B - Y34yt —0? -3yw? -3y%20? + a(2(-1 + b)y? + by® — bw? + y (-1 + b — bw?))
e 1+2y ’
Bos = BL+y)-y(yL+y)+a(-1+b+by))w
12 = ’
14
B B3y +2y) -1+ )P - 0? —yo?) + aly —2(=1+ b)y* - by? + b + by (-1 + »?))
137 1+2y ’
3 BL+3y +2y) =y (1 + )2 + ) + (-1 =2y + b(1 + 2y + y% + 0?)))
14 = )
1+2y

C = a)(y2 + a)z),

C, =/3+2/3y—y(y2+a)2),



Li et al. Advances in Difference Equations (2018) 2018:141 Page 14 of 17

Cs=—p*+By(1+2y)+ ot

Ci=1+2y +y*+0?

Cs=1+2y,

Co =y + 0,

Cr=y+y’ -,

Cg=1+3y +2y%

D, = C2w?Cs,

Dy =cy?(1+y)’C,

D3 = yz(C§C7 +(1+ )/)C6(2 +5y 4y 420 0t + y(3 + w2)2
+2y%(5 + @?) +2y°(7 + 30%))),

Dy =c(1+y)*C2a?Cy,

Ds=(1+y)Cs(10y* +57° + y® = y*(-14 + 0*) - 0*(1 + ©*) + y (2 - 30* - 20*)
~y*(-9 +30* + 0*)),

Ds=y(CsCr+ (1+y)Cs(2+4y° +y* + 0 + 2y (3 + 0%) + y* (6 + 0?))),

D7 =2c(1+7)'C;Ca,

Dg =2cy(1+ y)BCZ,

Dg=1 +4w)/4 + )/5 +4y2(2 + wz) + 21/3(3 +a)2) + y(S +20% + w4),

Dyg=c(1+ y)2C§w2C4,

Dy =1+6y® +4y* +y° - 0* - 0* - (-8 + 0*) = y (-5 + 20* + 0*),

Dy =c(1+y)*CiCy,

Di3=Cs(1+3y° +y* +y(3+0?) + ¥*(3+0?)),

Dyg=2c(1 + V)2C7C4,

Dis =2cy(1+y)C},

K = a2(2b2(y +1)2=2b(y +1)% + y)
+a(y + 1)(2192()/ + 1) by +3)(y +1)* +6y% + 6y + 1)
+a’bby +b-1)+y(y +1)4

Ky = 8a%y —7ay® - 15ay? - 9ay —a + 6a*b°(y +1)°
+a3bi(y +1)2 (5()/ +1)2 - 23a)
—a®b(y +1)(-250> + o (6> + 32y +26) + 5(y + 1)*)
—ab®(8c® +a*(10y2 — 19y —29) —a(15y +2)(y + 1)* +5(y +1)°)
+b(8c’(y 1) —a*(11y° +33y* + 19y = 3) + 6a(y +1)° - (y + 1))
+ y5 +5p%+ 10)/3 + 10)/2 +5y +1,

Ky =-y(y +1)(4e®y —aGy + 1)(y + 1)* + (y +1)°) + 62°b%(y +1)°
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+a*B’(y + 1*(5(y +1)* - 17a)

—a’b*(y +1)(-150> + 20(2y% + 11y +9) + 5(y + 1)*)

—o?b?(40® + o*(6y? — 11y —17) —a(21y +4)(y + 1)* +5(y +1)°)
+ab?(4e’(y — 1) — a?(20y° + 47y + 26y — 1) + a(5y + 6)(y + 1)* = (y +1)7)

+ab(4a’y(y +2) +a(6y> =7y —1)(y + 1)* - (4y - 1)(y + 1)°),

Ky = 2i\/a(ab2(y +1)—ab+y)+(@b+y+1)y/-y -1,

Ks =3(ab + 1)2(a(by +b-1)+yy+ 1))2(a2b2(y +1)

+y (o - 2i\/oz(—y ~D(ab2(y +1)—ab+y)+y*+y)
+(y + D) (Valby +b-1)

iy - (ab2(y + 1) -ab+y))

+02(=b) + (@b + 1)(a(by +b—-1) + y(y + 1)),

Ko =9aly + 1)*(Valby +b-1) + i\/(—y —D(ab?(y +1)—ab+ y))2

12J/act(y + 12 (Jalby +b—-1) +iy/(=y = 1)(@b?(y + 1) —ab +y))*(@b*(y +1) + b((y +1)* —a) - 1)
- a2b3(y + 1) +ab?(y +1)2-a)—ab+y(y +1)

1
T @y + D) —ab+ K,

x (\J(cy = D(@b?(y + 1) —ab + y) — iValby +b- 1)’
x 2i(—y = 1)*2\/ab>(y + 1) —ab +y + 3a*?b(by +b-1)
+a(=b(y +1)* +4y +1),
(y — iy AP0 G oy “T) @by + D) —ab + ) + ¥+ )
(ab+ 1)(a(by +b—1) +y(y +1))

. (y + D(Walby +b-1)—iy/(-y - 1)(ab*(y +1) —ab +y))?
(ab+1)(a(by +b-1)+y(y +1))

2C2(—y _ 1)5/2

+ 1.
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