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However, the existence and unigueness of solutions to fractional differential
equations with generalized Caputo fractional derivatives have not been proven. In
this paper, Cauchy problems for differential equations with the above derivative in the
space of continuously differentiable functions are studied. Nonlinear Volterra type
integral equations of the second kind corresponding to the Cauchy problem are
presented. Using Banach fixed point theorem, the existence and uniqueness of
solution to the considered Cauchy problem is proven based on the results obtained.
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1 Introduction

The fractional calculus is the branch of mathematics that studies the integration and dif-
ferentiation of real or complex orders. Even though this calculus is old, it has been gaining
astounding popularity for the recent decades only. This is due to its numerous seemingly
diverse applications [2—8]. The most interesting speciality of the fractional operators is
that there are many of these operators. This enables a researcher to choose the most suit-
able operator in order to describe the dynamics in a real world problem.

The fractional calculus was bounded up with fractional integrals obtained by iterating
an integral to get the nth order integral and then replacing # by any number, and then by
using the classical method the corresponding derivatives were defined (see, for example,
[1, 9-14]). However, for the sake of better description of real world phenomena, some sci-
entists discovered new fractional operators with nonlocal and nonsingular kernels using
the limiting process with the help of the Dirac delta function. For such operators, we refer
to [15—17]. Other types of new fractional derivatives can be found in [18-21].

On the other hand, the existence and uniqueness of solutions are among the most impor-
tant qualitative properties of differential equations. The existence and uniqueness of so-
lutions of differential equations involving the fractional derivatives were tackled by many
researchers (see [22—26] and the references therein).
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This paper studies fractional Cauchy problems with left generalized Caputo fractional
derivatives in the space of continuously differentiable functions and proves the existence
and uniqueness of solutions to these problems. We consider the following Cauchy prob-

lem:

(ED**x)(8) = h[t, x(t), (D x)(2), ..., (D™ x)(2)], 1
subject to the initial conditions

(Y**)(@) =dr, dreR(k=0,1,...,n-1), 2)

where p e R, n=la]+1, 05 €(-11,j=12,....m<may=0,y =" % and $D%*
denotes the generalized Caputo fractional differential operator of order ;.

As part of the main work, nonlinear Volterra type integral equations of the second kind
corresponding to the Cauchy problems are shown and, subsequently, Banach fixed point
theorem is applied. But before we start, let us recall some definitions from the fractional
calculus [2—4].

The left Riemann—Liouville fractional integral of order «, i(«) > 0 is defined by

1 t
(alaf) (t) = m /a' (t - M)a_lf(l/t) du. (3)

The right Riemann-Liouville fractional integral of order «, R(«) > 0 is defined by

o 1 b a-1
()0 - 77 / (- 0" f () . ()

The left Riemann—Liouville fractional derivative of order o, ft(a) > 0 is given as

o _ dn n—-a _ % ! n—-a-1 _
(DO = (I NO = 7t [ =@ dn n=[r@] 1 6

The right Riemann-Liouville fractional derivative of order «, :(«) > 0 reads as follows:

d}’l
(Daf) (@) = (—1)”%(12’_‘7 )(8)

Vet de, =[] 1 ©
= o [ w0 wdu, =] 1.

The left Caputo fractional derivative of order o, 9(«) > 0 has the form

(EDF)(®) = (L"F ™) (2) = / - " wdu, n=[Re)]+1. (7)

'n-a)
The right Caputo fractional derivative of order «, Rt(«) > 0 reads as follows:

(CDLf)(®) = (I (=1)"F ") (®)

(-1)"
I'n-a)

b
/ w—t" " ) du, n=[R)]+1 (8)
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The Hadamard type fractional integrals and derivatives were introduced in [9].
The left Hadamard fractional integral of order o, :(«) > 0 has the following form:

(Tf)O) = = / og - logn)* ) 22 )
a “Tw /. ogt—logu u) .
The right Hadamard fractional integral of order «, R(«) > 0 is defined by
(G20 = s [ 02— togey a0 (10)
=— u- u) —.
b T/, g g U

The left Hadamard fractional derivative of order «, %(«) > 0 is given by

dt

%
)

(D) (0) = (t 1>”(ﬂjﬂ-“f)<t>

/t(logt— log u)*~*f (u) %, n= [Eﬁ(a)] + 1. (11)

The right Hadamard fractional derivative of order «, 9(«) > 0 reads as follows:

d n
@ino-(-t5) @nw

_tdyn b d
- ( F(jxt)) /t (logu —log t)**f (u) 7u’ n=[R(e)]+1. (12)

The left Caputo—Hadamard fractional derivative of order o, N() > 0 is presented as

[12,13]
L 54 (a) u\ d
(gDaf)(t) = aDa f(u) — Z X (10g ;) (t), S=t a, (13)
k=0 ’

and in the space AC}[a,b] = {g: [a,b] — C:8"'[g(¢)] € AC[a, b]} equivalently by

d n
CD) @) = <aj”‘°‘ (t E) f) ), n=[R@)]+1. (14)
The right Caputo—Hadamard fractional derivative of order o, %(r) > 0 > 0 is defined by
[12,13]
& (DR (b 2%
(D) () = D" [f(u) -y B0 (log ;) }(t), (15)
k=0 ’

and in the space ACj[a, b] equivalently by

d n
(“Dif)(2) = (Jh” (—t E) f)(t)- (16)

Fora<b,ceR,and 1 < p < 0o, define the measurable Lebesgue function space

b d 1/p
XP(a,b) = {f: [a,b] = R: |[fllyr = (f GGl {) <oo}.
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For p =00, |[fllx» = ess sup, .., [t°|f (¢)|]. The generalized left and right fractional integrals
of order a, () > 0 are defined in [10] as

[ P —uf\*! du
( pf) F(a)f ( ) f(u)m (17)
and
“ 1 [P ur -t \*! du
1 pf)(t) = @/, ( ) ) Sf(u) PRy (18)
respectively.

One can notice that when p = 1, the integrals in (17) and (18) reduce to the integrals in
(2) and (3), respectively. Moreover, when one takes the limits of the integrals in (17) and
(18) as p — 0, the Hadamard fractional integrals in (9) and (10) are obtained, respectively.

The left and right generalized fractional derivatives of order «, fi(«) > 0 are defined by

(see [11])
n t p _ o\ n-a-1 d
(D00 =)0 = s [ () s g 19
and
_u\ b p _ 4p\ H—a-1 d
O = o= g 20 [ (00w s e

respectively, where y = ¢t1=° %. Putting p = 1 in (19) and (20), one gets the Riemann-—
Liouville fractional derivatives (5) and (6); and letting p tend to 0, one gets the Hadamard
fractional derivatives (11) and (12).

For the functions in AC/[a,b] = {f : [a,b] - Cand y""'f € AC[a,b],y =t'~* d} and
Cila,b] = {f : [a,b] - C and y""If € Cla,bl,y = t'=" £}, the left and right generalized
Caputo fractional derivatives of order o, f(cr) > 0 are given respectively as in [1] as follows:

1 Erpp P\ (g m d
DS = l"(n—oz)/a (t a ) LD - e )0 @)
and
n—o— 1
. (")) d
D, WiCE a)/ ( ) ul-r
:15% (=D"y"F)(®). @2

It can be observed that (21) becomes the left Caputo derivative (7) when one replaces p by
1 and the left Caputo—Hadamard derivative (14) if one takes the limit as p approaches 0.
The same relation holds for (22) and (8), and (22) and (16).

This paper is organized as follows. In Sect. 2 we present definitions, notations, and lem-
mas that will be used in this work. In Sect. 3 we present the Cauchy type problem for which
the existence and uniqueness are considered.



Gambo et al. Advances in Difference Equations (2018) 2018:134 Page 5 of 13

2 Auxiliary results

Let C"*([a, b], C) be the Banach space of all continuously differentiable functions from [, b]
to C. We recall the space c [a, b] and define the weighted spaces C ,[a, b], Cle [a, b], and
Cy"[a, b] of a function f. For n — 1 < 9(er) <7, 0 <M(e) < 1, and p € R*, we define

Clla,b] = {f[ab—>(Csty”feCab]} (23)

tP —a”

Cepla,b] = {f < )ef(x)eC[a,b]}; Copla,b] = Cla,b] forp#0 (24)

endowed with the norm

Flc., - H(t “p>f(t> (tp;“p)fm. 25)

Cepla,b] = {f <log g)ef(x) 1S C[a,b]}; Copla,b] = Cla,b] forp=0 (26)

¢ telab]

endowed with the norm

x € x €
Ifllce, = fllc o, = H (10g —> f&)|| = max <10g —) S| (27)
a c x€la,b] a
The space C} [a, ] is defined by
C;f,e la,b] = {f :y""'f € Cla,b] and y"f € C. ,la, b, p > 0} (28)
endowed with the norm
n-1
Wlieg. =D 17 F e+ v Fle.,
k=0
(29)
(€=0=)Iflcy =ngl[%]ly p >0.
k=0 ’
For0 <e <1, € < a, wedefine C;f"[a, b] by
Crila,b] = {feC’[u b]: (CD"‘pf) € Cepla, bl, reN}
(30)

C)la,b]=C, [a,b],
where we use C22[a,b] = C% [a,b] and Co,la,b] = CI[a,b] = Cla,b]. The generalized
fractional integrals and generalized fractional derivatives satisfy the following semigroup

properties.

Lemma 2.1 ([10]) For a function f defined on [a, b], we have

(17 (I7P)) @) = (I PP1)(0), N(a) > 0,%(B) > 0. (31)
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Lemma 2.2 ([1]) For a function f € X% (a,b), p > c, we have
(D (IP°1)) (@) = (1P f)(8), B> >0, (32)

holds almost everywhere on [a,b]. When o = B, we have (,D*P(,1**f))(t) = f(¢) almost
everywhere.

Lemma 2.3 ([1]) Let R(a > 0), n = [N(a)] + 1, and R(B) > 0, then

Crn (¥ =@\ __T() <xﬂ—aﬂ e
oD ”< p > “TG-a) ; > , N(B)>n. (33)

Fork=0,1,...,n-1,

o _ o\ K
gm%%) -0. (34)

Lemma 2.4 ([1]) Leta € C,n=[R(x)]+1,f € ACY la,b], or cy |a,b]. Then

n-1 k
(v*)(a) (x” - a") ' (35)

(I (D)) @) =f ()= > z p

k=0

Lemma 2.5 ([1]) Assume p > 0. Then the space cy la, b] consists of those and only those
functions f which are represented in the form

a (Y -w\NTHW e @ (¢ —ar\f
f(t)_(n—l)!/u< 5 ) e du+;4k! ( P ) (36)

Theorem 2.6 (Banach fixed point theorem) Let (X,d) be a nonempty complete metric
space,and let 0 <A < 1.If T : X — X is a mapping such that for every x,x € X, the relation

d(Tx, T%) < Ad(x, %) (37)

holds, then the operator T has a unique defined fixed point x* € X. Moreover, if T* (k € N)
is the sequence defined by

Tk = TT*1, ke N\{1},

(38)
T =T,

then, for any x, € X, {Tkxo}l,:fo converges to the above fixed point x*.

Definition 2.1 Let m € N,G C R”,[a,b] C Rand f : [a,b] x G — R be a function such
that, for any (x1,...,%,,), (X1,...,%,) € G, f satisfies the generalized Lipschitzian condition:

It %15 Xm) = flEF o Bl | S Ay = Fa] + -+ Al — B,

Aj>0,j=1,...,m. (39)
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In particular, f satisfies the Lipschitzian condition with respect to the second variable if,
for all ¢ € (a, b] and for any x,x € G, one has

[flt,x] - flt,5]| <Alx-%, A>o0. (40)

Lemma 2.7 ([27]) LetO<a<b<oo,a>0,and 0 < e <1, then
(@) If0O<«<¢, then ,I*" is bounded from C ,la,b] into Ce_qg,pla, b]:

b? —aP\* TI'(1-
”) - 179 s (41)

a,p
|1 f”cg_w = ( p (1+a—e€)

(b) Ifa > ¢, then ,I*" is bounded from C ,la,b] into Cla, b]:

b —a’\*¢ T(l-¢)
I"fll. < ; 42
||a f“C — ( p ) F(l +a —E) ”-f”cs,p ( )
(c) The fractional integral operator ,1*° represents a mapping from Cla, b] to Cla, b]
and
1 b —aP\*
10 ——|— : 43
LAl = s (P ) Wik )

3 Cauchy type problem generalized with generalized Caputo fractional
derivative
We now present the existence and uniqueness of solutions to the Cauchy problem (1)—(2)
in the space C7"[a, b] for a nonlinear fractional differential equation with generalized Ca-
puto fractional derivative. We denote k[t, x(¢), (fD"‘l'px)(t), e (gD"‘m’px)(t)] by hlt, ¥ (¢, x)]
for the sake of simplicity.
The Volterra type integral equation corresponding to problem (1)—(2) can be written as

n-1 d: (t° — aP j 1 X/ _ b a-1 drt
x(t):;]f!]( P >+F(a)/,;( 5 ) h[r,w(r,x)]ﬂfpdt, t>a. (44)

Theorem 3.1 Leta >0, n=[a] +1,and oj € R(j =0,...,m) such that
O=ag<o;<---<au<n—1. (45)

Let G € R™! be open subsets, and let h : (a,b] x G — R be a function such that
hlt,%,%x1,...,%m] € Cepla,b] for arbitrary x,x1,...,%, € Cela,bl, and the Lipschitz con-
dition (38) is satisfied.
(a) Ifxe Cf,"”‘l la, b, then x satisfies relations (1)—(2) if and only if x satisfies equation
(44).
(b) If0<a<1,thenxe cy la, b] satisfies the relations

(ED**x)(t) = h[t, ¥ (t,x)], x(a) =do,do € R (46)
if and only if x satisfies the equation

x(t) =dy + (al""ph[r, W(r,x)])(t), t>a. (47)
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Proof Let o € (n—1,n) and suppose x € Cﬁ‘l[a, b] satisfies equations (1)—(2). According
to Definition 3.1 in [1],
(a) (t°P —a” k
(®).
P

Then we have that (¢ D**x)(t) € C, ,[a, b], which implies

n-1 k k
e |:x(t) _ Z % (%) i|(t) € Cepla,b].

k=0

(gD"‘”J x)(£) = .D*” |:x 7)—

Then, using (1), (2) and Lemma 2.4, we have
< p )k
P

n-1 k
d tP —aP
= oI*h[T, ¥ (1, %)]( +E k_]‘(< a), t>a.
k=0 °

x(t) = (17 (D)

0

This means x € C;‘l[a, b] satisfies (44).
To prove the sufficiency, let x € C)"*[a, b] satisfy (44). Then

n-1 i
JH[ 0 (2, 2)](0) = 500 - 3 2 (tp )1.
5\ o

Taking the generalized fractional derivative ,D*” of both sides of this relation and con-
sidering the conditions for /, we obtain

n-1 d tp j
aD“’paI“”’h[r,l/f(r,x)](t) D“p|:x(t) E i (T) :| = (gD""Px)(t),
j=0 7~

where we have used Definition 3.1 in [1]. Thus, x € C;“l[a, b] satisfies (1).
On the other hand, applying yX, k = 0,1,...,n — 1, to both sides of (44) gives

n-1 ik
_ d <t’) —a )1 -
! sz(j—k)! 0 + Y I H[T, Y (L, X)](@), t>a

t* —ar\ K
< p ) +uD°"”h[r,1/f(t,x)](t), t>a.

Since the fractional derivative at an end point is zero, i.e., (;D*”f)(a) = 0, then letting

T — a we obtain
(y"x)(a) =dy, k=0,1,...,n—-1.

Thus, if x satisfies (44), then it also satisfies the initial condition (2). Hence x € C;"l [a, b]
satisfies the Cauchy problem (1)—(2).
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The second part of the theorem can be proven analogously. Note that since 0 < o < 1,

this implies 7 = 1, and therefore the term Y ;-3 2@ x @) (£—a” “p)

reduces to x(a). O
Theorem 3.2 Let ¢ € R,n =[] + 1,0 < € < 1 such that € <a. Let ; >0, j = 1,...,m,
satisfying (25). Suppose G is an open set in R"™ and h : (a,b) x G — R is a function such
that h(t,x,x1,...,%,] € C pla, bl and the Lipschitz condition (39) is satisfied.
(@) Ifn—1 <« <n,then there exists a unique solution x to problem (22)—(23) in the
space C2[a, b).
b) If0 <« < 1, then there exists a unique solution x € Cy e la, b] to problem (22) with the
condition x(a) = dy € R.

Proof Theorem 3.1 gives us the sufficiency to establish the existence of a unique solution
-1
xe Cyy [a, b] to (44).
First step: We show the existence of a unique solution x € C}f‘l [a,b].
(a) Choosing t; € [a, b], we prove the existence of a unique solution x € C}’,"1 [a, t1] satis-

fying the conditions

n-1

ii‘\ ( “p>Re(a " - <1, €<
j , <a.
e Fl-e+a—aj—k)

We then apply Theorem 2.6 to prove that there is a unique solution x € Cl’f‘l [a, t1] to (44).
Equation (44) can be rewritten in the form x(¢) = (Tx)(t), where

\d; ot —ar\ d
o0 S [ (55 e £

=0

) _1dj
Denoting xo(t) = Z;;ol 7 (tﬂ =

pressed as a finite sum of functlons in CJ~ Ha, t]. Furthermore,

Y, it follows that x,(t) € cy Ha, t;] since xo(t) can be ex-

W, v(t,5)] € Cpla,bl = h[r,y(t,x)] € Ccpla tal,
and using equation (42), we obtain
d2h[T, ¥ (T,%)]|(0) € Cla, 5] ife <a,

wherea >0and 0 <e < 1.

Letx € C;‘l [a,t1], then using (43), it can be observed that the integral term on the right-
hand side of (44) belongs to C}"'[a, t,]. This means ,I** [z, ¥ (z,x)(t) € C}~ [, t;]. Thus,
Tx € C}’f’l [, t1] and therefore we have proven that T is continuous on C]’/”1 [a, t1]. Next we

show that T is a contraction by proving that given x;,x; € C;‘l [a,t1], Ju > 0 such that

Tx1 = Toall cpt ) < #l91 = 22 ll ot -
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Using Lemma 2.1, Lemma 2.4, and (39), we obtain

|2 (1 0, €D 51 S ] B0, S s D) | g
< u]““’(”h[t,xl,gDal’pxl, . ..,gD‘)"”"’xl]
— h[T, %0, D" P %y, .., S D Py | ”C?‘l[a,tl])
m
: <ZA;|| (aI® ) al 7 (ED%) (31 = 202) | c;l[a,nl)
=0
m
= (ZAjala—a;vﬁ ||a1a/»p (gDai’P)(xl —X9) || Cﬁ%m])
=0
" | C it —x)@ (12— \P
= ZAjaIOt—aj'p”xl - x2||c;1—1[a,t1] ('L') - Z ol ( P ) .
j=0 k=0 /

Now, since x1,%, € C}’,"1 (@, t,], it follows that y%ix; (@) = % x,(a), and therefore

||a1“”’ (h[t,xl,gD"‘l”’xl, . ,ﬂCD“""pxl] - h[r,xg,SD‘“’pxg, .. ,aCD"‘m"’xz]) || ]
m
<D AN (Il - 22
=0

or

”ala’p (h[f) 1ﬂ(T)xl):I - h[fr 1p(rer)])(t) || < ZAj(ala_a/'p ”xl - x2”)(t) (48)

j=0
Then, according to the second part of Lemma 2.7 and equation (48), we have
||u101,p (h[f, 1//(75, xl)] - h[fr 1//(‘[7 xZ)])(t) || C;fl[a,tl]

=
Cylat]

n-1
Z e (h[r, W(T:xl)] - h[‘L’, w(l’,xz)])(t)
k=0

n-1

m
> loer = s |yt

<
k=0 j=0

te —a’ Re(a—aj)—k F(l _ E)
A
]< P ) Ml-e+a—aj-k)

Hence
-1
1721 = Toall ptpg gy < s = %ollcptgy) V21,22 € CJ7 [, 1]

This tells us that there is a fixed point 7 € o] which is defined explicitly as a limit of

iterations of the mapping T That is,

Jim [, =20 11,5, = O
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where

x%,(t) = Tpx}‘i, xjﬁi(t) =x¢(t), x*() =x(t), i=0,1,...,M,
and

X7 (tir1) = &7, (i), la,b] = U[tb till, a=ty< - <ty=m.

Second step:

It should be noted that proving the unique solution x*(¢) belonging to Cg;g‘l [a, b] com-
pletes the proof. Then it suffices to show that (¢ D**x)(t) € C ,[a, b].

From (48),

| (ED**x,) (&) = (FD°x*) (@) | Ceplab]

- ey 6] - 2,0 0 )]

Ceplab]
m
< ZAJ D% (x(8) = x* () | Ceplab]
j=0
m

= 2 Al w0 -5 O) e,

j=0

IA

m bP — af €
ZA,-( : ) [t (i 6) = 2" () |
J

0

j=0
m (bp—a/’ )e

< ZA]F(4”)/ (xp(t) x* t)) ”Cub]
j=0
m (bp —aP \e

< ;A;ﬁ” (%, () —2*(2)) ”cn 1[gb]*
j=

Taking limit as p — oo makes the right-hand side of the above inequality approach 0 in-
dependently. This implies

lim || ($D**x,)(2) - (D %) (@) .

Prets eplat) = O

Hence, there exists a unique solution x* € C¢~ a, b] to equation (44).
(b) In the same way, the second part of the theorem can be proven. d

Corollary 3.3 When € = 0 and with the assumptions of Theorem 3.2, a unique solution
x*(t) € Ci"'[a, b] to problem (1)—(2) exists.

Proof The proof is analogous to that of Theorem 3.2 where
ot (8, w0 - )

n-1 m (tz+lp t;P )(Ot—ol/)—k

<> ZAIW x [ (e (® = 22(0) | ¢y,
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i=0,1,...,M with £y = a, tp; = b and

[ @D x,)(®) = (ED*"%")(@)]

Ce,pla,b]
m (b”—a/’ )e
P, _ 4*
= FZOAI F(I’l _ aj) X ” (xp(t) x (t)) ”C"*l[a,b]’ 0

Corollary3.4 Leta >0withn =[a]+1and0 < € < 1such that e < «. For positive non-zero
integer m, if f(t) € C¢,pla, b, di(t) € Cla,b], and o; >0 (j = 1,...,m) satisfying (45), then
there exists a unique solution x(t) € Cg""l[a, b] to the Cauchy problem for the following
linear fractional differential equation of order a:

(D) (6) + Y di(e)(CDx)(0) + do(x(0) = f(e), t>a (49)

j=1
having initial conditions (2).

Proof The proof follows immediately from Theorem 3.2. O

Acknowledgements
The fourth author would like to thank Prince Sultan University for funding this work through research group Nonlinear
Analysis Methods in Applied Mathematics (NAMAM) group number RG-DES-2017-01-17.

Competing interests
The authors declare they have no competing interests.

Authors’ contributions
The main idea of this paper was proposed by TA and FJ. YYG and RA prepared the manuscript and performed all the steps
of the proofs equally in this research. All authors read and approved the final manuscript.

Author details

'Department of Mathematics, Faculty of Sciences, Northwest University Kano, Kano, Nigeria. ?Department of
Mathematics, Selcuk University, Konya, Turkey. *Department of Mathematics, Faculty of Arts and Sciences, Cankaya
University, Ankara, Turkey. “Department of Mathematics and General Sciences, Prince Sultan University, Riyadh, Saudi
Arabia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 5 January 2018 Accepted: 8 April 2018 Published online: 13 April 2018

References
1. Jarad, F, Abdeljawad, T, Baleanu, D.: On the generalized fractional derivatives and their Caputo modification.
J.Nonlinear Sci. Appl. 10, 2607-2619 (2017)
2. Podlubny, I: Fractional Differential Equations. Academic Press, San Diego (1999)
3. Samko, S.G, Kilbas, A.A., Marichev, O.l.: Fractional Integrals and Derivatives: Theory and Applications. Gordon and
Breach, Yverdon (1993)
4. Kilbas, A, Srivastava, HM,, Trujillo, J.J: Theory and Application of Fractional Differential Equations. North Holland
Mathematics Studies, vol. 204. Elsevier, Amsterdam (2006)
. Magin, R.L.: Fractional Calculus in Bioengineering. Begell House Publishers, Redding (2006)
Machado, JAT, Kiryakova, V., Mainardi, F.: Recent history of fractional calculus. Commun. Nonlinear Sci. Numer. Simul.
16(3), 1140-1153 (2011)
7. Hilfer, R: Applications of Fractional Calculus in Physics. Word Scientific, Singapore (2000)
8. Lorenzo, CF, Hartley, T.T.: Variable order and distributed order fractional operators. Nonlinear Dyn. 29, 57-98 (2002)
9. Kilbas, A.A: Hadamard type fractional calculus. J. Korean Math. Soc. 38, 1191-1204 (2001)
10. Katugampola, UN.: New approach to generalized fractional integral. Appl. Math. Comput. 218, 860-865 (2011)
11. Katugampola, UN.: A new approach to generalized fractional derivatives. Bull. Math. Anal. Appl. 6(4), 1-15 (2014)
12. Jarad, F, Abdeljawad, T, Baleanu, D.: Caputo-type modification of the Hadamard fractional derivative. Adv. Differ. Equ.
2012, 142 (2012). https://doi.org/10.1186/1687-1847-2014-10
13. Jarad, YY.GF, Abdeljawad, T, Baleanu, D.: On Caputo modification of the Hadamard fractional derivative. Adv. Differ.
Equ. 2014, 10 (2014). https://doi.org/10.1186/1687-1847-2012-142

o wn


https://doi.org/10.1186/1687-1847-2014-10
https://doi.org/10.1186/1687-1847-2012-142

Gambo et al. Advances in Difference Equations (2018) 2018:134 Page 13 0f 13

20.

21.

22.

23.

24.

25.

26.

27.

. Jarad, F, Ugurlu, E, Abdeljawad, T, Baleanu, D.: On a new class of fractional operators. Adv. Differ. Equ. 2017, 247

(2017)
Caputo, M, Fabrizio, M.: A new definition of fractional derivative without singular kernel. Prog. Fract. Differ. Appl. 1(2),
73-85 (2015)

. Atangana, A, Baleanu, D.: New fractional derivative with non-local and non-singular kernel. Therm. Sci. 20(2),

757-763 (2016)

. Yang, XJ, Srivastava, H.M,, Machado, JAT.: A new fractional derivatives without singular kernel: application to the

modelling of the steady heat flow. Therm. Sci. 20, 753-756 (2016)

da Vanterler, J,, Sousa, C,, Capelas de Oliveira, E.: On the ¥-Hilfer fractional derivative. Commun. Nonlinear Sci. Numer.
Simul. 60, 72-91 (2018)

da Vanterler, J, Sousa, C, Capelas de Oliveira, E.: A Gronwall inequality and the Cauchy-type problem by means of

Y -Hilfer operator (2017) arXiv:1709.03634v1

da Vanterler, J,, Sousa, C,, Capelas de Oliveira, E.: A new fractional derivative of variable order with non-singular order
and fractional differential equations (2017) arXiv:1712.06506v1

Oliveira, D.S., Capelas de Oliveira, E.: On A Caputo-type fractional derivatives. Advances in Pure and Applied
Mathematics. Accepted for publication

Daftardar-Gejji, V., Jaffari, H.: Analysis of a system of nonautonomous fractional differential equations involving
Caputo derivatives. J. Math. Anal. Appl. 328, 1026-1033 (2007)

Delbosco, D., Rodino, L. Existence and uniqueness for a nonlinear fractional differential equation. J. Math. Anal. Appl.
204, 609-625 (1996)

Abdeljawad, T, Baleanu, D, Jarad, F.: Existence and uniqueness theorem for a class of delay differential equations with
left and right Caputo fractional derivatives. J. Math. Phys. 49(8), 083507 (2018)

Abdeljawad, T, Jarad, F, Baleanu, D.: On the existence and the uniqueness theorem for fractional differential
equations with bounded delay within Caputo derivatives. Sci. China Ser. A 51(10), 1775-1786 (2008)

Adjabi, Y., Jarad, F, Baleanu, D., Abdeljawad, T.: On Cauchy problems with Caputo-Hadamard fractional derivatives.
J.Comput. Anal. Appl. 21(4), 661-681 (2016)

Adjabi, Y., Jarad, F, Abdeljawad, T.: On generalized fractional operators and a Gronwall type inequality with
applications. Filomat 31(17), 5457-5473 (2017)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://arxiv.org/abs/arXiv:1709.03634v1
http://arxiv.org/abs/arXiv:1712.06506v1

	Existence and uniqueness of solutions to fractional differential equations in the frame of generalized Caputo fractional derivatives
	Abstract
	Keywords

	Introduction
	Auxiliary results
	Cauchy type problem generalized with generalized Caputo fractional derivative
	Acknowledgements
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


