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Abstract

This paper deals with the effect of parameters on properties of positive solutions and
asymptotic behavior of an unstirred chemostat model with the
Beddington-DeAngelis (denote by B-D) functional response under the Robin
boundary condition. Firstly, we establish some a priori estimates and a sufficient
condition for the existence of positive solutions (see (Feng et al. in J. Inequal. Appl.
2016(1):294, 2016)). Secondly, we study the effect of the small parameter k; and
sufficiently large k, in B-D functional response, which shows that the model has at
least two positive solutions. Thirdly, we investigate the case of sufficiently large k;. The
results show that if k; is sufficiently large, then the positive solution of this model is
determined by a limiting equation. Finally, we present an asymptotic behavior of
solutions depending on time. The main methods used in this paper include the fixed
point index theory, bifurcation theory, perturbation technique, comparison principle,
and persistence theorem.
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1 Introduction

The chemostat is a very important resource-based model for the continuous culture of
competition microorganisms and a standard model for the laboratory apparatus on biore-
actor, which have been studied from various views such as population dynamics and
species interactions [1-17]. For early works, we refer to [2—4]. The chemostat model of
competition for a single-limit nutrient between plasmid-bearing and plasmid-free organ-
isms was proposed by Stephanopoulos and Lapidus [13], who established some local re-
sults, whereas a global result was presented in [14]. The inhibition effects on plasmid pop-
ulations were studied by Hsu and Waltman [15]. The chemostat model with impulsive
input nutrient concentration was studied from different views in [18—22]. The above re-
search of the chemostat model is related to the ODE model. Recently, the coexistence and
stability of chemostat models were studied from the viewpoint of PDE (see Wu [5-7], Nie
(8,9, 16], Wang [17], and Zhang [23]), which can better simulate the unstirred chemostat
model.
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In this paper, we are concerned with the following unstirred chemostat model with the

B-D functional response under homogeneous Robin boundary condition in a bounded

domain Q:
St =dAS — auf (S, u) — bvg(S,v), x€Q,t>0,
ur =dAu + (1 - q)auf (S, u), xeQ,t>0,
vy =dAv + bvg(S,v) + qauf (S, u) x€Q,t>0,
aS u v
2 4ys=9° &y yu=0, L iyv=0, x€IQt>0, (1)
S(O’x) = SO(x) >0, x €€,
M(O,x) = I/l()(x) > 07 §—é 0¢ X € Q:
v(0,x) = vo(x) > 0,#0, xeQ,

where RN (N > 1) isabounded domain with smooth boundary 9, a, b, m;, k; (i = 1,2),and
r are positive constants, the biological background of which is described in [1], S stands for
the densities of the nutrient, u and v are the densities of the plasmid-bearing and plasmid-
free organisms, respectively, and the parameter g (0 < g < 1) stands for the fraction of
plasmid-bearing organism converting into plasmid-free organism. Here f (S, u) =

s
T 1+m S+kiu

and g(S,v) = m are the Beddington—DeAngelis (B-D) functions (see [11, 24]), sup-
ported by numerous laboratory experiments and observations and providing better de-
scription of predator feeding over a range of predator—prey abundances.

Note that Nie and Wu [16] studied the coexistence of an unstirred chemostat model
with Beddington—DeAngelis functional response and inhibitor, but the parameters of B-D
functional response is different from (1), and two models are essentially different. Mean-
while, Wang et al. [17] also obtained the coexistence and stability of an unstirred chemo-
stat model with the Beddington—-DeAngelis function, but their model does not include
the plasmid transformation of two competition species. However, this paper deals with
plasmid-bearing and plasmid-free models in the unstirred chemostat with the B-D func-
tional response under a homogeneous Robin boundary condition.

In [1], the coexistence of an unstirred chemostat model (1) with B—D functional re-
sponse is established by fixed point index theory, but in the present paper, we investigate
the effect of parameters on the multiplicity and stability of positive solutions of equilib-
rium state model of (1); moreover, the asymptotic behavior of solutions of (1) is estab-
lished, which further enrich the results for system (1). Now, we are concerned with the

following elliptic system:

dAS — auf (S,u) — bvg(S,v) =0, x € Q,

dAu+ (1 —q)auf(S,u) =0, x € Q, @)
dAv + bvg(S,v) + qauf(S,u) =0 x €,

B yrs=5" 3 1 ru=0, X yrv=0, x€0Q.

Letz=S+u+v. Then S =z—u — v and z satisfy

0
Az=0, x e, 8—Z+rz=SO, x € 0.
v
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By [1] we directly obtain the equivalent system of (2) as follows:

dAu+ (1 -qlauf(z—u—-v,u)=0, x€Q,
dAv+bvg(z—u—-v,v)+qauf(z—u-v,u) =0, xeQ, (3)
g—Z+m=0, g—;+rv=0, x € 0%,

Z—U—v
1+my (z—u—v)+kiu

to [11], positive solutions of (3) must meet

Z—u—v

where f(z—u—-v,u) = S E— vy

andg(z—u-v,v) = .Byamethod similar

Sx) + ulx) + v(x) =z(x), x€Q.

The rest of this paper is organized as follows. In Sect. 2, some a priori estimates and
a sufficient condition for the existence for positive solutions are established (see [1]). In
Sect. 3, we study the effect of the small parameter k; and sufficiently large k3 in B-D func-
tional response, which proves that the model has at least two positive solutions. In Sect. 4,
we investigate the case of sufficiently large k;. The results show that if k; is sufficiently
large, then the positive solution of this model is determined by a limiting equation. In
Sect. 5, we present an asymptotic behavior of solutions depending on the change of time
by comparison principle and persistence theorem. Finally, we present a brief summary of
this paper.

2 Preliminaries and lemmas

The goal of this section is to get a priori upper and lower positive bounds for positive
solutions of (3) by using the maximum principle and give some important lemmas. By a
method similar to [1], we denote the principal eigenvalue of the following problems by A;

and 1, respectively:

A¢ +29f(2,0)=0, x€Q, @
¥ 4rg=0, x€0Q,

Ay + npg(z,0)=0, xeQ, 5)
% +ry =0, x € 0.

By ¢1(x) and 1 (x) we denote the principal eigenfunction such that ||¢ || = |1 ] = 1.
For (3), setting v = 0 or u = 0, respectively, it is easy to get the following two single species

equations:

dAu+a(l-qufi(z—u,u)=0, x€Q,

? (6)
swrru=0, x € 0%,

dAv+bvg(z—v,v)=0, x€, @)
g—; +rv=0, x € 0.

By [1], for (6), we can directly get the following conclusions.
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Lemma2.1 [fa < ’1\%2[, then 0 is the unique and nonnegative solution of (6); and ifa > ’1\%2[,
then (6) has a unique positive solution, denoted by ©, satisfying the following properties:
(i) 0<O <z

(i) O is continuously differentiable for a € (214

et +00) and is pointwise increasing as a

increases;
(iii) lim had ® = 0 uniformly for x € Q, and lim,_, o, © = z(x) for almost every x € Q;
(iv) Let L(a,d)q: dA +a(l-q)(f(z-0,0) - 0f/(z- 0,0) + Of,(z— ©,0)) be the
linearized operator of (6) at ®. Then L, q) is differentiable in
Cﬁ(Q) ={ueC¥Q): g—z + ru =0}, and all eigenvalues of L(, 4y are strictly negative.

Remark 2.1 For (7), we have the same conclusion as in Lemma 2.1. Suppose that b > du,
and denote the unique positive solution by 6. Let L, ) = dA + b(g(z—6,0) —6g;(z—6,0) +
0g;(z—0,0)) be the linearized operator of (7) at 6. Then all eigenvalues of L, 4 are strictly
negative.

Let A1 be the principal eigenvalue of the equation

Ad +ipf(z—6,00=0, x€Q,

» )
M+r¢=0, xeaQr

and denote the corresponding eigenfunction by é1(x), which is uniquely determined by
the normalization ||¢A51 II=1.

Next, we consider the boundary value problem

dAv +bvg(z—v,v) +aq®f(z-v,0)=0, x€Q,

9 &)
5, trv=0, x € 0.
It is easy to get the following results by the method of [1], so we omit the proof.
Lemma 2.2 Suppose a > %. Then (9) has the unique positive solution v, and 0 < v < z. In

particular, if b > du,, then 6 <V < z.

Theorem 2.1 Suppose that (u,v) is nonnegative solution of (3) and u #0, v 0. Then
d

()0<u<®<z,0<v<i<z,xe€ Qi) u+v<zxe Qi) a> et

Next, we give the fixed point index of (3) by using the standard fixed point index theory
in cone.

We first set up the fixed point index theory for later use. Let E be a Banach space. A set
W C E is called a wedge if W is a closed convexsetanda W C W forallae > 0. Fory e W,
we define W, = {x € E:Ir=r(x) >0st.y+me W}and S, = {ery:—ery}, and
we always assume that E = W — W. Let T': W, — W, be a compact linear operator on E.
We say that T has property « on W, if there exist ¢ € (0,1) and w € W, \ S, such that
w-tTw € S,.

Suppose that F: W — W is a compact operator and yo € W is an isolated fixed point of
F such that Fy, = yo. Let L = F/(y,) be the Fréchet derivative at yo. Then L: W — W,
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Proposition 2.1 (Dancer index theorem [25]) Assume that I — L is invertible on E. Then
we have:
(i) IfL has property a on W, then indexy (F, yo) = 0;
(i) IfL does not have property a on W, then indexy (F, o) = indexg(L,0) = (=1)°, where
o is the sum of multiplicities of all eigenvalues of L greater than one.

Proposition 2.2 ([25]) Assume that F(0) =0, and let Ay = F'(0) be the Fréchet derivative
of F at 6 in W. If the eigenvalue problem

Aoh=\h, heW, (10)

has no eigenvalue equal to 1, then 6 is an isolated fixed point of F, and
(i) if (10) has no eigenvalue greater than 1, then indexy (F,0) = 1, and
(ii) if (10) has an eigenvalue A > 1, then indexy (F,6) = 0.

Let Co(Q) = {y € C(Q) | % +ry =0} and E = [Co(RQ)] x [Cy(R)]. For a sufficiently large
P >0and t € [0,1], we consider the following equations:

(-dA+tPu=t(P+a(l-q)f(z—u—-v,u))u, x€L,
(-dA+tP)yv=t(Pv+bglz—u—-v,v)v 11)
+ qauf(z — u — v, u)), x €,

3+ ru=0, Wy py=0, x€0Q.
n on

For (u,v)T e Eand t € [0,1], (U, V)T € [C**(RQ)] x [C'**(RQ)] is the unique solution of
the following linear problem:

(-dA+P)U=t(P+a(l-q)f(z—u—-v,u))u, x €,
(~dA +TP)V =1(Pv+bg(z—u—v,v)v +qauf(z—u—-v,u), x€§,
%+7U:0, %+7’V=O, x € 0%2.

Define F; : [0,1] x E — Eand F,(u,v)" = (U, V)T . It follows from [13] that F; is compact.
It is clear that (,v)T € E is a fixed point of F; if and only if («,v)” € E is a positive solution
of (3). Let

Ko ={ueCo(Q) | ulx) >0,x e Q},

W ={(u,v) € E | u(x) > 0,v(x) > 0,x € Q},

D={(u,v) e W |0 <ux) <0,0 <vx) <maxgv+1,x€Q},

D' = (intD) N W.
Then W is a cone in E, and D is bounded set in W. Let F = F;. Then there exists K > 0
such that f(z—u—v,u) > f(z — u,u) — Kv.

Suppose that P is sufficiently large such that, for all (z,v) € D,

P+a(l-q)f(z—u—-v,u)>0, P+bg(z—u-v,v)—aquKk > 0.
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Then F: D — W is continuously differentiable, and hence (3) has nonnegative solutions
if only and if F has a fixed point on D. According to the homotopy invariance of degree,
we have degy, (I - F;,D',(0,0)) = degy, (I — F,D,(0,0)), € [0,1]. It follows that the index
numbers of (0, 0) and (0, #) are well defined by using the fixed point theory as the following
lemmas.

Lemma 2.3 ([1]) The index number of the operator F at (0,0) has the following properties:
) ifa#2s *ld , b > pud, then indexy (F, (0,0)) = 0;
(11) Suppose thoztb < pcld Ifa> Md , then indexy (F, (0,0)) = 0; Ifa < “d , then
indexw (F, (0,0)) = 1;
(iii) indexw (F,D’) = 1.

Lemma 2.4 ([1]) Suppose b > p1d. The index at the point (0,0) has the following proper-
ties:

(i) Ifa< “d , then indexy (F, (0,0)) = 1; ifa > “d , then indexyy (F, (0, 9))

(il) Ifa= ’1\%’;, then either (3) has a positive solutlon, or indexy (F, (0,0)) = 1.

Combining with the previous lemma, according to [1], we can show the following suffi-

cient condition for the existence of nonnegative solutions to equation (3).

Theorem 2.2
(i) Ifa< )Ld , b < pd, then 0 is the only nonnegative solution of (3);
(ii) Ifa> “d , b < u1d, then (3) has at least one positive solution besides the zero
solutzon,
(iii) Ifa> Ald , b > u1d, then (3) has at least one positive solution besides (0,0) and (0,6).

3 The effect of mutual interference between predators
In this section, we investigate the multiplicity and stability of positive solutions of system
(3) under the effect of the parameters k; (i = 1,2) by the standard perturbation theory.

According to Theorems 2.1 and 2.2, sufficient conditions for the existence of positive

solutions of (3) are b > u1d and a > 1“;, and a necessary condition is a > ﬁ, moreover,
?1‘; “d . Next, we study the multiplicity and stablhty of positive solutions of (3) when k;

is small enough and k; is sufficiently large with ¢ > 5

In [26], taking a as a bifurcation parameter and using the local bifurcation theory, we get
that the positive solution (u(s), v(s)) bifurcates from the semitrivial solution (0, 8). Accord-
ing to Lemma 2.4.9 in [26], we will show that system (3) has at least one positive solution
besides the bifurcation solution (u(s), v(s)) when k; is small enough and k; is sufficiently

large with g > % Then we can establish the following result.

Theorem 3.1 Suppose that b > ju1d and q > l . If there exist sufficiently large Ky > 0 and
suitably large D > 0 such that ky > Ky, d > D, and small enough ki, then the local bzfurcatzon
of the positive solution (u(s), v(s)) is nondegenerate and unstable for a € (’\ld &, ?1‘;) with
& > 0; moreover, (3) has at least two positive solutions.

Proof Firstly, we prove that any positive solution bifurcated from (0, #) is nondegenerate

and unstable. To complete this, we need only show that there exists a sufficiently small ¢ > 0
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such that any positive solution (u(s), v(s)) of (3) is nondegenerate for a € (i%‘; —s, i%‘;), and

the corresponding linearized eigenvalue problem

dA§ +a(l - @& (u(s), v(s))

—a(1l - Qu(s)f{(z - uls) — v(s), u(s))n + y& =0, xeQ,
dAn + bhy(u(s), v(s))n — qauls)fi (z — u(s) = v(s), u(s))n

— bv(s)g; (z — u(s) = v(s), (s))€ + aghy (u(s), v(s))E +yn =0, x€Q,

(12)

where

hy (u(s), v(s)) = f (z - uls) — v(s), u(s))

— u(s)f{ (z — u(s) = v(s), u(s)) + uls)f; (z — uls) — v(s), us)),
ha (u(s), v(s)) = g(z = u(s) = v(s), v(s))

— U(8)g] (2 — uls) — v(s), v(s)) + v(s)gh (z — u(s) — v(s), v(s)),

has a unique eigenvalue y such that Re(y) < 0 with multiplicity one. Set the sequences
{s,} and {a,}. Then u(s) = u,(s) := u,, v(s) = v,(s) := v, are the positive solution of (3) with
ki = k1, and a = a,. Denote the corresponding eigenvalue by y = y,,. By the assumption we
can suppose that, as n — 00, g, > 0 andAe,, — 0,k,,>0and ky,, > 0, a, € (i%;l —-&, i%‘;).
If n — oo, thenky,, — 0, y, —> ¥, a, —> ’1\1—21, and (4,,v,) — (4(0),v(0)) = (0,0). Hence, the

linearized problem (12) converges to the following problem:

dAg +a(l-q)éf(z-06,0)+y£ =0, x €,
dAn+Lyn—bOgi(z-0,0)§ +aqf(z—6,006 +yn=0, x€L,

(13)

where L, = blg(z - 6,0) — 0g(z — 0,0) + 6g,(z — 0,0)]. It is easy to see that 0 is a sim-
ple eigenvalue of (12) with the corresponding eigenfunction (§,n) = (qgl, X1), where x; =
L(‘bl, d)((begi (z-06,0) +aqf(z - 9,0))(;31). Moreover, all other eigenvalues are positive and
stand apart from 0. By the eigenvalue perturbation theory[25] we get that problem (12)
has a unique eigenvalue y,, — 0 for large # with multiplicity one, and real parts of all other
eigenvalues are positive and stand apart from 0. We may assume that (&, 7,) is the corre-
sponding eigenfunction to y,. Then (&,,7,) — (d;l, X1) as n — 00. We further show that
Rey, < 0 for n large enough. Multiplying the first equation of (12) with the sequence # by

1 and integrating on €2, we have

_d/ leAi"n—ﬂn(l—q)/[f(Z—Mn—Vy,,Mn)
Q Q
= U (2 = Uy = Vs ) + Uy = thn = Vs ) |Enhr

+a,(1-q) /Q u(s)f{ (z — u(s) — v(s), u(s)) n,

= / Vub1En. (14)
Q
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Taking (a, u,v) = (a,, u,, v,) in the first equation of (3), multiplying by &,, and integrating
on 2, we obtain

_d/ﬂ(plAén_an(l_q)/;zunf(z_un_Vmun)%-n' (15)

By (14)—(15), u,(s) = (sndr + O(s2)), vu(s) = 0 — s, x1 + O(s2) (see Theorem 2.4.1 in [26]).
Simplifying and letting » — 0o, we have

m Y di [ l(@1 - x1)f{ (2= 6,0) —f3(z - 6,0)1 163 dx
n—00 5, (1-q) [, f(z—0,0)p} dx

Since (131, x1 satisfy the equations

dAGy + hadf (z—6,0)¢ =0,
dAx +blg(z—0,0)—0g1(z—0,0) +0g,(z—6,0)] x1
+ 4121 (2 - 6,0)¢1 - bOg] (2~ 0)¢h = O,

subtracting the first equation from the second equation, we obtain

[dAG - é1) +b[g(z - 6,0) - 0g,(z—0,0) + 0gy(z—0,0)]] 1 — 1)
=—[blg(z-6,0) —20g,(z-6,0) +6.

By Remark 2.1 we know that all eigenvalues of L, 5 = dA(x1 — é1) - blg(z—-0,0) +0g(z -
0,0) + 0g;(z — 0,0)] are strictly negative, and thus L, is a reversible negative operator.

Set
T= —{b[g(z -0,0) - 20g,(z—6,6) +6g;(z—0)] + 7(2611__1();\/61]%_ 9,0)}431
[ bllz=0)1 + ma(z—0) - 201+ ka0)]  (2q - 1)ird .
‘_{ [+ may(z—0) + ko0 T, f(z—9,0)}¢1.

Then
X1— (2)1 = L(_blvd) T.

Obviously, as g > %, if there exist sufficiently large K, > 0 and suitable large D > 0 such
that ky > Ky and d > D, then ¢A>1 — x1 <0, and if k; is small enough, then f;(z — 9,0)(}31 is
sufficiently small, and hence y,(0) < 0 as n >> 1. Thus, if k; > K3 and d > D, then there
exists sufficiently large N such that Rey,, < 0 for n > N.

Next, to prove that there exists at least two positive solutions, we may use apagoge and
suppose that (3) has a unique positive solution (#, ). Then it follows from local bifur-
cation theory that it must be a positive solution bifurcated from near (0,6); moreover,
(1, V) is nondegenerate, and the corresponding linearized eigenvalue problem has a unique
eigenvalue y such that Rey < 0 with multiplicity one. By all these facts it is easy to see
that I — F'(&1,v) is invertible and F'(#, V) does not have property o on W(,;;,), and then
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indexw (F, (i1,7)) = (—1)°, where o is the sum of multiplicities of all the eigenvalues of
F'(&1,7) that are greater than one; obviously, o = 1. Thus indexy (F, (i, 7)) = (-1)! = -1.
Using Lemmas 2.3-2.4 and the additivity property of the fixed point index, we obtain

1= indexW(F,D/) = indexW(F, (0, O)) + indexW(F, (0,9)) + indexW(F, (zz, 17)) =0,

which gives a contradiction, and the proof is completed. O

Remark 3.1 Theorem 2.4.3 in [26] shows that, as a > %’l the bifurcation solution ex-

tends to oo by a. However, Theorem 3.1 indicates that, as k; is small enough and &, suf-
)le )»10[
1- q’ 1-q

a* e (“d )‘1‘1) such that (3) has at least two solutlons for a € (a*, i‘lj)

ficiently large, d is suitably large, and g > 5, then a = a(s) € (32, {7). Then there exists

4 The effect of k; on uniqueness and stability
In this section, we consider the effect of k; on the existence, uniqueness, and stability of
positive solutions of (3) as k; — oo.

Firstly, we can get that any positive solution (x, v) of (3) satisfies the following result: as

ki is sufficiently large, kyu converges to the positive solution of the following problem:

Aw+a(1—q)wf(z—9,w):0, x € Q,

‘;W+rw 0, x € 0%,

(16)

where f z—0,w) = m, which implies that equation (16) almost determines all pos-

itive solutions of (3) when k; is sufficiently large.

Next, we investigate the uniqueness of positive solutions of (16).

Lemma 4.1 Problem (16) has one positive solution wy if and only if a > %. In addition,

the positive solution is unique and asymptotically stable.

Proof Let w be a positive solution of (16). Then

a(l—q)= dkl(f(z—e,w)) >dk1(f(z—9,0)) =dh(f(z-6,0) = dhi.

A]d

It follows that a > 7% Conversely, if a > 7%, then we may show that (16) has a unique

positive solution. Flrstly, we prove that there exists a constant M > 0 such that all positive

Ald

solutions w of (16) satisfy ||w| o1 <M when a > Z2=. Otherwise, if this proposition does

d’\; as { — oo. It follows that w; is the
2
z—0 L

—\hl.

not hold, then suppose that a = a; and a; - a >
positive solution of (16) and ||w;||cc — oo,f(z -0,w;) = Tomm 0o
Let w; = w;/||Wi||lco. Then

Aw; +a(l —q)ﬁ/f(z—e,wi) =0, x€Q,

8_. -
TE 4w =0, x € 0.
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1
By using the standard elliptic regularization theory we have that w; Sw=o, #0, and w

satisfies

Aw+a(l-qwh; =0, x€Q,

ow -
M+rw_0, x € 0S2.

Since 0 < /1; < %, applying the strong extreme value theory and the Hopf lemma, we have
_ ~ 2
w>0,x€Q,and then f(z—0,w;) = ——=F0____ X 0; thereby /; = 0, and

= Tom1 e=0)+wilwilloo

Aﬁ/ZO, ery

Wrrw=0, x€I.
n

Hence w = 0, which contracts to [|w;||» = 1. Thus, we obtain a priori estimates of w.

In the following part, we establish the stability and uniqueness of positive solutions of
(16). Set P={w e CY(Q) |w > 0,2 + rw=0} and D = {w € P | |Willoc <M + 1}. Define
B,:P— P by B;(w) = (A + M) (ta(l - q)wf(z - 0,w) + Myw), where M is a positive
constant such that ta(1 - q)f(z— 0,w)+M; >0forallwe D, ¢ € [0,1]. Then B, isa compact
operator. Assume that B = B;. Then B: P — P is continuous and differentiable; moreover,
system (16) has a nonnegative solution if and only if the operator B has one fixed point
in D. Applying the method similar to that of Lemma 2.3.2 in [26], we have index(B, D) = 1

and index (B, 0) = 0. Hence, there exists sufficiently small € such that

index3(B, D \ B.) = index(B, D) — index3(B,0) = 1.

Thus, (16) has at least one positive solution when a > %.

We investigate the following eigenvalue problem:

—AX—a(l—q)x[f(z—@,w)+wa2’(z—9,w)] =nx, X€L,
% 4 yy =0, x €082,

n

(17)

where w is a positive solution of (16). Applying the comparison principle of eigenvalues,

we have
n = dkl(—a(l -q)x [JA’(z— 0,w) + wfg’(z— G,W)]) > dkl(—a(l —q))(f(z— 9,w)) =0.

Therefore, (17) has no eigenvalues less than 0 when a > %. So any positive solution of (16)
is nondegenerate and asymptotically stable, and index(B, w) = (-1)° = 1, which implies
that (16) has at most finitely many positive solutions, which we denote by {w;,1 <i <[}.
Using fixed point index theory, the number of positive solutions of equation (16) can be

calculated as follows:

I
k =1index(B,0) + Zindexj,(B, w;) = indexj,(B,D) =1,

i=1

and, as a result, equation (16) has a unique positive solution. O
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diq
1-q°
there exists sufficiently large K = Ki(¢,A) > 0 such that any positive solution of (3) satisfies

Theorem 4.1 Supposethatbh > du, isa fixed constant. For any small e > 0and any A >

llelle, + lv—"0lle, <& when ky > Ky. In particular, if we choose a sufficiently large K (g, A)
such that ki > K, and a € (‘lif;,A], then ||kiu — wolle, <&, where wy is the unique positive
solution of (16).

Proof If the first part of the conclusion is false, then there are Ay > %, ky; — 00, a; €

(%,Ao], such that the positive solution (u;, v;) of (3) is bounded away the semitrivial (0,0)
with a = a;, ky = ky;. Since 0 < u; +v; < z, {~Au;} and {—Av;} of (3) are bounded on L*(2).
By the L? estimates and embedding theorem of elliptic equation, we may assume that
a,— ac (%,Ao], u; Sl, 1,21 >0, v Sl) v > 0, where u,v € CE(Q). Furthermore, f(z — u; —

Z—Uuj—vj

L . .
———ii___ x hy with 0 < /1, <0, and u satisfies
1+m1(z—u,v—vi)+/<1,iui

VisUj) =
dAu+a(l-q)uh, =0, x€L,

g—Z +ru =0, x€08.
Suppose u = 0. Then v satisfies

dAv +bvg(z-v,v)=0, x€L,

g—;+rv:0, x €09,
andv=0orv=0asb>du;. Ifv=0,let v; = v;/||Vi|l 0. Then

dA;/l + bl_/lg(Z — Vi Vi) =0, xe€q,

i rv; =0, x€0Q.

N - Clo o
By the standard regularization theory we may assume that v; — v, and thus the limit equa-

tion of this equation is

dAv+bvg(z,0)=0, x€,
i (18)
5, v =0, x€0Q.

Multiplying (18) by ; and integrating on €2, we easily see that [, (b — du1)¥1Vg(z,0) = 0.
Since b > du1, Y1 > 0, and g(z,0) > 0, it follows that v = 0, which is a contradiction. Hence,
v=0,(u,v) g (0,0), which contradicts to the assumption that the positive solution (z;, v;)
is depart from (0, 0).

Suppose # > 0,3 0. By the strong maximum principle we get u > 0, and thereby

dAu =0, x e,

g—”+ru:0, x € 0%2.
n

We know that 4 = 0, a contradiction.
Next, we prove the last part of the theorem. We only need to show that k ;u; is near some
positive solution of (16) when a = a;. We first show that ky ;|| #; ||~ is uniformly bounded.
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Otherwise, suppose that ky ;|| u;||cc — 00 and let &; = u;/]|14;| 0o Then

dAu; +a;(1 - quif(z—u; —vi,u;) =0, x€, (19)
4+ rig; =0, x €9

1
Applying the standard regularization theory, we may assume that i; S >0, 0 in the
12 ~
Chflz—u;i—viu;)) = hy,anda; > a € (ff;,Ao].
Taking the limit on both sides of (19), we get that # is a weak solution satisfying the

following equation:

dAu+a(l-q)uh, =0, x€,

g—ﬁ+rﬁ:0, x € 0%2.
n

By the maximum principle and Hopf lemma we have & > 0 (x € Q). Hence, since f(z — u; —
12

Z—Uu;j—vj
Lmy (z—uj=vi)+ky, it |l uilloo

contradiction. Thus kj ;||#;]|« is uniformly bounded.

Vi, U;) =

— hp =0asi— 00, itis easy to see that u =0 (x € 2), a
Let w; = k1 ;u;, Then w; satisfies

dAw; + a;(1 - q)wif(z —u;—vyw) =0, x€&,

%+rw,~=0, x € 0.

(20)

Since || w; ||« is bounded, applying the standard regularization theory and the Sobolev em-
1

bedding theorem, we can obtain that w; — w. Letting i — o0, the limit equation of (20)

is (16), that is, w is a nonnegative solution of (20). When a = a1y, = kyu; > w=0.1f

1-q
’ff;, then any positive solution of (16) converges to 0 when a = a;. Hence, w; = ky;u;

must be near to some positive solution (16) as a = a;.

a; —
We only need to prove that w is a positive solution of (16) when a > %. If w is not
always a positive solution, then it follows from the maximum principle that w = 0. Let

ﬂ/i = Wi/”Wi”oo' Then

dAw; + a;(1 - q)ﬁ/f(z —u;—v,w) =0, x€8,

W, - (21)
S Twi=0, x € 0%
1

Suppose w; S w By taking the limit of (21) we have

dAv'v+a,»(1—q)ﬁ/f(z—(9,0)=O, x € Q,

™ trw=0, x€0Q.
Since w > 0, 0, it follows from the maximum principle that w > 0, and thus a = ‘f}],
which deduces a contradiction. Hence w > 0, that is, ky ;u; converges to the unique positive
solution wy of (16). O

Finally, we consider the existence and stability of positive solutions of (3) when param-
eter k; is large enough.
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Theorem 4.2 Suppose that b > dy,. For any small ¢ > 0 and some A > i%‘;, there exists
sufficiently large Ki = K1 (g, A) such that k; > Ky. Then we have:
(i) Ifael “d + ¢, i“;) then (3) has no positive solutions;
(ii) Ifae i%‘;, 1, then (3) has the unique positive solution, and it is asymptotically
stable.

Proof (i) Suppose that the conclusion is false. Then there exist gy > 0, k1; — 00, and
a, — ac [d’\}i + &0, 1“) such that (u;,v;) is a positive solution of (3) as (a, k1) = (a;, k).
It follows from Lemma 4.1 that ky;|#;]|« is uniformly bounded, Let w; = ky;u;, then w;
satisfies equation (21). By the standard regularized theory and the Sobolev embedding
theorem we may suppose that w; g w. Hence, w is a nonnegative solution of (16). Since

[d)ul +8(), dll

ae ) combining with Theorem 4.1, we get w = 0. Applying a similar method

as in the case a > qu in Theorem 4.1, it is easy to get a contradiction.
(ii) Firstly, we prove that any positive solution of (3) is nondegenerate and linearly stable
for condition (ii). Assuming that (u, v) is a positive solution of (3), let &z = kyu, m = % Then

(u,v) is a positive solution of (3) if only and if (k1 u, v) is a solution of the following problem:

dAu+ (1 - q)anf(z—mi—v,i) =0, x €L,
dAv + bvg(z — mit —v,v) + gamiif (z —mit —v,21) =0, x€ Q, (22)
9 4 ppy =0, Wypv=0, x € 0.

on on

Next, we only need to prove the nondegeneracy and stability of (22). We suppose that the
conclusion is false. Then there are g > 0, Ay > q, a;,— ac [”M1 Aop), ky,; — 00, Ren; <0,

and smooth (w;, x;) with [lw; 13 + || x:||3 = 1 such that

dAw; + a(l — q)wih (m;il;, v;)

—a(l- Q)szl(z m; ul —Vi,u )Xz +n;w; =0, x €,

dA x; + bhy(m;in, vi) xi — qam;inf] (z — miit; — vy, i) X (23)
—bmwg|(z — mll; — vi, vi)w; + agmihy (m;ts;, vi)w; + 1;x; =0, x € L,

%% + re; = 0, % 1y =0, xe€dQ,

where

iy (m;ik, vi) =f(Z -l — Vi, i) — Wliﬁlaff(z —ml; — Vi, i) + itifz/(Z — ml; — Vi, i),
ho(miis;, vi) = glz — myil; — v, vi) — wgi (z = mlt; —vi,v;) + wgé(z — m;ll; — Vi Vi),
with a positive solution (iz;, v;) of (22) and (a, m) = (a;, %). Multiplying by w; and %; two
i

equations of (23) and integrating over €, respectively, it follows from Green’s formula
that

d / Vorl = -rd f il + / a1 = gty (midi, vi) oo
Q o Q

—/ ﬂ(l—Q)ﬁzﬂ(Z—mifti—Vbﬁi)d)iXi+/ nilew;]?,
Q Q
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d/ IVxil* = —rd/ Ixil* + / [bhao(miihi, vi) — qamiinfy (z — miik; — viy i) || il
Q a0 Q
—/ [bvigi (z — mitt; — vi, vi) — aqhy (mits;, vi) miw; xi +/ nil xil.
Q Q
Adding these two identities, we get
n=d [ Vol var [ (0P~ [ at-gmonis o
Q o) Q
+ / a(l — q)if{(z — mjit; — vi, )i xi + d/ IV xil® + d’”/ il
Q Q a0
- / [bha(miii, vi) — qamiivf| (z — miis; — v, i) || xil*
Q
+ / [bvigi (z — mjil; — vi, v;) — aghy (mis;, vi) [miw; ;.
Q
Thanks to the boundedness of #;, v;, a;, m;, we can easily get that the imaginary part of
the right-hand side of this identity is bounded, and thus Im7; is bounded. On the other

hand, it is easy to see that Re; is also bounded. Hence #; is bounded with Ren; < 0.

Applying L? estimates, we know that ||| w22 and || x;|lw22 are bounded. We may sup-
H} H}

0 0 R R , .
pose that w; — w and x; — . Since m;ii; — 0, it; = wy, and v; — 6 as i — 0o, taking

the limits of two sides of (23), we know that w and x weakly satisfy the following equa-

tions:
dAw +a(l - QwH; —a(l — gwof{(z —0,wo)x + nw =0, x€,
dAx +byHy+nx =0, x€Q, (24)
2—‘:+rw:0, g—ﬁ+r)(:0, x € 0%,

where

Hy = f(z—6,wo) + wofy(z — 0, wy),
H,=g(z-0,0)-0g,(z—6,0) + 0g,(z - 6,0).

If x =0, then w satisfies

dAw +a(l - g)w(f(z —0,wo) + wofy(z =0, wo)]l + nw=0, x€Q,

w _
W+rw—0, x € 082.

This system implies that 7 is real and n > 0, which is a contradiction to Ren; < 0.
If x # 0, then thanks to g{(z — 6,0) > 0, g(z - 6,0) <0, and <0, we have

dAy +bx[g(z—0,0)—9g1(z—«9,0) +c9g§(z—9,0)] +nx =0, x€Q.

From Remark 2.1 we know that all eigenvalues of L 4) are strictly negative, and then 5 > 0,
which contradicts the assumption.

We further prove the existence of a positive solution of (3) with b > du;. Because all
positive solutions of (3) are nondegenerate, by a simple compactness argument we get
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that there are at most finitely many positive solutions. For some positive solution (u, v),
it is easy to see that indexw (F, (4,v)) = 1 by the nondegeneracy and stability of (#,v) and

[M‘; +¢,A], by Theorem 2.2, (3) has at least one positive so-

Proposition 2.1 in [26]. Fora €
lution. Let the finitely many positive solutions of (3) be {(u;,v;) : 1 <i <1}, > 1. Applying

Lemmas 2.3-2.4 and the additivity of the fixed point index, we obtain

!
1 =indexy (F,D') =0+ ZindexW(F, (i, vi)) =1,
i-1

which proves the uniqueness of positive solutions of (3).

)le

Finally, we investigate the case a = 7&=. By the regular bifurcation theory, taking a as a

bifurcation parameter, we can cpnstruct a positive solution branch from the semitrivial
nonnegative solution branch {(%’,0,9),4 € R*}. The positive bifurcation solution cave
(see Theorem 2.4.1 in [26]) is

Ty = {(als), u(s), v(s)) = (a(s),s(¢31 +¢(5),0 —s(x1 + ¥(5)))),0<s < 1},
where a(0) = W’, ¢(0) =0, ¥(0) = 0, and

x1=-L;' [bm@g{ (z—0,0) —aqmf(z-0, 0)q§1].

Substituting the positive solution into the first equation of (3), dividing by s, and differen-
tiating on s, we can get the derivative on both sides of the equation at s = 0, and hence

4 (0)(1-¢q) /Q f(z-6,00¢7 dx = diy /Q [(m1 — x1)f{ (z - 6,0) —f;(z - 6,0)¢1 |¢? d.

Letting k; — oo, that is, m — 0, we get

dia [o(fs(z~0,0)¢1)p3 dx o

0= [ f(z—0,0)¢? dx

Since x; — 0 and f;(z — 6,0) < 0, it is easy to see that the positive solution bifurcation
branch lies in the right. According to Theorem 2.4.3 in [26] and [5], we can prove that

1
it tends to infinity. Hence, as a € (d’\‘ + ¢,A] and k; — o0, the positive solution of (3) is

I',, can be extended to the global bifurcation solution along the parameter a > %’ and

uniquely determined on I',,, and no positive solution curve can cover a = d“ . Thus there

is no positive solution of (3) when a = dﬁ . The proof of Theorem 4.2 is complete d

5 Asymptotic behavior of solutions
The goal of this section is to present some asymptotic behavior of solutions of (1) depend-
ing on the change of time by comparison principle and persistence theorem.

Lemma 5.1 System (1) has nonnegative bounded solutions S(t,x), u(t,x), v(t,x), and for

some o,
IS -) + ult, ) +v(t,-) —2z| = O(e™™)  (t— o),

where z = z(x) = (1 - x).
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Proof By Theorem 14.2 in [27] we can get the local existence of solutions. The nonnega-
tivity of solutions can be proved by the comparison principle of parabolic equations.
Let w(x, t) = S(¢,x) + u(t, x) + v(t,x) — z(x). Since z(x) satisfies

dAz =0, x e,

g—fl+rz:S°, x €0,

it follows that w(t, x) satisfies

w; = dAw, x € Q,
Morrw=0, x€d, (25)

w(0,x) = S(0,x) + 1(0,x) + v(0,x) — z(x), x€ L,

where w(t,x) = ¢(x)Y (¢,x)e® (a > 0) with the principal eigenfunction ¢(x) of the follow-
ing problem:

dAYp +1p =0, xe€,
9 _
5 tré =0, x € 0Q.

If no is the principal eigenvalue, then ¢(x) > 0 (x € Q).
Substituting w(t,x) into equation (25), we get

dAY—Yt+2d%VY+(—no+a)Y=o, x€Q,

o-o, x € 0Q.
n

(26)

Suppose o satisfies 0 < « < 19. Applying the maximum principle, we get that the max-
imum value of Y(T,x) cannot be taken on the interior and the border of the region, and
hence Y(t,x) < max,.g Y(0,x). Similarly, for (26), replacing Y by —Y, we have Y (t,x) >
—min, g Y(0,x). Thus, there exists C > 0 such that |Y(t,x)| < C, so that Y(t,x) is bounded,
and the proof is complete. d

From Lemma 5.1 and from z(x) = S(¢,x) + u(t, x) + v(¢,x) we get that u and v satisfy the
following problem:

ur=dAu+ (1 - qauf(z—u—-v,u), x€Q,t>0,
vi=dAv+bvg(z—u—-v,v) +qauf(z—u—-v,u), x€Q,t>0,

3+ ru=0, ¥ yrv=0, x€0Q,t>0, (27)
u(0,%) = uo(x) = 0,#0, xeQ,

v(0,x) = vp(x) > 0,0, x € Q,

where z(x) = S(x) + u(x) + v(x), and (S(x), u(x), v(x)) is the equilibrium solution of (1). By the
skills in [27, 28] we can deduce that (27) has a solution (u(x), v(x)) in a small neighborhood.
Observing that uo(x) > 0, 0, vo(x) > 0,% 0, by the comparison principle of parabolic
equations we get u(t,x) > 0, v(t,x) >0,x € 2, > 0.
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Obviously, v(t,x) = 0 implies u(t,x) = 0. Therefore, system (27) has no single species
on u. If the initial value of (27) up(x) = 0, then by the maximum principle we know

u(T,x) = 0. Then v satisfies the system

vi=dAv+bvg(z—v,v), x€Q,t>0,

g—;+rv=0, x€dR,t>0, (28)

v(0,x) =vp(x) > 0,0, x€Q.

By Theorems 3.1-3.2 and the partial lemmas of [12] there are some conclusions about

the persistence and extinction of the single species v.

Theorem 5.1 Suppose v(t,x) is a solution of (28). If b < pu1d, then lim;_, v(t,x) = 0; if
b > p1d, then lim;_, o, sup ||[V(£, )|l > O.

Theorem 5.2 Suppose v(t,x) is a solution of (28). If b > u1d, then there exists a unique

positive solution 0 of the equilibrium equation on (28), and lim,_, o v(t,x) = 0.

Based on the single species conclusion, we investigate the asymptotic behavior of the

solution of system (1). Similarly to Theorem 5.2, we obtain the following lemma.

Lemma 5.2 Suppose u(t,x) is a solution of the following equation:

u=dAu+a(l-quf(z-u,u), x€Q,t>0,
g—Z+ru:0, x€0Q,t>0,

u(0,x) = up(x) > 0,#0, x€Q.
Then, as a < %Il, lim;_, o0 u(t,x) =0, and as a > %;, lim,_, o u(t,%) = ©.

Consider the following problem:

ve=dAv+bvg(z—v,v) +aqszf(z-v,0), x€Q,t>0,

g—;+rv:0, x€0,t>0, (29)
v(0,%) = vo(x) > 0,#0, xeQ.
Lemma 5.3

(i) Ifb > p1d, then there exists a unique solution 6¢ for the equilibrium equation of (29);
(i) Suppose that v<(¢,x) is a positive solution of (29) and 0 is a unique positive solution
of (7).
Ifb < wid, then limy_, oo 0 V¢ (£, %) = 0;
Ifb> pad, then limg_, oo c o Vs (¢, %) = 6.

Proof (i) If b > j11d, by a method similar to the proof on Lemma 2.2 of [7] it is easy to get

the existence and uniqueness of 6¢, and 0 < 6° < z.
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(ii) If b < n1d, then by Lemma 5.1, for any given ¢ > 0, there exists £y > 0 such that S(¢,x) <
z(x) + &. For all £ > £, x € Q, suppose that V¢ (t,x) is a solution of the following problem:

Vi =dAVS +bVeg(z +¢,0) +agczf(z +£,0), xe€Q,t>0,
%Hﬂ\/g:O, x€dQ,t>0,

Vg(to,x) > Vg(tOrx); x e Q.
Next, we prove that V<(t,x) > v (¢,%), t > to, x € Q. Let w(t,x) = vS (t,x) — VS (t,%). Then

dAw—w, =bV<g(z+¢,0) - bvsg(z—vs,v°)
+aqsz(f(z+¢6,0)—f(z-15,0)), x€€,

2—‘;’+rw:0, x €0,

w(to,x) <0, x e Q.

Then we only need to prove that w(t,x) < 0, t > to, x € Q. Assume that the conclusion does
not hold. Then, let £; be the first moment such that there exists x; such that w(¢,x;) =0,

and thus, for x € Q and ¢y < £ < £;, we have
dAw —w; > 0.

By the maximum principle the nonnegative maximum of w lies on C; = {{p <t < f;,x €
02} or Cy = {t = ty,x € Q}. Because of the initial condition w(ty,x) < 0, we remove the case

of C;. The case of C; implies ‘3—‘:1’ > 0. However, 3—: =—rw <0, x € 0L, a contradiction.

Let VS = YS(t,x)e ®%), where v is the principal eigenfunction of the following prob-

lem:

dAY + ug(z,0)y =0, x€Q,
oy _
Sty =0, x € 0.

If (11 is the corresponding principal eigenvalue, then

dAYS - Y} + 2dv—¢‘”VY§ + %C(x)Yg +aqczf(z +6,0)e2t 0 =0, xeQ,

aYs
%:O, x €08,

where

Clx) =dAvy + oy + bg(z + 6,000 = —du1g(z,0)¢ + ayr + bg(z + &,0)¢r
=y + (bg(z +&,0)y — bg(z,009) + (bg(z,0)¢ — diu1g(z,0)¥).

Because b < p1d and ¢,« are sufficiently small, C(x) is less than zero, and if ¢ is small
enough, then

\%
dAAYS - Yf + 2d7wvyg >0.
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By the maximum principle we have Y*<(£,x) < Y (¢, %) = supxeﬁ(W), and it follows

that there exists K > 0 such that v5 (¢,x) < VS (¢,x) < Ke (1),
If b > u1d, by Lemma 3.3 in [12] we can obtain that lim;_, o sup [|v¢ (¢, )|l > 0. Next, we
construct th Lyapunov function

L(y) = fg [g(w)z — h(x, w(x»} dx + B(v)),

where
Bi(x, v) = /Q flxs)ds,  f(xv)=bg(z—v,v)v+aqczf(z—v,0),
B - [ G

Then

oL(vs (t,x)) B

2
P» —L(Vf) dx <0.

Since vS(t,x) is close to the invariant set which satisfies aL(";t(t’x))
W = 0 if and only if v¢(¢,%) = 0, that is, the set of equilibrium states of equation
(28).

Combining Lemma 5.2, equation (29), and the uniqueness of the positive equilibrium

= 0, observe that

solution 65, we obtain lim,_, o, v¢(£,x) = 6°.
In the remaining part, we prove that lim._,o6¢ = 6. Since 0 < 8¢ < z, there exists a con-
stant K > 0, independent of ¢, such that, for any p > 1,

|65, < K'([65], + |bg(z~ 65,6°)6 + agszf (2~ 65,0)] ) < K.

||2,p —

By the Sobolev imbedding theorem we have 65 — 6°, ¢ — 0, and 0 < 6° < z, so that 6°
weakly satisfies the following equation:

dAB° + b0%g(z-6°0% =0, xe€Q,

%+r@°:0, x €.

By the regularization theory of elliptic equations we get §° € C*. Hence, by the uniqueness
of  we get that 8° = 4, and the proof is complete. d

Similarly to Lemma 5.3, we can establish the following lemmas.

Lemma 5.4 Suppose v¢ (t,x) is a solution of the following problem:

vi=dAv+bvg(z—cz-v,v), x€Q,t>0,

®4rv=0, x€IQL>0,
v(0,x) = vo(x) > 0, xeq.

Ifb> pad, then lim;_, oo 0 V° (t,x) = 0.
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Lemma 5.5 Suppose that a < '}%‘; and that u(t,x), v(t,x) are solutions of (27).

(1) Ifb< pad, then limy, oo u(t,x) = 0 and lim;_, », v(£,%) = 0;
(2) If b> pad, then limy, oo u(t,x) = 0 and lim;_, 5, v(£,x) = 6.

Proof Since a < %, it is easy to see that
ur=dAu+a(l-q)f(z—u—-v,u)u<dAu+a(l -q)f(z—u,u)u.
Suppose U(Z,x) is a solution of the following problem:

U =dAU +a(l -q)fiz-U,U)U, x€Q,t>0,
Uy rl =0, x€0Q,t>0,

U(ty, x) > u(ty,x), x € Q.

By the comparison principle we get 0 < # < U. By Lemma 5.4, if a < %, then lim,_, o U(t,
x) = 0. Thus lim,_, o, u(¢,x) = 0.

Thus, —¢z < u < ¢z, where ¢ is a sufficiently small number, and it follows that

v =dAv+bglz—u-v,v)v+aqf(z—u-v,u)u

<dAv+bg(z-v,v)v+aqszf(z—v,0)
and
vi=dAv+bg(z—u-v,v)v+aqf(z—u—-v,u)u>dAv+bg(z— cz—v,v)v.
Suppose (¢, %), v(¢,x) are two solutions of the following two equations, respectively:

Ve =dAV+bg(z-v,V)v+aqczf(z-v,0), x€Q,t>0,
;=0 x€dQ,t>0, (30)

v(t0¢x) > V(tOrx)) x €,

v, =dAv+bgz—cz-v,v)y, x€Q,t>0,
g—£+ry:0, x€0R,t>0, (31)

Z(toyx) < V(tOIx)r x € Q.

For (30) and (31), by the comparison principle we obtain 0 < v(£,x) < V(¢, %), v(t,x) < v(t, x) <
v(t,x). By Lemmas 5.3-5.4 we can deduce the conclusion as follows. If b < u1d, then
lim;_, o0,c—0 V(t, %) = 0, and therefore lim,_, o, v(¢t, %) = 0.If b > p1d, thenlim,_, o o V(£,x) =
6 and lim;_, oo, 0 (£, %) = 6, and thus lim,_, o v(¢,%) = 0. Thus, the lemma is proved. [

Based on Lemmas 5.2—5.5, we can obtain the asymptotic behavior of solutions of system
(1) as follows.

Theorem 5.3 Suppose that a < %; and that S(t,x), u(t, x), v(t,x) is the positive solution of
(1). Then the following results hold:
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(i) Ifb < pad, then lim,_, oo (S(E, %), u(t, x), v(¢, %)) = (z(x),0,0);
(i) Ifb > u1d, then lim,_, oo (S(¢, x), u(t, x), v(t, x)) = (z(x) — 6,0,6).

Finally, we establish the uniform persistence of system (27), which suggests that two

species can coexist.

Theorem 5.4 Suppose a > g and b < dju,. Then there exists 0 > 0, and for any solution of
(27), there exists ty > 0 (depending on the initial conditions) such that min, g u(t,x) > 0 as

t > to. Hence, the semidynamical system produced by (27) is strongly consistent continuous.

Theorem 5.5 Suppose a > ii—‘; and b > dju,. Then there exists o > 0, and for any solution of
(27), there exists ty > 0 (depending on the initial conditions) such that min, g u(t,x) > o as

t > to. Hence, the semidynamical system produced by (27) is strongly consistent continuous.

Proof Applying the persistence theorem in [29, 30] to prove Theorems 5.4-5.5, because
the proof process is similar, we only prove Theorem 5.5. Suppose that the state space of
semidynamic systems produced by (1) is defined as Y = C*(Q) x C*(R) = X; U X,, where
X1 ={(,v) € Y :Ixg € L s.t. u(xp) >0} and Xy = {(&,v) € Y : u = 0}. It is easy to see that
X; C Y is open invariant set, the equilibrium state (0,0), (0,0) € X,, and X; is also an in-
variant set. By Theorem 5.3 we know that v(¢,x) — 6 (¢ — 00) as b > 1d, so (0,0) attracts
(0,v) (v >, 0). Hence the w-set of orbitals starting at X; is defined by Q, = {(0,0), (0,0)}.
Let M; = {(0,0)} and M, = {(0,0)}. Then M = {(M1, M)} = {(0,0),(0,6)}, Obviously, M,
can connect to M, but M, cannot connect to M;. So M is an acyclic isolated covering €2,.
Next, we only prove that M; (i = 1,2) is weakly exclusive to X; and M is isolated.
Suppose M, is not weakly exclusive to X;. Then there exists (o, vp) € X7 such that

(u(t,%),v(t,%)) — (0,6)

uniformly on  as t — oo. Since a > ?#d, along with the continuity of the principal eigen-
-q

value, we know that there exists € > 0 such that the principal eigenvalue ):i of the following

. Asd
problem satisfies @ > 717

Ap+dif(1-€)z-0,0)=0, xeQ,t>0,
% +rg=0, x€3Q,t>0.

On the other hand, lim;_, o (u(t, x), v(£,x)) = (0,0), and thus there exists ¢, such that 0 <
v(t,x) <0 + ez for x € Q as ¢ > £,. Hence

w>dAu+a(l-q)f (1-€)z—u—0,u)u
Applying the comparison principle, we have u(t, x) > h(t, x) as t > t,, where h(¢, x) satisfies

hy=dAh+a(l-q)hf(1-€)z—h-0,h), x€Q,t>1,
%+rh:0, x€3Q,t> 1Ly, (32)
h(to,x) = min{u(t,x), (1 — €)z}, x € Q.
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>

Obviously, if a > E—Z, then (32) has a unique positive equilibrium solution A€ (x), and
lim;_, 0 h(%, %) = h(x). By L? estimate and the Sobolev embedding theorem we get that
ke (x) — h°(x) as € — 0 on C', where /4°(x) is a unique positive solution of the following

problem:

dAR® +a(l —q)hof(z—hO—Q,hO) =0, 88—}:; +rH° = 0.
Then there exists T >ty > 0 such that u(z, x) > %ho as t > T, a contradiction. Thus, M, is
a weak exclusion, and it is an isolated invariant set in Y. For the invariant set M, since
a> ’}l—f{l > ?%‘;, we can similarly prove that M; is a weak exclusion, and it is an isolated
invariant set in Y. By Theorem 4.6 in [30], u is uniformly persistent, and for (27), v is also
uniformly persistent. Therefore, the semidynamical system is restricted to X; and has a
compact invariant attractor B (see Theorem 3.2 in [29]); B attracts the bounded set of X;
the distance of which from X, is greater than zero, Particularly, B attracts the point of X;.
Because the arbitrary orbital of the X; is uniformly attracted to B, we only prove that o > 0
for all (u,v) € B, according to min, g u(x) > o. Either the sequence, (u;,v;) € B, x; € Q,
such that u;(x;) — 0. We suppose that the subsequence (u;,v;) — (4,v) € B, x; — x € Q,
and u(x) = 0. However, B is invariant, and we have u > 0 (x € ), a contradiction. (]

6 Conclusion

This paper deals with plasmid-bearing and plasmid-free models in the unstirred chemo-
stat with the Beddington—DeAngelis functional response. Applying the fixed point the-
ory, bifurcation theory, and the perturbation technique, we obtained the following result:
Firstly, some a priori estimates and a sufficient condition for the existence for positive so-
lutions are established. Secondly, we study the effect of the small parameter k; and suffi-
ciently large k, in Beddington—DeAngelis functional response, and we find that the model
has atleast two positive solutions (Theorem 3.1). Thirdly, we investigate the case of k;. The
results show that if k; is sufficiently large, then the positive solution of this model is deter-
mined by a limiting equation (Lemma 4.1 and Theorems 4.1-4.2). Finally, in Sect. 5, we
present some asymptotic behavior of solutions depending on the change of time by the

comparison principle and persistence theorem (Theorems 5.3-5.5).
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