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Abstract

There are many natural phenomena including a crisis (such as a spate or contest)
which could be described in three steps. We investigate the existence of solutions for
a three step crisis integro-differential equation. We suppose that the second step is a
point-wise defined singular fractional differential equation.

Keywords: Caputo derivative; Point-wise defined singular equation; Three steps
crisis phenomena

1 Introduction

In most phenomena there appears usually a crisis. Our imagination as regards crises has
effects on economy while there are distinct types of crisis-phenomena study in different
fields of science such chemistry, social sciences, physics, mathematics, engineering and
economy (see, for example, [1-7] and [8]). Considering the importance of modeling of
crisis phenomena, some researchers are working and publishing in this area (see, for ex-
ample, [9-13]). In 2016, Almeida, Bastos and Monteiro published a paper about modeling
of some real phenomena by fractional differential equations [14]. As is well known, one
of the best methods for mathematical describing this type phenomena is modeling of the
problems as singular fractional integro-differential equations, which have been studied by
researchers especially in recent decades (see, for example, [15-20] and [21]).

In 2010, Agarwal, O’Regan and Stanek investigated the existence of solutions for the
problem D%u(t) + f(t,u(t)) = 0 with boundary conditions #'(0) = --- = u") = 0 and
u(l) = fol u(s)du(s), where n > 2, a € (n — 1,n), u(s) is a functional of bounded varia-
tion with fol du(s) < 1, and f may have a singularity at £ = 0 [15]. They reviewed the ex-
istence of positive solutions for the system D“u;(t) + fi(t, u1(t), u2(¢)) = 0 with boundary
conditions #;(0) = ;(0) = 0 and u;(1) = fol u;(t)dn(t) for i = 1,2, where t € (0,1), o € (2,3],
fol u;(t) dn(t) denotes the Riemann—Stieltjes integral, f; € C([0, 1] x R* x R*,R) and D“ is
the Riemann-Liouville fractional derivative of order « [16]. In 2013, Bai and Qui studied
the singular problem D*u + f (¢, u, DY u, D*u) + g(¢, u, DY u, D*u) = 0 with boundary condi-
tions u#(0) = #/(0) = u”(0) = 4" (0) = 0, where3 < <4,0 <y < 1,1 < u < 2, D" is the Caputo
fractional derivative and f is a Caratheodory function on [0, 1] x (0,00)3 [17]. Recently,
the multi-singular point-wise defined fractional integro-differential equation D*x(¢) +
St x(2), (), DPx(t), IPx(t)) = 0 with boundary conditions x'(0) = x(£) and (1) = [ x(s) ds
when p € [2,3) and &'(0) = x(£), (1) = 0'7 x(s)ds and x9(0) = 0 for j = 2,...,[u] — 1 when
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1 € [3,00) has been studied, where 0 <t < 1,x € C1[0,1], u € [2,00), 8,&,n € (0,1), p > 1,
D is the Caputo fractional derivative of order u and f : [0,1] x R®> — R is a function such
thatf(¢,-,-,-, ) is singular at some points ¢ € [0, 1] [19]. By using these ideas and providing
anew method for modeling of crisis phenomena, we investigate the existence of solutions
for the point-wise defined three steps crisis integro-differential equation

Dx(t) +f(t,x(t>,x'<r),Dﬂx(t>, /0 h(s>x(s>ds,¢(x<t>)) -0 (1)

with boundary conditions x(1) = x(0) = £”(0) = x"(0) = 0, where @ > 2, A, 1, B € (0,1), ¢ :
X — X is a mapping such that ||¢(x) — p(y)|| < 6pllx —y|| + 61 ]x —y'|| for some nonnegative
real numbers 6y and 6; € [0,00) and all x,y € X, D* is the Caputo fractional derivative
of order o, f(t,x1(¢),...,x5(t)) = fi(t,x1(8),...,x5(2)) for all £ € [0,A), f(¢t,x1(2),...,x5(¢)) =
folt,x1(t),...,x5(t)) for all t € [A, u] and f(¢,%1(2),...,x5(t)) =f (&, %1(¢),...,x5(t)) for all t €
(w11, 1(t, -5+, -) and f3(¢, -, -, -, -) are continuous on [0, 1) and (i, 1] and f5(¢, -, -, -, ) is multi-
singular [19].

2 Preliminaries

Recall that D*x() + f(£) = 0 is a point-wise defined equation on [0, 1] if there exists a set
E C [0,1] such that the measure of E¢ is zero and the equation holds on E [19]. In this
paper, we use | - ||; for the norm of L![0, 1], | - || for the sup norm of Y = C[0,1] and ||| =
max{||x|, ||'||} for the norm of X = C'[0, 1]. As is well known, the Riemann—Liouville in-
tegral of order p with the lower limit 4 > 0 for a function f : (a4,00) — R is defined by
I.f(t) = FL(p) f;(t — 5)P"1f(s) ds, provided that the right-hand side is point-wise defined on
(a,00) [22]. We denote Ig,, f(t) by IPf(t). Also, the Caputo fractional derivative of order
a > 0 is defined by *D*f(¢) = F(nl—oz) fot (t,fs;x(i)1-n ds, where n = [@] + 1 and f : (@, 00) — R is
a function [22]. Let W be the family of nondecreasing functions ¥ : [0, 00) — [0, c0) such
that Y- ¥"(¢) < oo for all £ > 0 (see [23]). One can check that ¥ (¢) < ¢ for all ¢ > 0. Let

(X,d) be a metric space and T: X — X and o : X X X — [0,00) two maps. Then T is

called an «-admissible map whenever «(x,y) > 1 implies «(Tx, Ty) > 1 [23]. The map T is
called an a-admissible map whenever «(x,y) > 1 implies «(Tx, Ty) > 1 [23]. Let (X, d) be
a metric space, € ¥ and o : X x X — [0,00) a map. A self-map 7 : X — X is called an
a-y-contraction whenever «/(x, y)d(Tx, Ty) < ¥ (d(x,y)) for all x,y € X [23]. To prove the
existence of solutions, we need next results.

Lemma 2.1 ([23]) Let (X, d) be a complete metric space, v € ¥V, o : X x X — [0,00) a map
and T : X — X an a-admissible a-yr-contraction. If T is continuous and there exists xo € X
such that a(xg, Txg) > 1, then T has a fixed point.

Lemma 2.2 ([24]) Let n—1 <o <n and x € C(0,1) N L'(0,1). Then we have I*D*x(t) =
x(t) + Z?;Ol c;it' for some real constants cy,...,Cp_1.

Lemma 2.3 ([21]) Let B >0 and a > —1. Then fot(t —5)*1sPds = B(B + 1,a)t**P, where

_ T@re
BB, @) = Fapy -

Lemma 2.4 ([25]) Let E be a Banach space, P C E a cone and Q1, Q2 two bounded open
balls of E centered at the origin with Q1 C Q. Suppose that F : P N (Qg\Ql) — Pisa
completely continuous operator such that either
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(71) IF@)|l < ||lx|| for allx e PN 0y and || Fx|| = ||x|| for all x € PN 02, or
(i2) ||Ex|| = ||x|| for all x € PN 32 and ||Fx|| < ||x|| for all x € PN 92
holds. Then F has a fixed point in P N (2\21).

3 Main results
Now, we are ready for providing our results.

Lemma 3.1 Let @ > 2, n=[a] + 1 and f € L'[0,1]. A map u is a solution for the point-
wise defined equation D*x(t) + f(t) = 0 with boundary conditions x'(1) = x(0) = x”(0) =

- =«""1(0) = 0 if and only if u(t) = /‘01 (t,5)f (s) ds for all t € (0, 1], where G(t,s) = "2
whenever 0 <t <s <1 and G(t,s) = (_Df)al)z - (trs() y whenever 0 <s <t <1.

Proof Let E be a subset of [0,1] such that m(E€) = 0 and D*x(¢) + f(¢) =0 for all ¢ € E.
Here, m is the Lebesgue measure on R. Note that E is dense in [0, 1]. Let fy € C[0,1] be a
function such that fj = f on E. Then we have

*“(f) = Ta )/ (t—5)*"f(s) ds
1 -1 o
F(o{) (/[.Ot t—S) f(s) ds + /[OIt]ﬂEc(t—S) f(S) ds)
1

== (t =) fols) ds

') Jiogne

1 a-1 w1
" T (/[Ot t=s)"" fols)ds + /[O)t]m(t—s) fo(s)ds)
= %/0 (t -9 ols)ds = I* (o))

forall £ € E. Let t € E°\{0}. Choose a sequence {£,},>1 in E such that £, — ¢~. Then

Ia(f(t) e )/ (t—s)*" 1f(S)dS
n-1 _ o
nll)ngo F(a)/ (ty =) f(s)ds = hm I*(f (t0))

= Jim £ (fe) = lim — / (b -5 fo(s)ds

_ L ! _ -l
T fo (t-5)"f(s)ds
=I°(fo(1)).

Fort =0 € E°, we get I*(f(¢)) = I*(fo(¢)) = 0 and so I*(f(¢)) = I*(fo(¢)) for all £ € [0, 1]. Thus,
the equation D¥x(¢f) + f(¢ ) = 0 equivalents to I*(D*x(t)) = I*(—f5(¢)) on [0,1]. By using
Lemma 2.2 and the boundary condition, we get x(t) = F(la fot (t = 5)*Ly(s)ds + c1t and
50 x/(t) = — - 1 fo(t $)*"2y(s) ds + ¢;. Hence, x'(1) = — ey fo (1-5)*"2y(s) ds + c;. Since
(1) =0,¢= o fo (1 —5)*"2y(s) ds and so

1 1
/ (l—s)"“zy(s)ds:/ G(t,8)y(s)ds,
0

1 t
x(t)=——— [ (t—s)"""y(s)ds + T 1)),

T(e) Jo
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o—2 oa—1
where G(¢,s) = (1( 92 \Wwhenever 0 <t<s<1land G(t,s) = (1(’;) o~ (t}s() )

0 <s <t <1.Also, an easy calculation shows that u(¢) = fo G(¢,5)f (s) ds is a solution for

whenever

the equation with the boundary conditions. This completes the proof. O

a-1
Note that for the Green function G(t, s) in the last result we have G(¢,s) > % >0,

G(t,s) < t(lj 5 2, 5 G(t,5) > Oand 2 5 G(t5) < 1{;) 5 forallt,s € [0,1]. Also, G and %Gare

continuous with respect to ¢. Cons1der the space X = C'[0, 1] with the norm | - ||, where

llxll« = max{|lx||, |«'||} and || - || is the supremum norm on C[0,1]. Let A, u € (0,1) with
A < 1. Suppose that f] and f; are continuous functions (with respect to the first variable)
on [0,A] x X® and [, 1] x X, respectively, and f; is a function on (A, 1) x X> which is
singular at some points ¢ € (A, ). Let f be a map on [0,1] x X* such that f1g,],x5 = /i,
Sloxxs =fo and f1, 01xxs = f3. We denote this case briefly by [A, iu,f = (1, /2,/3)]. Define
the map F: X — X by F,(¢) = fol G(t,s)f(s,x(s),x/(s),Dﬂx(s),fgh(&)x(é)d$,¢(x(s)))ds for
all £ € [0, 1]. Note that the singular point-wise defined equation (1) has a solution #y € X
if and only if u, a fixed point of the map F.

Theorem 3.2 Let [A, ,f = (fi,f2,,/3)] with fi(s,0,0,0,0,0) = f5(£,0,0,0,0,0) = 0 for all
s € [0,A] and t € [,1]. Assume that there exist two maps H : X° — [0,00) and ® :
(A, ) — [0,00) such that fo(t,x1,%y,...,%5) < ®(E)H (x1,%0,...,%5) for all (x1,...,%5) € X°
and almost all t € (., ), where H : X°> — [0,00) is nondecreasing with respect to all its

H(zzzzz

components, [} (1 - s)*1®(s)ds < 00 and lim,_, o+ = 0. Suppose that the map q

defined by q(t) = hmmax{Hle ,,,,, s 11— 00 m% for almost all t € (A, ) has the prop-
erty that 2 ) fx @=24(s)ds > 1. Assume that there exist nonnegative real numbers

by ds, Iy 0 and mappings ay,...,as : (A, ) — [0,00) and A1,...,As : X°> — [0,00)
such that lfi(t1x1;---;x5) _,fl(t’ylw--’yS)l = Zi:l li|xi —J’L’|,

Vot 2155 %5) = ot Y150 y5)| < Zfl(t (121 = y1ls.. . 125 — ys1)

i=1

and |f3(t,x1,...,%5) — fs(t,y1,...,95)] < Z; 1 llxl yil for all t and xl, x5 € X If

262259 - g, < 00 and [Li(l‘(rl(‘a’\))a_ ) F(1—0* < lforz =1,...,5 where mg =

fo |h(E)|dE, L =1+l + s 2 op + moly + 0pls +9115 and L' =1} + 1+
then the problem (1) has a solution.

limz_) 0+

ﬂ)+mol + 6ol + 011,

Proof Consider the closed cone P = {x € X : x(t) > 0 and «'(¢) > O for all £ € [0,1]} in X.
Let € > 0 be given, {x,},>1 a sequence in X with x,, — x. Choose a natural number N such
that ||x,, — x| < € for all # > N. Take € > 0 such that

L(l _(1 _)\)a_l) q; +6)6 a—1
[ fa  Tao 1)ZM(A W+ ()(1 W } 1
fori=1,...,5, where M;(x, ) = [/(1 :(s) ds. Note that

A s
Ey (O~ Ei0)] < / G(t,s)Pl(s,xn(s>,x;<s),Dﬂxn(s), / h@)xn@)ds,«p(xn(s)))
0 0

—ﬁ(s,x(S),x’(S),Dﬁx(S), fo h(&)x(E)dé,¢(x(S))> ds
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" s
+ / G(t ) z(s,xn(S),x;(S),Dﬂxn(S), / h(S)xn(S)dé,rb(xn(S)))
A 0

—fz(s,x(S),x/(S),Dﬂ x(s), /0 h(é)x(é)d$,¢(x(5))) ds

1 s
+ / G(t,S)P:«;(s,xn(S),x;(S),Dﬁxn(S), / h(&)xn(é)dé,¢(xn(5)))
% 0

—fs(s,x(S),x/(S),D’g x(s), /0 h(é)x(é)dé,aﬁ(x(S))) ds

A
< / G(£,5) (h}acn(S) = x(5)| + Lo|ox;,(5) — &' (5)| + 5| D (x,, — 2)(s) |
0

s /O (€)= (6) | +z5|¢(xn<s)—x<s>)|)

[, (s) = (s)],

nw
+/ G(t,S)(al(S)Al(Ixn(S)—x(S)
A

|D? (0 — ) (s)

,/0 |%n(€) — x(8)|dE, ¢(xn(5)—x(5))|>
Foeet as(s)A5(|x,,(s) —x(s) |, |, (s) =/ (5)],

|D? (0 — x)(s)

| |xn(s)—x(s)|ds,|¢(xn(s)—x(s))|)
1

+/ G(t,s) (l’1|xn(s) —x(s)| + l;’x/n(s) —x’(s)| + l’3|D‘3(x,, —x)(s)|
o

N /0 (&) — (6) | +zg|¢(xn<s)—x<s>)l)

A
< /0 G(t,s)(ll||x,, —x| + 1 Hx’n —x’H + F(le_ 5 Hx; —x’H

+ mola oy — x| + Ools |16, — x| + 6115 ]|, — & H)

+/M G(t s)(ul(s)A1<||x —x|l, ||« -« 1 ||x’ —x’{

)L ’ n ) n ’ F(Z_ﬂ) n )
ol oG, 1+ 11, - | )
/ J 1 ! /
Foeeet ag(s)Al(Hxn —x|, [, =%, F(T—ﬂ)”xn -x H,

moll, — 21, 00l 1%, — x| + 6115 |, —x’ll) ds

Loy
F(Z—,B) ”xn X ”

1
+/ G(t,s)(l’lnxn —xll + &%, - | +
m

+ molyl|% — x| + Ools |, — x| + 6115 | ), —x/H) ds

s
< (11 + 1y + + Iymg + I5600 + 1501) (1%, —x||*/ G(t,s)ds
0

I3
r'2-4)
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u 5
+ / G(trs)(zﬂi(s)Ai(l”xn = Xl Ul = X LNl — 1
s

i=1
Ukn =l Ll — %]l ) ds

4

l 1
w0+ + —2— +l/m0+l/00+l/01>||xn—x||*/ G(t,s)ds
(1 2 F(2_ﬂ) 4 5 5 "

for all ¢ € [0, 1], where [ = max{1, ”2;_}3)
€? such that ﬂ < q; + € for all z € (0,8;(¢)]. Thus, Ai(z,2,2,2,2) < (g; + €)z for all
z€(0,8;(¢)] and 1 <i<5.Put§ := minj<;<5 5;(€). Then we have

, Mg, 0 + 61}. For each 1 <i <5 choose 0 < §;(¢) <

Ai(8,8,8,8,8) < (q; + €)8 < (q; + €)€>

Let m; be a natural number such that /||x, — x|, < § for all # > m;. This implies that
AUl xn = Zllss oo os Ll — xll4) < Ay(5,8,8,8,8) < (q; + €)e? for all m > my and i = 1,...,5.
Thus,

s
|Fy, (£) = Fe(8)| < Lll%y — %]+ f G(t,s)ds
0

1

n 5
+(qi+e)62f G(t,s)Zai(s)ds+L’||x,,—xll*/ G(t,s)ds
» i=1

I

for all n > max{N, m;}. This implies that
’Fxn (t) - Fx(t)‘
Let >
< 1 _ 0[—2d
= F(a—l)/ (=9 ds

2
(%+€)€f2/ (1 )a 26Z(S)dS+

/ 1
Let / (1-s)%2ds
D Ju

Ma-1 [ -
_ Let(1-(1 —)\)0“1) (qi + €)%t & L/et N
B @) " T-1) ZM o)+ p gy @
for all # > max{N,m;} and ¢ € [0, 1] and so
L(1-(1-2)*") (qz+€)€ -
IIFx, — Fxll S|: ) t T ZM(A W)+ T )(1 ) 1:| <e.

By using similar calculations, we get

, , »aG , $
xn ) Ty = ——\5,8)J1\ $%ulS), X, \S), D" Xu(S), X P (xu(S
|E, () F(t)|</0 o (t )‘/( (5),%),(5), D" (s) /o h(&)x,(5) dE, ¢ ( ()))

ds

_f (s,x<s),x’(s>,Dﬁx<s), /0 Sh(s)x(s)ds,qs(x(s)))

. A g 29 2<s,xn(s),x;(s),bﬂxn(s), /0 s h(s)xn(s>ds,¢(xn(s)))
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1 S
+/ﬂ Z(Z(t s) 3(8 %(5), %, (8), DP %, (s), / h(E)xn(é)ds,q&(x,,(s)))

—fz(s,x(S),x’(S),Dﬁx(S), /0 h(&)x(g)dé,qﬁ(x(S))) ds

I3

e ,
5/0 at(ts)(ll||x,,—x||+lg||x RS A

+ mola ||y — x| + Ools||x, — x| + 0115 %, —x/”> ds

. / ' aa—fu,s)(al(s)m(||xn _

1 / /
1"(2_/3) ”xn - H’

ol =l Gols i — ] + 61l |, —x’||)

ot a5(s)A5(||x,, -

1 /
I vag I

!

Mo 1% — 11, Bols |, — x| + 6115 | %, —x’H) ds

YaG, [, T ks /
+/M W(t,s)(h“xn x|l +12||xn —-X H re-a) ”x X ”

+ moly||xy — x| + Ools %, — x| + 611 Hx; —x/”> ds

_[ra-a-n @roe
- I'x) F(a—l)

L
st

for all n > max{N,m;} and ¢ € [0,1]. Hence, ||F, — F,| < € for sufficiently large » and
s0 [|Fy, — Fullx = max{||Fy, — Fill, |IF,, — F,|I} < € for sufficiently large . This implies that
F,, — F, in X. Now, we prove that F maps bounded sets into bounded sets of X. Let M be
a bounded set of X. Choose r > 0 such that ||x||, < 7 for all x € M. Let x € M. Then

|Fu(t)] <

A s
f G, s)ﬁ(s x(),%(5), DP(s), / h(s)x(s>d5,¢(x<s>)) ds

In
+A G(t,s)f> (s,x(s) % (s), DPx(s), f h(E)x(€) dg, ¢(x(s))) ds

+AGtsﬁ(s, st)/

() d&, ¢ (S))) ds

< f G(t7 S) 1 (S, x(s),x/(s),D’sx(s), / h(&)x(é) dé: ¢(x(s)))
0 0

_fi (S! O’ 01 0: O; 0) dS

A
+f G(t,9)|f1(s,0,0,0,0,0)| ds
0

" s
+ / G(t,5)D(s)H (x(S),x’(S),Dﬂx(S), / h(S)x(é)dE,qﬁ(x(S))) ds
r 0
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1 s
. f Glt,s) g(s,x(s»x’(s),Dﬁx(s), f h(s)x(s)ds,qs(x(s)))
n 0

-/3(5,0,0,0,0,0)| ds

1
+ / G(t 9)|f3(5,0,0,0,0,0)| ds
m
A s
< [ 6t (nlst + ]+ 08| s [ [hG0)] de + 01 ) s
0 0
o
(Ul 1) [ G020
A
1
- [ 6w (z;nxn | + 1 D%]
"

L] / \h(é)!d$+l’5¢(llxll)> ds

< 1-— a2 l l /
<t [ - (sl | s 1
+ lamol|x| + Is60 x| + L5601 |« ||> ds
H(x]s, - . L]l )2 /" o
1-5)° 20
M- ; (1-95)7D(s)
+4/1(1—s)"‘_2 [ ||x||+l/| / L”x’” + Lmg |||
T-1) /), ! S O e
+ 0o l|x|| + 156, ||x’||> ds
H(N %M. LIl )E /” Y tL
. 1-9)22D(s)ds + ———— ||x]|«
< r( )|| *let =T 1= e ds + o el
and so | Fl| < gkl + “‘"‘”(* ''''' dile) (1 - 5) 20 (s) ds + i %] By using similar
calculations, we get || F,|| < F(a—l) ll]] + H(lllxrll(zl-,ll)llxll*) fu (1-5)220(s )ds+ ||x||* This

implies that

IEells = max{|IEll, |E,]|}

H(U s 1)
< ol ¢ e /

< OQ.

L
Ot 2q> d «
(s + oyl

This proves the claim. Since G and G’ are continuous with respect to ¢, it is easy to check

that F,(t;) — Fy(t1) as t, — t;. By using the Arzela—Ascoli theorem, we get T(M) is rel-
atively compact and so F : P — P is completely continuous. Since lim,_, o+ M =0,

one concludes that limy,—o+ W = 0. Let € > 0 be given. Choose § = §(¢) >0
HUIx] o112 5)

/I
< 1, there exists €y > 0 such that

such that |||, < § implies < € and so H(l||x|l«...,lx]l«) < €l]lx]||+. Since

LA-1-0*D)+r/ (1-p)2-1
' ()

LA-Q-2)*1N+L(1-p)*?! . eoll| @] .
ING)) Mae-1) 7
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where [|®[|* = [(1 —5)*~2d(s) ds. Let 8y = 8(€o). Define Q; = {x € X s.t. ||, < 8}. Then

A s
IE,(0)] < / G(t,9) l(s,x(s),x%s),Dﬂx(s), / h(&)x(s>ds,¢(x<s>)> ds
0 0

I s
+/ G(t,s) g(s,x(s),x/(s),Dﬂx(s),f h(é)x(é)dé,qﬁ(x(s))) ds
a 0

1 s
+ / G(t,s) s<s,x(5),x/(5),D‘3x(S), / h(é)x(é)d5,¢(x(5))) ds
% 0

A
< [ 6t (st + ] + 15 ]+t

+ U500 l|%]| + 1561 ||x’||) ds

m s
+/A G(t,s)CID(S)H(x(s),x/(s),D‘Sx(s),/ h(é)x(é)d&,q)(x(s))) ds

1
+ | Gt )(l/ llxll + 23 ||« + Lymo ||x ||
[ a9 (B« b1+ g1 + ol

+ 1560 ||x|| + 156, ||x’||> ds
tL »
< " 1 _ (X*Zd
< F(a—1)||x|| fo (1-9)*"ds

o
tH Ul Ll LIl Ll Zll2¢]] ) / (1— 9% 2P(s) ds
IMNa-1)

1 tLI A
Y f (1) 2ds
'/I; F(ot - 1) 0

for allx € Q; and ¢ € [0, 1]. Hence,

LA-(1-a) )+ L1 -pw) el d|*
IE,| < + 2 %l <[]l
I'(x) Mo -1)
So(tx1%2,.%5) _ q(t)

Similarly, we get ||F,| < ||lx|l. and so [|[Fx|l« < [|%]|.. Since limpax x, - oo P

there exists R = R(¢) > 0 such that max ||x;]| > R(¢) implies that 2&2152:%5) 5 g(r) _ ¢ and

max ||x; ||

0 fo(t, x1%2,...,x5) > (max |lx;||)(g(¢) — €). Recall that

a1 . €la=2)(n —2)*
r()/ (M—S) ds—w>1.

Choose R; = R(€1) > 0. Put Q5 = {x € X : |||« < R1}. Then

[Fcll = sup |[Fy(2)]
te[0,1]

> |Fx(ﬂ)|

o s
> / G(t,s)fz<S,x(S),x/(S),Dﬂx(S), / h(&)x(é)ds,¢>(x(5))>ds
A 0

b (-9 o 2)
A (@) Js

>

(q(s)—€1) max{



Baleanu et al. Advances in Difference Equations (2018) 2018:135 Page 10 of 20

_ -1
ol [T D g9 - e s

_ M- S)“‘l(a -2) =9 Ha-2)
| [ [

_o n —2)(u - 1)
- ||x||*[“;(—a) /A (1 -5 q(s) ds - %} Sl

for all x € PN 9K2;,. Hence, || Fxll« > [|%]l« on PN d2,. Now by using Lemma 2.4, F: X — X
has a fixed point on P N (£2,\€21) which is a solution for the problem (1). a

Example 3.1 Define the map d on [0.1,0.9] by d(t) = L whenever ¢ € [0.1,0.9] N Q where
c(t) =0 on [0.1,0.9] N Q and d(t) = 10 whenever ¢ e [0 1,0. 9] N Q°. Now, consider the
point-wise defined fractional integro-differential equation D2x(t) +f(t,x(t),« (t),D2x(t),
[ x(s) ds, D3 x(£)) = 0, where

thﬂxi 0<t<0.1,
St 21,50, %3, %0, %5) = { d(£)H (x1, %0, X3,%0,%5) 0.1 << 0.9,
1-0Y 7, % 09<t<1,

5 i112 5
and H(xl,xz,xg,x4,x5) = ZiZI 1”_:6”11” . PUt_fl (t;x17x2)x3)x4)x5) = tzl‘zlxir
Solt, 1, %2, %3, %4, %5) = d(t)H (1, %2, %3, X4, X5),
and f3(t, %1, %, %3,%4,%5) = (1 —£) Y- ;. Note that

£(£,0,0,0,0,0) = £3(£,0,0,0,0,0) = 0,

5 5
ﬁ(t1x11x21x31x41x5) _fl(trylryZ;y?nyébyS) < tz ”xl —J’i” = 0.1 Z ”xl —J’i”,

i=1 i=1
Vi(t)xlrx2rx37x4rx5) —ﬁ(f7y1;y2;y3,y4,y5)|
5
Jlo: 11> lly:ll?
=d®)) | T - T
| T ol L+l
1% = el il = yell® = Nyl 1

5
I,
=d
02 L+ 1D+ i)

_ d(t)i el = el + el el = 2
i1 (1 + fle DL+ Nyl

5

il = Tl + ) + el el = Dyl ‘
=d
02 (L + )@+ )

i=1

s AN R ||xi||||yi||)‘
lloill + Hlyill + NloeilH Lyl + 1

il = Nyl DClloei |+ Myl + Tl 11yl ‘
lloill -+ Nyill + floei v

t)Z
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5 5
=d®)) Il - lyill| <d @)D llai -yl

i=1 i=1

5
:=d(2) Z Ai(x1=y1,...,%5 — ¥5)

i=1

and f3(t, %1, %2, %3, %4, %5) — f3(, Y1, 2,3, Y4, ¥5) < 0.1 Z,il llx; — y:ll, where A;(x1,...,%5) =
[lx;|| for i =1,...,5. Note that

l
L= (ll + lz + ]_'(273—,3) + }’l’l()l4 + 9015 + 9115)

0.1 0.1
=(0.1+0.1+

71‘|'().1+71
re-1 re-1

<0.4,

'’/

l
L=+l + —2>— U+ 6ol + 6,1
(1+ 2+F(2—ﬂ)+m04+ 05+ 15)

0.1 0.1
=(0.1+0.1+

714-0.14-—1
re-1) re-1

<04,

Ai(zz222

and lim,_, o+ 2 ) _1:= qi: fori=1,...,5. Then we have

LO-(1=-nY I w1 04(1-(1-01)3) 04(1-09)3
1-w) <

r@ @ rQ T

and for almost all £ € [0, 1]

5 fil?
. Plosiyss) g Db
’ max ||x; || — oo max ||xl|| max ||x;[|— 00 maX”xi”
2
x; X
> d(t) % =d(t) m I =d(t),
lrli—o0 [l ]| (1 + [l2,]]) lerl—00 1+ [l |

where ||x,|| = max;<;<s [|%;]|. Thus, we obtain

-2 0.9

(@)

3
2

3
10(0.9 —s)2ds > 1.
I'(2) Joa

"
A (1 -5 q(s) ds >

Now, by using Theorem 3.2, the problem has a solution.

Theorem 3.3 Let [A, ,f = (fi,f2,,f3)] with fi(s,0,0,0,0,0) = f5(¢£,0,0,0,0,0) = 0 for all
s € [0,A] and t € [u,1]. Assume that there exist nonnegative functions a € L'[0,1], ¢ €
L[, 1] and by,...,bs : [\, 1] — R with b; := (1 - 0)*2b;(t) € L'[A,u] (i = 1,...,5) such
that |fi(t,21,....%5) ~ fi(t, Y1, ., ¥5)| < a(®) 0, 1% — il

5
Vot 21,5 %5) = fo(t 91,0 95)| < Zbi(t)ﬂxi =ill,

i=1

and |f3(t,x1,...,%5) = f3(6,y1,...,¥5)| < c(t) ZL llx; — y:ll for all x1,...,%5,91,...,y5 € X and
almost all t € [0,1]. Suppose that there exist a natural number ny and nonnegative func-
tions @1,..., P, With bi=(1- )% 2¢;(t) € L'[A, u] and nonnegative and nondecreasing

Page 11 of 20
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with respect to all components maps A1, ..., Ay, : X° — [0,00) with lim,_.q+ M =0

such that |f5(t,x1,...,%5)] < D10 ¢ii(x1,...,x5) for all (x1,...,x5) € X and almost all
tehul If(2+ 1"(2;#3) +mg +0p + 01)(lalljon + oy 15l + (1= 1% 2 ellpp) < Tl - 1),
then the problem (1) has a solution.

Proof First we show that F is a continuous map on X. Let x1,x, € X and ¢ € [0,1]. Then

A s
|Fey () = Foy (8)| < / G(£,5) 1<s,x1(S),x3(S),D’3x1(S), / h(é)x1($)d$,¢(x1(S))>
0 0

-h (S,X2(S),x/2(8),Dﬂxz(S), /0 h(%‘)xz(é)dé,qﬁ(xz(S))) ds

m s
+ / G(t,s) z(s,xl(S),x’l(S),Dﬂxl(S), / h(E)xl(é)dE,qﬁ(xl(S))) ds
A 0

—fz(s,xz(S),x’z(S),D’sxz(S), fo h(é)xz(é)d$,¢(xz(5))> ds

1 s
+/ G(t9) 3<s,x1(S),x’1(S),Dﬂx1(S),/ h(é)xl(é)dé,rﬁ(m(S))) ds
w 0

—fs(S:xz(s)»x/z(s),Dﬂxz(S), /0 h(é)xz(é)dé,¢(xz(8))) ds

IA

A t(l _ S)Ot—2 ) ) 5
/0 Ta-1) zz(s)(!xl(s) —x2(9)] + |%(5) = x5(9)| + | DP (%1 = x2)(9)|

. /0 (€)= 26| d + |¢(x1<s)—xz(s>)y) ds

" _ Qa2
+/A %(h(ﬂlxl(ﬂ—xz(ﬂl + ba(s)]x] (s) — x5 (s)

+ b3 ()| DP (%1 — x2)(5)|

ba(®) [ 116) = a(8)| i + b5(9)| (11(5) — 22(5))| ) s
0

1 a2
+L %c(s)(hl(s)_xz(sn

+ [x1(s) = x5(s)| + |DP (1 — x2)(5)|

+ /Os|x1(s) —x2(8)| dE + | (%1(s) —xz(s>)!) ds

ll — x5l

r'2-a)

t A ~
< m/() (1-5)" 2cl(S)<||xl — x|l + [|x = x| +

+mollx1 — x| + Ollxy — x| + 61 ||« —x’2||)ds

t /“(l—s)“2<b ($)]|x1 — 22|l + b (s)Hx/ — X, H
F(O( _ 1) . 1 1 2 2 1 2
ba(9) o2+ byl ]

+ bs(s) (Bollxr — 22l + 61 %) %) ||)> ds
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t Iy — x5

1
+ mv/l; (1 —S)azc(s)<||x1 _'x2|| + ||x/1 _x/2H + F(Z _ ,3)

+ mollxey — %2 + Olly —x2 || + 61 || %) _x/ZH)dS

)+m0+90+91)

t(2+ 2 3 A ,
= llc1 —lel*/ (1-s)“a(s)ds
(Ol 1) o
L‘(2+ +mg + 6+ 61) 5 ou
ﬂ) 2
- * 1 - bi d
PN AEE O
t(2+ 2[3)+Wl()+9()+91) 1
[lo¢1 —x2||*/ (1-9)*2c(s)ds
Ma-1) u
(2 + 2/3)+m0+90+91) A
= [loer = 22l / a(s)ds
MNa-1) o

1
+Z (1 $)*2b; (s)ds+/ c(s)ds:|

i=1 V> H

and so

(2 + 5= + Mo + 0o + 01)
(2-8)
F, —F,,| < a
IEey = Fey | < Py o,
5
+ 3 1billpn + ||c||[u,l]} oty = 2.
i=1

By using similar calculations, we get
|Fy, (8) - E,, (8)]
A G , 5 s
< /0 W(t’s) 1<s,x1(5),x1(5),D xl(s):/(; h(S)xl(S)d$,¢(x1(S))>

—f1(s,xz(S),xé(S),Dﬁxz(S), /0 h(é)xz(é)dé,qﬁ(xz(S))) ds

”w s
. fk o) z(s,m(s),x;(s),Dﬂxl(s), fo h(é)xl(s)ds,¢(x1(s))) ds

—fz(S,xz(S),x’z(S),Dﬁxz(S), /0 h(é)xz(é)déytb(xz(S))) ds

1 s
. / e s(s,xl(s),x;(s),Dﬂxl(s), fo h(é)xl(s)ds,qs(xl(s))) ds

—fg(S,?Cz(S),xlz(S),Dﬁxz(S),fo h(s)xZ(S)d§r¢(x2(s))) dS

IA

A _ a2
/0 t(rl(as_)l) a<s>(!x1(s) —x(8)] + [ (5) = 25(9)] + [ D" 1 — :)(5)|

+/0 le(é)—xz(§)|d§+|¢>(x1(5)—x2(8))|>ds
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_ a2
[ (06 520+ 200 - 460

+ b3(s)| D’ (%1 — 22)(s) |

+ bas) /0 1 (8) = (&) +h5<s>|¢(x1(s)—x2(s))|> ds

1 _ a2
/ %c<s>(!xl<s>—xz<s>!+!xa< =) + D (1~ )(9)

. /O 1 (€)= 26 d + \qs(xl(s)—xz(s))\)ds

Pl (= 1’?(;";; LAACTI / (-9 ate ds
N H2+ - zﬁ)(;in(l))+90+91) — Z/ J2p.(s) dis
e {?(; T sl [ 1) ds
LRt lﬁ)(;;_ﬂ:; 0o +61) s —x2||*|:/oka(s)ds

5 1z 1
— a72 .
+ ;ﬂA (1-5s) b,(s)ds+/ﬂ c(s)ds]

and so
||F’ o H _ 2+ —r(zl_ﬂ) +mg + 6y + 07)
#oal = I(a-1)
5
x |:||ﬂ||[o,x] £ billpg + ||c||[,t,u} [ERE
i=1
This implies that
2+ ﬁ +mg + 6y + 61)
”Fxl_sz”*f F(a—l)
5
x |:||61||[o,)\] + Y billp + ||C||[,L,1]:| a1 — %2l
i=1

and so Fy, — Fy, in X asx, — «1. Thus, F is continuous on X. We have lim,_, o+

. Ai(lzlzlz,lz,lz)
0, lim,_, o+ ’f 0, where [ = max{1, T 2 e

8; := 3;(€) > 0 such that 0 < z < §; implies that lim,_, o+ 7[\"(12’1212’12’[2)

Page 14 of 20

Ai(zz2.222) _

,mg, 00 + 61}. Let € > 0 be given. Choose

<eforl <i<ny Hence,

Ai(lz,lz,1z,1z,1z) < €z for 0 < z < §; and so A;(lz,lz,1z,1z,1z) < €z for all 1 < i < ng and

z € (0.8], where 8 := §(€) = min; <;<,,, {8;}. Since

1
<2 + o) +mg + 0 + 91)(”“”[0,/\] + (1 =) lelly) <D -1),
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there exists € > 0 such that
1 0
(2+ Ta_p) Mt +91) (lallou + Q= 0)*llel ) + €0 D il < Tl —1).

i=1

Let r = 8(¢g). Then A;(lz,lz,1z,1z,1z) < €9z for all 1 < i < ny and for z € (0,7]. Put C =
{x € X : |||l < r}. Define the map o« : X2 — [0,00) by a(x,y) = 1 whenever x,y € C and
a(x,y) = 0 otherwise. We show that F is «-admissible. Let %,y € X be such that «(x,y) > 1.
Then x,y € C, |Ix|l« <rand ||y, < r. Let t € [0,1]. Then we have

ds

A s
) < / G(m)L/l(s,x<s),x’<s),Dﬂx<s>, / h(s)x<s>ds,¢(x<s>))
0 0

I s

+/; G(t,s) z(s,x(s),x’(s),Dﬂx(s),/O h(é)x(&)dé,d)(x(s))) ds
1 s

: / 6069|5599, 08509, [ ernte) e, 0(s69) )

ro [ -9 (s, 050, [ erntera o060 )

A
ds + m\/o\ (1 —S)a_2lf1(5,0;0y0’070)‘ds

ds

I /\

_fi (S, 0; 0: 0: O’ 0)

/0 h(s>x(s)ds,¢(x(s>)> ds

+ b /1(1 _S)a—zp (5 x(s), % (s), DP x(s) /Sh(é)x(é)dé q)(x(s)))
Fa-1)J, S\ 'Jo ’

__](3 (S! O’ 0; 0: O; O) dS

t A
S 1-15)*"2|f(s,0,0,0,0,0)| d
+F(a_1)f0( ) |fas )| ds

E e, Tl
r(a—l)/o(l_s) <”x” I+ ra-p

+mollx|| + O [lx[| + 61 IIxII) ds

IA

no

L e I
AR BUCI CTRA M Rev e

i=1

+mo||x]| + Gollx]| + 61 IIxII) ds

t ! w2 , [l
+ M/M 1-5s) c(s)(||x|| + Hx || + r2-p)

+mollx|| + Oo[lx[| + 61 IIxII) ds
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t |:2+ ) +9}||x|| /Asu (1-9)*a(s)ds
Cla-D\L~"TE-p 7orrorm I )5

no o
+ Z/ (=9 2i(s) Ai (Llxll o L%l Ll s L], Ll ) s
i=1 V4

IA

¢ 0 +0 sup(1 - () d
+|: +m+MQ+ ot l]llx”*/}; Sup( —5)*cls)ds

! 2 ! 6o + 61 |(llall (1= w)*2llelly)
+ +mp + 0y + a +(1- c r
Ta-1) r2-p) 0t 0bo+ 01 [0.A] I (1]

no I R
+ 3 Al I lr) | ¢i(s)ds
i=1 A

IA

1

- 2+ L +mg+6y+0 (||a|| + (1= )" 2l )’"
Da-\|[" " T@=-p "o r70r 7 [Udlon -

"o
+ Z ill Ai(lr, Ir, b, Ir, lr))

i=1

L (120 =1 o+ 60 +60 |(lallon + @ = w0 liclpen)
Tla-1) re-g 0 (0] et

no
teoy ||¢>i||>r
i=1

1
< ml"(a—l)rzr,

IA

and so ||Fy|| < r. Similarly one can prove that ||F,|| < r and so ||F, ||, = max{||Fyll, [|[F,|l} <.
Hence, F; € C and by same reason F, € C. This implies that «(F,, F,) > 1 and so F is a-
admissible. Also, a(xo, Fy,) > 1 for all xy € C (note that C is nonempty). Let x,y € X and
t € [0,1]. Then we have

A s
IE,(6) - E,(0)] < / Glt,9) 1(s,x<s>,x/(s),Dﬂx(s), / h(é)x(é)d§,¢>(x(S)))
0 0

—ﬁ(s,y(S),y’(S),Dﬂ y(s)s /0 h(é)y(é)dé,qﬁ(y(S))) ds

m s
+ / G(t,s) Pz <s,x(s),x/(s),Df‘x(s), / h(E)x(E) dg, ¢>(x(s))> ds
A 0

—fz(s,y(S),y/(S),D’gy(S), /0 h(s>y<5)ds,¢(y<s))> ds

1 s
. / G(t,s) s(s,x(s),x’(sxbﬂx(s), / h(é)x(s)d§,¢(x(5))) ds
I 0

~ls,3),5(9), D), /0 HEW(E) dE, (5(6)) | ds

t
IMNo-1)

=

A
[ @920 (1=t -5 + D)
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+ /Os|h(§)|||x—ylldé +¢(|Ix—yll)) ds

+ ﬁ fk NIBRES (bl(s>||x—y|| +ba(s)[# - |

+ bs(s) (D[l = y1|) + ba(s) /Os\h(§)| llx — yll d& + b5(3)¢(||x_y||)> ds
tramy [ a9z (e [ -5+ [0
+/Os|h(5){||x—y||ds+¢>(||x—y||)) ds

t * -2 / / ”x/_y,”
I‘(a——l),/o (1-5) u(s)(llx—y” + &=y + r2-p)

IA

+mollx =yl +Gollx -yl + 61 ||« —y’||> ds

' T / (1—s>“(b1(s>||x Y+ b |

%" =5/l
rez-p)

+ bs(s)(Bollx = yll + 61 |« —y’ll)) ds

1% =
s 1)/ (nx A+l -+ £

+mollx =yl +Gollx — yll + 6 ||« —y’||> ds

+b3(s) + by(s)mg|lx -yl

2 0o+ 0 A
Shad mff?; — 1)||x—y||*[ /0 sup(1 - $)°a(s) ds
5 1
+;/j(l—s)o‘_Zbi(s)ds+//4 sup(1 — 5)*2c(s) ds:|

1 1
F(a—1)<2+ r2-p) +m0+90+01>

5
x (nan[e,u + Y b+ (1= m“-zncnw) llx =yl

i=1

IA

= ¥ (lle=ylls)-

Similarly, one can show that ||F,, —F)/,|| < ¥ (|l - yll) and so a(x, Y1 Fx — Fyll« < ¥ (d(x,))
for all x,y € X. We have

5
1 1 A o
Fa—D) <2 fTaop Tt bo + 91) <||ﬂ||[0,x] + ) bl + (1= p) 2IICII[W]) <1,

i=1

Y € W. By using Lemma 2.2, F has a fixed point which is a solution for the problem (1).
O
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Example 3.2 Consider the problem Dgx(t) +f(t,x(t),x’(t),D%x(t),fotx(S)dE,I%x(t)) =0
where

filt, 1, x5) 1= sint(30 aill) £ €[0,02),
12
f(t,xl,...,xs) = fz(t,xp...,xs) = 0_2) Z?:l 1||f|l|;|li|| t €1[0.2,0.7],

fa(t, x1,...,%5) = L‘(Zi=1 [l:11) te€[0.7,1],

and p(t) = 0 whenever ¢ € [0.2,0. 07] N Q and p(t) = v/t whenever ¢ € [0.2,0.07] N Q°. Put

a(t) =sint, by(t) = --- = bs(t) = and c(t) = t for all £. Note that
5 5
Vi(trxlyoo'ixs) _ﬁ(t!ylru'!_yS)’ =sint Z ”xl” - ”yl” =< Sintz ”xl —)/i”,
i=1 i=1

|f2(t»x1y«w,x5)_fZ(tryly-uryS)|
_02 i EX
pt) | = 1+ ||zl

i=1

Iyl

L+ [lyill

5
_02 3 i1 + el Lyl = el 1 = Dlyill®
()5 (1 -+ fle D+ Nlyell)

_02 i (il + ysIDCleill = Hlyall) + el il = 11y [ Lyl
()5 (1 + flaes DL+ llyill)

14

5
0.2 ) (il = 11y 1) ||xi||+||yi||+IIinIIIinI)‘

TP\ W il +
in LR S
— l l (t) — l 21N

Define A;(x1,...,x5) = il o ;= 1 ,...,5. Then lim,_, g+ Af(z'zz'z'z’z) =0 for all i. Put b;(t) =

Tl
q),(t) 02 for all i, ny =5 and B = 5. Since |f0t YdE| < t||lx|| < |||, put mg = 1. Since
I3 x(t)l = | jo t—5)3x(s) ds| < = ; N s)3~Lx(s)| ds < “x“ fo ds% < F"x”),we put
S
Oy = q and 61 = 0. Note that ||la|lj,) = fo sintdt < 0.02, ||bl|| o] f07 Ozdt < 0.08,

el = fi £dt = 0.045 and

5
1 N
(2 tTaop Tt bo + 0o + 91) <||ﬂ||[0,)\] + Z I16ill + (1 - M)a_2||0||[u.1])

i=1

1 1 > ;
< (2 + el +1+ @) (0.02 +Y 08+(1 _0.7)20.045)

i=1

< <3+i+i>(0421)<r<z> =T(a-1)
< =) 5 .

Now by using Theorem 3.3, the problem has a solution.
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4 Conclusions

Most natural phenomena include crisis and it is important we could model this type phe-
nomena. Researchers are going to use fractional integro-differential equations for model-
ing of crisis phenomena. In this work, we investigate the existence of solutions for a three
steps crisis integro-differential equation by considering this assumption that the second
step is a point-wise defined singular fractional differential equation, while the first and
third parts have natural treatments.
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