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1 Introduction

Singular systems, which are also called descriptor systems, implicit systems, or general-
ized systems, have been investigated extensively in many areas [1-21]. Generally, the sys-
tems can be described using algebraic and differential equations. Such systems are natural
presentations of several dynamic systems which are better than regular systems, such as
economical systems, chemical systems, robotic systems, etc. [1-10, 12—14, 20-22]. More-
over, singular systems are very complicated because we have to consider the stability of the
systems as well as the regularity and also impulse free (in case of continuous singular sys-
tems) or causality (in case of discrete singular systems) [2, 11, 18]. In addition, a discrete
time system is often represented in the real world systems such as population models and
switched systems. There are several studies on the stability of a discrete time system [2—4,
8-15,17, 18, 22-24].

In real world systems, the variation of systems’ current status often depends not only
on the current state but also on the past state of the systems; such systems are called time
delay systems. Examples of time delay systems are population dynamic models, mechani-
cal transmissions, and digital control systems [4, 7-10, 12—14]. It is well known that time
delay may cause instability, oscillation, and poor performance of systems. For the above-
mentioned reasons, time delay systems have been extensively discussed in many litera-
ture works [2, 4, 6-10, 13-16, 18, 19, 22, 23]. As is known, most common approaches to
studying stability analysis of a time delay system are Lyapunov—Krasovskii functional ap-
proach and Razumikhin-type technique. In the case of Lyapunov—Krasovskii functional
method, it requires that a candidate Lyapunov—Krasovskii functional is decreasing on the
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whole state space. Meanwhile, the Razumikhin-type technique has an advantage that the
Lyapunov—Krasovskii functional is not required to be decreasing on the whole state space.
In general, disturbance inputs often occur in modeling of phenomena and engineering sys-
tems which may be due to data transformation, unknown disturbances, or measurement
errors [4, 10, 24, 25]. Therefore, it is important to study the stability of a discrete time
singular system with delay and disturbance.

Considering asymptotic stability, it is more desirable to consider exponential stability
criterion for dynamical systems [1, 6-10, 18-21, 24, 25]. For exponential stability, it is re-
quired that all solutions starting near an equilibrium point not only stay nearby, but tend
to the equilibrium point very fast with exponential decay rate. In practice, we may only
need to stabilize a system into the region of a phase space where the system may oscillate
near the state in which the implementation is still acceptable. This concept is called prac-
tical stability [18, 22, 26—29] which is very useful for studying the asymptotic behavior of
the system in which the origin is not necessarily an equilibrium point. In this case, practi-
cal stability is an important concept to analyze the asymptotic behavior of solutions with
respect to a small neighborhood of the origin. Recently, there have been several studies
on practical stability of continuous time systems with delay, see [26—29]. However, there
have been few studies on practical stability of discrete time systems with delay [22, 23].
In [3], the authors studied discrete time singular systems with disturbance and obtained
some stability criteria by using Lyapunov stability theory. In [23], the authors used the
Razumikhin-type technique to derive the exponentially practical stability condition for
impulsive discrete time systems with delay. Motivated by the above discussions, we pro-
pose to study exponentially practical stability of a discrete time singular system with delay
and disturbance. We shall derive a new criterion for exponentially practical stability of the
system, namely the solutions tend to the origin state with exponential decay rate in the
early stage (but eventually oscillate in a neighborhood of the origin), in which the perfor-
mance is still acceptable.

This work is organized as follows. In Sect. 2, some notations and definitions are intro-
duced. In Sect. 3, we present some criteria for exponentially practical stability of a discrete
time system with disturbance, exponentially practical stability of a discrete time singular
system with disturbance, exponentially practical stability of a discrete time system with
delay and disturbance, and exponentially practical stability of a discrete time singular sys-
tem with delay and disturbance; definitions and assumption will be used in the proof our
result. Some numerical examples are given to show the effectiveness of our theoretical
result in Sect. 4. The last section concludes the work.

2 Preliminaries
Consider the following discrete time singular system with delay and disturbance:

Ex(k + 1) = Ax(k) + Bx(k — 7) + Gw(k),
x(s) = <P(S): RIS Nko—ry

(2.1)

where x(k) € R” is the state vector, w(k) € Q = {w(k) € R™/|w(k)|| < w,Iw > 0,Vk > ko}
is the disturbance, A,B, G, and E are constant matrices with appropriate dimensions
where E is a singular matrix with rank(E) = r < n, 7 is constant delay, ¢ € C; := {f :
N_; — R”,f is continuous} is the initial function with ||¢|| = maxgen; {lle(©)]1}, where
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Niy-r ={ko— T, ko — 7+ 1,...,ko — 1, ko}, and Ny, = {ko, ko + 1, ko +2,...}, ko > 0. A function
p:R{ — R, is called a K-function if it is a nonnegative continuous function where R{ is
the set of nonnegative real numbers. Let floor(r) := | r] be the greatest integer that is less
than or equal to r, and let ceil(r) := [r] be the least integer that is greater than or equal

tor.

Definition 2.1 ([18]) System (2.1) is said to be regular if det(zE — A) # 0 for some z € C.
System (2.1) is said to be causal if deg(det(zE — A)) = rank(E).

3 Main results

In this section, we consider exponentially practical stability problems for the following
four cases: a discrete time system with disturbance, a discrete time singular system with
disturbance, a discrete time system with delay and disturbance, and a discrete time singu-
lar system with delay and disturbance.

First, we consider the discrete time system with disturbance as follows:

x(k + 1) = f (k,x(k), w(k)),

x(ko) = xo,

(3.1)

where disturbance w(k) € 2, where Q is defined as in (2.1), f: R x R” x Q — R” is
continuous and locally Lipschitz in (x, w), uniformly in k with Lipschitz constant L which
satisfies f(k,0,0) = 0. Let x(k; ko, %0, w) denote the trajectory of system (3.1) with initial
state x(ko) = %o and disturbance signal w(k) € Q.

Definition 3.1 System (3.1) is exponentially practically stable in the pth-moment for
some p > 0 if for all k > kj there exist constants 0 < A < 1,7 > 0,7 > 0 such that

(ks ko,xo,w)Hp < nllxollPAk o 4+ 7, Yw(k) € Q.

Theorem 3.1 If there exist a Lyapunov function V(k,x(k)), a K-function p, and positive
constants ci,ca, C3,a, p; C3 < Cp such that the following conditions hold for all k > ko, x(k) €
R", w(k) € Q:

(i) crllx(R)NP = V(k,x(k)) < collx(K) 17 + a,

(ii) AV(k,x(k) = V(k+1,x(k +1)) = V(k x(k)) < —cs[lx(k)I” + p(lw(k)]).

Then system (3.1) is exponentially practically stable in the pth-moment with n = 2, =

c1’
1- i—;z, and r = % + —cl(zil—(r)’ where a; = % + p1 and p1 = sup,calo(lwk)I)}.

Proof From (i) and (ii), we obtain that

V(k + 1,x(k + 1; ko, %0, w)) - V(k,x(k; ko, %o, w))
< —¢3 ks ko, 0, w) [ + o ([ W)}

< - BV (kxlks ko w0, W) + 22 4 py
Cy Ca

=SV (ko xtksko 20, w) +
2
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for all k > ko, w(k) € Q, where p; = sup,colo(wk)[)}, a1 = 2% + p;. Without loss of

)
generality, we may assume that ¢3 < ¢y, and let 0 =1 — 2. Then 0 < o < 1, and it follows

()
that
V(k + 1,x(k + 1; ko, xo, W))

< (1 - C—S) V(k,x(k; ko,xo,w)) +a
(%)

=0 V(k,x(k; ko, %o, W)) +a;
<o[o(V(k-1,x(k - 1;ko,x0,W)) + a1)] + a1

< az[o(V(k -2,x(k —2; ko,xo,w)) + al)] +o0d, +ay

< "W ko, x0, W) + 0¥y + ¥ tay + - + ay.

Thus,

ay

V(k,x(k; ko, %o, w)) < %RV ko, x0, W) + T .
-0

From (i), we can see that

e || (ks ko, x0, W) | < V (K, (ks ko, %0, W) < X0V (ko, %0, W) + lal

k—k a1
<" (collxoll” + @) + I

Thus,
k—ko
P Co _ o a ay
(ks Ko, 260, W) | < =070 [l 1P + +
a c c(l1-o0)
Co _ a ay
< Dokl 4 £ ¢
c a a(l-o)
= ¢4 lxo|IP + aa,
where ¢4 = Z—f and a, = ﬁ + o (til—a)’ It follows that

(ks Ko, 20, W) | < cac® R |lxolIP + @ for all k > ko, w(k) € .

Therefore, system (3.1) is exponentially practically stable in the pth-moment with n =
¢y, A =0,and r = a,. O

Then, we will consider system (2.1) without delay, namely a discrete time singular system
with disturbance, as follows:

Ex(k + 1) = Ax(k) + Gw(k),

(3.2)
x(ko) = xo.
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Definition 3.2 The singular system (3.2) is said to be exponentially practically stable in
the pth-moment for some p > 0 if, for all k > ko, there exist constants 0 <A < 1,7 >0,r >0
for each disturbance w(k) €  such that

| Ex(k ko, 0, w)[[” < mllxo P25 + 1,
where x(k, ko, x0, w) is the state trajectory of a system with initial state xo.

Theorem 3.2 Assume that the singular system (3.2) is regular and causal. Then the singu-
lar system (3.2) is exponentially practically stable in the pth-moment with respect to w(k),
if there exists a Lyapunov function V(k,x(k)) such that
(i) allEx()NIP < V(k,x(k)) < e2 | Ex(K)|IP + a,
(i) AV(kx(k)) =V(k+1,x(k+1)) - V(kx(k)) <—csllx(K)||” + p(|[w(k)||) hold for some
positive constants a, ¢y, c, €3, p; €3 < ¢y and a K-function p.

Proof Assume that system (3.2) is regular and causal. Then, from [30], there exist nonsin-

gular matrices M, N with appropriate dimensions such that

I, A
MEN = ) man- ("M %), me- ().
0 On,r 0 In—r GZ
Let y(k) = N~'x(k) = [ 521((:)) ], then system (3.2) is transformed to the system

y1(k +1) = Ayyi (k) + Giw(k), (3.3)
y2(k) = —Gaw(k) (3.4)

with initial state yq satisfying ( I(; g)yo = (3. From the Lyapunov function V (k, x(k)) sat-
isfying conditions (i) and (ii), we obtain the following estimations:

a ||Ex(k) ||p < V(k,x(k)) < c> ||Ex(k) ||p +a,
ai|[ENy(K) | < V (k,Ny(k)) < e | ENy(®)||” + a,

&1 |MPMENy®)| < V (k, Ny(K)) < | M MENy(®)|” + a,

el ]l

< V(k,Ny(k)) < c,
MANIN [yl(()k)] MANIN [yl(()k)}

p
< V(kNy(b) < s

p

C1 + a.

Let y(k) = Ny(k), y1(k) = N[”O(k)]. Then we obtain
a| MINTIE)|” < V(k53(0) < oo | MINTIK)]” + a,
which in turn gives

al|MPN 3K |° < V(i) < e | MTINT(K) |7 + a.
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From which it follows that
V(k551(00) = e (|M N0 |2)
= o (J7" R N (N k)
> c1 (hin (MN ) (MIN) R
Similarly, we have
V(kyi(k) < e |M7H P [N |55 | + a.
Thus,

alrpw|” < vikink) <e|n@]” +a

where €; = ¢; (nin(M'N")T(MIN"1))%, and & = o | M1 |17 [NV
Furthermore, we have the following estimations for AV (k, x(k)):

AV (k,x(k) ) (k + 1,x(k + 1)) - V(k,x(k)) <-—c3 ||x(k)||p + ,0(|

( )

AV(k Ny k)) (k +1,Ny(k + 1)) - V(k,Ny(k)) <-c3 ”Ny(k)”p + ,o(||w(k)
AV (k3(0)) = V(k + 1,5k + 1)) = V(k,5(K) < 3|50 | + p(|w®)|),
AV (kyi(k)) = V(k+ 1,71k + 1)) = V(k,y1(k)) < —c3|y1(0) |7 + o (||wK)])-

From (3.3) with y7(k) = N[ylék)], we have

yilk + 1) = Ayyi(k) + Giw(k),

Page 6 of 23

(3.5)

where A, =N [ ]N ,Gy = [ ] and w(k) = [ ] Therefore, we may conclude that
there exists a Lyapunov function V(k,y1(k)) for system (3.5) which satisfies the following

conditions:

(@) clyi(ONP < Vky1(k) < ellyi (k)P +a,

(i) AV(ky1(k)) = V(k+1,y1(k + 1)) = V(k,y1(k)) < =c3[|y1(K)[I” + p([w(K)|).
Hence, from Theorem 3.1, there exist constants 0 < A < 1,79 > 0,79 > 0 such that

[71®) | < nollFollP 20 + 70, Vk = ko,
where 15 = N[”,°]. Thus, we have

71O < no [N P IN I lyso 17250 + [N [Pro

= mly0lPAEHR0 4y, Wk > ko,

(3.6)

(3.7)

where 11 = o[NP |IN |12, 71 = [N~ ||Pro. From (3.4), we have y5(k) = —Gyw(k), which in

turn gives

ly2(0] < G2l [w(k) -

(3.8)
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Thus, it follows from (3.7) and (3.8) that

ly®)] < @] + 52001

Therefore,
1
[y < (mly10lP A0 + )7 + Wl G- (3.9)
From (3.9), there are four cases to be considered according to the values of p and r; as
follows:
(Casel).0<p<1,0<r <1.Since 0 < A < 1, we may assume without loss of generality
that

mlyrollPAF 5 + 7y <1

for all k > k. Let LI%J =n,n € I*. Then, by the binomial theorem, we obtain

1
Iyt < (mlly10llP 250 + 1) 7 + Wl Gyl

n

_ i
< (mlyrlPA* + 1) 7"+ W||G, |

= (mlyrolPAF50 4+ 1) + W) Gy |

+
n o\
= (mlyroll?2*H0)" (1> (mllyaolP A 0)" ry

2 _
( ) (mly10llPA*5) 1 + -+ 11 + W G|

< ( g | Mol +< . )m||ym||f’xk-k°rl
% B
¥ (r 1) Myl A For + -4 (r;) r+ WGl
- (é) M lyoll?25H0 + (= 1) ([;) mlyollP A5 For, + ([;) r + WG
- [(&) +(n- 1)<( 1)n} mnymnpxkk°+[<[;)n+W||Gz||}

K=k
=Mally10IPA*0 + 1y,

pIS N

where 1, = [( (gl) +(n—1)( [gl )ri]m and ry = ([%11)71 +W||Gal.
(Casell) 0<p < 1,r; > 1. Since 0 < A < 1, we may assume without loss of generality that

mllyiolP A% < 1

for all k > ky. Let f%l =n,n € I*. Then, by the binomial theorem, we obtain

1
ly®) || < (mlly0lP 250 +71) 7 + W] G|
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< (mlyrolP A5 + 7)™ + W) G, |

_ n _ -1
= (mllyro P2 F0)" + (1) (mllyrolPAF50)" " r

n _ -2 _
+ <2> (mlly1oll? AT "5t 4 -+ ] + W] G

n n
<\ g | mliolP A0 | ) mlyaolPAS0r
] 41
n n _
g olPATor e ) 4 WG
2! K
n —ko .11 n no o—
" (m) mlyollP A or + (rﬂw) 7+ WGl
2 2

k—k
=n3lly10IPA* 0 + 13,

n n —_
where 13 = n( ra )nlr’f, and r3 = ([%W)r’f + WG|l

(CaselIll) p > 1,0 < ry < 1. Since 0 < A < 1, we may assume without loss of generality that

mlyaollPA 0+ < 1
for all k > ko. Let [p] = n,n € [*. Then, by the binomial theorem, we obtain

1
ly®)|| < (mllyolP 250 +71) 7 + W] G|

1
< (mlyrolP A5 + 1) + WG, |

1 1
keko\ % o i L =
< (mlyrl?A)" + ' + WG|l

1 p_ kk 1o
<n{ lywll" A + 1 + WG|

k—ko

1 p_ 1 1
< n{ ly10ll 7 p||y10||p()»") +r{ +W(| Gyl

k—k
= Nallyr0llPAy "0 + ra,

1 1
where 14 = n{ ||y10||§’p,r4 =r! +w||Gz|,and 0 < A; = A< 1.
(CaseIV) p>1,r; > 1. Let |p] = n,n € I*. Then, by the binomial theorem, we obtain

S

Iy®) || < (mlly10lP 2550 + 1) 7 + W] G|

1
< (mlly1ol?2*70 + 1) " + WGyl
keko\r . B —
< (mlyrlPA)" + i + |G|
1 r, kky —
< llywll "2 +ry +w| Gyl
1 p_ 1\ k—ko _
<07 llywoll” p”le”p()\”) +711 + W] G|

k—k
= Nally1olPA7° + 75,

Page 8 of 23
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1
where 04 = n/ ||y10||§’1",r5 =r1 +w|Gy|l,and 0 < A; = An < 1. Therefore, from (Case I) to
(Case 1V), we obtain

|y | < 775||J’10||p)h]2(_k0 +76, (3.10)

where 175 = max{ns, 13, N4}, 76 = max{ra, r3,74,75}, and 0 < Ay = min{A, A;} < 1.
From MExo = MENyo = (" )yo and yo = (*3°), it follows that [|y1o|| < [ M][|E]|||xoll-
Since x(k) = Ny(k), it follows from (3.10) that

|Ex()]| < NENINT |y(x)]

k—k
< IENIN I (ns 110172577 + 76)

k—k
< nsIENINITIMIPIEN xoll” 2y + IENIN I

Kk
=nellxollAy ™ +717,

where 76 = 15 ||E[[P* [N ||| M7 |lx0[|P~" and r7 = | E||[IN]|76.
Therefore, the singular system (3.2) is exponentially practically stable with respect to
w(k) with n = neg, A = Ay, and r = 1. O

Remark 3.1 In Theorem 3.2, for p = 1, we can show that the singular system (3.2) is ex-
ponentially practically stable in the pth-moment with respect to w(k) by considering the
explicit form of solution of the system. System (3.2) may be reduced to system (3.3) and
(3.4). Moreover, the explicit solution of (3.3) and (3.4) with ko = 0 is given as follows:

k-1

y1(k) = Afy1 0) + Y A Giw(a), (3.11)
i=0

y2(k) = —Gaw(k). (3.12)

Thus, from (3.11) and (3.12), we have

ly@) | < [»1®] + [y28]
k-1
< 1AM 1] + D IAIS NG | w@)| + 1Ga | wik) .

i=0

By assuming that ||A; || < 1, we obtain

1
k p— J—
[yl < 1411 [ @ + FI Gl g + PGl

= A5 10| + ro,

where ry = w| Gy || m + W||Ga||. Since x(k) = Ny(k), we have that

| Ex()| < NENIN [y(0)]

< IENIN (1AL || y1.0) | + 7o)
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< IENINI (AL UMIE] [ 2(0)] + ro)

=7||x(0) || I AL IIF + 7,

where 77 = ||E||?|IN||||M|| and 7 = ||E||||N||ro. Hence, system (3.2) is exponentially practi-
cally stable.

Next, we consider the discrete time system with delay and disturbance as follows:

x(k + 1) = f(k, %, w(k)),

(3.13)
x(s) = p(s), s€Ngy-r,
where xy is defined by xx(s) = x(k + s) for any s € Ny,_, disturbance w(k) € 2, where Q is
defined asin (2.1), f : R x R” x Q — R" is continuous and locally Lipschitz in (x, w), uni-
formly in k with Lipschitz constant L which satisfies f(k,0,0) = 0. Let x(k; ko, ¢, w) denote
the trajectory of system (3.13) with initial condition ¢ and disturbance signal w(k) € .

Definition 3.3 System (3.13) is exponentially practically stable in the pth-moment with
respect to w(k) for some p > 0 if, for any k > ko, there exist constants 0 <A < 1,7 > 0,7 >0
such that

||x(k; ko, ¢, w) ||p <nllelPakFo 4 r,  Yw(k) € Q.

Theorem 3.3 If there exist a Lyapunov—Krasovskii functional V (k,x(k)), a K-function p,
and positive constants c1,¢y,a,p,q, B, where g > 1,0 < B < 1, p(||w(k)||) < Ba such that the
following conditions hold for all w(k) € Q:

(i) crllx()NP = V(k,x(k)) < collx(K) 17 + a,

(ii) If V(k +s,x(k +5)) <qV(k+ 1,x(k + 1)) with s € Ny,_, then

AV (k,x(k)) = V(k + 1,x(k + 1)) = V(k,x(k)) < =BV (k,x(k)) + p(|w(k)|)-

Then system (3.13) is exponentially practically stable in the pth-moment with

1
n= %,q‘m <A<l,andr= ﬁ

Proof For q > 1, there exists 0 < A < 1 such that g > A~*D, or equivalently, q’ﬁ <i<l.
By employing a similar approach as in the proof of Theorem (3.1) in [23], it follows from
0< B <1and p(|wk)|) < Ba that

V(K x(k)) < call@lPA*F0 + a

for k > ko, w(k) € 2, from which it follows that

Jx@)” < Zpirako + £, k> ko, wik) € Q.
C1 C1

Therefore, system (3.13) is exponentially practically stable in the pth-moment with n =

1
2 g™ <i<l,andr= £, O
c1 1
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Finally, we consider exponentially practical stability for system (2.1) with delay and dis-
turbance.

Definition 3.4 The discrete time singular system (2.1) is said to be exponentially practi-
cally stable in the pth-moment for some p > 0 if there exist constants 0 <A < 1,17 > 0,7 >0
for each disturbance w(k) €  such that

[Exthsko, o) |7 < g2 1

for all k > ko, where x(k; ko, ¢, w) is the state trajectory of the system with initial condition
@. In particular, when p = 2, the system is said to be exponentially practically stable in the

mean square.

In order to proceed with the main result on exponentially practical stability in the pth-
moment of a singular system with delay and disturbance (2.1), we make the following as-
sumption; an explanation for this assumption is given in Remark 3.2.

Assumption 3.1 There exist nonsingular matrices M, N with appropriate dimensions
such that MEN = (1602,), MAN = (%1 Ino—r), MBN = (g; B(l)’ and MG = (g;), where
[|Ball < 1.

Remark 3.2 For a physical meaning of Assumption 3.1, it implies that there is a plant (y;)
in this situation which does not dynamically depend on the other plant (y,). For future
investigation, we propose to study a more general case in which MBN = (2 gj), where B,
may not be zero; namely, all plants dynamically interact, and that ||Bs|| may not be less

than 1.

Theorem 3.4 Assume that the singular system (2.1) is regular and causal, and that As-
sumption 3.1 holds. Then the singular system (2.1) is exponentially practically stable in
the pth-moment with respect to w(k), if there exists a Lyapunov—Krasovskii functional
V(k,x(k)) such that

(i) allEx(K)|IP < V(k x(k)) < 2| Ex(K)IIP + a,

(i) If V(k +s,x(k +5)) <qV(k+ 1,x(k + 1)) with s € Ny,_, then

AV(k,x(k)) = V(k +1,x(k + 1)) - V(k,x(k)) <-B V(k,x(k)) + p(”w(k)”)

hold for some positive constants a, cy,¢2, p,q, B, where g > 1,0 < B < 1, and some
K-function p.

Proof Assume that system (2.1) is regular and causal. Then, from [30] and Assumption 3.1,
there exist nonsingular matrices M, N such that

I,
MEN = 0 ., MAN = Av 0 )
0 0y 0 I,

B
man =B O ., MG-= = ,
Bg B4 GZ
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where ||By| < 1. Let y(k) = N~1x(k) = [;’21((,6))], then system (2.1) is transformed to the fol-
lowing system:
yl(k + 1) :Alyl(k) +Bly1(k— 'L') + G1W(k), (314)
y2(k) = =Bzy1(k — T) = Byya(k — 7) — Gaw(k), (3.15)
y1(8) = p1(s) = N"'p1(s), s €Ny_q,
y2(8) 1= ¢a(s) = N a(s), s € Nyy_s
From the assumption, there exists a Lyapunov—Krasovskii functional V' (k, x(k)) which sat-
isfies conditions (i) and (ii). Then we obtain the following estimations:
a ”Ex(k) ||p < V(k,x(k)) <c ”Ex(k) ||p +a,
a ||ENy(k) ||p < V(k,Ny(k)) <c ||ENy(k)||p +a,
1 ||M’1MENy(k) ||p < V(/(,Ny(k)) <c ||M’1MENy(k)Hp +a,

[P ® i [1®
0 0

MIN-IN |:y1(()k):| ‘ MIN-IN |:J’1(()k)i|

p
< V(k,Ny(k)) < c,

p

C1 +a,

p
< V(k,Ny(k)) <c,

p

C1 + a.

Let y(k) = Ny(k), y1(k) = N[""¥']. Then we obtain
a|MINTFB[ < V(k5(K) < o |[MTINTTEK) " + a
which gives
o |MIINTFK)|° < V(kyi(K)) < oo | MTNTR)|| + a
Thus, we get

V4
2

V(k31(0) = e (|M N30 |)

= o (|7t (N (MOIN )R ) ¢
> 1 (e (MIN) T (MN 1)) [5500|
Similarly, we have
Vk50) < | M P NP [0 f +
Thus, we obtain

alynw|” = vikyk) <a|yn@|" +a,

where € = ¢1(Amin (MIN")T(MIN)? and &, = ¢ | ML PN
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Now, assume that the following inequalities hold:

Vik+s,xk+s) <qV(k+1Lx(k+1)) withseNg_q,
V(k+s,Nylk +s)) <qV(k+1,Ny(k +1)) withseNg_o,

V(k+syk+s)) <qV(k+1,yk+1)) withseNg_s,

(
(
(
Vik+syik+s) <qV(k+1Lyi(k+1)) withse N _;.
Then it follows from (ii) that

AV (k,x(k) ) (k +1,x(k + 1)) - V(k,x(k)) < —,BV(k,x(k)) + ,0(

( ),
(k, Ny(k)) = V (k + 1, Ny(k + 1)) = V (k, Ny(k)) < -BV (k, Ny(k)) + p(]|
(ky(k)) = V(k +1,5(k + 1)) = V(k,5(k)) < =BV (k,5(k)) + p( )
AV (kyi(k) = V(k+ 1,51k + 1)) = V(k31(k)) < -BV (k,31(K)) + p(|w(K) ).

AV

),

AV

Since y1 (k) =N [y lék)], it follows from (3.14) that
yilk +1) = A131(k) + Biyi(k - 7) + Giw(k), (3.16)
where 4, = N["z)l g]N‘l,B_l = N[lf)1 g]N‘l,G_l = N[ ] and w(k) = [ ] Therefore, we

may conclude that there exists a Lyapunov—Krasovskii functional V(k, y1(k)) for system
(3.16) which satisfies the following conditions:

(©) alyi®l” < Viky1(k)) < ey k)IF +a,
(ii) If V(k +s,91(k +5)) <qV(k+ 1,y1(k + 1)) with s € Ny, _, then
V(ky1(k) = V(k+1,y1(k + 1)) = V(k71(k)) < =BV (k71(k)) + p(|w(k)]).
Thus, from Theorem 3.3, there exist constants 0 < A < 1,79 > 0,79 > 0 such that
|75 GO < nollgy 17255 + 1o, Vh = ko, (3.17)

where ¢; = N [ %1]. It follows that

1|7 < o[NP INIZ a2 + [N [Pro

=mlgIPAR w7y, VE > ko, (3.18)

where 1, = no [N~V |IN||?, 71 = |IN~1||ro. Therefore, we obtain

'ml»—-

Iy ()] < (mligrlIPA*0 + 7). (3.19)

From (3.19), there are four cases to be considered according to the values of p and r; as
follows.

(CaseI) 0<p<1,0<r; <1.Let LI%J =n,n eI". Since 0 < A < 1, we may assume without
loss of generality that

mllgulFa% o 4 r <1
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for all k > ko. Then, by the binomial theorem, we obtain

1
[y < (maliga 172550 + 7y) 7
< (g1 172440 4 1) 7

= (mllga 72570 + 1)

= (mleaIP2570)" + (11) (m ||¢1||p)\k_k0)n7171

n — -2
+ (2> (mllga P2 "2 oy

n n n
p)\’kfk() p)\’kfko p)\’kfk()
((%1) mllg1ll + ({31) el o+ (f%T) el "
P R P
s )

n p) k=ko -1 n Py k—ko n

((%1) mlig1ll +(n-1) <(%1) nlléll o+ (fﬁ) "
n n n

= -1 p)\'k—k()

[(r%w) " )(rgw) } e [(rgw) }

= nallpr P25 4 1y,

IA

where 1, = [( F;JT) +(n— 1)( r§1 )rl]r/l and ry = ([§1)r1.
(Casell) 0<p<1,r; > 1. Let f}j] =n,n €I*. Since 0 < A < 1, we may assume without
loss of generality that

mllglFa%F%o <1

for all k > ko. Then, by the binomial theorem, we obtain

S 10

Iy < (mllga P2 0 +ry)

< (mliga 1725750 + ry)"

= (m iy 22K R0)" & (’;

— -1
) (mllg[1P257)" ry

h — -2
+ (2) (771||¢1||p?»k k")n Pttt

n _ n ~
< | g | milloalPAS o () g lP At o
3] B

' (éw) mllgalPAo o (r%) "
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=n <(;> mlgr [P For) + (é) r

= 03l Br P20 + 1,
where 13 = n( rgw )nlr’f and r3 = (r%)r’f.
(CaseIll) p>1,0<r; < 1. Let |p] =n,n eI*. Since 0 < A < 1, we may assume without
loss of generality that

mllglIPA*F o 47y <1

for all k > ko. Then, by the binomial theorem, we obtain

S 10

Iy < (mllga P2 0 +7y)

S

k—k
< (mllgr P30 4+ 7))
keko\S L 3
< (mllgalPAFo)m 4 rf
1 p kk L
<pilullir T +rf
s 18P b 2 (2 2R L
<nillgull Pl ll? (A7) + 1

k—k
= Nallpr AT + 74,

1 1
where 74 = n{l [ ¢y, 74 = r{, and Ay = A7
(CaseIV) p>1,r; > 1. Let |p] =n,n € I*. Since 0 < A < 1, we may assume without loss
of generality that
mlglPA o<1

for all k > ko. Then, by the binomial theorem, we obtain

S

Iyt < (mllgalPa 0 +7y)

S

< (mllgr1IPA*0 + 1)
kko\E . %
< (mllg P25 H0) 7 4 pp
1 p . kko
<nilullir 7 +r
% p_ 1\ k—k
< il llmPlgall? ()0 + 1y

k—k
= all1 P + 1y,

1
where 14 = 0/ [¢1]|% 7 and 0 < Ay = A7 < 1.
From (Case I)—(Case IV), we obtain that
||| < nsliga 17257 + 75

< nsllplPr5 ™ + s, (3.20)
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where 75 = max{n, 13, 14}, r5 = max{ry, r2, 3, ra}, A2 = minf, 41}, [|¢]| = maxsen, _ {ll$1(s)1l,

llg2(s)I1}-

From (3.15), we have

|2 || < IBs || y1(k = T)|| + I1Ball | y2(k = T)|| + 1Ga | wik)

., Vk=> k. (3.21)

For k > ko, we proceed with the proof as follows:
e For k € [ko, ko + T], we have

|20 < 1Bslll1 ]l + IBallligall + 1Gall | w(k) |
<IBs o1l + | Balllpll + | Gall [w(k) |
< (IBsll + 1Ball) ¢l + ¥,

where y = |Gy || [[w(K)|| < [|G2l[w.
e For k € [ko + T, ko + 27], we have

ly2(0) | < B3Il (ns 172570 + rs) + B4l [(IBsll + I1Bal) g1l + v] + ¥

K-k
=1s5|Bs 1911”25 + 1Bsllrs + (| Ball B3l + IIBall*) 91l + | Bally +y-

e For k € [ky + 21, ko + 37], we have

|20 < 1Bl (nsll@1PA5 ™ + r5) + nsl| BallIBs Il 61725~ + |1 Ball|Bs s

+ (1B 1Bsll + 1Ball®) @1 + 1Ball®y + 1Bally +y-

e For k € [ko + 37, ko + 47], we have

k—k k—k
|y2(0) || < sl Bslll@l1PAs " + IBslirs + nslIBall | B3l 1725

k—k
+ | Balll1Bsllrs + ns | Ball* B3Il 125 + [[Ball || B 75

+ (I1BaIPIBs 1| + IBall*) 11l + 1Ball*y + IBall®y + IBally +y.
e For k € [ko + 41, ko + 57], we have

K-k Kk
|y2(K) || < nslIBslI@1P2; " + 1B3li7s + 15| Ball Bs | 11725
Kk
+[1Ball|B3lI7s + ns | Ball* 1Bl 91725 + [1Bal®[1B3 ]I
k—k
+15l1Bal > 1Bsl191P 25 + 1Ball®1Bsllrs + (IBall*IIBsll + I Ball®) il

+ |Ball*y + |1Bal®>y + | Bal*y + |Bally +y.
By repeating the above process, for all k € [ko + (b — 1)1, ko + ht], where & € I*, we get that

_ k—ki
|y26) || < 15 (1 + IBall + IBal® + - - + I1Bal"2) 1 B3 Il1lp 1P 25
+ (1 + |Ball + 1Ball® + -+ + 1Ball" ) 1Bsll7s + (IBall" B3]l + 1Ball”) gl

+ (L4 [1Ball + 1Ball® + |Ball® + - - + [|Bal" ") y. (3:22)
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Thus, from (3.21) and (3.22), for k € [ko + h1,ko + (h + 1)T], we obtain

_ k—ki
|y26) || < 15 (1 + IBall + IBal® + - - + I1Ball" ) B3 11l 1P 25
+ (1 + |Ball + 1Ball® + -+ + 1Bal" ") IBsll7s + (IBall" B3l + 1Bl ") gl

+ (L4 IBall + 1Ball® + 1Ball® + -~ + | Ball") y-
Hence, from ||Bs|| < 1, we obtain by mathematical induction that

ly200) || < ns(1+ 1Ball + 1Ball® + -+ ) Bl [1225 7
+ (1 + 1Ball + 1Ball® + ) Bslirs + (1Bs ]l + 1Bal)
+ (14 Ball + 1Ball> + )y

51 Bs|| ik, NIBsllrs
< ———olIP2"0 + ———
1—||Ball 1—||Ball

v

+ (I1Bs]l + 1Ball) 1§l + ———
(1B ) 1 |[B4]

= 16l pIIPAS™ + 1, (3.23)

B B
where ng = {21281 and re = L25L + (B + |[Bal) -

Thus, it follows from (3.20) and (3.23) that

s = [y @] + [2(60]
< nsl@Nas ™" + 75+ nellg P A, ™ + 1
= (15 + ne)l|@ 1P 2y + 5+ 7

Kk
=n7ll@l1Fxy " + 17, (3.24)

where 97 = 5 + ng and r; = r5 + 6.
From x(k) = Ny(k) and (3.24), we get

| Ex()]| < NENIN |y0)]

k—k
< IENNI (71191725 +17)

_ k—ki
< ENINI N llel?a5 " + |EININ]r

k—k
= ngll@liig ° +7s,

where g = 07| EI[INIIIN" [ ll@l”~" and 75 = | E[[|N]|77.
Therefore, the discrete time singular system (2.1) is exponentially practically stable with
respect to w(k) with n = ng,A = Ay, and r = rg. O

Remark 3.3 From the method of proof of Theorem 3.4, it is clear that this method can be
applied for a discrete time singular system with disturbance and time varying delay 7 (k)
with0 <7t(k)<71,7>0.

Remark 3.4 As is known, Razumikhin techniques only require less restrictive assump-
tions, namely they employ a type of Lyapunov—Krasovskii functional which is required to
decrease only if a certain condition on the past state trajectory and the current state is
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satisfied. However, such Razumikhin-type techniques usually lead to a delay-independent
criterion which is less conservative than a delay-dependent result, especially for constant
delay systems. To deal with this conservativeness, several mathematical approaches have
been considered in recent works, e.g., the LMI approach and the time-dependent Lya-
punov functional method. Recently, in [31, 32], the Razumikhin technique was expressed
by utilizing the LMI approach and the time-invariant Lyapunov functional method which
avoid the conservativeness of the Razumikhin-type techniques. It is our future investi-
gation to apply the above mentioned approaches to obtain less conservative criteria for
exponentially practical stability of discrete time singular systems with delay and distur-
bance.

Remark 3.5 Obviously, exponential stability implies exponentially practical stability but
not conversely. However, in several practical applications, it only needs to stabilize a sys-
tem into the region of a phase space, namely the system may oscillate near the equilib-
rium point, in which the performance is still acceptable. To the best of our knowledge,
the present work is the first result on exponentially practical stability of a discrete time
singular system with delay and disturbance. Moreover, compared to [22] which proposed
asymptotically practical stability criteria for a discrete time system with delay, we derive
an exponentially practical stability condition which is more desirable.

4 Numerical examples
Remark 4.1 We provide an algorithm for the implementation and computational corre-
sponding to Theorem 3.2 and Theorem 3.4 as follows:

1. First, we choose an appropriate Lyapunov functional or Lyapunov—Krasovskii
functional candidate according to the assumptions of Theorem 3.2 or Theorem 3.4,
respectively. Then, we estimate the values of ¢, ¢, and a which satisfy condition (i)
of the corresponding theorems.

2. From the estimations of ¢, ¢z, and a obtained in 1, we choose appropriate ¢, 8, cs,
and p which satisfy condition (ii) of the corresponding theorems.

Example 4.1 Consider system (3.2) with E = [é g], A= [0(‘)5 01'5], G-= [:],w(k) € R, and
ko = 0 with the initial condition given by x(0) = [5,-0.04]7. We can see that det(zE — A) =
—z+0.5 #0 for some z € C and deg(det(zE — A)) = rank(E) = 1. Thus, system (3.2) is regular

and causal. For nonsingular matrices M = [3 _21],N = [0(')5 005], we obtain

MEN = ! 0, MAN = 0-5 0, MG = 1.
0 0 0 1 2

We choose a Lyapunov functional as V (k,x(k)) = xT (k)ET Ex(k) + a with a > 0. Then we
obtain that
(i) NEx(K)|* < V(k,x(k)) < |Ex(k)|*> + a,
(ii)
AV (k,x(k))
= V(k+1,x(k + 1)) - V(kx(k))

=xT(k+ 1)ETEx(k + 1) + a — xT (K)ETEx(k) — a
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x(k)

Figure 1 The trajectory of solution of system (3.2)

= xT(OAT Ax(k) + 227 (VAT Gw(k) + wT (K)GT Gw(k) — x7 () ET Ex(k)
|:x1(k):|T [0.5 0} [0.5 0.5} |:x1(k):| |:x1(k)]T [0.5 0} H
- +2 w(k)
w@| los 1]l o 1 ||xk w®| los 1]|1
T
., 1 a@] 1 ol[1 o] [x@)
w01 1] m k) Lz(k)} [o o} [0 0} |:x2(k):|

= 0.25x7 (k) + 0.5x1 (K)xo (k) + 1.25x35 (k) + a1 (k)w(k) + 3o (k) w(k)
+2w(k)? — x, (k)2

= —0.75x2(k) + 1.25w*(k) + 0.5x; (K)w(k) — w(k)*

< —0.75x3(k) + 0.25x% (k) + 0.25w*(k) + 0.25w(k)*

= —0.75x2 (k) + 0.25x% (k) + 0.25x3 (k) + 0.25w(k)*

= —0.5x2(k) + 0.25x3(k) + 0.25w(k)*

= —0.5x7 (k) — 0.5x3 (k) + 0.75x3 (k) + 0.25w(k)*

= —0.5(x} (k) + x5(k)) + 0.75w; (k) + 0.25w(k)*

= —0.5] (k)] + w?(k).
Therefore, by Theorem 3.2, we may show that system (3.2) is exponentially practically
stable in the pth-moment with n = 35.6,1 = 0.5,7 = 0.5. For simulation purpose, we let
a =0.3,||w(k)|| < 0.1. Then Theorem 3.2 is satisfied with the parameters ¢c; = 1,¢, = 1,a =
0.3,¢3 = 0.5,p = 2, p(||w(k)||) = w(k)?> < 0.01. Figure 1 shows the trajectories of solution of

Example 4.1 with disturbance. Figure 2 shows the trajectories of solution of Example 4.1
without disturbance.

: ; 10 -005 0 04 0
Example 4.2 Consider system (2.1) with E = [0 0], A= [70105 70.05], B = [_0.05 _0‘02], G=
[3‘?], w(k) € R,t = 1, and ko = 0 with the initial conditions given by x(-1) = [5,5]7,%(0) =
[5,1.75]7. We can see that det(zE — A) = 0.05z + 0.0025 # 0 for some z € C and deg(det(zE —
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3.5 T T T T T T T T T

25 -

x(k)

Figure 2 The trajectory of solution of system (3.2) without disturbance

A)) = rank(E) = 1. Thus, system (2.1) is regular and causal. For nonsingular matrices M =

[52] N = [ 55 o] we get

1 -0.
MEN = 0 , MAN = 0050 ,
0 0 0 1

MBN = 04 0 , MG = 1.
-0.03 04 1

We choose a Lyapunov—Krasovskii functional as V' (k, x(k)) = |x1 (k)| + a with a > 0.

From Ex(k) = [(1) 8] [,2((/]:))] = [xlo(k)] and

Eelics 1) < [1 o} |:x1(k+1):|
0 O|w(k+1)
[—0.05 0 i||:x1(k):| [0.4 0 :||:x1(k—t):| [0.5}
= + + w(k),
—0.05 —0.05||x(k) | | =005 —0.02]|xk-7)| |05
we obtain

x(k+1) | —0.05x1 (k) + 0.4x1 (k — 7) + 0.5w(k)
0 " | =0.05x; (k) — 0.05x, (k) — 0.05x; (k — T) — 0.02x2(k — 7) + 0.5w(k) |

Thus, we obtain

(i) [IEx(K)|l < V(k,x(k)) = |x1 (k)| + a < |Ex(k)|| + a,

(i) If V(k +s,x(k +5)) < gV (k+1,x(k + 1)) with s € N_;, then we have
x1(k + 1) = =0.05x1 (k) + 0.4%1 (k — 7) + 0.5w(k),
}xl(k + 1)‘ < O.O5|x1(k)‘ + 0.4{x1(k - r)| + O.5|w(k)|,

}xl(k + 1)‘ ta—a< 0.05|x1(k)| +0.05a — 0.05a + 0.4|x1(k - r)| +0.4a — 0.4a
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A

< A=

=
I
|
-
| X \
| - N A\ AN /N A
0 4‘- JN T ’Y\’//7“ “\7=< T “xf\;/‘;V - #\1\ - AN T NN A
|
L
[
|
|
H

~. y ~ Vo

x(k)

Figure 3 The trajectory of solution of system (2.1)

+0.5|w(k)|,
}xl(k + 1)‘ +a< 0.05(’x1(k)| + a) + 0.4(|x1(k— r)| + a) +0.55a + O.5|w(k)},
V(k+1,x(k + 1)) <0.05V (k,x(k)) + 0.4V (k — 7,(k — T)) + 0.55a + 0.5 w(k)|

<0.05 V(k,x(k)) + O.4qV(k +1,x(k + 1)) +0.55a + 0.5 || w(k) ||

0.05 0.55a + 0.5\ w(k
< V (k) + 2222+ 05 IWR)]
1-0.4q 1-0.4q

Thus,

AV(k,x(k)) = V(k + 1, x(k + 1)) - V(k,x(k))
0.05 0.55a +0.5]w(k)||

< 1 04g V(k,x(k)) + 1—04g V(k,x(k))
0.05 0.55a + 0.5
- _(1 _ )V(k,x(k)) + M—”W(k)”
1-04q 1-0.4q

=BV (k,x(k)) + p(||w(k)

)s

where B <1 - %{ and p(||w(k)|) = 70‘55?_06‘542”(,()”~
Therefore, by Theorem 3.4, system (2.1) is exponentially practically stable in the pth-
moment with n = 82.41,A = 0.8, and r = 54.58. For simulation purpose, we let a =
0.5, ||w(k)|| < 0.1. Then Theorem 3.4 is satisfied with ¢; = 1,¢; = 1,4 =0.5,4 = 1.6,8 =
0.8,p =1, p(Ilw(k)|) < 0.9. Figure 3 shows the trajectories of solution of Example 4.2. Fig-

ure 4 shows the trajectories of solution of system (2.1) without disturbance.

5 Conclusion

In this paper, exponentially practical stability of a discrete time singular system with delay
and disturbance has been investigated. For systems with disturbance but without delay,
by using Lyapunov stability theory, we obtained a criterion for exponentially practical sta-
bility of a general discrete time system and a linear discrete time singular system, respec-
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x(k)

Figure 4 The trajectory of solution of system (2.1) without disturbance

tively. For systems with delay and disturbances, by using the Razumikhin-type technique,
we derived exponentially practical stability criteria for a general discrete time system and a

linear singular system, respectively. Numerical examples were given to show effectiveness

of our theoretical results.

Acknowledgements
The first author is supported by student scholarship from the Human Resources Development in Science Project (Science

Achievement Scholarship of Thailand SAST). The second author is supported by Chiang Mai University. This research is
also (partially) supported by the Center of Excellence in Mathematics, The Commission on Higher Education, Thailand.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 4 September 2017 Accepted: 20 March 2018 Published online: 11 April 2018

References
1. Feng, G, Cao, J.: Stability analysis of impulsive switched singular systems. I[ET Control Theory Appl. 9(6), 863-870

(2015)

2. Feng, Z, Li, W, Lam, J.. New admissibility analysis for discrete singular systems with time-varying delay. Appl. Math.
Comput. 265, 1058-1066 (2015)

3. Gao, C, Liu, X, Li, W.: Input-to-state stability of discrete-time singular systems based on quasi-min-max model
predictive control. [ET Control Theory Appl. 9(11), 1662-1669 (2015)

4. Han, Y, Kao, Y, Gao, C.: Robust sliding mode control for uncertain discrete singular systems with time-varying delays
and external disturbances. Automatica 75, 210-216 (2017)

5. Hassanabadi, A.H. Shafiee, M., Puig, V.: UIO design for singular delayed LPV systems with application to actuator fault
detection and isolation. Int. J. Syst. Sci. 47(1), 107-121 (2015)

6. Hien, LV, Vu, LH, Phat, V.N.: Improved delay-dependent exponential stability of singular systems with mixed interval
time-varying delays. IET Control Theory Appl. 9(9), 1364-1372 (2015)

7. Li, S, Lin, H:On [, stability of switched positive singular systems with time-varying delay. Int. J. Robust Nonlinear
Control 27(16), 1-15 (2017)

8. Li, S, Xiang, Z.: Stability /;-gain and /-gain analysis for discrete-time positive switched singular delayed systems.
Appl. Math. Comput. 275, 95-106 (2016)

9. Lin, J, Gao, Z.: Observers design for switched discrete-time singular time-delay systems with unknown inputs.
Nonlinear Anal. Hybrid Syst. 18, 85-99 (2015)

10. Lin, J, et al: Functional observer for switched discrete-time singular systems with time delays and unknown inputs.
IET Control Theory Appl. 9(14), 2146-2156 (2015)



Wangrat and Niamsup Advances in Difference Equations (2018) 2018:130 Page 23 of 23

11. Liy, Y, et al.: Input-to-state stability for discrete-time nonlinear switched singular systems. Inf. Sci. 358(359), 18-28
(2016)

12. Liu, T, et al.: Finite-time stability of discrete switched singular positive systems. Circuits Syst. Signal Process. 36(6),
1-13(2017)

13. Long, S, Zhong, S.: Improved results for stochastic stabilization of a class of discrete-time singular Markovian jump
systems with time-varying delay. Nonlinear Anal. Hybrid Syst. 23, 11-26 (2017)

14. Ma, Y, Zheng, Y. Delay-dependent stochastic stability for discrete singular neural networks with Markovian jump and
mixed time-delays. Neural Comput. Appl. 29(1) 111-122 (2018)

15. Muoi, N.H,, Rajchakit, G, Phat, V.N.: LMI approach to finite-time stability and stabilization of singular linear discrete
delay systems. Acta Appl. Math. 146(1), 81-93 (2016)

16. Niamsup, P, Phat, V.N.: A new result on finite-time control of singular linear time-delay systems. Appl. Math. Lett. 60,
1-7 (2016)

17. Rami, M.A,, Napp, D.: Positivity of discrete singular systems and their stability: an LP-based approach. Automatica
50(1),84-91 (2014)

18. Sau, N.H., Niamsup, P, Phat, V.N.: Positivity and stability analysis for linear implicit difference delay equation. Linear
Algebra Appl. 510, 25-41 (2016)

19. Zamani, I, Shafiee, M, Ibeas, A.: Stability analysis of hybrid switched nonlinear singular time-delay systems with stable
and unstable subsystems. Int. J. Syst. Sci. 45(5), 1128-1144 (2014)

20. Zamani, |, Shafiee, M, Ibeas, A.: Switched nonlinear singular systems with time-delay: stability analysis. Int. J. Robust
Nonlinear Control 25(10), 1497-1513 (2015)

21. Zamani, |, Shafiee, M.: Stability analysis of uncertain switched singular time-delay systems with discrete and
distributed delays. Optim. Control Appl. Methods 36(1), 1-28 (2015)

22. Sun, L, Liu, C, Li, X.: Practical stability of impulsive discrete systems with time delays. Abstr. Appl. Anal. 2014, 954121
(2014)

23. Wangrat, S., Niamsup, P: Exponentially practical stability of impulsive discrete time system with delay. Adv. Differ. Equ.
2016, 277 (2016)

24. Zeng, Z. Converse Lyapunov theorems for nonautonomous discrete-time systems. J. Math. Sci. 161(2), 337-343
(2009)

25. Ghanmi, B, Hadj Taieb, N., Hammami, M.A.: Growth conditions for exponential stability of time-varying perturbed
systems. Int. J. Control 86(6), 1086-1097 (2013)

26. Ben Hamed, B, Ellouze, I, Hammami, M.A.: Practical uniform stability of nonlinear differential delay equations.
Mediterr. J. Math. 8,603-616 (2011)

27. Ben Hamed, B, Hammami, M.A.: Practical stabilization of a class of uncertain time-varying nonlinear delay systems.
J. Control Theory Appl. 7(2), 175-180 (2009)

28. Caraballo, T, Hammami, M.A., Mchiri, L.: Practical exponential stability of impulsive stochastic functional differential
equations. Syst. Control Lett. 109, 43-48 (2017)

29. Ellouze, I, Hammami, M.A.: Practical stability of impulsive control systems with multiple time delays. Dyn. Contin.
Discrete Impuls. Syst,, Ser. A Math. Anal. 20, 341-356 (2013)

30. Dai, L. Singular Control Systems. Springer, New York (1989)

31. Chen, W, Lu, X, Zheng, W.: Impulsive stabilization and impulsive synchronization of discrete-time delayed neural
networks. IEEE Trans. Neural Netw. Learn. Syst. 26(4), 734-748 (2015)

32. Li, Z, etal: Impulsive synchronization of discrete-time networked oscillators with partial input saturation. Inf. Sci. 422,
531-541(2018)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Exponentially practical stability of discrete time singular system with delay and disturbance
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Numerical examples
	Conclusion
	Acknowledgements
	Competing interests
	Authors' contributions
	Publisher's Note
	References


