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Abstract

This work predominantly labels the problem of approximation of state variables for
discrete-time stochastic genetic regulatory networks with leakage, distributed, and
probabilistic measurement delays. Here we design a linear estimator in such a way
that the absorption of MRNA and protein can be approximated via known
measurement outputs. By utilizing a Lyapunov-Krasovskii functional and some
stochastic analysis execution, we obtain the stability formula of the estimation error
systems in the structure of linear matrix inequalities under which the estimation error
dynamics is robustly exponentially stable. Further, the obtained conditions (in the
form of LMIs) can be effortlessly solved by some available software packages.
Moreover, the specific expression of the desired estimator is also shown in the main
section. Finally, two mathematical illustrative examples are accorded to show the
advantage of the proposed conceptual results.

Keywords: Genetic regulatory networks (GRNs); Time-varying delays; Distributed
delays; Leakage delays; Probabilistic measurement delays

1 Introduction and system formulation

A gene is a physical structure made up of DNA, and most of the genes hold the data which
is required to make molecules called as proteins. In the modern years, research in genetic
regulatory networks (GRNs) has gained significance in both biological and bio-medical
sciences, and a huge number of tremendous results have been issued. Distinct kinds of
computational models have been applied to propagate the behaviors of GRNS; see, for in-
stance, the Bayesian network models, the Petri net models, the Boolean models, and the
differential equation models. Surrounded by the indicated models, the differential equa-
tion models describe the rate of change in the concentration of gene production, such as
mRNAs and proteins, as constant values, whereas the other models do not have such a
basis.
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As one of the mostly investigated dynamical behaviors, the state estimation for GRNs
has newly stirred increasing research interest (see [1, 2] and the references cited therein
[1,3-10]). In fact, this is an immense concern since GRNs are complex nonlinear systems.
Due to the complication, it is frequently the case that only partial facts around the states
of the nodes are accessible in the network outputs. In consideration of realizing the GRNs
better, there has been a necessity to estimate the state of the nodes through securable
measurements. In [1], the robust H., problem was considered for a discrete-time stochas-
tic GRNs with probabilistic measurement delays. In [2], the robust H state estimation
problem was investigated for a general class of uncertain discrete-time stochastic neu-
ral networks with probabilistic measurement delays. By designing an adaptive controller,
the authors investigated the problem of delayed GRNSs stabilization in [7]. Xiao et al. dis-
cussed the stability, periodic oscillation, and bifurcation of two-gene regulatory networks
with time delays [8]. The stability of continuous GRNs and discrete-time GRNs was dis-
cussed, respectively, in [11]. Huang et al. considered the bifurcation of delayed fractional
GRNs by hybrid control [12].

Due to the limited signal communication speed, the measurement among the networks
is always assumed to be a delayed one. So, the network measurement could not include
instruction about the present gene states, while the delayed network measurement could.
The most fashionable mechanism to relate the probabilistic measurement delay or some
other kind of lacking measurement is to grab it as a Bernoulli distributed white classi-
fication [13-20]. The robust stochastic stability of stochastic genetic GRNs was consid-
ered, and some delay-dependent criteria were presented in the form of LMIs [18]. And
the asymptotic stability of delayed stochastic GRNs with impulsive effect was discussed
in [19]. The synchronization problem of dynamical system was also discussed in [21, 22].
The challenging task is how to draft the robust estimators when both uncertainties and
probabilistic appeared in discrete-time GRN models.

More recently, in [23], Liu et al. developed a state estimation problem for a genetic reg-
ulatory network with Markovian jumping parameters and time delays:

m(t) = —A(r(8))m(t) + W(r(t))g(p(t — (1)),
p@) ==C(r(®)p(t) + D(r(&))m(t - T(¢)).

Also in [24], Wan et al. proposed the state estimation of discrete-time GRN with random
delays governed by the following equation:

Mk +1) = AM(k) + Bf(P(k - d(k))) +V,
P(k +1) =CP(k) + DM(k - ‘L'(k)).

Considering the above referenced papers, the robustness of approximation of the
stochastic GRNs with leakage delays, distributed delays, and probabilistic measurement
delays has not been tackled. The main contributions of this paper are summarized as
follows:

1. We examine the approximation concern for the discrete-time stochastic GRNs with
the leakage delays, distributed delays, and probabilistic measurement delays into the
problem and model the robust Hy state estimator for a class of discrete-time
stochastic GRNs. Here, the probabilistic measurement delays, which narrate the
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binary shifting sequence, are satisfied by the conditional probability distribution. So,
the crisis of parameter uncertainties, including errors, stochastic disturbance, leakage
delays, distributed delays, and the activation function of the addressed GRN:, is
identified by sector-bounded nonlinearities.

2. By applying the Lyapunov stability theory and stochastic analysis techniques,
sufficient conditions are first entrenched to assure the presence of the desired
estimators in terms of a linear matrix inequality (LMI). These circumstances are
reliant on both the lower and upper bounds of time-varying delays. Again, the
absolute expression of the desired estimator is demonstrated to assure the estimation
error dynamics to be robustly exponentially stable in the mean square for the
consigned system.

3. Finally, twin mathematical examples beside with simulations are given to view the
capability of the advanced criteria.

In this note, we consider the GRNs with leakage, discrete, and distributed delays de-

scribed as follows:

x(k+1) = —(A+ AAK))x(k — p1) + (B + AB(K))g(y(k — 8(k)))

+ (E + AE(k)) Z Msh(y(k - s)) +0 (k,x(k - ,ol))a)(k) + Lyvy(k),

s=1

y(k+1) = —((C + A(C(k))y(k — o) + (]D) + A]D)(k))x(k - T(k))

+ (F+ AF(k) Y &plk — ) + Lyvy k), 1)

n=1

where x(k — p1) = [x1(k= p1),..., %u(k = p2)]T € R”, y(k = p3) = [y1(k = p2), ..., yu(k = p2)]" €
R”, x;(k — p1), and y;(k — p3) (i = 1,2,...,n) denote the concentrations of mRNA and pro-
tein of the ith node at time ¢, respectively; A = diag{a;,a»,...,a,}, C = diag{c1,c,...,cu},
and D = diag{d,d>,...,d,} are constant matrices; a; > 0, ¢; > 0, and d; > 0 are the
degradation rates of mRNAs, protein, and the translation rate of the ith gene, respec-
tively; the coupling matrix of the genetic regulatory network is defined as B = (;) €
R™" ; E = diag{ey, ey, ...,e,}, and F = diag{f1,f2,...,f,} are the weight matrices. AA(k),
AB(k), AC(k), AD(k), AE(k), and AF(k) represent the parameter uncertainties; s(y(k)) =
I (y(k)), ..., h,(y(k))]T € R” denotes the activation function; the exogenous disturbance
signals v, (k), v, (k) € R” satisfy v;(-) € L1[0, 00). L, and L, are the known real constant ma-
trices. §(k) denotes the feedback regulation delay and (k) denotes the translation delay,
which satisfy

0<38,, <8(k) <bu, 0<1, <tk <t (2)

where the lower bound §,,, 7, and the upper bound 8, 751 are known positive integers.
Furthermore, the nonlinear activation function g(y(k — §(k))) = [g1(1(k — §(k))),...,

2.(y,(k=8(k)))]T € R” represents the feedback regulation of the protein on the transcrip-

tion. It is a monotonic function in the Hill form, that is, g;(f) = % (j=1,2,...,n), where

h; is the Hill co-efficient and f is a positive constant. The noise intensity function vector
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o(k,x(k)) : R x R" — R" satisfies
o ! (kx(k = p1))o (k,x(k = p1)) < x" (k — p1)Hx(k = p1), 3)

where H > 0 is a known matrix. w(k) is a Brownian motion with E{w(k)} = 0, E{w?(k)} = 1
and E{w()w(j)} = 0 (i #)).

For large-scale complex networks, information around the network nodes is not often
fully attainable from the network outputs (see [25, 26]). We can assume that network mea-

surements are described as follows:

Zy(k) = Mx(k),
Zy(k) = Ny(k), (4)

where M and N are known constant matrices. Z(k), Z, (k) € R! are the complete outputs
of the network. The network outputs are subjected to probabilistic delays that can be de-

scribed by

Z,(k) = axZo (k) + (1 = ) Zy(k = 1),

Zy (k) = BiZy (k) + (1 = Bi) Zy (k - 1), (5)

where the stochastic variables oy, Sx € R are Bernoulli allocated with sequences directed
by

Prob{a; = 1} = E{ax} = a, Prob{a; =0} =1 - E{ox} =1 - o,

Prob{f =1} = E{f} = fo, ~ Prob{fy =0} =1 -E{fi} =1~ fo. (6)

Here g, Bo > 0 are known constants. Obviously, for ok, i, the variance o, = a(1 — ayp),

og = Bo(1 - Bo).

The GRN state estimator to be designed is given as follows:

Rk + 1) = —AZ(K) + B, Z, (k) )
Jk +1) = —Aj(k) + B,Z, (k)
where %(k),y(k) € R” are the estimations of x(k) and y(k), and A,, A, B,, B, are the esti-
mator gain matrices to be determined.
Assume that the estimation error vectors are x(k) = x(k) — x(k) and (k) = y(k) — y(k); the
estimation error dynamics can be defined as follows from equations (1), (5), and (7):

F(k +1) = —(A + AAGR))x(k — p1) + (Ay — B Mx(K) + (B + ABK))2(y(k - 5)))

+ (E + AE(k)) Z ush(y(k —s)) + o (k,x(k — p1)) (k) — Ax(k)

s=1

= (1 - ap)BMx(k — 1) + Lyvy(k),
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yk+1) = —((C + A(C(k))y(k - p2) + (A, — BB, N)y(k) + (]D) + A]D)(k))x(k - r(k))

+ (F+ AF(k) Y &u((k = m)) = Ayy(k) - (1 - B)B,Ny(k - 1)

n=1

+ Lyvy(k). (8)

For suitability, we denote

o [0 o [y
#(k) = [%(k)] 3k = [ﬂk)]

‘7_6(]) = w(])’ j= —TM> _IM+1!~'7_1: 0:

5/(])290(])! j:_SM)_5M+11”-’_1;01

where ¥ (), j = —ta,—tmr + 1,...,-1,0 and ¢(j), j = —=8am,—6m + 1,...,—1,0 are the initial
conditions.

2 Preliminaries

Notations: Throughout the paper, naturals® refers to the position for the set of nonneg-
ative integers; R” indicates the n-dimensional Euclidean space. The superscript “T” acts
as the matrix transposition. The code X > Y (each X > Y), where X and Y are symmet-
ric matrices, means that X — Y is positive semi-definitive (respectively positive definite).
I means the identity matrix with consistent dimension. The symbol “x” denotes the term
symmetry. In addition, E{-} denotes the expectation operator. L,[0,c0) is the amplitude
of square-integrable vector functions over [0,00). | - | denotes the Euclidean vector norm.

Matrices, if not absolutely specified, are affected to have compatible dimensions.

Assumption 1 The parameter uncertainties AA(k), AB(k), AC(k), AD(k), AE(k), AF(k)
are of the following form.

The admissible parameter uncertainties are assumed to be of the form:
[AA() AB() AC(Kk) AD(k) AE(Kk) AF(k)]
=RN(&)[W, W, W3 Wi, W5 Wl

where R, W; (i = 1,2,...,6) are the known constant matrices with appropriate dimensions.
The uncertain matrix N (k) satisfies N7 (k)N (k) < I, Vk € naturals*.

Assumption 2 The vector-valued function g;(-) is assumed to satisfy the following sector-
bounded condition, namely for Vx,y € R":

[6() - 20) - Nu(x - 9)] [§®) - 80) - Nolx )] <0,

where N;, N, are known real constant matrices, and N = N; — N, is a symmetric positive
definite matrix.

Definition 2.1 If there exist constants « > 0 and 0 < u < 1, system (8) with v,(k) = 0 and
vy(k) = 0 is global robust exponential state estimator of GRNs (1) with measurements (5)
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in the mean square sense such that

E{[&0f" + [50]°} = an*(_ max |5c(k)|2+_8$<a])(<<0|5/(k)|2).

—Tp<k=<0

Definition 2.2 If there exists a scalar y > 0, system (8) is a robust H, state estimator of
GRNs (1) with measurements (5) in the mean square sense with zero initial conditions

such that
EY {R®[ + 50"} < B Y (v + [ ®)[)
k=0 k=0

for all non-zero v,(k), v, (k) € L3[0, 00).
The following lemmas are crucial in implementing our main results.

Lemma 2.3 (see [2, 26]) Let N and S be real constant matrices; matrix F(k) satisfies
FT(k)F(k) < 1. Then we have:

(i) Foranye >0, NF(k)S+STFT(k)NT < e INNT +€S7S.

(ii) Forany P >0, +£2xTy <xTPlx + yTPy.

Lemma 2.4 Given the constant matrices fZl, Qz, and fZg, where SAZIT = fll and QZT = f22 >0,
then € + QI3 Qs < 0, if and only if

& o 0, &
! 2 <0 or AQZ S?S <0.
Qg —Qz Qg Q1

Lemma 2.5 Let M € R"™" be a positive semi-definite matrix, x; € R", and a; > 0

(i=1,2,...). If the series distressed are convergent, the following inequality holds:

+00 T +00 +00 +00
<Z a,-x,-) M(Z aix,-) < (Z(l,’) ZaixiTMxi.
i=1 i=1 i=1 i=1

Remark 2.1 In [1] Wang et al. investigated the robust state estimation for stochastic ge-
netic regulatory networks with probabilistic delays in discrete sense, and Lv et al. [4] devel-
oped the robust distributed state estimation for genetic regulatory networks with Marko-
vian jumping parameters. However, the inclusion of discrete-interval GRNs with leakage
delays, probabilistic measurement delays, noise, and distributed delays has not been taken
into account. So, the prime intention of this work is to elucidate that the state estimation
problem for the improved system (8) with leakage delays is robustly exponentially stable.

3 Exponential stability criterion
In this part, we first introduce a sufficient condition under which the augmented system

(8) is robustly mean-square exponentially stable with the exogenous disturbance signals
vx(k) = 0 and v, (k) = 0.

Theorem 3.1 Suppose that Assumptions 1 and 2 hold. Let the leakage delays p1, p, and the
estimation parameters Ay, By, A,, and B, be given and also the acceptable conditions hold.
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Then the estimation error system (8) with v,(k) = 0 and v, (k) = 0 is robustly exponentially
stable in the mean square if there exist positive definite matrices R11, R12, Ra1, Ray, R31, Rsz,

Ry1, Ray, Rs1, Rsy and three positive constant scalars ., €1, and &, such that the following

LMI holds:
A}, * Ay % *
M= & * | <0, A= S ] x| <0, 9
0 TF -eal 0 T7 —el
where
Y 0 0 0 0 0 0
0 -Ry O 0 0 0 0
0 0 -Rsy 0 0 0 0
A= 0 0 0 —Ry+aWiw, o0 0 o |,
0 0 0 0 HRy 0 0
0 0 0 0 0 IRp+Rp) O
) 0 0 0 0 0 —ERs
(Y12 O 0 0 0 0 0 0 0 7
0 -Ryp O 0 0 0 0 0 0
0 0 —Rsp 0 0 0 0 0 0
0 0 0 —Rp-ANi+&W]W, -AN] 0 0 0 0
Ayp=] 0 0 0 N, A 0 0 0 o |
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 IRy+Ry) O 0
0 0 0 0 0 0 0 AR5 0
L 0 0 0 0 0 0 0 0 —iRs |
0 0 0 0 Es 0 0
821 —V2Ry1 Ay 823 0 0 0 0
Sl = 4/O’D(RZIIB;C[VI 0 A/OD,RmeM _O 0 0 0f,
0 0 0 Ew O 0 O
0 0 0 0 0 Zs5 0
where

B15 = —vV2(Ry1 + Rap)A; Baa = V2(R1y + Ry)D; Es5 = V2(R1y + Ry)F;

E91 = V2R (A, — ctgB,M); B3 = —v/2Ry1 (1 — ap) B, M;

0 0 0 0 0 O 0 0 0
O —V2RyA, O3 0 0 0 0 00
Sy=| JopRnB,N 0 JOpRpB,N 0 0O 0 0 0 0],
0 0 0 0 Gis 0 0 0 0
0 0 0 0 0 0 O 0 0

where

O16 = —v2(R13 + Ry)C; Ous = V2(Ry1 + Ry B; Os7 = V2(Ry1 + Ry)E;
Oy = \/ER22(A}/ — ﬁO]ByN); ®93 = —\/ERZZ(I - ,BO)ByN’
J1 = diag{—(Ri1 + Rp1), —Ra1, —Ra1, —(R12 + Rp), —(R12 + Rya) },

J> = diag{~(R12 + Rp2), —Raz, —Raz, —(Ry1 + Ray), —(Ri1 + Ra1)},
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[0 0 0 0 ~V2(Ry1 + Ry))T 0 0

0 0 0 0 0 0 0
T;=|0 0 0 0 0 0 0],

0 0 0 ~2(Rip+Ryp)T 0 0 0

(0 0 0 0 0 V2(Ri3 + Rypp)T 0

[0 0 0 0 0 ~V2(Ryg + Ryy)T 0 0 0

0 0 00 0 0 0 0 0
To=10 0 0 0 0 0 0 0 0],

0 0 0 0 V2(Ri1+Ry)T 0 0 0 0

0000 0 0 V2R +R)T 0 0

=i
I
M8 I
5

o0
g = Zgnr
n=1
Y11 = —Ri1 + Ra1 + (tar — Ty + 1)Rag + ERs; Y12 = —Rig + R3p + (8p1 — 8 + 1)Rao,

- (NlTNz;rNZTNl); NZZ_(NIT;NZT)'

@
I
—

Proof Choose a Lyapunov—Krasovskii functional for the augmented system (8):
V(k) = Vi(k) + Va(k) + V3 (k) + Va(k) + V5 (k) + Ve(k), (10)

where
Vi (k) = 27 (k)Ry1x(k) + y" (k)R1ay(K),

Vy (k) = &7 (k)R 2(k) + 57 (k)Rayy(K),
V3 (k) = 27 (k — 1)Ray(k — 1) + y7 (k — 1)Rapy(k - 1),

k-1
Vy(k) = Z (i) Ry x(i) Z ()R (i)
i=k—7(k) i=k-5(k)
—Tm —8m
Z Zx i)Rayx(i) Z Zy DRy (i),
J==tm+li=k+j J==0pm+1i=k+j
[} k-1 0
Velk) =Y i Y " (y()Rsrh(y() + > & Z x (i) Rspa(i).
i=1 j=k—i =1 j=k—i

Calculate the difference of V;(k) (i = 1,2,...,6) along the trajectories of model (8) with
vx(k) =0, v, (k) = 0 and

E{AV(K)} = > E{Vik)}. (11)

Now, we have
]E{AVl(k)} = ]E{Vl(k +1) - Vl(k)}

- IE{ [—(A + AAR)x(k - p1) + (B + AB(K))g(y(k - 8(K)))
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oo T
+ (E + AE(k)) Zﬂsh(y(k_s)):|
s=1
« Ruy [—(A + AAR)x(k~ p1) + (B + AB(K)g((k ~5(K)

+ (E+ AEK)) Y~ psh(y(k - }
s=1
o (k,x(k — p1))Riyo (k,x(k — p1)) — &” (k)Ryyx(k) — y" (k)Ripy(k)

—((C + A(C(k))y(k —p2) + (]D) + AD(k))x(k — t(k))

oo T
+ (F + AF(k)) Z £,x(k — n):|

n=1
X Riy |:—((C + A(C(k))y(k —p2) + (]D) + AD(k))x(k - T(k))

+(F+ AF(K) > &k - n):| } (12)

n=1

E{AVz(k)} = E{Vz(k + ].) —Vz(k)}

= IE{ |:—(A + AAK))x(k — p1) + (Ay — o B M)x(k)

oo

+ (B + AB(K))g(y(k - 8(k))) + (E + AE(K)) Z wsh(y(k —s))
s=1
T
— A x(k) — (1 — o) B Mox(k — 1):|

X Ryp |:—(A + AA(k))x(k —p1) + (A — o B, M)x(k)

+ (IB% + AIB(k)) y

o>
o~
—_
Pyl
>
=
Pl
<
S—
SN
—~
tm
+
>
jart
by
=
=
P
=~
&
SN

- Ax(k) — (1 — ag) B, Mx(k - 1):|
+ 0 [BMx (k) + B, Mox(k — 1)]" Ryt [B.Ma(k) + B, Mx(k — 1)]

— 5T (k)Ry1 (k) + [—(C + A(C(k))y(k - p2) + (Ay — BiB,N)y(k)

+ (D + AD(K))a(k = T(K)) + (F + AF(k) Y &5x((k — 1))

T
= Ayy(k) = (1 - B)ByNy(k - 1)}
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X Ry |:—((C + A(C(k))y(k - p2) + (A, — BB, N)y(k)

+ (D + AD(K))x(k = T (k) + (F + AF(k) Y " &5x((k — )

n=1

= Ayy(k) = (1 = Br)ByNy(k — 1)}
+0g [IB%yNy(k) +B,Ny(k - 1)] TR22 [IB%yNy(k) +B,Ny(k - 1)]
— 57 (k) Ry(k) } (13)

E{AV;(k)} =E{V3(k + 1) - V3(k)}
= E{x" (k)Rs1x(k) — x” (k — 1)R31(k - 1)
+ 97 ()Rs2y(k) = " (k = DR3py(k = 1)}, (14)
E{AV4(k)} = E{Va(k + 1) - V4(k)}

<E {xT(k)R41x(l<) - xT(k - r(k))R41x(k - r(k))

k=t

+ Z x7 () Ryyx(i)

i=k-tpr+1

+ 97 ()Ray(k) =y (k = 8(Kk)) Razy(k — 8(k))

k—8m
oy yT(i)R42y(i)}, (15)
i=k=8p1+1
E{AV5(k)} = E{Vs(k + 1) - V5(k)}
k—=tm
=E{(w—rm>xT<k>R41x<k)— > 2T (ORux()
i=k—tpr+1
k—8m
+ (Om = 8y (Ray() = Y ¥ (DRay() {, (16)
i=k—8p1+1

E{AV6(/{)} = ]E{V6(k + 1) —V5(k)}
1

0 k+1— 00 k+1-1
=Y i Yy HTM)Rah(y() + D & D & ()Rsx(i)
i=1 j=k+1-i i=1  j=k+1-i
[e9) k-1 o0
=Y Y B Rsih(y()) - D & Z x" (i) Rsp20(i)
i=1 j=k—i i=1  j=k-i
= Y A" (y(0)Rsah(y(k)) = B (y(k = i) Rs (y(k = 0))]
i=1

+ Y &[T () Rsp(k) — 67 (k — i) Rsp(k — ).

i=1
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Using Lemma 2.5, we get

E{AVe(K)} < 2T (y(k)Rsih(y(0) — [ h (y(k ~ )] Rsa [k (y(k ~ 5))]
+ ExT (R)Rspx(K) — & [Exth — )] Rsg Bk~ m)]. (17)

Substituting equations (12)—(17) into equation (11) results in

E{AV(K)} < E{wy (k)[ A + 0 Wy Ry Wor + 2Gg; (K)(Ruy + Ray) Gon (k)
+ 2FL (k)R Egy (k) + 2GT (k) (Ra + Ryz) Gy (k)
+ 283 () (Ruz + Roz)So1 (k) | emo (k)
+ F()T(k)[AH + 05 WhRay Wop + 2G L (K)(R12 + Ry) Goa (K)
+ 2FL (K)Rys Fo (k) + 2GT (k) (Ry1 + Ro1)Gra (k)
+ 285 (k) Ry + R1)Soa (k) | o ()}, (18)

where

wo(k) = [x7(k),&" (k), 2" (k - 1),x" (k - T(k)), 2" (k — p1), 2" (k — n), [Ex(k - n)]T],
To(k) = [y (k), 5" (k),y" (k = 1),5" (k- 8(k)),g" (y(k — 8(K))), 5" (k = p2), h" (y(k - 5)),
W (), [ah(yk-9)]"],

where
[y 0 0 0 0 0 0o ]
0 -Ry O 0 0 0 0
0 0 -—Ry O 0 0 0
Au=| 0 0 0 -Ry O 0 0o |,
0 0 0 0 HRy 0 0
0 0 0 0 0 I(Rp+Rp) O
|0 0 0 0 0 0 —ERs)
Y, 0 0 0O 0 0 0 0 0 ]
0 —Ry O 0 0 0 0 0 0
0 0 -Ryp O 00 0 0 0
0 0 0 -Rp 0 O 0 0 0
An=| 0 0 0 0 0 0 0 0 o |,
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 IR1+Ry) O 0
0 0 0 0 0 0 0 aRs; 0
Lo o 0 0 0 0 0 0 —itRs |

Y1 = —Ri1 + Rap + (Tag — T + 1)Ray + ERsp; V12 = —Riz + Rz + (a1 — 8 + 1) Ruo,
‘j\VOI = []BxM) 0, ]BxMr 07 01 O) O]; WOZ = []Ber O, ByNi 01 O) O; 0, 0) 0]1
Go1(k) = [0,0,0,0,—(A + AA(K)),0,0];
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Goa (k) = [0,0,0,0,0,—(C + AC(k)),0,0,0],

Eoi (k) = [Ax — aoBLM, —A,, ~(1 - 0p)B,M, 0,0,0,0];

Eyy(k) = [Ay — BoB,N, —A,,—(1 - Bo)B,N, 0,0,0,0,0,0],

Gui(k) =[0,0,0, (D + AD(k)),0,0,0];  Gia(k) = [0,0,0,0, (B + AB(k)),0,0,0,0],
So1(k) = [0,0,0,0,0, (F + AF(K)),0];  Se(k) =[0,0,0,0,0,0, (E + AE(K)),0,0].

From Assumption 2, we have

k-0 1[R[ stk-s ] _ )
gotk=on | [Nf 1 J[20k-stk) ]~

where

R, = (NITNZJZrNZTNl); % =_(N1T;N2T)'

Then, from equations (18) and (19), we have

E{AV(K)} <E]AVK)}-E ] y(k - 8(k)) ! 15[1 N, y(k - 8(k))
- gk - 5(k))) NI 1 || gk =8(k)))

=E{wy ([ A1 + 0o Wi Rat Wor + 2G g (K)(R11 + Ra1) Gy (k)
+ 25, ()R For (k) + 2G, (k) Rz + Ry2) G (K)
+ 283, () (Ryz + Ro)So1 (k) |emo (k)
+Tg (K)[ Mgz + 05 Wy Roo Wop + 2Gi (k) (R1z + Ryn) Goo (k)

+ Zﬁ(;(/()Rnﬁoz(k) + 2é1T2(k)(R11 + Ry1)Gra(k)

+ 255, () Ry + P21)§02(k)]f'0(k)}, (20)
where
(Y1, O 0 0 0 0 0 0 0 ]
0 -Ry O 0 0 0 0 0 0
0 0 -—Rsp 0 0 0 0 0 0
0 0 0 —Ryp-AN; -ANJ 0 0 0 0
Ap=] 0 0 0 -AN> -2 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 I(RH + R21) 0 0
0 0 0 0 0 0 0 ARs; 0
| 0 0 0 0 0 0 0 0  —jiRs; |

Notice that, since A; <0 and A, <0, there are two scalars i >0 and uy > 0 such that

. I 0
A =A1+/,L1|: 2”52” 0} <0,

. Lyxon O
A2=A2+/L2|:2n02n 0}0. (21)
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Equation (21) implies

Dyx 0 A ~ ~ ~ “ N
A+ | 02” o + 00 W Ryt Wop + 2GL (k) (R11 + Ry1) Goy (k) + 2B, (k) Ry Foy (k)

+2G1T1 K)(Ryz + Ry) Gy (k) + 23'0T1(k)(R12 + Ry)Son (k) < 0,

D 0 N N ~ n ~ N
A + o 2n0 2 0 + 05 WepRoo Wz + 2G (k) (R + Ra2) Goa (k) + 2F (K)Roa Foo (k)
+2G1T2(k)(R11 + Ry1)Gra(k) + 2§0T2(k)(RH + Ry1)802(k) < 0. (22)

First we satisfy (21) before proving the exponential stability. Using Lemma 2.4, the above

equalities are equivalent to

A A
A= M Flco, A= P2 T <o, (23)
Sik) L So(k) T
where
2 I2r1><2n 0
A=A+ ,
11 1+ M |: 0 0i|
N 12r1><2n 0
Aoy = Ayy + ,
22 22 + U2 [ 0 0:|
[ V2(Ryy + Ry1)Gor (k)
V2R Foy (k)
Si(k) = N OaRo1 Wor
V2(R12 + Ryp) Gy (k)
| V2(Riz + Ry)So1 (k)
i 0 0 0 0 Es 0 0
En —V2Ry A, 3 0 0 0 0
= 4/UaR21BxM 0 A/O'aRlexM 0 0 0 01,
0 0 0 Baq 0 0 0
i 0 0 0 0 0 Hss 0

where

E15 = —vV2(Ri1 + Ryr) (A + AA(K));

Eo1 = V2R (A, — aoB,M);

]

23 = —v/2R1 (1 — ag) B, M;
Eas = V2(Riz + Ro) (D + AD(K));

55 = V2(R12 + Ryp) (F + AF(K)),
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[ V2(Riz + Ro) Goa ()
V2R Foy (k)
Sa(k) = VO R Wy
«/E(Ru + R21)G12(k)
| V2R + Ro1)Soa (k)
o0 0
O —V2RpA,
= | JoERuB,N 0
0 0
L 0 0
where

O16 = —v2(R1z + Rpp)(C + AC(K));
©23 = —v2Rx(1 - Bo)B,N;
Os7 = V2(R11 + Roy)(E + AE(K)),

S O O o ©

S O © O

O21 = V2R (A, — BoByN);
Ous = V2(Ri1 + Ry) (B + AB(K));

Ji = diag{—(Ri1 + Ra1), —Ro1, —Ra1, —(R12 + Raz), ~(R1z + Rn) },

Ja = diag{—(R12 + Ry), ~Rpz, —Raz, —(R11 + Ro1), ~(R11 + Roy) }.

Note that S; (k) and S, (k) can be decomposed as

S1(k) =81 + ASy(k),

Sz(k) = Sz + ASz(k),

where

0
Eo1
Sl = ﬁRleB%xM
0
0

(69l

o

0

AS; (k) =

[=eleNe)
[=lelNeNeNe)

0
O
Sy =1 . /0 R B,N
0

0

15 = —v2(Ry1 + Rap) A

0

[=l =N}

55 = V2(R1 + Ry)F,

0 0 0 E5 0 0
—V2Ry A, Eo3 0 0 0 0
0 JoeRyBM 0 0 0 0
0 0 Eu O 0 0
0 0 0 0 Es5 0
Baa = V2(Ryy + Ryy)D;
0 ~V2(Ry1 + Ry) AA(K)
0 0
0 0
V2(Ry3 + Ryp) AD(K) 0
0 0
0 0 0 0 O 0
V2R A, ©n3 0 0 0 0
0 VORB,N 0 0 0 0
0 0 0 O 0 0
0 0 0 0 0 O

oS © O O

Os;

[N o]

0

S O O o ©

oS © O © O

V2(Ryz + Ryp) AF (k)

0
0
0
0
0

(=N eleile]

0
0
0
0
0

Page 14 of 27

(24)
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O16 = —vV2(R12 + Ryp)C; Ous = V2(Ry1 + Ry B; Os7 = V2(Ru1 + Rn)E,

0 000 0 «x6 0 00
0000 O O O 00O
AS(ky=f{o 0 0 0 0 O O 0 0],
0 00 0 k5 O O 0O
0 000 0 O k57 00

where k16 = —v/2(R1 + Ran) AC(K), ka5 = /2(R11 + Ro1) AB(K), k57 = +/2(R11 + Ro1) AE(K).
From Assumption 1, it follows readily that

AS1(k) = TIN (k) W7, ASy (k) = ToN (k) Ws, (25)
where
[0 0 0 0 ~V/2(Ry1 + Ryy)T 0 0
0 0 0 0 0 0 0
T;=|0 0 0 0 0 0 o,
0 0 0 V2(Ri3+Rp)T 0 0 0
L0 0 0 0 0 V2[R + Rpp)T 0
[0 0 0 O 0 ~V2(Ry3 + Ry)T 0 00
0000 0 0 0 00
To=10 0 0 0 0 0 0 0 0],
0 0 0 0 2Ry +Ry)T 0 0 0 0
L0 0 00 0 0 V2R +R)T 0 0
[0 00 0 Wy 0 O
000 O O 0 O
w,=l0 00 0 0 0 0],
000 W, 0 0 O
(000 0 0 W, 0
[0 000 0 Wy 0 0 O
0000 O O O 00
W,=l0 000 0 0 0 00
0000 W, 0 0 00
(0000 0 0 W; 00

Note that A3(k) and A4(k) can be decomposed as follows:
Az(k) = Az + AA3(k), Ag(k) = Ay + AA4(K), (26)

where

A=A F o amm=| O F,
St N ASi(k) 0

A= |22 * 10 and amam=| O *.
Sy b AS)(k) 0
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Let

TT = [O) Tf]r Wl = [V_VIIOL

7 =[0,T]],  Wa=[W,,0]
Using Lemma 2.3(i), AA3(k) and AA4(k) can be rewritten as

AAg(k) = TlN(k)VNVl + VNVITNT(/()TIT < Sl_lTlTlT + SIVNV1TV~V1,

ANy (k) = TzN(k) Wz + WZTNT(k)TT =< &‘21T2 TT + & WTW2 (27)

It is clear from equations (26) and (27) that

Ask) < Ay +e]' T TT, Aa(k) < Ay + &' To TY, (28)
where
A/ _ A/ll + 1 [12n><2n (())] *
: S1 J1
[ Al ]
‘o Sy J2

It follows from Lemma 2.4 that equation (22) is equivalent to the case that the right-hand
side of equation (28) is negative definite. Hence, we come to the conclusion that Az(k) <0
and A4(k) < 0, and therefore equation (22) holds. Moreover, the combination of equations
(20) and (22) leads to

E{AV(K)} < mE{[7(0)[*} - maB{ [5(0)*}. (29)

We are in a position to prove the stability of system (8). First, from equation (10), it is easily

verified that

k-1
E{AV(O) <enE{[Z0)[*} +en > E{|z0)[*)

i=k—t)p

k-1
+ ElgE{ ‘y k + £ Z E (30)

i=k— ‘SM
where

€11 = max{)"mdx(Rll) )"mdx(RZI) )"mdx R52 ’

J
e21 = (a1 = T + 1) (Amax(R31) + Amax (Ran)),
€12 = max{ max (R12) Amax (R22), )Lmax(RSI)}x
)-

22 = (8p1 = 8 + 1) (Amax (R32) + Amax (Raz)
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For any scalar ¢ > 1, the above inequality, combined with equation (29), indicates that

FE[V(k + 1)) - CFE(V(K) = (M E{AVR)} + ¢F (¢ - DE{V(K)}

< M (W E{|x(0)]*) - waB{|5(0[*}) + ¢k (£ - 1),

k-1
(suE |x(k)| +821 Z E |x(l)| +512E{|5/(k)|2}+822]E{|51(i)|2}>

i=k— ™
k-1

= @E{|R0)*} + cfnm(0) Y B{ RO}

i=k—tp1
k-1

+ o n@E{[50]"} + Fnn(e) 7 E{[56)[*), (31)
i=k—8p1
where
mi(¢) = =g + (€ - Ve, n21(¢) = (£ = D)eay,

N2(8) ==Cpa+ (¢ —1erp and  92(¢) = (£ - 1eg.

In addition, for any integer N > max{8s;, s} + 1, summing both sides of equation (31)
from O to N — 1 with respect to k, we have

NE{VIN)} -E{V(0)}

N-1 N-1 k-1
<mi(©) Y {0} + 121 () ¢'E{[5)[*)
k=0 k=0 i=k-t51
N-1 N-1 k-1
+ 12 C)ZCI(E |)’(k }+m2 ()Z é'kE |)’(l)| (32)
k=0 k=0 i=k—8)
Note that, for 7,8 > 1,
N-1 k-1 N-1
Z g‘kE |x <rM§M max E{|Ql)‘ }+TMCTMZ§E |xk)| }
k=0 i=k-1ps “M=i=0 i=0
N-1 k-1 N-1
SE{ 50|} < sug™ max. E{|n<z)| b oug™ Y B0} (33)
k=0 i=k—8;1 i=0
Then, from equations (32) and (33), one has
N-1 ,
NE{VIN)} <E{V(0)} + [m1(2) + g ™12 (2)] kaE{ |x(k)|"}
k=0

+ g () max E{Q0)[)

N-1
+ [m1200) + 8mE M nn(0)] Y EFE{ 5K}
k=0

+ut M nn(0)_max B{[0G)|). (34)
—dp<i<0
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Let

go1 = Min{Amin(R11)s Amin(R21), Amin(Rs2) }, &1 = max{e1, e},

€02 = Min{Amin(R12), Amin (R22), Amin (Rs1)}, & = max{ey, £22}.
It is clear that

E{V(N)} > e E{|3(N)|*} + eoB{[5N)|*}. (35)
It follows readily from equation (30) that

E{V(0)} < 517%201@{]9(1)\2} + 5 76rA1412<§0E{\H(i)]2}. (36)
Additionally, it can be verified that there exists a scalar ¢, > 1 such that

n11(%o) + TMé-(;M n21(%0) =0,
m2(Z0) + 8Ly 122 (Lo) = 0. (37)

Substituting equations (35)—(37) into equation (34), we can get
enB{[FON) [} + eB{[H)[} < (B1 + 7aegg mn(20))_max E{[2)[)

+(82+ 880" 122(20)) 75IAY41?<13<<0]E{ | H(i)’2}~ (38)

The above equation (38) completes the proof of exponential stability with v,(k) = 0 and
vy(k) = 0. 0

Remark 3.1 In this paper, we have considered the time-varying delays §(k), 7(k) and the
leakage delays p1, oo in the negative feedback term of the GRNs which lead to the instabil-
ity of the systems with small amount of leakage delay. This paper is to establish techniques
to accord with the robust H,, state estimation concern for uncertain discrete stochastic
GRNs (equation (1)) with leakage delays, distributed delays, and probabilistic measure-
ment delays.

Consider that the H,, attainment of the estimation error system (8) is robustly stochas-
tically stable with non-zero exogenous disturbance signals v,(k), v,(k) € L»[0, 00).

Theorem 3.2 Let Assumptions 1 and 2 hold. Let the leakage delays pi, p; and the estima-
tion parameters Ay, By, A, By, and y > 0 be given. Then the estimation error system (8) is
robustly stochastically stable with disturbance attenuation vy, if there exist positive definite
matrices Ri1, Ri2, Ra1, Ry, R31, R33, Ry1, Rap, Rs1, Rsy and three positive constant scalars A,
&1, and &, such that the following LMI holds:

Al * * * A, * * *
0 —yi * 0 —yi *
A = Y <0, A= Y <0, (39)
Sl 0 ]1 * 52 0 ]2 *
0 0 TI —eI 0 0 TI —el

and the other variables are described in Theorem 3.1.
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Proof Choose the Lyapunov—Krasovskii function (equation (10)) as in Theorem 3.1. For

given y >0, we define

T(n) =B Y [&7 (030 + 57 K50y *vE Rva(k) - V] (R)v, ()], (40)
k=0

Here, # is a nonnegative integer. Our aim is to show T'(n) < 0. Under the zero initial con-

dition, we have

T(n)=E Z[J_CT(/()J_C(/() +yT (k)y(k) — yzvxT (K)vy(k) - y2vyT (k)vy(k) + AV(k)]
k=0
-EV(n+1)

<T(m)+ ) E(AV(K)

k=0

=Y E{w ()| A + 00 Wa Ry Wor + 2Gg, (k) (Ruy + Ry1) Gon (K)
k=0

+ 2EL (k)Ryy Foy (K) + 2GT, (k) (Ryz + Raz) Gy (K)

+ 255, (k) (Ryz + Ry)So1 (k) | (k)

+ TT(0)[ A + 05 Wb R Wop + 2G L, (K) (Ryz + Rn) G (k)
+ 2FL (K)Ros Eg () + 2G T, (k) (Ryy + Rar) Gira (K)

+ 288, (K)(R1y + Ro1)Soa (k) [T (K)}, (41)

where

@ (k) = [@o®),v:®)]",  TE = [To®) @], Wo=[Wg,0],
Goi(k) =[G, (K),0],  En(k)=[EL(K),0],  Gu(k) =[GI,(k),0],
Wor =W, 0],  Goalk) = [GL(K),0],  Foalk) = [Ed(K), 0],
Gia(k) = [GL(k),0],  So(k) = [S5,(K),0],  Sealk) = [SH(%),0],

~ A 0 ~ A 0
AH = - 2 and A22 = - 2 .
0 -y 0 -y

By equation (41), in order to assure T'(n) < 0, we just need to show

Avp + 0y W Ry Wy + 2G1 (k) (Ryy + Ra1)Goy (k) + 2FL, (K)Ry1 Foq (k)
+2GT (k) (R12 + Rp2) Gy (k) + 28L (k) (Rya + Rao)Se1 (k) < 0,
Ax + og ‘570T2R22 Wos + 2G0Tz(k)(R12 + Ry)Goo (k) + Zﬁé(k)Rzzﬁoz(k)

+2GL(K)(Ry1 + R1)Gra(k) + 28L, (k) (R + Ro1)Spa (k) < 0, (42)
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which, by Lemma 2.4, is equivalent to

~ B A x ~ | Axm %
As(k) = |:§1(k) ]1i| <0 and Aguk)= |:§2(k) ]2] <0, (43)

where

S’l(k) = S’l + Agl(k) = [51,0] + [ASl(k),O],
S'g(k) = 3'2 + Agz(k) = [52,0] + [ASz(k),O]

and /; and J, are defined in Theorem 3.1. Note that A3(k) and A4(k) can be rearranged as

follows:
As(k) = Az + AAs(k), Aa(k) = Ay + AA4(K), (44)

where

[%2]] ?1
*

<0 and ARs=| O ¥,
1 N AS1(k) 0O

:| <0 and AALK) = |:

;>
N
[¥]

*

0 *
ASy(k) 0|

>
'S
Il
1
S
e

Let

T =[0,T{], Wi=[W,0, T]=[0T]], Wa=[W],0],

T =[0,0,T{],  Wi=[W,,0,0, T;=[0,0T;] and W>=[W,,0,0].
Using Lemma 2.3(i), AA3(k) and A A4(k) can be rewritten as

A[\g(k) = TlN(k)‘;Vl + ‘;VITNT(/()TIT =< 61_1 T1T1T + €1 ‘;VIT‘;Vl,
AR (k) = ToN(K)Wy + WINT ()T < e T TE + e, W W, (45)

It is implied from equations (44) and (45) that

AL o«
As)<| 0 —p2I x|+ e{lf"lTIT,
L S1 0 ]
- (46)

Ay ok %

AR <| 0 =y x| +&' LT .
Sz 0 )]

Using Lemma 2.4, the above inequality (45) holds if and only if the right-hand side of (45)
is negative definite, which implies T'(n) < 0. Letting n — oo, we have

o0 o]

EY (RO + 50} < v’ E > (v + |v@0]).

k=0 k=0

Hence the proof of Theorem 3.2 is complete. d
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Theorem 3.3 With the help of the assumptions, system (7) becomes a robust H, state esti-
mator of GRNs (1) with leakage delays, distributed delays, and probabilistic measurement
delays (5) if there exist positive definite matrices X1, X3, Y1, Y2, R11, R12, Ra1, Rap, R31, Ry,
Ry1, Rap, Rs1, and Rsy and three positive constant scalars )., €1, and €, such that the following

LMIs hold:
A} * * * Ay * * *
0 -y =« * 0 —yi % *
A=), 7 <0, Ay=| ., 7 <0,
S1 0 i * S, 0 )2 *
0 0 T —eI 0 0 TI —eI
where
B 0 0 0 0 5 0 0
V2001 - 0gdoM)  —V2X1  —V2(1 - ) XoM 0 0 0 0
S) = SO XoM 0 N 0 0 o0 0],
0 0 0 V2R +Rp)D 0 0 O
0 0 0 0 0 T O

%15 = —vV2(R1; + Ry)A; Y56 = V2(Rya + R)F,

B 0 0 0 0 0 Y 0 0 O
V2(Y1 - BoYaN) —/2Y1 —V2(1-Bo)YaN 0 0 0 0 00

S, = NN 0 JosaN 0 0 o o0 0 0],
0 0 0 0 V2R +Ry)B 0 0 0 0
0 0 0 0 0 0 Ys; 0 0

Y16 = —vV2(Rya + R)C; Ys7 = V2(Ry; + R)E,

and the other variables are described in Theorem 3.1. Furthermore, the state estimator gain

matrices can be described as follows:
Ay=Ry1X1, By=RyjXo, Ay=RpY, and B,=R;Y,.

Proof The rest of the proof of this theorem is the same as that of Theorem 3.2. Due to the
limitation of the length of this paper, we omit it here. Then the proof of Theorem 3.3 is
completed. d

Consider the discrete-time genetic regulatory network system:

x(k+1) = —Ax(k — p1) + Bg(y(k - 8(k))) +E Z Msh(y(k - s))
s=1
+0 (k,x(k - ,ol))a)(k) + Lyvi(k),

y(k + 1) = =Cy(k — po) + Dx(k - r(k)) +F Z Eux(k —n) + Ly, (k). (47)

n=1

Corollary 3.1 Let the leakage delays p1, p» and the estimation parameters A, By, A, and
B, be given and also the acceptable conditions hold. Then the estimation error system (8)

with v,(k) = 0 and v, (k) = 0 is robustly exponentially stable in the mean square if there
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exist positive definite matrices Ry1, R12, Ra1, Rya, R31, Rsz, Ra1, Rap, Rs1, Rsy and the positive
constant scalar ) such that the following LMI holds:

Ay ox % Ay x %
Al = Sl ]1 E3 < 0, A2 = Sz ]2 k < O, (48)
0 0 I 0 0 I
where
Cyu 0 0 0 0 0 0
0 -Ry O 0 0 0 0
0 0 Ry 0 0 0 0
A=) 0 o0 0 —Ry+aWjw, 0 0 o |,
0 0 0 0 HRy; 0 0
0 0 0 0 0 I(Rlz + R22) 0
0 0 0 0 0 0 —ERsy
Y2 0 0 0 0 0 0 0 0 ]
0 Ry O 0 0 0 0 0 0
0 0 -Ry 0 0 0 0 0 0
0 0 0 —Rp-ANi+e.WIW, -aN] 0 0 0 0
Ap=| 0 0 0 ~Ny -0 0 0 o |,
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 IRn+Ry) O 0
0 0 0 0 0 0 0 ARs1 0
| 0 0 0 0 0 0 0 0 —fiRs |
0 0 0 0 85 0 0
8a ~V2Ry1 Ay B3 0 0 0 0
S1=| JoaRuBM 0 JORuBM 0 0 0 0],
0 0 0 Eu 0 0 0
0 0 0 0 0 &5 O
where

B15 = —v2(Ry1 + Rap)A; Baa = V2(R1y + Ryp)D; Es5 = V2(R1y + Ry)F;

E91 = V2R (A, — atgB,M); B3 = —v/2Ro1 (1 — ag) B, M,

0 0 0 0 0 O 0 0 0
O —V2RyA, O3 0 0 0 0 00
Sy=| JopRnB,N 0 JOsRpB,N 0 0O 0 0 0 0],
0 0 0 0 Gis 0 0 0 0
0 0 0 0 0 0 O 0 0

where

O16 = —v2(R12 + Rp)C; Ous = V2(Ry1 + Ryy)B; Os7 = V2(R11 + Ry)E;
®a1 = V2R (A, - BoB,N); O35 = —v2Ry(1 - Bo)B,N,
Ji = diag{—(Ry1 + Ra1), —=Ro1, —Ra1, —(Ri2 + Ry), ~(R1z + Ryp) },

J2= diag{—(Ru + Ra3), —Ra, —Rag, —(R11 + Rap), —(Ryp + Rzl)},

o0 _ o0
=) m,  E=) &,
s=1 n=1
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Y11 = —Ri1 + Ry + (tar — Ty + 1)Ray + ERs; Y12 = —Rig + R3p + (8p1 — 8y + 1)Rao,

R, = (NlTNz;erTNl); % =_(N1T;N2T)'

4 Numerical examples
In this part, two mathematical examples with simulations are provided to show the effec-

tiveness of the proposed robust state estimator.

Example 4.1 Consider the discrete-time GRN (1) with parameters given as follows:
01 O 0.08 O
A = ) B= b
0 02 0 02
01 O 036 O
C = D = , E = ,
0 01 0 01
1 .2
i - 0 0 ’ dy - 028 0 ’
0 01 0 0135
02 0 .
L- ’ L- 05 0 ,
0 05 0 02

03 0
W1:W2:W3:W4:W5:W6: , MZEZCXP(—Z);
0 03
F-04l, R-02[, G=[("W 0}
0 cos(k)

and the leakage delays p; = p; = 1. The regulatory function is taken as g(s) = % The time-
varying delays are chosen as §(k) = 3 + (2 * sin(k * 7/2)) and (k) = 3 + (2 * cos(k x 7/2)),
and the exogenous disturbance inputs are selected as v, (k) = sin(6k) exp(-0.1k) and v, (k) =
cos(2k) exp(-0.2k).

Now consider the estimation error system (8) with parameters given by

A=0.11, g0t O, E=F=03I, C=D=02I,
0 02

06 O 04 O 01 O
M= , = , R= )
< 0 0.1) <0.3 0.5) ( 0 0.3)

NG = (SinkxT2) 0 . a=0001, B =0.003,
0 cos(k x 1 /2)

d = 0.2 x (cos(/2) —2) 0 d = 0.28 0
' 0 0.1 x (sin(/2) - 1))’ >\ o o013s)’

05 0 01 O
Lx = ) Ly = )
0 02 0 01

W1=W2=W3=W4=W5=W6=0.11, ,u:“g‘:exp(—l),
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and the leakage delays p; = p, = 1. The exogenous disturbance inputs are selected as
v (k) = (sin 6k) exp(-0.1k), vy (k) = (cos 2k) exp(—0.1k).

The regulatory function is taken as g(s) = % The time-varying delays are chosen as
8(k) = 3 + (2 * sin(k x 7/2)) and t(k) = 3 + (2 * cos(k * 7/2)). By using the Matlab LMI
toolbox, LMIs (40) and (41) are solved and a set of feasible solutions is obtained as fol-

lows:

. _ (04338 -00041 5, _ (00210 -0.0260
" \-0.0041 02852 )’ >7\-0.0260 00533 )’

. _ (93434 0.0025 . _ (02169 —0.4861
"7 100025 6.9265)° 7\ 04861 09363 )

,_ (11918 00128 L, _ (10836 02279
" \-0.0128 05832 )’ >"\-02279 0.1073 )

The state estimator gain matrices can be determined as follows:

A (12173 04060 4 _ (02203 0.0032
*7\0.6324 0.1804)° 7710.0063 0209/’

(21102 0.4831 5 (02005 04226
1.3729 0.3185)° 77 \0.8342 03887/

The concentration of mRNA and protein and their estimation error are illustrated in
Figs. 1 and 2 with the initial conditions ¢, (k) = {1,0.1}, 1 (k) = {0.9,0.7}, ¢2(k) = {0.9,0.8},
and v, (k) = {0.15,0.9}.

Example 4.2 Consider the discrete-time GRN (47) with parameters given by
03 0 -05 0 01 O 008 O
A= ) B= , C= , D= ,
0 02 25 0 0 02 0 02

5 . T T T T T
X
O

o8t fo 1o

mRNA concentration
Protein concentration

i

Figure 1 mRNA and protein concentration
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08f
04f . *
02l 06

0.4

0.2

Estimation error of mRNA concentration
o
*

Estimation error of protein concentration

10 20 30 40 50 60 o 10 20 30 40 50 60
t t

Figure 2 Estimation error for mRNA and protein concentration

1.4 1.2
* o x(t) x(t)
oy 1
12k o y(t) ; y(t)
o C
1k
? « 0.8
*
8 §
5 08 * g
§ § 0.6
€ 06 s
8 o S alo
g 0.4 Oo ro é ’ -
T * *x £
02k o * o @ 0.2
OFF T seprk
* 0% #, o
0
o) )
* fecero) [castoleccosecoasceasetcasecossecosseeas) C000rE00C00000E00000000000000000C000
02 . . . . . ] -02 .
10 20 30 40 50 60 0 10 20 30 40 50 60

t t

Figure 3 The state response x(t), y(t) of equation (47) with the mRNA and protein concentrations

036 O 04 O
E= ) F= )
0 0.1 0 04
06 O 0.28 0
dl = ) d2 = )
0 0.1 0 0.135
03 O 05 O
Lx = ) Ly = ’
0 04 0 02

and the leakage delays p; = p; = 1. The regulatory function is taken as g(s) = % The

time-varying delays are chosen as §(k) = 2 and 7(k) = 1, and the exogenous disturbance
inputs are selected as v,(k) = sin(6k) exp(-0.1k) and v, (k) = cos(2k) exp(-0.2k). The the
state responses x(t) and y(¢) are shown in Fig. 3.

5 Conclusions

In this paper, we have studied the approximation concern for the discrete-time stochastic
GRNs with the leakage delays, distributed delays, and probabilistic measurement delays
into the problem and modeled the robust H, state estimator for a class of discrete-time
stochastic GRNs. Here, the probabilistic measurement delays, which narrate the binary
shifting sequence, are satisfied by the conditional probability distribution. So, the crisis
of parameter uncertainties, including errors, stochastic disturbance, leakage delays, dis-
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tributed delays, and the activation function of the addressed GRN, is identified by sector-
bounded nonlinearities. By applying the Lyapunov stability theory and stochastic analysis
techniques, sufficient conditions are first entrenched to assure the presence of the desired
estimators in terms of a linear matrix inequality (LMI). These circumstances are reliant on
both the lower and upper bounds of time-varying delays. Again, the absolute expression
of the desired estimator is demonstrated to assure the estimation error dynamics to be ro-
bustly exponentially stable in the mean square for the consigned system. Lastly, numerical
simulations have been utilized to illustrate the suitability and usefulness of our advanced
theoretical results.
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