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Abstract
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1 Introduction

Since Bohr established the theory of almost periodicity between 1924 and 1926 [1-3],
several mathematicians have contributed in investigating almost periodic (short for a.p.)
functions (see [4—12]) and a.p. sequences (see [7, 8, 11-13]). As the fact that a.p. sequences
admits a number of analog properties of a.p. functions, there is the question how to unify
the theory of a.p. sequences and a.p. functions. Based on the series work of the amended
definition of Bohr a.p. functions on periodic time scales which was derived in 2015 (see
[14-17]), the study on general properties of a.p. functions and a.p. sequences comes true
and simple.

It is interesting to consider the relationship of a.p. functions on time scales to a.p. func-
tions on R. In [7, 8], Corduneanu presented that the existence of a.p. sequence {x,} is
equivalent to the existence of an a.p. function f with f(x) = x,,. In [18], Lizama, Mesquita
and Ponce showed a necessary and sufficient condition, which connect a.p. functions on
time scales to a.p. functions on real number set. Recently, Wang and Agarwal [14] investi-
gated the relationship between a.p. on a periodic time scale and local a.p. on a changing-
periodic time scale.

The aim of this paper is to connect C"-a.p. functions on periodic time scales with C"-
a.p. functions on real number set. To the best of the author’s knowledge, there is rarely
work studying the relationship between C”*-a.p. functions on time scales and on R. Indeed,
the connection between C™(T,R") (T denotes a time scale) and C"(R,R") is also rarely
considered. Motivated by [14, 15, 18, 19], we consider the connection between C”*-a.p. on
time scales and C"”-a.p. on R in this paper.

The paper is organized as follows: In Sect. 2, we review some properties of periodic time
scales and improved definition of Bohr a.p. functions on periodic time scales. In Sect. 3,
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we amend results of C"”-a.p. functions on periodic time scales. The definition of C"”-a.p.
functions are based on the revised concept of a.p. functions introduced in [15] in 2015. In
Sect. 4, we investigate the relationship of C”-a.p. on time scales to C"”*-a.p. on real number

set. In Sect. 5, we present an example to illustrate the connection theorem.

2 Preliminaries

Let T be a time scale. Notations o and i denote the forward jump operator and the grain-
iness function, respectively. For more details of time scales, we refer the reader to [14-18,
20-23].

Definition 2.1 ([15, 22, 23]) Let
MM={reR:txtteTforteT} (2.1)

If TT — {0} #¥. Then T is called a periodic time scale or a two-way translation invariant
time scale under translations. The set IT is called an invariant translations set for T.

Lemma 2.2 ([14, 22]) Suppose that T is a periodic time scale and 11 is the invariant trans-
lations set for T. Then

(i) supT = +o0 and infT = —oo.

(i) Ifry, 10 €, then 11 £ 15 € T

(iii) TI is a closed set.

Obviously, IT is a time scale and an Abelian group according to [23, Theorem 3.7]. In
addition, a periodic time scale T implies that T = T* by [20, Definition 1.1].

Let A be a subset of R. The notation [a, bl ([a, D)4, (a,b)4 or (a,b]4) denotes the inter-
section of [a, b] ([a, b), (a,b) or (a,b]) and A. For t € R, set

t,=sup{seT:s <t}

Lemma 2.3 ([18]) Suppose that T is a periodic time scale with T # R, and Tl is the invari-
ant translations set for T. For t € I, the following statements hold:
(i) IfteR\T, thent+7teR\T.
(i) fteR, then (t+T)s =t +T.
(iti) IfteT, theno(t£t)=0(t) £ 1.

In the following, we will present the definition of relatively density, which is the key point

in a.p. functions’ definition.

Definition 2.4 ([15]) Suppose that IT is defined by (2.1). We call the subset E C IT is rel-
atively dense in IT, if there exists a positive / € IT such that for a € IT the intersection

l[a,a+lnNE#@.

[ is called the inclusion length.
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Definition 2.5 ([15]) Suppose that T is a periodic time scale and IT is the invariant trans-
lations set for T. A function f € C(T,R”) is called Bohr a.p. function on T if for any ¢ > 0
the set

E(e,f) = {r 1S l'[:[f(t+1:)—f(t)‘ <8f0rteT}
is relatively dense in IT.

Remark 2.6 In Definition 2.5, Wang and Agarwal emphasized the fact E(g,f) is relatively
dense in the invariant translations set IT rather than in the periodic time scale T, which is
different from the earlier definition of Bohr a.p. functions on T.

In fact, if the set E(e,f)(C IT) is relatively dense in T, E(e,f) N T = ¥ and consequently
ITNT #@. Unfortunately, the case ITN T = # maybe holds for some periodic time scales.
For example, consider a periodic time scale as follows:

T= U [3k + 1,3k + 2],

k=—00

and its invariant translations set I1 = 3Z. But T N IT = @, which implies that there are no ¢
in E(e,f) N'T (C (T N I1)) such that |f(t + ) — f(¢)| < & for t € T. However, it makes sense
for an almost periodic function defined on T with T N IT = # (see Example 2.7). Because
of this, the concept of a.p. on time scales is revised in [15].

Example 2.7 Consider a periodic time scale T; = U,fifoo [k +1/2,k + 2/3], then its trans-
lations set IT1 = Z and T; N IT = @. Set

f() = cost +cos+/2¢t forteT;.

As f(¢) is a.p. on R, for every sequence {s),} C Z C R there exists a subsequence {s,} C
{s,,} such that {f(¢ + s,)} converging uniformly for ¢t € R. Thus, {f(t + s,)} converges uni-
formly for t € T C R. That is, f(£) is Bochner a.p. on T and consequently Bohr a.p. on T
(see Theorem 3.4 in Sect. 3).

Remark 2.8 Example 2.7 is a special case of Theorem 4.1. That is, for a.p. function f on R
there exists a.p. function g on periodic time scale T such that f = g on T.

Remark 2.9 According to Remark 2.6, the intersection set T N IT may be an empty set.
However, there are periodic time scales T under IT satisfying IT N T # ¢J. Some examples
will be given in the following:

(i) Let T=R. Then IT=T.

(ii) Let T = hZ, where & > 0. Then I = hZ.
(iii) Let T =g o [ak,ak + b], where 0 < b < a. Then Il = {ka : k € Z}.
3 C™-Almost periodicity
Employing the concept of a.p. functions introduced by Wang and Agarwal [15] in 2015,
we correct the definition of C”-a.p. functions in the sense of Bohr on time scales in this
section.
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Let C"(T,R") (m € N U {0}) denote the space of all functions from T to R” which have
continuous mth A-derivatives on T (C°(T,R”) = C(T,R")). The notation BC”(T,R") de-
notes the subset of C"(T, R”), which is composed of such functions satisfying

supZ[fAj(t)’ <oo forfeBC”(T,R"),
T %
where £2°(£) = f(2). Set

Il = s%pZLfA’(m for f € BC” (T, R"). (3.1)

Jj=0

Then BC™(T,R") is a Banach space with the norm || - ||,
We make the following assumptions:
(A1) T is a periodic time scale.
(A2) T#R.
First, we present C"”-a.p. functions in the sense of Bochner, as given in [24].

Definition 3.1 ([24]) Let (A1) hold. A function f € C"(T,R") (m € NU{0}) is called C"-
a.p. in the sense of Bochner, if for any sequence {s/,} C TI, there exists a subsequence {s,,} C
{s,,} such that f(¢ + s,) converges in norm || - ||,,, uniformly for ¢ € T.

Set

AP™(T,R") = {f € C"(T,R") : f is C"-a.p. functions in the sense of Bochner},
where
AP° (T, R”) = {f IS C(T, R”) :f is for Bochner a.p. functions}.
According to [24], AP™(T,RR") is a Banach space with the norm || - || .

Definition 3.2 Let (A1) hold. A function f € C”(T,R") is called C"-a.p. in the sense of
Bohr, if

Em(a,f):{rel'lz |[f(t+r)—f(t)“m<£} (3.2)
is a relatively dense set in IT for all € > 0.

Remark 3.3 Definition 11 in [24] is corrected by Definition 3.2. Here we emphasize the
set E"(¢e,f) is relatively dense in IT, which is different from that in [24]. We explained the
reason in Remark 2.6.

Similar to the proofin [7, 8, 12], the equivalent theorem states:

Theorem 3.4 Assume that (A1) holds. A function f € C™(T,R") is C"-a.p. in the sense of
Bochner if and only if f is C™-a.p. in the sense of Bohr.

Thus, in the rest C”-a.p. will be used to unify C"”-a.p. in the sense of Bohr and Bochner.
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4 The connection
Theorem 4.1 Let (A1) and (A2) hold. Then g € C™(T,R") is C"-a.p. if and only if there
exists a C"-a.p. function f € C"(R,R") such that f®(t) = gAp(t)for teTandp=0,...,m

Moreover,
f(t) _ Zk og t )lok t)+ Zk ()g (t*))ll,k(t): teR\T, (4.1)
g(), teT,
where
m—k .
lor(®) =Y apF* O)(1-6®)™ forteR\T, (4.2)
j=0
m— k )
Llt (OE™(B(1-£®)" forteR\T, (4.3)
/=0
with
t— 1y
@) = fort e R\ T, (4.4)
w(ts)
M( *)k }m+/ .
aj,k(t)—T fort e R\T,k=0,...,mandj=0,...,m-k. (4.5)

To prove Theorem 4.1, we will show some properties of Egs. (4.2)—(4.4) in the following.

Lemma 4.2 Let (A1) and (A2) hold. Let § : R\ T — R be defined by (4.4). Then
(i) & is bounded, and 0 <&(t) <1 fort e R\'T;
(i) E(t+7)=&(2) foreveryt e R\ T and t € I;
(iii) &'(t) =1/p(t) and §”(¢) =0 fort e R\ T.

Proof By Lemma 2.3 and the definition (4.4), it is easy to see items (i) and (ii). Thus we
omit details here.

(iii) For t € R\ T, there exists a §y > 0 such that 0 < § < § implies that the interval (t —
8,t+8) C R\ T. Otherwise, for n € N, there exists s, € (¢ — §/n,t + §/n) but s,, € T. Then
the sequence {s,} converges to ¢ uniformly and ¢ € T by the closedness of T, which is a
contradiction. Thus, for £ € (¢ — 8, ¢t + §), we have (¢), = (£),, and

_ f;‘() £@) . -t 1
N L INTA I RIS
" E(Z‘) E'(t)
& (t) ]1m7 0. O

Lemma4.3 Let (A1) and (A2) hold. Suppose that functions loy, [ : R\'T — R are defined
as forms of (4.2) and (4.3) for k = 0,...,m, respectively. Then lyi,l1, € C"(R \ T,R) for
k=0,...,m

Proof As the proofin Lemma 4.2, for ¢t € R\ T, there exists a §p > 0 such that for 0 < § < o
the interval (t —8,¢ + ) C R\ T. Thus, for s € (£t = §,¢£ + §) C R\ T, we have u(t,) = u(ss),
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which implies that functions a;x defined in (4.5) satisfy a;(s) = a;(¢) fors € (t-8,£+6) C
R\T,k=0,...,mandj=0,...,m— k. Therefore, for fixed p € {0,...,m} and t e R\ T, we

have
1) = Z (@ OE* ) (1 - £@)")?
j=0
m—k m+1
=Za,k )Y (1) Ch (€)Y
=0
Y (- l)fa,k(t)u(t)P AL ETRTR () for k > p,
= ZWHI l)r m+1 ] 0 a]k é:]+k+r(t)
+ jzpl,(kﬂ @k (OE (1)) fork<p
S by (DE (£ for k > p,
=120 Z””’*k”b (D5 (4.6)
- e Zm-7++kk+l ik (DE@)TF fork <p,
where

b () = (“1)" T ap (Out.) P C 1 AETP (1)

(1) 7, Gl Al ()
- z , (4.7)

forte R\ T, k=0,...,m,j=0,....m—k, t =min{j + k,p},...,m+j+ k+1.
Similarly, we have

e [ T b0 -0 for k> p,
il P Zi";;*"“bkz<r)(1—s<t)>f-1’ (4.8)
e S b (O - £ fork <p.

Thus lox, L i € C" YR\ T,R) and l(()f;?, l(lf;'() exist for k = 0,...,m. Next, we will show that
lOk A L« are continuous for k= 0,...,m.

For t e R\ T, there exists a sequence {s,} C R\ T converging to ¢ uniformly. Moreover,
bk (£) = bjx:(sn), it following that £, = (s,), for k= 0,...,m,j=0,...,m — k,T = min{j +
k,p},...,m+j+k+ 1. Therefore, for k=0,1,...,m we have

l(()f',q()(sn) — l(()’,’;()(t) and lg’j()(sn) — lf;?(t) as n — 00,
that is, lg’,?, lg';'() are continuous for k = 0,...,m. Furthermore, [y, l1 € C"(R\ T,R). O

As for the proof in Lemma 4.2, a right-scattered point ¢ € T implies that there is a se-
quence {s,} C R\ T converging to ¢+ uniformly.

Lemma 4.4 Let (A2) hold. Suppose that functions lyy, l1 i are defined as forms of Eqs. (4.2)
and (4.3) for k = 0,...,m, respectively. If t € T is right-scattered. Then, for every sequence
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{s,} CR\ T withs, — t+ as n — 00, and fixed p € {0,..., m}, we have the following state-

ments:

. . 0 k=0,..., -1, 1,..., m,
) Timy oo (0 (50) = [} k=00

(i) 1im,_ oo Z%’,Z(sn) =0 fork = 0

Dsn) [0 fork=0rmsp—Lip+ 2.
(iii) If p # m, we have lim,,_, o S’; : - {1 ?Z:k:pﬂ‘p p+2.m
~ . 1) (51

(iv) If p #m, we have lim,,_, oo 2£=— = 0.

1k n

Sp—t

(v) If p # m, we have lim,,_, oo =0.

Proof Since (s,). = t, the function &(s,,) = (t) =0O(s, —t) as n — o0.

Noting that statements (i) and (ii) hold followed by (iii)—(v), we will only prove conclu-
sions (iii)—(v).

(i) If k =0,...,p— 1, then

k+1 _ k+1 _
lgj,Z(Sn) Z ZWH” * b;kr(Sn)ET p(sn Z j=p— k+1 Zm:;/:k+ j,k,rgr p(sn)
Sp—1L Sy—t

Yo by (5 Y ,kp+1(sn>s<sn> +bpktpa€6n) | ol(s,— 1)
Sy — t —t Sp— 4

— 0 asn— oo,

where

—k kep
M ) -
> byaplsn) = 2T Z( ik, ottt

—k+m
P!M(t)k_p i —i—k+m ~m k+m
= > (mapTkememct T <0
j=m
and
p-k p—k+1
D Bikpr1 ($nE () + Bpoksriopr1E(sa) = Y biper(sn)E(s,) =0
j=0 j=0

followed by the combinatorial identity

r
Z(—l)kCZC;_k =0 forr>mnqg<n-1.
k=q

Ifk=p+2,...,m, then

120 X S b (s)E (s)TP

Sp—t Sy —1t

bO,k,k(sn)‘i:(Sn)kip + 0((Sn — t)kfp)
Sy—t Sp—1L

— 0 asn— oo.
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If k=p+1,then

m— mj+k+ —
00 X T B (55 (0)
Sy —t - Sy—t
_ b(),p+1,p+l(sn)§(sn) + o((s, — 1))
Sp—t Sp—1L

—1 asn— oo.
(iv) If k = p # m, then

D) -1 X T b (s)E P (s) — 1
Sn— L Sp— t

bO,p,p(Sn) -1 + (bO,p,p+l(Sn) + bl,p,p+1(5n))$ (84) + 0((5;1 - t))
Sy—1L Sp—1L Sy —t

— 0 asn— oo.
(v) If p # m, then

20(s,) (O S DR (s, CF, 77 (s)) )

Sp—1L Sp—1L
O D (O CE A £ ()P
Sy—1
O((s, - )1 7)
- Sy —t
— 0 asn— oo. g

If t € T is left-scattered, then there exists a sequence {s,} C R\ T such that s, — t— as

n— 00. Thenl1l-£&(s,)=1- % lf(ps” = O(s, — t) as n — 0o. Similar to Lemma 4.4,

we have the following lemma.

Lemma 4.5 Assume that (A2) holds. Suppose that functions lyy, |1 x are defined as forms
of (4.2) and (4.3) for k = 0,...,m, respectively. If t € T is left-scattered. Then, for every se-
quence {s,} C R\ T withs, — t—asn — 00, and fixed p € {0,...,m}, we have the following
statements:

N1 ») 0 fork=0,...p-Lp+1,...,m,

() Timy oo B350 = {5 k=077t

(ii) limy,_ oo lg,i(s,,) =0fork=0,...,m.

. l(lp]z(sn) 0 fork:O,p—l,p+2 ,,,,, m,
(iti) Ifp # m, we have lim,,_, o, el {1 forkepri.
1) 51

Sp—t

=0.

(iv) If p # m, we have lim,,_, oo

186sn)
Sn—t

v) If p # m, we have lim,,_, oo =0.

Lemma 4.6 Assume that (A2) holds and T* = T. Ifg € C"(T,R"), then there exists a func-
tion f € C™(R,R") defined as the form of (4.1) such that fP|y = g*° forp=0,...,m
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Proof By Lemma 4.3, f is C"-differentiable continuous at ¢ € R \ T. Moreover,

m m

V) = ZgAk )+ ZgAk o(t) ,Z(t) forp=0,...,m. (4.9)

k=0 k=0

Next, we will show that f is C"-differentiable continuous at ¢ € T and f)(¢) = g’ (¢) for
t € Tand p=0,...,m by the principle of mathematical induction.

(1) f is differentiable at £ € T.

If t € T is right-scattered, then there exists a sequence {s,} C R\ T converging to ¢
uniformly with s, > £ and (s,), = t. By Lemma 4.4, we have

) =f@  Yrog™ ((sn)s )IOk(sn)+Zk 08 (0 (). ) i(s0) — g(8)
Sp—1L -

g(t)(ZOO(Sn Zk 1g (t lOk Sn) Zk og O'(t ll k(sn)
Sp—t -t -t

—g%(t) asn— oo,

that is, f'(¢+) = g” () at right-scattered point ¢ € T.
If t € T is left-scattered, then there exists a sequence {s,} C R\ T converging to ¢ uni-
formly with s, <t and (s,,).« = p(¢). By Lemma 4.5, we have

f(sn) _f(t) _ Zk og lO k Sn Zk og )*))ll,k(sn) _g(t)

Sp—1L -1
_ 8O)Wiolsn) - Zk lg “(Olilsn) ZTZQgAk(P(t))ZO,k(Sn)
Sy —t -t Sy—t

—g%t) asn— oo,

that is f'(t-) = g* (¢) at right-scattered point ¢ € T.

If ¢ is right-dense (or left-dense), it is easy to see that f'(t+) = g2(¢) (or f'(t-) = g (2)).
Thus, for ¢ € T, no matter whether ¢ is dense (right/left-dense) or scattered (left/right-
scattered), we have f'(¢+) = f'(t-) = g(¢), that is, f is differentiable at ¢ € T. Obviously, f
is continuous on T.

(2) Suppose that the statement f)(£) = gAp(t) holds for t € Tand 0 < p < m.

If t € T is right-scattered, then there exists a sequence {s,} C R\ T converging to ¢
uniformly with s, > ¢ and (s;,)« = t. By Lemma 4.4, we have

FOs)—fO)  Trog® @Esn) + 4o g™ (0 () NP2 (s.) - g7 (1)

Sy —1t Sy —t
W) -1) ) g 1L, (s,)
- Sy—t Sy—t
. S @ O + Yp, g @ () sn)
Sy—t

+1
— gAp (t) asn— oo,

Le. f®*1(t+) = g2 (¢) at right-scattered point ¢ € T.
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Similar to the proof above, if ¢ € T is left-scattered, then we have f#+V(¢t-) = gAp” (¢) by
Lemma 4.5. If ¢ is right-dense then f#+V(¢+) :gA'M(t), If t is left-dense then f®*V(t—) =
gAIM (¢). Thus, for t € T, no matter whether ¢ is dense (right/left-dense) or scattered
(left/right-scattered), we have f®*V(¢+) = f@*D(¢-) = gA'H1 ().

Therefore f is C"~'-continuous differentiable on T and f(¢) = g*" (£) holds for ¢ € T.
Noting that

Fs) =) = g ((sn)e)m(sn) + 82 (0 ((52):)) B (s0) — g2 (0)
— 0 asun— oo.

That is, f is C” continuous differentiable on T. g

Since &(t + h) = £(t), bjx:(t) = bji(t + h) and the boundedness of b, for t € R\ T,
hell,k=0,...,m,j=0,....,m—k, v =min{j + k,p},...,m +j + k + 1, it is not difficult to
obtain the Lemma 4.7 and Lemma 4.8.

Lemma 4.7 Suppose that (A1) and (A2) hold, and functions lox, 1k : R\ T — R be defined
as forms of (4.2) and (4.3) for k =0,...,m, respectively. Then, fort e R\ T, heIl,i=0,1
and k,p=0,...,m,

12 +h)=18)t) (4.10)
holds.
Lemma 4.8 Suppose (Al) and (A2) hold. Assume that the functions lo;, L1 : R\ T — R

are defined as forms of (4.2) and (4.3) for k = 0,...,m, respectively. Then there exists N > 0,
such that

<N forteR\T,i=0,1,andp=0,...,m uniformly. (4.11)

In the following, we will prove Theorem 4.1.

Proof Suppose that g is C”-a.p. on T. Then, for ¢ > 0, there exists a positive /(¢) € [T CR
such that for any a € I the interval [a,a + /] contains a 7 € II satisfying that

lgt+7)-g®],, < <

where N satisfies Eq. (4.11).
Ift e R\T,thent+teR\T forevery r € Il by Lemma 2.3. For p = 0,...,m, we have

[fO(t+1)-fP )]

= Zg (E+71)s) t+r +ZgAk (t+7) ))l(p)(t+t)
k=0

k=0

N A IHAOE Zg (o))
k=0
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m

< > Jg¥ (b + 1) - g @100 + Z|g“(a<r*>+r) N CION 0]
k=0 k=0

<N(|gt.+1)-g@&)|,, + gl + 1) -g(o(8))],,) < e/m.

IfteT,thent+ 1t €T forevery t € I1 by Lemma 2.3. For p = 0,...,m, we have

V(p)(t+ 7) —f(p)(t)’ _ |gAp(t+ 7) _gAp(t)| < ||g(t+ T) —g(t)”m < 2]\8[141'
Then
|V(t+r)—f(t)||m=suﬂgzv (t+7)-fP@)|<e
teR 5

That is, f is C”-a.p. on R.
Suppose that f is C"-a.p. on R. Then for each sequence {s,} C IT there exists a subse-
quence {s,} C {s,,} such that {f(¢ +s,)} converges in norm | - ||, uniformly for ¢ € R and

consequently for ¢ € T. Thus g|t =f|r is C"-a.p. on T. O

5 Applications
Let T be a periodic time scale without finite accumulation points of scattered points. Con-

sider the following dynamic equation:
=Ax +f(t), (5.1)
where A is an n x n matrix and f : T — R” is a C"-a.p. function. Suppose that A satisfying

following conditions:
(H1) Thereis a8 > 0 such that

|au|—2|al,|—M/2(Z|a,,|> >25+8°M fori=1,...,n, (5.2)

Jj#

where M = sup, . ().
(H2) Set |A] = (31, X1, @), then

MIA| < 1.
According to [25, Theorem 5.2], the linear dynamic equation

= Ax, (5.3)
admits an exponential dichotomy on T under the assumption (H1), that is,

’X(t)PX’l(s)| < Kegy(t,s), s, teT,t>s,

|X(t)(1 - P)X‘l(s)| <Kegy(s,t), s teT,t<s,
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where X is the fundamental solution matrix of (5.3), K, « are positive constants, P is pro-
jection. Then the solution of (5.1) as the form of

x(t) = / t X@OPX (o (s))f () As — f OoX(t)(I—P)X‘l(o(s))f(s)As (5.4)

is a.p. by [14, Corollary 3.7]. Obviously, 2, ...,x2” are a.p. following from 2" = Ax®“" +

fAk*1 and f € AP"(T,R") for k = 1,...,m. Thus, the solution of (5.1) is C"-a.p. on T by
[24, Theorem 20].
Note that, if A satisfies the hypothesis (H1), then

|aii] —Z laj| =26 fori=1,...,n.
J#i

Therefore, according to [26, Proposition 3, p. 55], the linear differential equation
y =4y (5.5)
admits an exponential dichotomy on R, i.e.

|Y(t)PY’1(s)| < Kexp{—S(t—s)}, t>s,

’Y(t)([ —P)Y‘l(s)‘ < Kexp{é(t - s)}, t<s,
where Y is the fundamental solution matrix of (5.5). Therefore the differential equation

¥ (6) = Ay + E(2) (5.6)
admits a unique C"”-a.p. solution as form of

t [ee]
y(t) = / e Pe™*F(s) ds — f (I — P)e™SF(s) ds, (5.7)
—00 t

if F: T — R” is defined as the form of

S SN o @) + Yo f A 0 (E)hi(E), teR\T,
f(t)r te T,

F(¢) =

where lox, [1 ¢ are as (4.2) and (4.3) for k=0, ..., m, respectively.
By [19, Theorem 5], if (H2) holds, then the solution of (5.6) embeds in the solution of
(5.1), that is, x(t) = y(¢) for t € T. Moreover, x2(£) = ¥/ (£),...,x%" (t) = y"(¢) for t € T.
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