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1 Introduction

Mathematical modeling and analysis of within-host human immunodeficiency virus
(HIV) dynamics have become one of the hot topics during the last decades [1-31]. These
works can help researchers better understand the HIV dynamical behavior and provide
new suggestions for clinical treatment. Most of the mathematical models presented in
the literature have focused on modeling the interaction between three main compart-
ments: uninfected CD4* T cells (s), infected cells (y), and free HIV particles (p). Other
models have differentiated between latent and active infected cells by introducing a new
variable (w) for the latently infected cells [32-37]. In [38], an HIV mathematical model
has been presented by considering three types of infected cells: latently infected cells (w),
short-lived productively infected cells (y), and long-lived productively infected cells (i) as

follows:
§(0) = p — Bus(t) + ws(t) (1 _ 0 ) (1= o)y + T + R)s(Op(O) )
() = (1= e0)Tas(Op(e) = (@ + BIw(e), @)
3(0) = (1 e0)Tas(Op(®) + arw(t) — By(d), 3)
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i(t) = (1 - e1)Azs(t)p(t) - Bault), (4)

@) = (1 - &)NBsy(t) + (1 - £2)MPBaul(t) - Bsp(t), (5)

where p is the creation rate of the uninfected CD4* T cells, 8;, i = 1,...,5, are the death
rate constants of the five compartments s, w, ¥, u, and p, respectively. The model incorpo-
rates reverse transcriptase inhibitor (RTI) with efficacy &; and protease inhibitor (PI) with
efficacy &;, where €1, &2 € [0, 1]. The parameters w and spax are the maximum proliferation
rate and the maximum level of concentration of the uninfected CD4* T cells, respectively.
The latently infected cells are activated at rate a;w. The parameters N and M are the av-
erage numbers of HIV particles generated in the lifetime of the short-lived and long-lived
infected cells, respectively. The uninfected CD4* T cells become infected with infectivity
A1 + Ay + A3. Elaiw et al. [27] have generalized the above model by incorporating the hu-
moral immune response and considering general nonlinear functions for the generation

and removal rates of all compartments:

$(8) = 7 (s(8)) = (1 — e1) (A1 + A2 + A3)x (s(2), p(2)), (6)
w(t) = (1 - e1) A x (s(2), p(2)) — (@1 + B2)g1 (w(t)), 7)
3(£) = (1= e1)hax (s(2), p(2)) + arga (w(t)) — Baga ((2)), 8)
i(t) = (1 - e1)Asx (s(2), p(t)) — Bags (u(t)), )
p(8) = (1= £23)NB3ga (y(2)) + (1 — £2)MBags (u(?))

- Bsga(p(1)) — qga(p(t))gs (x()), (10)
(1) = rga(p(0)) g5 (1(1)) ~ Bogs (x(2)), (11)

where x represents the concentration of the B cells. 7, x, g;, i = 1,...,5, are general non-
linear functions. Model (6)—(11) assumes that, once the HIV contacts a CD4* T cell, it
becomes infected in the same time. Neglecting the time delays is an unrealistic assump-
tion (see, e.g., [29, 30]).

The aim of this paper is to propose HIV infection models which improve model (6)—(11)
by taking into account three time delays, discrete or distributed. We derive two threshold
parameters and present some mild sufficient conditions for the existence and global sta-
bility of the steady states of the models.

2 HIV dynamics model with discrete delays
We formulate a nonlinear HIV dynamics model with latent reservoirs, humoral immunity,

and discrete time delays:

§=7(s() — (1 —e1) (1 + Ao + A3)x (s(2), p(8)), (12)
w=(1-e)rre ™™ x (st - 10), pt — 1)) — (@1 + B)gr (WD), (13)
§=(1—g))hpe 22y (s(t - 1), p(t — 1'2)) + a1 (w(t)) - B3> (y(t)), (14)

it = (1 —e1)h3e "3 (s(¢ - 13), p(t - 3)) — Bags (u(t)), (15)
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P =(1-&)NBsg(y(1)) + (1 — £2)MPBags (u(t)) — Bsga(p(1)) — qga(p(1))gs (x(2)),  (16)

& = rga(p(t))gs (x(2)) — Begs (%(2)). (17)

All the parameters are positive. Here, 7; is the time between viral entry and latent infection
(i-e., the integration of viral DNA into cell's DNA has finished), while 7, and 73 are the
times between viral entry and viral production form short-lived productively infected and
long-lived productively infected cells, respectively. The factor e™*i% accounts for the loss
of target cells during the delay period of length 7;, where ; is a constant. Let us define
ri=(1-e)r;,i=1,2,3,N=(1-6&)N, M= (1-ey)M,and A = A1 + Ay + A3. Functions ¥,
7,8, i=1,...,5, are continuously differentiable and satisfy the following hypotheses:
(H1). (i) There exists sy such that 7 (sg) =0, 7 (s) > 0 for s € [0, s0);
(ii) 7’(s) < 0 for s € (0, 00);
(iii) There are b >0 and b > 0 such that 7(s) < b — bs for s € [0, 00).
(H2). (i) x(s,p)>0and x(0,p) = x(s,0) =0 for s, p € (0,0);
(ii) % >0, %;’p) >0, and %;'0) >0 for all 5, p € (0, 00);
(iii) (%;’0))’ >0 for s € (0, 00).
(H3). (1) gi(n) >0 for n € (0,00), g(0)=0,j=1,...,5;
(ii) gj/(n) >0 forn € (0,00),j=1,2,3,5, g4(n) >0, for n € [0, 00);
(iii) there are oj >0, =1,...,5, such that gj(n) > a;n for n € [0, 00).
H4). () %(XW) <0 for p € (0,0).

&)
We consider system (12)—(17) with the initial conditions:

s(6) = ¢1(0), w(0) = ¢2(9), ¥(0) = @3(0),
u(®) = ¢a(0), p©0) = ¢5(0), x(0) = 9s(0),
@(0) >0, 6e[-¢,0],

9(0) € C([-5,0L,RSy), j=1,...,6,

(18)

where ¢ = max{t1, 7y, 73} and C is the Banach space of continuous functions mapping the

interval [-¢, 0] into Rﬁzo- Then the uniqueness of the solution for ¢ > 0 is guaranteed [39].

2.1 Preliminaries
Lemma 1 Let hypotheses (H1)-(H3) be valid, then the solutions of system (12)—(17) are

nonnegative and ultimately bounded.

Proof Let us write system (12)—(17) in the matrix form k(t) = L(k(2)), where k = (s, w, 2
M;P; x)T! L = (L17 LZ’ LS! L47 L5: L6)T7 and

Ly(k(2)
Ly(k(t)
Ls(k(t)
Ly (k(2)
Ls(k(t))
Le(k(t))

)
)
L(k()) = ;
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7 (s(£)) — Ax (s(2), p(2))
die1T x (st — 1), p(t — 71)) = (a1 + B2)g1 (w(t))

Ao 272 x (s(t — 12), p(t — 12)) + a181(W(t)) — B3g2(¥(2))
A3e™3% x (s(t — 13), p(t — 13)) — Baga(u(t))
NB3g2(y(2)) + MBags(u(?)) — Bsga(p(t)) — qga(p(2))gs(x(2))
rga(p(2))gs(x(2)) — Bogs (x(2))

L=

We have

Li(k(0)) >0, i=1,...,6.

1 ()RS,

Using Lemma 2 in [40], the solutions of system (12)—(17) with the initial states (18)
satisfy X(¢) € Rgo for all £ > 0. The nonnegativity of the model’s solution implies that
limsup,_, o, s(¢£) < M;, where M; = IZ’. Let

T(t) = Ne M 5s(t — 11) + Ne "22s(t — 1) + Me "35Bs(t — 13)
1 q
+ Nw(t) + Ny(t) + Mu(t) + Ep(t) + Z—x(t),
r
then

T(t) = Ne M@ [ (s(t = 11)) = Ax (st = 1), p(t — T0)) ]
+Ne 227 (s(t — 12)) = Ax (s(t = 12), p(£ - 12)) ]
+Me "33 [ (s(t - 13)) = Ax (s(t = 73), plt — 73)) ]
+ N[d1e1™ x (st — 11), p(t — 11)) — (a1 + B2)g1 (w(2)) ]
+N[hae ™2 x (s(t - 1), p(t - T2)) + a1g1 (W(D)) - Baga (¥(8)) ]
+ M[A3e73% x (s(t — 3), p(t — T3)) — Pags(u(t))]
5 (NB@(0) + Mg (4(0) ~ B (p(0) ~ a1 (p(0)gs (x()
+ 2L (rau (p(0) 5 (+(0)) ~ Pogs (x(9))
< Ne ™™ [b—bs(t — 71)] + Ne "2 [b - bs(t — 7o) | + Me™"3%[b — bs(t — 13)]
~ Naeywle) ~ SN By (®)~ - Matsut) 3 Preaplt) — oL fsple
r

< b(Ne™™ + Ne 2™ + Me™"3™)

-0 [Ne’“’ls(t —11) + NeT"225(t — 7o) + Me™"3B5(t — 13)

+ Nw(t) + Ny(£) + Mu(t) + 1p(t) + ix(t):|
2 2r
<b@2N + M) -oT(t),

where o = min{b, Ba1, 3 B30t2, 3 Bacts, Bscta, Pects). Then limsup, o T(£) < 220 The

nonnegativity of the system’s variables implies that

b(2N +M)
lim sup w(t) < ——=

27
t—00 No
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. b(2N + M)
lim sup y(£) < —— =M,
t—00 No
b(2N + M
lim sup u(t) < g =Ms;,
t—00 Mo
2b(2N + M
lim sup p(e) < 22Ny,
t—00 o
2rb(2N + M
lim sup x(¢) < M = Ms.
t—00 qo
Therefore, s(£), w(z), y(t), u(t), p(t), and x(¢) are ultimately bounded. O

According to Lemma 1, we can show that the region

Q={(s,wyu,p,x) € CO: sl <My, [wl <My, ||yl <M,

lull < Ms, l|pll < My, ||x]| < Ms} (19)

is positively invariant with respect to system (12)—(17), where ||@|| = sup,_, o, ¢(2).

Lemma 2 Suppose that hypotheses (H1)—(H4) are valid (12)—(17), then there exist two
bifurcation parameters Ry and Ry with Ry > Ry > 0 such that
(i) if Ry <1, then there exists only one steady state y;
(i) if Ry <1 <Ry, then there exist two steady states Il and I3;
(ili) if Ry > 1, then there exist three steady states Ty, Iy, and I1,.

Proof Let (s, w,y,u, p,x) be any steady state of (12)—(17) satisfying the following equa-

tions:
0=m(s) = 2x(s,p), (20)
0="211e""" x(s,p) = (a1 + B2) g1 (W), (21)
0="22e"22x(s,p) + 121 (W) = B3g2(»), (22)
0="23e7"3% x (s, p) — Bags(u), (23)
0=NpB3g(y) + MPBags(u) — Bsga(p) — qga(p)gs(x), (24)
0 = 7g4(p)gs (%) — Begs(x). (25)

From Eq. (25) we have two possible solutions: g5(x) = 0 and g4(p) = Be/r. The first possibil-
ity gs(x) = 0 implies that x = 0. Hypothesis (H3) implies that g;° 1ji=1,...,5, exist, strictly

increasing and g;(0) = 0. Let us define

o Ape M1
V=8 (k(ﬂl + ﬂz)n(S))’

arhieM + (ar + Br)hre™2™
7(s) ),

(26)

_
V29 =& < Bai(ar + Ba)

—H3T3

V3(s) =g3‘1<k3;4/\ ﬂ(S)>, Yals) =g;1<%n(S)>,
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where

_ N(air e "1™ + (a1 + Bo)rae™27) + Mhs(ar + fo)e 37

Bs(ai + B2)

It follows from Egs. (20)—(24) that

w = 1(s), ¥ =als), u = Ys3(s), P = Puls). (27)
Obviously, ¥;(s) > 0 for s € [0,50) and ¥;(so) =0, i = 1,...,4. From Egs. (20), (26), and (27)
we obtain

x (8, ¥a(s)) — ga(¥als)) = 0. (28)

Equation (28) admits a solution s = sy which gives the infection-free steady state ITy(so, 0,
0,0,0,0). Let

D1(s) = ¥ x (5, ¥a(s)) — ga(Vals)) =

Itis clear from hypotheses (H1) and (H2) that ®1(0) = —g4(1/4(0)) < 0 and ®;(so) = 0. More-

over,

a , )
(o) =y 202 s w0 100

] G OWs0).

We note from hypothesis (H2) that s" 9 - 0. Then

a b
%m%%m@@(y ““mq)

20) dp

From Eq. (26), we get

/ _ Z / Y aX(SOrO)
D (s0) = n T (50)(g4(0) op — 1).

Hence, from hypothesis (H1), we have 7'(so) < 0. Therefore, if - ” ')X;IS 0 5 1, then @/ 1(s0) <
4

0, and there exists s; € (0,s0) such that ®;(s;) = 0. Hypotheses (Hl) (H3) imply that

=Y1(s1) >0, y1 = Ya(s1) >0, uy = Y3(s1) >0, P1=Val(s1) > 0. (29)

It means that a humoral-inactivated infection steady state IT;(s1,w1,y1,41,p1,0) exists

Y 9x(s0,0)

when PAORE

> 1. Let us define the basic infection reproduction number as follows:

Ro= Y 9 x (50,0)
0= .
£0) ap
The other solution of Eq. (25) is ga(p2) = =¢, which yields p; = (ﬁ ) > 0. Substitute p = p,
in Eq. (20) and let ®y(s) = 7 (s) — Ax(s,pz) = 0. According to hypotheses (H1) and (H2),
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D, is strictly decreasing, ®,(0) = 7 (0) > 0 and Py(sg) = —Ax (S0, p2) < 0. Thus, there exists
unique s € (0,s9) such that ®,(s;) = 0. It follows from Egs. (24) and (27) that

w2 =Y1(s2) >0, 32 =¥(s2) >0, uy=Ys3(s2) >0,  pa=g; <I3:> 0,

_ @( X(s2,p2) ))
X2 =85 (q 14 () 1))

Thus, x; > 0 when y S?pp 2) 5 1. Now we define the humoral immune response activation

number as follows:

_y X (s2,p2)
g4(192) ’

If Ry > 1,thenx), = go 1 ( B5 (R, 1)) > 0, and there exists a humoral-activated infection steady

state T1y(s2, w2, y2, uz,Pz;x2)~
Clearly, from hypotheses (H2) and (H4), we have

_ (Sz,pz) <y i x(sup) v 8)((82,0)< 4 8)((50’0):
T a) T o @) G ap g0 ap ° -
We will use the following equalities throughout the paper:
ln(X(s(t_Tl),P(t_fl)))
x(s,p)
-1 (gl(lfV)x(S(t—rl),p(t—fl))> (x(&iﬂ))
=In o +In —
aw)x G, p) x(s,p)
&) x(s,p) ) <g4(i9)gz ) ) (gz @@ (w) )
1 ] 1 ,
’ “(g4@)x(s,p> "TMNawn6)) T\ am)a @)
1n(x(S(t - 1), p(t - rz)))
x(s,p)
L@ x(s(t - 12),p(t - Tz))) <x(§,iﬂ))
-1 1 3
“( 20)x6.5) M 6p) (=0)
2D)g©) ) (g4(p)x (s, P) )
In[ 22220 ) 4 22287 )
" “(g4<p>g2@) TN a@rsp
ln(x(s(t -13),p(t - Ts)))
x(s,p)

oln (gs(it)x(s(t - 13),pt - T3))> . m(x(ﬁ,fa))
&) xG,p) (
(gs(u)g4(p)) ol <g4(p)x s,f?))
g()ga(p) a@x(sp)

2.2 Global properties
The following theorems investigate the global stability of the steady states of system (12)—
(17).

Let us define the function F : (0,00) — [0,00) as F(z) =z — 1 — Inz. Denote (s,w,y,u,

%) = (s(2), w(2), y(2), u(t), p(t), x(t)).
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Theorem 1 If Ry <1 and hypotheses (H1)-(H4) are valid, then T, is globally asymptoti-
cally stable (GAS).

Proof Define a Lyapunov functional V; as follows:

S
Vo=S—50— / lim x(so.P) dn + 6w + Loy + L3u
so 70" x(1,p)

71
+£1/ Ae M x (s(t - 0), p(t - 0)) do
0
1)
+ 45 / Age 2%y (s(t -0),p(t— 9)) do
0

73
+ 43 / Aze 3By (s(t -0),p(t - 9)) do + Lyp + Usx,
0

where
A=Al1e M 4 dolye 22 4 h3lze M3 (a1 + B2)l1 = ar by,
Ly = Nty, L3 =MLy, qls =r1ls. ey
The solution of Egs. (31) is given by
1=ﬂ, 52=ﬂ, 53=@, 54=L, ls = e . (32)
yBs(ar + Ba) vPs vPs vPs ryBs
We calculate % along the trajectories of (12)—(17) as follows:
% = <1 - lim, );((SSO,;)>(JT(S) —x(s,p))
+ 01 (AT x (st — 1), pt — 71)) — (a1 + B2)g1(w))
+ £y (A€ 2% x (s(t — 1), p(t — T2)) + a1 @1 (W) — B3g2(9))
+03(Ase™3% x (s(£ — 13), p(t — T3)) — Bags(n))
+ LA e7M1 (X(s,p) - X (s(t —11),p(t - rl)))
+L2h0e722 (x (5,p) — X (s(t — T2), p(t — 1))
+ 0303733 (x (5,p) — X (s(t — T3), p(t — 13)))
+ L4 (N B3g2(y) + MPBags(u) — Bsga(p) — g (p)gs(%))
+05(rga(p)gs (%) — Bogs (x)). (33)

Collecting terms of Eq. (33) and using 7 (so) = 0, we obtain

- (9= 60)(1- iy 522

)‘X(S’p) . X(S(),p)
+< a(p) pllg)l* x(s,p) _5455)g4(p)—€5ﬁ6g5(x)

< (7(s) — (o)) <1 _pll%ﬁ %)

avh
dt
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)\. P . »
.\ (hm x(s,p) lim x (50, )

A0 ) e x(sp) —£4ﬁ5)g4(10)—45,36g5(x)

_ aX(SO’ 0)/8p>
ax(s,0)/op

A 9 x (50,0)
l4p5g4(0)  Op _1>g4(p)—55ﬁ6g5(x)

B 9 (s0,0)/0p
dx(s,0)/op

= (n (s) - n(so)) (1

+ 54/35(

= (m(s) - 7 (s0)) (1 ) +£4B5(Ro — 1)ga(p) — £5Peg5(%).

By hypotheses (H1) and (H2), we obtain

9 (s0,0)/0p
<7T(S) - JT(S())) (1 - W) <0.

dve
dt
invariance principle (LIP), we get that I is GAS. g

Therefore, if Ry < 1, then % <0 fors,p,x > 0. Clearly, =0 at ITy. Applying LaSalle’s

Lemma 3 If R > 1 and hypotheses (H1)—(H4) are valid, then
sgn(R; — 1) = sgn(p1 — p2) = sgn(sy — s1).

Proof Using hypotheses (H1) and (H2), for s3, 5, p1,p2 > 0, we get

(s1 — 52) (7 (s2) = 7 (51)) > 0, (34)
(SZ - Sl)(X (52’192) - X(Sl:pZ)) > O: (35)
(p2 - p1)(x(s1,p2) = x(s1,p1)) > O, (36)

and from hypothesis (H4), we obtain

X (s1,p2) X(Sl»P1)> S 0. (37)

2 —pz)( £(p2) - 2(p1)

First, we show that sgn(p; — p2) = sgn(sp —s1). Suppose that sgn(p, — p1) = sgn(sy —s1). Using
the steady state conditions of I1; and IT,, we obtain
7(s2) = w(s1) = A[ X (52, p2) = X (s1,p1)]
= A[(x (s2,p2) = X (s1,12)) + (x (51, P2) — X (51, 1)) ]-
Therefore, from inequalities (34)—(36) we obtain sgn(s; —s1) = sgn(s; —s3), which is a con-

tradiction; hence, sgn(p; — p2) = sgn(sy — s1). Using Eq. (29) and the definition of R;, we
get

Ri-1= J/(X(Sz’pz) _ X(SI’P1)>
1 ap)  &lp)

:y[ ; (x(s2.p2) = x(s p))+X(51’p2)_X(Sl,p1)]
@lp) o ap) @) |

Thus, from Egs. (35) and (37) we obtain sgn(R; — 1) = sgn(p; — p2). O
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Theorem 2 IfR; <1 < Ry and hypotheses (H1)—(H4) are valid, then T1; is GAS.
Proof Let
Vics—s - / S1,p1) <w Wi — gl(Wl) 77)
s x(n, pl) wl &(n)

g2(y1 o (u— B gs(ul) 77)
. gz(n) N\ e

3

+£2(y yl—

t-0),pt-06
4 g (s pr)e 1T F x(s(t—0),p( )))de
0 S1,p1)

+ Ladax (s1,p1)e Mzrz/ F(X(S(t 0),p(t — 9))>d¢9
0

S1,p1)

3,3/ F x(s(t - 9)p(t 9))>d9
P - P
Pr1

d V1

+L3hsx(s1,p1)e” <Gy
L1

Calculating <7t along the solutions of (12)—(17), we obtain

avi _ <1 _ x(s1,1)

e o) ) (7w (s) = 2x(s,p))

+0 (1 gll((Wl))> )\ e 1T X (S(t — Tl):p(t - 1:1)) — (a7 + ,Bg)gl (W))
(1 g22((yy1) ) 267272 (s(t - ), p(t = ©2)) + g1 (W) - Baga(9))
+ fs( gs((uul ))> (rae™2 x (st — w3), p(t - 13)) — Paga(®))

+L1he7 M (X(S’P) - X (S(t —-11),p(t— Tl)))

plt-
+ 101 x(s1,p1)e 1™ In (s fl)))
X(S p)

+€arae 2% (x (5, p) — x (s(t — 72), p(t - 12)))
pats 1n(}((s 1'2) p(t— Tz)))

+ Loy x (s1,p1)e”

+ 0303733 (x (5,) — x (s(t — 73), p(t — 73)))
x(s(t —13), p(t - Ts)))

+L3A3x (s1,p1)e 3™ 111(
x(s,p)

‘s (1 - ggji((’l’;)’ ) (NBagaly) + MPags (1) — Baga(p) — a2 ()gs )
+05(rga(p)gs (%) — Bogs(x)). (38)

Collecting terms of Eq. (38) and applying the conditions of the steady state IT;

77:(51) = )\X(Shpl)’
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(a1 + Ba)g1(w1) = A1e™"1™ x (s1,p1),
EBs (1) = (A€ ™ + Lahae™2™) x (s1, p1),

Bags (1) = Aze™3% x (s, p1), L4Bsga(p1) = Ax (s1,p1)s

we get
avy X (s1,p1) x(s1,p1)
a (77(5) —7T(51)) (1 - 7)((5,]91) > + )»X(Sl,Pl)(l - X6 p) >

x(sp)  &lp) )
x(s,p1)  galp1)
g(w)x(s(t—11),pt — 1))
g1(w)x (s1,p1)
201 x (- 1), p(t — 1))
L) x(s1,p1)
L£()gi1(w1)

+ (ﬂl)\'le—lllfl + Zz)qe_”“zfz)x(sl,pl)

+/\x(sl,p1)(

—Lih ey (s1,p1) + L1 x (51, p1)

—Lahoe ™22y (s1,p1)

—Lihe"M x (s1,p1)

g3(u1) x (s(t — 13), p(t — 13))
x (51, p1)g3(10)

—£3h3e73% x (s1, p1)

+L3h3e"3B x (s1,p1) + Lide ™ x (s1,p1) 1H(X(S(t —nhpte Tl)))
X(S’P)
X (s(t — 1), p(t - Tz)))
x(s,p)
x (s(t —3), p(t - Ts)))
x(s,p)

+ Lohoe 272 x (51, p1) 111(

+L3h3e73% x (s1, p1) 1ﬂ<

£0)g(p1)

— (L1217 4 fohae ™22 x (s1,p1)
( 1AM 2A2 )X 1LP1 gz(yl)g4(p)

g3(u)ga(p1)
g3(u1)ga(p)

+Ax(s1,p1) +7ls <g4(p1) - %)gs(x) (39)

—£3h3e73% x (s1, p1)

Using inequalities (30) with § = s;, W = wy, J = y1, and p = p;, we can obtain

ad = (77(3) —7T(81)) (1 - M) + )»X(Slrpl)( xsp) _ &) ><1 - X(s,p1)>

dt x(s,p1) x(p1) @) x(s,p)
_ X(Sl»P1)> <g4(P)X(S»P1)>:|
AX(Sl’pl)[F( x(s,1) +E ap1)x(s,p)
_ ElkleMrlX(sl,pl)[F<gl(W1)X(5(t —n),p(t- TI))) . F(gZ(yl)gl(W))}
g (wW)x(s1,p1) £)g1(wr)
B . 201 x (s - 12),p(t - Tz)))
fahae T koL 1)F< )X G101)
B st g(u1) x (s(t —t3), p(t - Ta))) (gg(u)g4(p1))]
tahae 0 s1p 1)[F < B XG0 g ma)
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(Z Ae 1171 + £yhge” H2T2)X(S rPl)F< (y)g4-(p1))

£01)g(p)
+rls (g4(p1) —g4(1a2))gs(x)'

Hypotheses (H1), (H2), (H4), Lemma 3, and the condition R; < 1 imply that

(7w (s) =7 (s1)) (1 - M) <0

x(s,p1)
( x(sp)  glp) )(1 ~ x(s,pl)) <0,
x(s,p1)  galpr) x(s,p)

&(p1) - ga(p2) <0.

It follows that, for all s, y, p,x > 0, we have £ o Y1 <0 and dv‘ =0at IT;. By LIP I1; is GAS. O
Theorem 3 IfR; > 1 and hypotheses (H1)—(H4) are valid, then I, is GAS.

Proof Define

Vy=5—5,— / S2’p2) (W Wy — gl(WZ) d?’])
52 x (1, p2) W2 a(n)
gz(yz ) < gg(uz) )
+¢ - + 03| u—uy —
2(y » 3’2 g2( 77 3 2 142 gg( ) 77
0
A x (2, pa)e um/ F(X(S(t 6),p(t - ))>de
0 (s2,p2)
t—0 t-6
+ 62)\2)((52,}72 —U2T2 / F(X(s( ) p( ))) a0
0 (s2,p2)
+ L3 (52, p2)e 5™ F(X (s(t = 0).p(¢ - 9))) .
0 X (s2,p2)
p
gu(p2) ) ( / g5(%2) )
e - _/ dan | + 5| x —x;p — dn).
4<p P p2 g4(77) > 2 v gs(n)
Calculating % dv2 along the solutions of model (12)-(17), we get

avy _ (1_ X (s2,p2)

7 G0 ) (7 (s) = 2x(s,p))

g1(wy)

) ey (st = 1), plt = 7)) = (a1 + Bo)gi (W)

(g
( gz(yz

£0)

+ 43 <1 gz ))> (Ase“‘3’3x (S(t - 13),p(t - T3)) - ,34g3(u))

g(u
+L121e 7 (x (5, p) = x (s(t = 1), p(t — 1))

x(s(t—11),p(t - Tl)))
X(S’P)

+ahoe 22 (x (5, p) — X (st — 72), p(t — 1)) )

) e 2ty (s(t - 1), p(t - 1'2)) +ag(w) - ﬁBgZ(J’))

+ L1171 ¥ (50, p2) ln<
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+ Lahoe 22 (59, p2) ln<X(S(t - ), p(t - T2))>

x(sp)
+€3h3e73% (x (5, p) — x (s(t — 13), p(t — 13)))

x(s(t—73),pt - Ts)))
X(S’P)

+ L3A3e7 35 x (50, p2) ln(

+ 40, (1 - ?4((12)) ) (NBsg2(y) + MPBags () — Bsga(p) — 84(p)gs (%))

v s (1 _ i‘g’) (res)gs(x) — Fiogs ().

Collecting terms of Eq. (40) and using the steady state conditions for IT,:

7 (s2) = Ax (52, p2),
(a1 + B2)g1(wa) = Ae"1™ x (52, pa),
EB3g2(y2) = (E1hr€71™ + Lyh0e™2%2) X (52, p2),

Bags(uz) = A3e™3% x (s2, pa), LaBsga(p2) = A x (52, p2) — qlaga(p2)gs(%2),

L4Psga(p) = )»X(Sz,Pz)i4((£) — qligu(p)g5(x2),
we obtain
avy X (s2,92) X (s2,92)
r (”(s)‘”(”))(l‘ XG.p) ) Faxbnp 2)(1‘ x(s,m))
x(p) g4(p))
+AX(SZ’p2)(X(S,P2) &(p2)

awy)x (st — 1), p(t — 1))
g1(w)x (s2,p2)
£(2) x (s(t — 1), p(t — 12))
2 x (s2,p2)
202)a(w)
&)1 (w2)

+ (gl)\‘le*lilfl + 52)»267#'2‘[2))((52,]92)

+L1h1e7 M1 x (59, p2)

—L1h1e7"1 M x (52, p2)

—Lahoe™ 22 x (52, p2)

—L1h1€7"1 x (52, p2)

g3(u2) x (s(t — 13), p(t — 13))
3(u) x (s2, p2)

—L3h3e7"3% x (52, p2)

f—1), plt -
+ £3h3e73 x (59, po) + L1 h1e7 M1 x (82, p2) 1n<X(S( 1), p( Tl)))

x(s,p)

+ 022K (52, p2) m(X (5(¢ - ), plt - m)))

x(s,p)
- 73),p(t - Ts)))
x(s,p)
£0)8(p2)
2(02)g(p)

t
+ U303 3% y (59, p2) ln<X (s(

— (L1171 + £y 7"2™) x (52, p2)

—£3h3e73% x (so, pz)‘M + A x(s2,p2).
gg(uz)g4(p)

Page 13 of 36

(40)

(41)
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By inequalities (30) with § = s5, W = ws, J = y,, and p = p,, we can get

Vs = (n(s) _7T(82)) (1 - M) + kx(sz,pz)( x(s,p) g4(p) ><1 _ X(s’p2)>

dt x(s,p2) x(,p2)  g(2) x(s,p)
_ X(Sz»P2)> <g4(P)X(S»I92)>:|
”“”’”[F ( w62 ) T e sp)

_ —HU1T]
e Xy ”[F( GDx(2,p2) £0)a )

22) x (s(t — 1), pt - Tz)))
2 x (52, p2)

B st g3(u2) x (s(t — 13), p(t - Ta))) (gs(u)g4(pz)>]
terse 0 x (52,22) H 21 G2 02) e )

— (Lireim +42)\26“2T2)X(S27P2)F(%>'

gaiwa) x (s(t — ), p(t - TI))) .\ F(gz(yz)gl (W))}

- 52)»23_“272X(52,p2)1:<

According to hypotheses (H1), (H2), and (H4), we get % <0 and % =0 at I1,. LIP

implies that IT, is GAS. O

3 Model with delay-distributed
In the next model, we consider a general delay-distributed HIV infection model with hu-
moral immunity as follows:

5= (s(8) = ax (s(2), p(2)), (42)
hy
w=x [ fi(0)e x(s(t - 1), p(t — 7)) dT — (a1 + B2)g1 (W(D)), (43)
0
hy
y=2 ; H(D)e 2 x (s(t = 1), p(t - 7)) dt + a1z (w(2)) — B3ga (¥(2)), (44)
h3
I=A3 \ fa(r)e™3Tx (s(t -17),p(t - ‘L’)) dr — ﬁ4g3(u(t)), (45)
P =NBsg(y()) + MPBags(u(t)) — Bsga(p(t)) — qga(p(t))g5 (x(2)), (46)
i = rga(p(6))gs (¥(0)) — Bogs (x(2)), (47)

where fi(t)e *i* over the time interval [0,/%;], i = 1,2, 3, represent the probabilities that
uninfected cells contacted by HIV at time ¢ — t survived t time units and became infected
at time £.

The probability distribution function f;(t) is assumed to satisfy f;(r) > 0 and

h; hi
/ fi(r)dr =1, / fi(m)e'dn <oo, i=1,2,3,
0 0

where v is a positive constant. Let us denote ®,(t) = fi(t)e " and F; = fohi ®;(t)drt; thus
0<F<1,i=1,2,3.

Lemma 4 Let hypotheses (H1)-(H3) be valid, then the solutions of system (42)—(47) are
nonnegative and ultimately bounded.
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Proof The nonnegativity of solutions of system (42)—(47) can easily be shown as given in
Lemma 1.
From Eq. (42) we have that limsup,_, . s(t) < % =M;. Let

h hay h3
G(t) :N/ O1(t)s(t—1)dt +Nf O, (7)s(t—1)dt +M/ O3(7)s(t—1)dt
0 0 0
+ Nw(t) + Ny(£) + Mu(t) + lp(t) + lx(t),
2 2r

then
. h
G(t) = N/o O1(1)[7 (s(t = 1)) = Ax (st = 7), p(t — 7)) ] d7
ha
+ N./(; Oy ()| (s(t = 7)) = Ax (st — 1), p(t — 7)) ] dt
hs
+M/ O3(t)[7 (s(t - 1)) = Ax (s(t - 1), p(t — 7)) ] dt
0
hy
+ N[xl / O1(0)x (5( — 1), p(t — 7)) d — (a1 + s (w(t))]
0
ha
+ N|:A2 /0 O (1) x (s(t — 1), p(t — 7)) dT + a1z (W(0)) - Bago (y(t))]
h3
+ M|:k3 /(; Os3(1)x (s(t -1),p(t— r)) dt — Bags (u(t)):|
5 [NB@(0) + MBags (4(0) ~ B (p(0) — a2 (p(0)gs (x()]
+ 2L [rea (p(0)gs (+(0) - Pogs ()]
hy _ ) _
< N/ @1(r)[b — bs(t - 'L’)] dr + Nf @2(r)[b — bs(t - r)] dt
0 0
h3 _
+M/ @3(T)[b — bs(t - 'C)] dr
0
1 1 1 q
— NByaw(t) — EN,Bgazy(t) - EMﬁwgu(t) - 5,3505419@) - 2—ﬁ6a5x(t)
r
h hy
< b(NF; + NFy + MF;) — o |:N/ Oi(t)s(t—1)dt + Nf Oy (1)s(t—1)dt
0 0
h3 1 q
+M/ Os(1)s(t — ) dt + Nw(t) + Ny(t) + Mu(t) + Ep(t) + Zx(t)]
0
<b(2N + M) — o G(t).
b2N+M)

Hence, limsup,_, ., G(t) < === and

lim sup w(t) < M,, lim sup y(¢) < Moy, lim sup u(t) < Ms,
t—00 t—00 t—00

lim sup p(£) < My, lim sup x(¢) < Ms,

t—>00 t—00
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where o, My, ..., Ms are given in the previous section. Therefore, s(), w(t), y(t), u(t), p(t),
and x(t) are ultimately bounded. Moreover, the set Q2 defined by (19) is also positively
invariant with respect to system (42)—(47). O

3.1 Steady states
Lemma 5 Suppose that hypotheses (H1)—(H4) are valid (42)—(47), then there exist two
bifurcation parameters Ry and Ry with Ry > Ry > 0 such that
(i) ifRo <1, then there exists only one steady state Ily;
(i) if Ry <1< Ry, then there exist two steady states Iy and Iy;
(ili) if Ry > 1, then there exist three steady states Ty, Iy, and T1,.

Proof Let (s, w,y, u, p,x) be any steady state of (42)—(47) satisfying the following equa-

tions:
0=m(s)~Ax(sp), (48)
0=20F x(s,p) - (a1 + B2)gr (W), (49)
0="%12F2x(s,p) + a1g1(W) — B3g2(9), (50)
0=23F3x(s,p) — Bags(n), (51)
0 =NBsg(y) + MPBags (W) — Bsga(p) — g2 (p)gs(x), (52)
0 =rga(p)gs(x) — Pogs (). (53)

From Eq. (53) we obtain two possible solutions: gs(x) = 0 and gu(p) = Be/r. First, we con-
sider the case gs(x) = 0, then from hypothesis (H3) we have x = 0. Hypothesis (H3) implies
thatg:!,i=1,...,5, exist, strictly increasing and g7!(0) = 0. Let us define

1 (5) =g11< AFy ﬂ(s))’ () = g5 (611)»1171 + (a1 + ﬁz))»zen(S)),

i(;l +B2) Bsh(ai + B2) (54)

w0 -g'(2510),  ww-g'(510)

where
_ N(@hiFi + (a1 + B2)haF) + Mas(ar + Bo)Fs
¢= .
Bs(air + B2)

From Egs. (48)—(53) we can get

w=ai(s),  y=o(s), u=as(s),  p=oaals). (55)

Obviously, a;(s) > 0 for s € [0,s0) and «;(so) =0, i = 1,...,4. From Egs. (48), (54), and (55)
we obtain

¢ x (s, 0a(s)) — ga(eals)) = 0. (56)
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Equation (56) admits a solution s = sy which gives the infection-free steady state ITy(so, 0,
0,0,0,0). Let

Wi(s) = Cx (s, aals)) — ga(aals)) =
By hypotheses (H1) and (H2) we have W;(0) = —ga(4(0)) < 0 and W1 (so) = 0. Moreover,

0x(s0,0) ,  9x(s0,0)

W{(So)=§[ " + oty (o) o }—g&(O)aé(sO).

From hypothesis (H2) we note that 2 S" 9 — 0. Then

\Iji(so)=(x;(so)gzi(o)< ¢ 8)((50,0) 1>‘

L0 dp

From Eq. (54), we get

1 _5 / C 8X(SO,0)_
b0 =5 (S°)(g4(0) op 1)'

Therefore, using hypothesis (H1), we get 7/ (so) 8 gi‘; 9 5 1, then W/ (so) <

0 and there exists s; € (0,s0) such that W;(s;) = 0. Hypotheses (Hl) (H3) imply that

w1 =a1(s1) >0, y1 =0a(s1) >0, uy = a3(s1) >0, p1=04(s1)>0. (57)

It means that a humoral-inactivated infection steady state IT;(s1,w1,y1,u1,p1,0) exists

when -t~ 9x(s0,0)

20 o > 1. Now we can define

§ 3)( (507 0)

Ry =
°T g0 ap

The other solution of Eq. (53) is ga(p2) = ’376, which yields p; = g;l(ﬂf) > 0. Substitute p = p;
in Eq. (48) and let Wy(s) = 7 (s) — A¢ (s, p2) = 0. According to hypotheses (H1) and (H2), ¥,
is strictly decreasing, W»(0) = 7(0) > 0, and Wx(so) = =A{ (S0, p2) < 0. Thus, there exists a
unique s, € (0, ) such that Wy(sy) = 0. It follows from Eqs. (52) and (55) that

wa = a(s2) >0, Y2 = aa(s2) > 0, uy = a3(sz) >0, P2=g (ﬁ6> >0,

Bs (. x(s2,p2)
xz—gg( (; g4(p2) 1))

Thus, x; > 0 when ¢ % > 1. Let us define the parameter R; as follows:

X (s2,p2)
g4(172) '

Ri=¢

If Ry > 1,thenx, = go 1 ( b5 (R, —1)) > 0, and there exists a humoral-activated infection steady

state ITx(s2, W, y2, szpz,xz)
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Clearly, from hypotheses (H2) and (H4), we have

X (s2,p2) . x(s2,p) ¢ 0x(s2,0) ¢ 9x(s0,0)
R = < 1 = =Ry.
) e ) 40 o 40 op ® R

3.2 Global properties
Theorem 4 If Ry < 1 and hypotheses (H1)—-(H4) hold true for system (42)—(47), then Tl
is GAS.

Proof Define

s

S0,

Wozs—so—/ lim X(Op)dn+/<1w+/<2y+/<3u
s P=0" x(n,p)

h T

+K1)\,1/ @1(1)/ x(s(e=0),p(t - 0)) do dt
0 0
hy T

+K2)\,2/ @2(1)/ x(s(e=0),p(t - 0)) do dr
0 0

h3 T
+K3)\,3/ @3(1)/ x(s(e=0),p(t - 0)) do dt
0 0

+ Kap + K5X, (58)
where
A= )\.lKlFl + A.2K2F2 + )L3K3F3, ((11 + ﬂz)l(l =daiKy,
Ko = NI(4, K3 = MK4, qK4 = IKs. (59)

The solution of Egs. (59) is given by

aNA N M A g

S p) T T (60)

K1

—, K= ——,  K5= ——o.
¢Bs {Bs ¢Bs ¢ Bs

We evaluate % along the solutions of (42)-(47) as follows:

Wy _ (1 lim X02)

hy
2 -\ )(N(S)—AX(S,p))wm/O O1(0)x (s(t - 1), pt — 7)) dt

ha
—i(ar + Ba)gi(w) + s / (1)1 (s( = 7). p(t = 7)) T + arkcng (w)
0
h3
— aBaga() + 3 f O3(0)x (s(t - 1), p(E - 1)) dt — 3 ags ()
0

h1
+K1)\.1/0 O1(0) (x(s,p) — x (s(t = 1), p(t - 7))) dT

ha
+Kaha /0 ©2(0)(x(5,0) - x (s(¢ - 7, plt - 1)) d

h3
+Kahg /0 ©3(0)(x(5,0) - x (s(¢ = 0, plt - 1)) d
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+ka(NB3g2(y) + MBags(u) — Bsga(p) — 4ga(p)gs (%))
+ k5 (rga(p)gs (%) — Begs (%)) (61)
Collecting terms of Eq. (61) and using 7 (so) = 0, we obtain

aw,
dt

= (w(5) - 7w (s0) <1 i x(so,p))

=0 x(s,p)

N <)~X(5:P) lim x (S0, p
gp) p—0r x(s,p)

- K4,35> (p) — K5B6g5(x)

coa-n- 1 255)

. Ax(s,p) .. x(s0,p)
+ (}}ggl+ ) plgg ) —K4ﬁ5)g4(P)—K5ﬁ6g5(x)

i 9 (s0,0 /3[9
= (m(s) - 77(50))( dx(s,0)/op >

+kaPs ( * Ox (SO’ 0_ )gzL(Iﬂ) — K5 B685 (%)
k4B584(0)

ox so,O)/ap

3x(s,0) /3p>+K4ﬂ5 — 1)ga(p) — K5 Begs (). (62)

- ()~ mta)(1-

From hypotheses (H1) and (H2), we have

% (s0,0)/0
(n(s)—n(so))<1 #)/35)50

Therefore, if Ry < 1, then dWO < 0. Thus, ITj is GAS. O

Theorem 5 If Ry <1 < Ry and hypotheses (H1)-(H4) are valid for (42)—(47), then T1; is
GAS.

Proof We introduce

les—sl—/ X(Sl,lh) r)+/<1<w WI_/ gl(W1)dn)
s1 1

x(np1) wi &1(n)

B &0 , ) (_ [ &m) )
”2<y n- /y oo 1) rrelumm / am

hy
et [ @l(r)/ F(X(s(t 0),p(t - 9)))d
A o sl,pl
A x(s(t—6),p(t - 0))
+K2)\2X(sl,p1)/o ®2(r)/0 F( x(s1,p1) )d
I3 T [ x(s(t-6),p(t-0))
+K3)»3X(51»P1)/ ®3(r)/0 < x(s1,p1) >d

+ Ky <]9 —pP1 _/ g4(p1 T]> + K5X.
plgw)
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Evaluating % along the trajectories of (42)—(47), we have

dwi (- x(sup) _

h
+x1(1—g1(wl))(x1 / O1(0) (s(t - r),pa—r))dr—(al+ﬁ2)g1(w>)
( gz(yl)
2)

( ga(m))( @3(,))( (t—1),p(t-1)) dr—ﬁ4g3(u))
g3(u)

( x (st =1),p(t - 7)) dt + arg1(w) - ﬁ3g2()’))

+K1k1/0 1(r)<x(s,p) x(s(t=1),p(t - 7)) + x(s1,p1)

y ln(x(s(t -1),p(t- f)))) it
X(S’P)

ha
+ KzM/() @z(f)(X(S,P) - x(st-1),p(t - 1)) + x(s1,1)

y m(x(s(t -1),p(t - r)))) Jr
x(s,p)

h3
+Ksk3/0 ®3(r)<x(s,p)—x(8(t—f),p(t—r)) + X (s1,p1)

» ln()((S(t -1),p(t- t)))) it
x(s,p)

i (1 _ i‘:f’lj))) (NBaa0) + MBaga ) — Bga(®) — aga®)gs(®)

+ k5 (rga(p)gs (%) — Bogs(%)).

(63)

Collecting terms of Eq. (63) and applying the conditions of the steady state IT;:

(s1) = Ax(s1,p1)s

(a1 + B2)g1(w1) = A1F1 x (51, p1)s ka2Bag2(y1) = (k1A F1 + kadoF2) x (s1, p1),

Bags(u1) = AaF3x (s1,p1), KkaPsga(p1) = A x(s1,p1),

we get

AW i X(S1,P1)
- _(n(s)—n(s1))<1_ X(s,pl))

X(Slrpl)> +ax(s p )< X(S)l?) _ g4(p) )
x(s,p1) PEU xGop1) T @)

+ AX(ShPl)(l -

n _ _
—nax(s1p1) / 0, () =D PE=Da) o p(s0)
0 x(su,p)g(w)

b x(s(t—1),pt-1))20n)
— krhax(s1,p1) /0 O KL 4y
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201)a(w)

20)g1(w1)

x(s(t—1),pt — 7)g3(21))
X (s1,p1)g3(14)

+K1A1X(sl,p1)/ ©,(t)In (X(S(t—;(i,ﬁt—t)))dr

o B ~
+ ko (s1,11) /0 @2(t)ln<x(s(t Xr(zli;t r))) 0

h3 _ B
+K3A3X(sl,p1)/o @g(t)ln<X(S(t r(Z,St r)))dr

gz(y)g4(p1)
£01)ga(p)

A (sup1) + rics (g4(p1) - ﬂ—f)gg(x).

— k1A F1x(s1,p1) + (K11 F1 + koo Fo) x (81, 1)

h3
~kshax(s1p1) / (1) dt + k3haFx (s1, 1)

g3(u)ga(p1)

— (k1M F. M F: ,
(k1A Fy + koA Fo) x (81, p1)>———— g3(u1)ga(p)

Kk3h3F3x (s1,p1)

Using inequalities (30) with§=s;, W =wy,y=y1,p = p1,and 71 = 15 = 73 = 7, we can obtain

AW, i X(Sl,Pl)
- = ((s) —77(51)) (1 - x(s,p1) )

x50 2up) ) (1 ) x(s,p1)>
x(s,p1)  galp1) x(s,p)

_ X(S1,P1)) (g4(P)X(S:P1)>]
AX(Sl'pl)[F< x(s,p1) vE aP)x(s,p)

—thx(sl,pl)f O, (1)F gl(Wl)X(S(t—T)p(t—‘[))>dT
a(w)x(s1,p1)

( o) x(s(t—1),p(t - r)))g,r

+/\x(sl,p1)(

Y ,
Kaho x (s1 191 20 xG6Lp1)

gs(ul)x(S(t 7),p(t - f)))
g3() x (s1,p1)

gz(yl)gl(W))

(g1 (w1)

gz(.)’)g4(l91)>

201)gap)

) R AR

- K3)»3X(51rP1
_Kl)\lFIX(Slxpl)F<
— (k1M Fy + Kz)szz)X(ShPl)F(

- Ks)\stX(Sl,Pl)F<

Using hypotheses (H1), (H2), (H4), and Lemma 3, we get dW1 < 0, where the equality
occurs at IT;. By LIP, IT; is GAS. O

Theorem 6 IfR; > 1 and hypotheses (H1)—(H4) are valid for (42)—(47), then T1, is GAS.

Proof Define

szs_sz_/ X(S2’p2)dn+/q(w—wz—/ g1(w2) dﬂ)
s X(ﬂ,Pz) w
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o 7 g2(y2) ) (_ B “ g3(us) >
+K2<y ” /y oo ) el / am

h
+K1)»1X(82,P2)/0 ®1(t)/0 F( (S(tx(i) ig &

hy T
+K2)»2)((52,p2)/ @2(.[)/ F<X(St 0),p(t - 9)))

X(527p2)

h3 X(S
+K3)»3X(52:P2)/ ®3(T)/ < X(Ser2)

gu(p2) > ( g5(x2) >
—po— d — Xy — dn ).
+K4(p b2 /m gs(n) ) re\F TR /xz gs(n) 1

Calculatmg .~ along the solutions of model (42)—(47), we get

dé dr

AW, (1  X(s2,p2)

el G0 )(ﬂ(S) —-Aix(s,p)

hy
. (1 _&aw )) (xl / O1(0)x (5(¢ = 1), plt = ©)) i = (ay + ﬂz)gl(w>>
0

ha
) (Kz / Oy(0)x (s(t - 1), p(t — 7)) dt + ar g1 (w) — ﬁagz(y))
0
h3
+ K3(1 - gg(u2)> (Agfo O3(1)x (s(t -1),p(t— 'L')) dt - ,84g3(u)>

hy
+ K1 /0 ®1(f)<x(&p) = x(st = 1), p(t = 7)) + x (52, 2)

N 1n(x(s(t— 7),p(t - r)))) v
x(s,p)

ha
+ szz/O ®z(f)<x (s,0) = x (st = 7), p(t = 7)) + x (52, p2)

5 ln(x(s(t— 7),p(t - f)))) it
x(s,p)

h3
+shg /0 ®3(r)<x(&p) (st = ThplE =) + 1 (52.20)

y ln(x(S(t— ), p(t - r)))) Jr
x(s,p)

+ Ky (1 - ?4((1:))) (NB3g2(y) + MBags(u) — Bsga(p) — 4gu(p)gs (%))

+Ks (1 - %;5((9:))) (rga(p)gs(x) — Bags (). (64)

Collecting terms of Eq. (64) and applying the steady state conditions for IT5:

77:(52) = )"X (521172)1
(a1 + B2)g1(wa) = A1F1 x (52, p2), k2Bag2(y2) = (k1A F1 + Koo F2) x (S2, p2),

Bags(uz) = A3Fs3x (2, p2), KkaBsga(p2) = A x (52, p2) — graga(p2)gs(x2),
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KaPsga(p) = A x (s2,p2) &)

@) — qragu(p)gs(%2)
we obtain
aw, X (s2,92) X (s2,p2)
G oo (158 ) e (1- 425
x(sp) g4(10)>
+AX(S2,p2)(X(S:P2) &(p2)

)x (s(¢ ), p(t — 7))

g1(w)x (s2,p2)

&02)x (st - 1), p(t — 7))
20 x (s2,p2)

dr

h w
x5 p) / 01 ()82
0

dr

ha
+ k1A F1x (82, p2) — kaka x (82, p2) / O (1)
0

- K1K1F1X(52,P2)% + (k1AM F1 + kohoFo) x (82, p2)
h3
—K3)»3X(82,P2)/ @3(T)g3(u2) x(ste ~ 1), plt ~ 7)) dt + i3h3F3x (s2, pa)
g3(u)X(52:P2
+K1)»1X(52»P2)/ 0O1(t)In ( S’p) )dr
+K2)\.2X(52,p2)/ ()2 'L')l ( S(t ‘ p(t T )d‘[
x(s,p)
h3
+ K32 (52,2) / (1) 1n (’“S(t 274 (t ’”)dr
0
— (k1M Fy + szze)X(Szypz)gzg)g;if;)
—K?,)\stX(Sz,Pz) )%(p(;; + Ay (s2,p2).
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(65)

Using inequalities (30) with § = s5, W = wy, ¥ = y3, p = pa, and 71 = 75 = T3 = T, we can obtain

dW2 i X(SQ,PZ)
- = (n(S) - 77(52)) (1 - x (s, p2) )

x50 2up) )(1 ) x(s,pz)>
x(s,p2)  ga(p2) x(s,p)

_ X(Sz,Pz)) (g4(p)x(s,p2)>:|
AX(SZ"W)[F( x (s, p2) vE &u(p2)x(s,p)
—Klklx(Sz,pz)f ©,(2)F gi(wa) x (s(t— 1), p(t - T)))dr
g (W) x(s2,p2)
z)x(st 7),p(t - r)))dr
Sz pz

gg(uz)x(S(t 7),p(t - f)))d
T
23(u) x (s2, p2)

+ )\X(Sz,Pz)(

—K3A3x (S2, Pz

—K2ha x ( 32,p2 (

_KIAIFIX(SZ:PZ)F<M)

2)g(ws)
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— (k1M F1 + K2A2F2)X(52>p2)1:<%>

23(u)gu(p2) )

— K3A3F3X(S2’p2)F<g3(M2)g4(p)

According to hypotheses (H1), (H2), and (H4), we get % < 0. Applying LIP, one can show
that I, is GAS. O

4 Numerical simulations

We now perform some computer simulations on the following application:

i) =p - Puslt) + a)s(t)(l _ 5 ) _ (o ehsOplt) (66)
Smax 1+np(t)

(o) = (1 —e)he st —n)p(t—11) (@ + Byw(®), 67)
1+np(t—11)

jio) = L Eae RS mpE =) |y, (68)
1+ np(t-1)

ie) = (1 —e1)rse™3Bs(t — 13)p(t —73) Bait(t), (69)
1+ np(t - 13)

P(t) = (1 — e2)NB3y(t) + (1 — e2)MBau(t) — Bsp(t) — qp(t)x(t), (70)

x(t) = rp(t)x(t) — Bex(£). (71)

We assume that @ < #;. In this application, we consider the following specific forms of the

general functions:

s(t)

max

s(t)p(2)
1+np(t)’

7 (s(2)) = p — Brs(t) + ws(2) (1 - > x (s(0),p(2)) =

@0 =6, i=1,...,5.

First we verify hypotheses (H1)—(H4) for the chosen forms, then we solve the system using
MATLARB. Clearly, 7 (0) = p > 0 and 7 (so) = 0, where

S Smax (a)—ﬂl + (a)—ﬂl)z + 4Pw)

2w Smax

We have

8 <o. (72)

Smax

m'(s)=—p1+w—

Clearly, 7 (s) > 0 for s € [0,s0) and

2

() =p-(fi-—w)s-w <p-(B1-w)s.

Smax
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Then hypothesis (H1) is satisfied. We also have x(s,p) >0, x(0,p) = x(s,0) =0 for s,p €

(0,00), and
Ixtsp) __p Ix(sp) s dx(s,0) s
s 1+np’ dp 1+ np)?’ p ’

Then % >0, # >0, and %}S;O) > 0 for s,p € (0,00). Therefore, hypothesis (H1) is
satisfied. In addition,

dx(s,0)
x(s,p) = SSPZP_X )
1+np ap
dx(s,0)\’
(M) =1>0 foralls>0.
ap

It follows that (H2) is satisfied. Clearly, hypothesis (H3) holds true. Moreover,

2 ()
ap\ gap) (L+np)?

Therefore, hypothesis (H4) holds true and Theorems 1-3 are applicable. The parameters

Ry and R, for this application are given by

R (1-e1)(1 - &2){N(arr1e™™ + (a1 + B2)Aae "2%2) + MAze 3% (ay + o)}
0= N

Bs(ai1 + Ba) v
Ri = (1= 1)(1 — e2){N(arh1e71™ + (a1 + Bo)hoe™22) + Mize 3% (a1 + f2)} s
. Bs(a1 + o) 1+npy’

Remark There are several forms of the general function y (s, p) where (H1)-(H4) can be

satisfied such as:

P
1+n1s’

(i) Holling-type incidence x (s, p) =

.
L+nis+map’

(i) Beddington—DeAngelis incidence x (s, p) =

(ili) Crowley—Martin incidence x (s, p) = T @)’
s"p

nM4sh

(iv) Hill-type incidence x(s,p) =

Now we are ready to perform some numerical simulations for system (66)—(71). The
data of system (66)—(71) are provided in Table 1. We let 1y = 7 = 73 = 7.

eLffect of the parameters A; and r on the stability of the steady states

To discuss our global results, we choose three different initial conditions:

IC1: (s(0), w(0),5(0), u(0), p(0),x(0)) = (900,5,5,15,3,3).

Table 1 The data of example (66)-(71)

Parameter Value Parameter Value  Parameter Value  Parameter Value
o 10 B 002 1 1 N 6
B 0.01 B3 036 1 M 3
w 0.0001 B4 0031 s 1 £1,82, T Varied
Smax 1200 Bs 3.0 n 0.01 Ai,i=1,2,3 Varied

q 05 Bs 0.1 a 0.2 r Varied
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Figure 1 The concentration of uninfected CD4™ T cells for system (66)—(71)
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Figure 2 The concentration of latently infected cells for system (66)-(71)

IC2: (s(0), w(0), y(0), u(0), p(0),x(0)) = (700, 7,8, 30,5, 5).

IC3: (s(0), w(0), y(0), u(0), p(0),x(0)) = (500, 15,18,60,12,7).

Let us address three cases for the parameters A;, i = 1,2,3, and r. We assume that &; =

&, = 0 (there is no treatment) and 7; = 0 (there is no time delay).

Case (I): Choose A; = 0.0000625 and r = 0.005, which gives Ry = 0.3016 < 1 and R; =
0.1917 < 1. Therefore, based on Lemma 2 and Theorem 1, the system has unique steady

state, that is, Iy, and it is GAS. As we can see from Figs. 1-6, the concentration of the

uninfected CD4* T cells is increased and approaches its normal value before infection,
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Figure 3 The concentration of short-lived productively infected cells for system (66)—(71)
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Figure 4 The concentration of long-lived productively infected cells for system (66)—(71)

that is, so = 1001.98; while concentrations of the other compartments converge to zero for

all the three initial conditions. As a result, the HIV-1 is removed from the plasma.

Case (I1): By taking X; = 0.000625 and r = 0.005. For these values, R; = 0.6095 <1 < Ry =

3.0163. Consequently, based on Lemma 2 and Theorem 2, the humoral-inactivated in-

fection steady state I1; is positive and is GAS. Figures 1-6 confirm that the numerical

results support the theoretical results presented in Theorem 2. It can be observed that
the variables of the model eventually converge to Iy = (366.317,9.72758,11.3488, 69.0344,
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Figure 5 The concentration of free virus particles for system (66)-(71)
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Figure 6 The concentration of B cells for system (66)-(71)

10.3112,0.0) for all the three initial conditions. This case corresponds to a chronic HIV-1
infection in the absence of immune response.

Case (III): X; = 0.000625 and r = 0.05. Then we calculate Ry = 3.0163 > 1 and R; =
2.1648 > 1. According to Lemma 2 and Theorem 3, the humoral-activated infection steady
state I, is positive and is GAS. We can see from Figs. 1-6 that there is a consistency be-
tween the numerical results and theoretical results of Theorem 3. The states of the system
converge to Iy = (734.586,4.09194,4.77393,29.0396, 2.0,7.01238) for all the three initial
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Figure 7 The concentration of uninfected CD4* T cells for system (66)—(71)
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Figure 8 The concentration of latently infected cells for system (66)-(71)

conditions. In this case the humoral immune response is activated and can control the
disease.

eEffect of the HAART on the HIV dynamics

We take 7; = 0, A; = 0.000625, and r = 0.05. We choose the initial conditions (s(0), w(0),
¥(0), u(0), p(0),x(0)) = (850,5,6,17,1.5,5). In Figs. 7—12 we show the effect of the drug ef-
ficacy parameters ¢; and &, on the HIV dynamics. Also, we can observe that, as the drug
efficacy parameters ¢; and ¢, are increased, the concentration of uninfected cells is in-
creased, while the concentrations of free virus particles and the three types of infected
cells are decreased. Table 2 shows that the values of Ry and R; are decreased as ¢; and &,
are increased.

Let us define the overall HAART effect as ¢, = &1 + &9 — £1&9 [13]. If &, = 0, then the
HAART has no effect, if €, = 1, the HIV growth is completely halted. Consequently, the
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Figure 9 The concentration of short-lived productively infected cells for system (66)-(71)
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Figure 10 The concentration of long-lived productively infected cells for system (66)—(71)

parameter Ry is given by

(1 - e){N(air1e™™™ + (a1 + Bo)hoe 272) + MAze 3% (a; + /32)}S
Bs(ai + B2) o

RO(Se) =

Since the goal is to clear the viruses from the body, we have to determine the drug ef-
ficacy that makes Ry(e.) < 1 for system (66)—(71). In this case, we get the critical drug
efficacy (i.e., the efficacy needed in order to stabilize the system around the uninfected
steady state). For the model (66)—(71), Iy is GAS when Ro(e.) < 1, i.e.,

. . Ro(0) -1
eM<e. <1, ™ =maxq0, Rl0-1 .
Ry (0)
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Figure 11 The concentration of free virus particles for system (66)-(71)
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Figure 12 The concentration of B cells for system (66)—(71)

Table 2 The values of steady states Ry and Ry for model (66)—(71) with different values of €1 and &;

Drug Steady states Ro Ry
€1=0¢6=0 I, = (734.586,4.09194,4.77393,29.0396,2.0,7.01238) 3.01635 2.16484
£1=01,6=02 1, = (734.586,3.68275,4.29654,26.1356,2.0,3.36892) 217177 1.55868
£1=03,6=04 IT; =(801.457,2.14802,2.50603, 15.244,1.36614,0) 1.26687 0.909233
€1=05¢6=06 Iy =(1001.98,0,0,0,0,0) 0.60327 0.432968

Using the data in Table 1, we have egrit =0.668473.

eEffect of the time delay on the stability of the system

Choosing €; = g5 = 0, A; = 0.000625, and r = 0.05. The initial conditions are considered
to be (s(0), w(0), y(0), (0), p(0),x(0)) = (850,2,3,17,1,5). Figures 13—18 and Table 3 show
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Figure 13 The concentration of uninfected CD4" T cells for system (66)-(71)
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Figure 14 The concentration of latently infected cells for system (66)-(71)

the effect of the time delay parameter t on the stability of Iy, I1;, and I1,. Clearly, the
parameter T has similar effect as the drug efficacy parameters ¢; and &,.

5 Conclusion

In this paper, we have proposed and analyzed two general nonlinear HIV infection models
with humoral immune response. We have considered three types of infected cells: latently
infected cells, long-lived productively infected cells, and short-lived productively infected
cells. We have incorporated three discrete or distributed time delays into the models. We
have considered more general nonlinear functions for the HIV-target incidence rate, pro-

Page 32 of 36
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Figure 15 The concentration of short-lived productively infected cells for system (66)—(71)
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Figure 16 The concentration of long-lived productively infected cells for system (66)—(71)

duction/proliferation, and removal rates of the cells and HIV. We have derived a set of
conditions on these general functions and have determined two threshold parameters:
the basic reproduction number R, and the humoral immune response activation number
R;. We have proved the nonnegativity and ultimate boundedness of the model’s solutions
and the existence and stability of the model’s steady states. Using Lyapunov functionals, we
have established the global stability of the three steady states of the models. We have pre-
sented an example and performed some numerical simulations to support our theoretical

results.
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Figure 17 The concentration of free virus particles for system (66)-(71)
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Figure 18 The concentration of B cells for system (66)-(71)

Table 3 The values of steady states Ry and R; for model (66)—(71) with different values of T

Drug Steady states Ro Ry

=0 I, = (734.586,4.09194,4.77393,29.0396,2.0,7.01238) 3.01635 2.16484
7=05 [T, =(734.586,2.48189,2.89554,17.6134,2.0,1.89241) 1.82951 1.31304
=09 I, =(826.24,1.09341,1.27564,7.75968,1.15901,0) 1.22636 0.880158
T=15 [Ty =(1001.98,0,0,0,0,0) 0.673038 0.483041
T=25 Iy =(1001.98,0,0,0,0,0) 0.247597 0.177701
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