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D¥u(t) = Au(t) + / at-s)Au(s)ds+f(t,u(®), teR,

-0

where for @ > 0, the fractional derivative D¥ is understood in the sense of Weyl, and A
is a closed linear operator defined on Banach space X, a € LfOC(RQ is a scalar-valued
kernel. The novelty of this work is a study of this equation with a p-SP-pseudo almost
automorph nonlinear term satisfying the condition of “uniform continuity” instead of
some “Lipschitz” type conditions supposed in the literature. We utilize Schauder's

fixed point theorem. An example is provided to explain our abstract results.
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1 Introduction

Fractional calculus is a mathematics field for dealing with derivatives and integrals of ar-
bitrary orders. As a result of the intensive development of fractional calculus, fractional
differential equations have been proved to be useful tools in modeling of phenomena in
various fields of science and economics and have been greatly developed (see [1-5] and
the references therein).

In recent decades, the asymptotic properties of mild solutions for various (fractional)
differential equations and (fractional) integro-differential equations have attracted much
attention. Bochner first presented the notion of almost automorphy in [6] as a natural
extension of almost periodicity. Since then, this notion has been promoted in a variety of
ways, for example, in terms of pseudo almost automorphy ([7, 8]), weighted pseudo almost
automorphy (abbr. wpaa) ([9]), $”-weighted pseudo almost automorphy (abbr. S”-wpaa)
([10]), n-pseudo almost automorphy (abbr. p-paa) ([11]), etc. The above-mentioned no-
tions have been extensively applied to the research about a variety of (fractional) differ-
ential equations and (fractional) integro-differential equations (see [12—19] and the refer-
ences therein).
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In particular, Ponce [18] studied the existence and uniqueness of bounded solutions,
such as almost periodic (automorphic) and asymptotically almost periodic solution, etc.,

to the following fractional integro-differential equation:

D*v(t) = Av(t) + /t a(t — s)Av(s) ds +f(t, v(t)), teR, (1.1)

—00

where D* is comprehended as a fractional derivative of order « > 0 in the sense of Weyl
(see [4, 18]) and A is a linear and closed operator defined in a Banach space X, a € LIIOC(R+)
is a scalar-valued kernel, and f : R x X — X belongs to a closed subspace of the space of
continuous and bounded functions satisfying some “Lipschitz” type conditions. Subse-
quently, Chang [19] investigated some existence results about wpaa solutions to Eq. (1.1)
where the nonlinear term f is a S¥-wpaa function satisfying a number of conditions of
“Lipschitz” type combined with the contraction map theorem or a “uniform continuity”
type condition combined with the Leray—Schauder alternative theorem. From the litera-
ture mentioned above and to the best of our knowledge, there is no work about asymptotic
properties of mild solutions to Eq. (1.1) where the nonlinear term f satisfies a “uniform
continuity” type condition combined with Schauder’s fixed point theorem. This is a mo-
tivation of writing this manuscript.

Recently, by using the measure theory, Chang [20] and Abdelkarim-Nidal Akdad [21]
presented the notion of 1-S”-pseudo almost automorphy (abbr. 1-SP-paa), which is a gen-
eralization of a u-pseudo almost automorphic function, respectively. The natural question
is raised: what are asymptotic properties of mild solutions about Eq. (1.1) where the non-
linear term f is a u-S”-paa function? To the best of our knowledge, there is rarely literature
covering the existence of 11-paa solutions about Eq. (1.1) where the nonlinear term f is a -
SP-paa function. To close this gap, by utilizing Schauder’s fixed point theorem, we obtain
p-paa mild solutions for Eq. (1.1) with the -S”-paa nonlinear term f satisfying the con-
dition of “uniform continuity” type instead of some “Lipschitz” type conditions supposed
in the literature.

The rest of this article is organized as follows. In Sect. 2, we recall some basic defi-
nitions and lemmas, which are based on the literature. In Sect. 3, we present our main
results, namely, the existence of w-paa mild solutions to Eq. (1.1). These results are
based on the nonlinear term f that satisfies a “uniform continuity” type condition com-
bined with Schauder’s fixed point theorem. The last section is dedicated to the appli-
cation of our results. An example is provided to explain our abstract results, where the
condition of “uniform continuity” type is satisfied but the condition of “Lipschitz” type
failed.

2 Preliminaries
Let us review the notation. (X, || - ||) and (Y, || - ||) are Banach spaces. The space BC(R, X) =
{v: R — X:visabounded and continuous function} is a Banach space with the supre-
mum norm.

Throughout this article, the Lebesgue o -field of R is denoted by C and the set consisting
of whole positive measures p on C such that u(R) = +oo and u([c,d]) < +ooforanyc,d € R
(c < d) is denoted by 20. In the article, we always suppose that © € 20.
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Definition 2.1 ([11])
(i) A continuous and bounded function f : R — X is called u-ergodic if

li - du =0.
5150 1([=S, S]) [75,51“f(”” o

The space formed by all these functions is denoted by &(X, u). The space PAA(X, )

formed by all u-paa functions is given by
PAA(X,u) = {f =fi +/2 € BC(R,X) : f1 € AA(X), /5 € e(X, ) }.

(ii) A continuous and bounded function f : R x Y — X is called p-ergodic if (-, v) is
bounded for any v € Y and

1
li _ t, du =0,
5150 1([=S, S]) [m”ﬂ Wi

uniformly in v € Y. The space formed by all these functions is denoted by
eR x Y, X, ).
The space PAA(R x Y, X, i) formed by all ;-paa functions is given by

PAAR x Y, X, u)
= {f:fl +f/ €BC(R x Y,X):fi € AAR x Y,X),f; ES(RXY,X,M)}.

Definition 2.2 ([14]) The space BS?(X) formed by the whole Stepanov bounded func-
tions, where p € [1, 00), includes of the whole measurable functions f : R — X satisfying
fb e L®(R,17(0,1;X)). It is a Banach space where its norm is defined by

t+1

1/p
i =1 Lmgon =0 [ @) =suplres ],
teR t teR

Definition 2.3 ([14])
(i) The space AS?(X) formed by whole SP-aa functions, includes of all f € BS#(X)
satisfying f% € AA(L#(0, 1;X)).
(i) A function f € BS”(R x Y, X) is called SP-aaint € R forv e Y, if f(-,v) € AS?(X) for
v € Y. The set consisting of the whole of these functions is denoted by
AS’(R x Y, X).

From [20, 21], the spaces PAAP(X, u) and PAA’(R x Y, X, ) consisting of the whole
-SP-paa functions are defined by

PAAP(X, ) = {f =fi +f» € BSP(X) : fi € ASP(X),f? € e(LP(0, LX), i) },

where ¢(L7(0, 1; X), u), which isfzb € BC(17(0,1; X)) and

1 t+1 P%
li - rd du=0.
sr450 u([—s,snf[s,ﬂ(/t 16l S) =0
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and

PAAP(R x Y, X, ) = {f =fi +f2: /1 € AS(R x Y, X),

£ € e(Y,LP(0, X), u),f(-,v) € LY,

loc

(R,X) foreach v € Y}.
Let the positive measure on C, denoted by ¢, be defined as
ne(A) = u({a+ c:a eA}) forAeC,c eR.

The following assumption [11] will be needed later.
(A) For V¢ € R, there are a bounded interval € and a constant y > 0 satisfying

ue(A) < yu(A)
when A € C satisfless AN Q = 0.

Lemma 2.1 ([11, 20, 21]) Ifthe assumption (A) holds, then (X, ) and £(L*(0, 1;X), u) are
translation invariant.
Consequently, PAA(X, u) and PAAP (X, u) are also translation invariant.

Lemma 2.2 ([20, 21]) If the assumption (A) holds, then PAA(X, u) C PAAP (X, u) for each
1<p<oo.

3 Main results
Now, we address the existence of j1-paa mild solutions to Eq. (1.1). Our existence theorem
is based upon the nonlinear term f € PAA?(R x X, X, u) satisfying a “uniform continuity”
type condition in the place of some “Lipschitz” type conditions supposed in the literature
combined with Schauder’s fixed point theorem.

We recall that the space formed by whole linear and bounded operators from X to Y is
denoted by B(X,Y), B(X) := B(X, X) for short.

Definition 3.1 ([18]) If A is a closed and linear operator where domain D(A) is defined

in Banach space X, @ >0 and a € L; _

[0, 00) — B(X) and w > 0 satisfying {

(R,), there are a strongly continuous functions S, :

#a(k) :ReX > w} C p(A) and, for any x € X,

« ~ -1 1 A - _ * —At
()\. - (1 + ﬂ(}\.))A) X = T&(M <T2{()\) —A> X = A e Sa(t)xdt, ReA > w,

then the operator A is said to be the generator of an a-resolvent family, where the resolvent
set of A and the Laplace transform of a are denoted by p(A) and &, respectively. In such a

situation, {Sy(¢)}:>0 is said to be the «-resolvent family generated by A.

Lemma 3.1 ([22]) Ifforallt >0, S,(¢) is a continuous and compact operator in the uniform
operator topology, then limy,_, o || Sy (£ + k) — S (1) Sy (£)|| = 0 and limy,_, ¢ || Sy (£) — Se (1) S, (£ —
h)||=0forallt>O0.
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Definition 3.2 ([18]) Let @ > 0 and A be the generator of an a-resolvent family {S, (£)}>o0.
For a function v € C(R, X), if the function s — S, (¢ — s)f (s, v(s)) is integrable on (-0, t) for
eacht € Rand

t

v(t) = / Se(t - s)f(s, v(s)) ds,

oo

then the function v is called a mild solution of Eq. (1.1).

We will use the following assumptions:

(A1) A generates an a-resolvent family {S,(£)};>0 satisfying [|So(£)|| < ¢u(£), YVt > 0,
where ¢, (¢) € L*(R,) is nonincreasing in ¢ satisfying @o := Y e ¢e (1) < 00.

(Ay) The function f = fi + fo € PAAP(R x X, X, u) where for each bounded subset
BCX fi € AY(R x X,X) is uniform continuity uniformly in £ € R and f
e(X, L7(0,1;X), ).

(A3) f e PAA’(R x X, X, ) and, for each bounded subset B C X, f(¢, v) is uniform con-
tinuity uniformly in £ € R and {f(,v) : v € B} is bounded in PAA’(R x X, X, u) for
each bounded subset B C X.

For v € PAA(X, 1), record

Uy = / Sa(t— s)f(s, V(s)) ds = /00 S (s)f(t —s,v(t - s)) ds
—o 0
Lemma 3.2 If (A) and (A1)—(As) hold, then U : PAA(X, u) — PAA(X, u) is continuous.

Proof For x € BS”(X) and ¢ € R, by (A,), we have

k+1

Z / Su()x(t - o) ds

> [Mlso -9l

< Sa(S)|||xE-5)|ds
k=0 VK

H f Su(S)x(t - 5)ds

k+1

<2/ ©x(t- )] ds
Sato [ xe-ol

<) @alk) x(t-¢)|ds
k=0 k

Sat( [ lxe-olas)
< (/)a(k)< x(E=¢) dg)
k=0 k

Y ee®xE+k=1+1],
k=0

< wollxllse (3.1)

If v € PAA(X, u), then f(t,v(¢)) € PAAP(X, u) by Theorem 3.3 of [20] and Lemma 2.2
and we record ¥ (t) = f(¢,v(¢), t € R. Let ¥ = ¥ + ¥ with ¥, € ASP(X) and 1//2
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e(L?(0,1;X), ). Fort e R, i = 1,2, we denote

wi(t) - / Su(SWilt - ¢)ds.
0
By (3.1), for ¢,s € R, we have

|w:@)| < woll¥illse,

|Wie) - Wils)|| < Z(pa(k)ﬂlﬁi(t +thk—1+)—Yi(s+k-1+ ')||p~
k=0

Notice that, for £,s € R, Y pog @a (K| Yi(t + k=1 + ) = Yi(s + k=1 + )l is uniformly con-
vergent. So W; € BC(RR, X). At present, the proof is achieved in the following three steps.

Step 1. Since yr; € ASP(X), for {s,,} C R and ¢ € R, there is {s,} C {s,,} and a function
U € Lﬁ) (R, X) satisfying

Jim (45,04 ) = Pa(e+ )], = m (e —s0+ ) =yl +)], =0, (32)

Let
() - /0 Su(S)(t-c)ds, teR.

It is easy to see that Y oo o (K)IY1(t + s, +k—1+-) — Ut +k-1+ )l is uniformly
convergent in ¢ € R. For ¢ € R, by (3.1) and (3.2), we have

RAGESERAG]

/0 Sa(&)(V1(t+ 50— ¢) =Yt - 5)) ds H

<Y el Yrlt+s,+ k=14 ) =P +k-1+1)],
k=0
—0 asn— oo
Analogously, we are also able to testify that
lim | Wyt -s,) - ¥ (6)| =0 forteRR.
n—00

This implies that W; € AA(X).
Step 2. Since (A) holds, we obtain

1
P

1 k+1
Iim —— - pd) d
5 (=S, S) [_S,S]Uk [¥ate= <)l ds | du

=1

. 1
Sl}n;lom [75,5]”102(t+k—1+')“pdﬂ—0, k—1,2,....
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Obviously, Y220 @ (k)| ¥2(t + k — 1 + )|, is uniformly convergent in ¢ € R and

k+1 1
o (k —9)|’a )pd
Zw 055D SS]) s (/k |va(t - )| ds ) du

is uniformly convergent in S € (0, 00). By (3.1),

1
S Y] d
(=S,5]) /[_S,S] [¥-0)] du

B 1
~u(=S8D) Jiss

1 o0
o o (k k-—1+- d
< 55D /[_5,5] [gsa (&) || ot + k= 1+ )||p} p

/0 Su(&)alt - o) de H du

k+1 },
Zwa(k = SS]) [SS](/k Hxlfz(t—s)de§> du

k=0

—0 asS— oo

This implies that W, € (X, ).

Step 3. For € > 0 and u,v € PAA(X, u), there is o > 0 such that ||u — v|| < 0. By (A3), we
obtain ||f (¢, u(t)) — f(¢,v(¢))|| < € for ¢t € R and record «(£) = f (¢, u(t)) — f (¢, v(¢)), t € R, thus
llkllse < €. Thus from (3.1), we have

[|Uu — Uv|| = sup
teR

<ollkllse < @oe.

fo Su(o)(t - o) ds

This implies that U : PAA(X, i) — PAA(X, ) is uniformly continuous. O

We provide some hypotheses which will be applied below:

(A4) There is r > 0 satisfying ||f (¢, v)||ls» < <m for v € PAA(X, u) with v <.

(As) Let {v,} be a bounded sequence in PAA(X w) and uniform continuity in any com-
pact subset of R. Then {f(-, v,(-))} is relatively compact in PAA? (X, w).

Theorem 3.1 If S,(¢) is a continuous and compact operator for all t > 0 in the uniform
operator topology, then under assumptions (A) and (A1)—(As), Eq. (1.1) has a p-paa mild
solution.

Proof Let B, := {v € PAA(X, ) : ||[v| < r}. Then B, is a convex and closed subset of
PAA(X, ). The proof can be carried out via a four-step process.
Step 1: For r > 0, we can obtain UB, C B,. For v e B,, t € R, by (A;) and (A4), then

|| le(t)” = ”/ Sa(t—s)f(s, v(s)) ds

t-n+1

Sa(t = S)f(s, v(s)) ds

0 t-n+1
<> / 5. -5 (5,19 | s
n=1 V"
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o t-n+1
<> /t Qa(t = 9)|f (s, v(s)) | ds
n=1 -n

Sgwa(n—1)</t

—n

t-n+1

o) as)’

L

e (vO)]g

Il
(=]

n

volf (V)| o

r.

IA

Thus UB, C B,.
Step 2: For v € B,, by (A4) and (3.1), we have

1Ll = sup <ol (vO)] g =7

teR

fo SulS) (t- st - 6))ds

Then U : B, — B, is continuous by Lemma 3.2.

Step 3: {Uv: v € B,} C PAA(X, u) is equi-continuous. Let g > 1 satisfy i + % =1 and take
t1,t € Rwith #; > £ and 0 < € < 1 such that n = min{1 - (5,), (35;)?} < 1. For v € B, with
r>0and t; — £, < n, we can decompose Uv(t)) — Uv(ty) = 1) + I + I3, where

I = / l Sq(t1 —S)f(s, v(s)) ds,

1)

L= / ¥ [Sules = 5) — Sulta — )] (56 s,

21

Lo /tz—ﬂ [Sa(h _ )= St —s)]f(S, V(S)) ds.

o0

By (A;) and (A4), we have

1L < f 1Sater = )] [ (5 v(s)) | s

< / 1 @olts = 8)|f (s, v(s)) | ds

ty

Page 8 of 13
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e / Suts =) = Sultz = )| | (5, (9) | ds
ta-n

< / 2 (0a(ts = 8) + @a(ta = 5)) | f (5, (5)) | ds
tr—n

=< </;:i] ((oa(tl - S) + Qo (tz - S))qu> 1 . (/t‘:i? Hf(s, V(S)) ||p ds)ﬁ

<290 1 [f (- vO) |

1 r
=2¢o-n7-—
Po
€
= (3.4)
and
ty-n
) < / 1[Suttr = 5) Stz — 9] [ (5 ) | s
o ty—n-n+l
=S -9 vt -9) o) ds
w1 ) mnn
=3[ ti-9 4 autta=9) s vto) | ds
P
o0 ty—n-n+1
[ a9t -9) (s o) ds
n=1vt2-n
<> (palti—ty+n—1)+gu(n-1)) - 07 - [ (v0) o
n=1
+ (palti—ta+n—1) + g (n—1)) - (1 - 0 - F () |
n=1
1 r 1 r
<2@0-n7-—+2¢-(L-n)7-—
Po Po
€
=< (3.5)

From (3.3), (3.4) and (3.5), we have
” Uv(ty) — UV(tg)” <€

Step 4: {(Uv)(¢) : v € B,} is relatively compact sets in X for any ¢ € R. Let thereis e € (0,1),
t—€ . . . .
then {Sy(€) /[~ o Sa(t—s—€)f(s,v(s)) ds : v € B,} is relatively compact since S, (€) is compact.
Furthermore, for arbitrary € < § < 1, we have

t—€

S (6)/ W(E—s— e)f s, v(s)) ds — / So,(t—s)f(s, v(s)) ds

—00

5/ ||S (e)Sy(t—s—¢€)— (t—s)|| Hf(s,v(s))” ds

t-5
5/ HSD,(e)Sa(t—s—e) —Sa(t—s)H Hf(s, V(s)) H ds
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+/_ 15a(€)Sult = 5 — €) = Sult - )| [ (5, v(s)) | s

t—6-n+1

< Z / |Sa(€)Salt =5 =€) = Sult =) || |[£ (5, v(5)) || s
+/; ||Sa(e)Sa(t—s—e)—Sa(t—s)“ Hf(s,v(s))” ds
t—5-n+1

=3[ -5 ut=9) [ (v09) | s
n=1

t—6—n

+

/ (0l palt -5 - €) + gult — ) [ (5, (5)) | ds

=

o t—8—-n+1 %
< Z( [ went-s-a+ goa(t—s))"ds)

—8—-n

t—6-n+1 },
. (/5 |V(s, v(s)) Hp ds)

+ (f 7 ((pa(e)(pa(t_s_e)+(/7a(t—S))qu>q

(/ S v(s) ||p ds)

<Y (#ul@)al8+n=1-€)+ a8+ n=D)|F (- v() | g
n=1

+ (#e(©)0a(0) + 9 (€))6 - )7 |f (- vO) | 5
< (#a€)po + 90) [ (-v()) | g
+ (6(€)9(0) + 9o (€)) (6 = 7 £ (-, v()) | -

By using Lemma 3.1, we know
Se(€)Se(t—5—€) —Su(t—s)—> 0, ase— 0forse(—o0,t-15],

and

=68
/ |Se(€)Sa(t — s =€) = Su(t = )| [ (5, v(5)) | ds < (al€)gp0 + @0) |[f (- V() | -

Thus, by utilizing the arbitrariness of § and the Lebesgue dominated convergence theo-

rem, we obtain

t—e€

Sa(e)/t_e Sa(t—s—e)f(s,v(s)) ds—/ Sa(t—s)f(s,v(s))ds =

lim
e—0 —00
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Also,

t

Sy (e)/ %S (t-s—¢ )f(s,v(s)) ds—/ Sa(t—s)f( ,v(s))ds

Sule) / (t=5-e)r{s,v9) ds- | oo Sult = 5)f (5,) ds
. /HS(,(L‘ 9 (5, v(9)) ds
<[s.0 [ :sa(t—s—ey(s,v(s)) as- | OO Sult - 9 (5,v(5)) ds
. / =9 19) | s
52(6) f -5 a(sus)ds- [ ;ESa(t—s)f(s,v(s))ds
+</ ) (e
Su(e) / =s-efsmo)ds- [ Oo Sult =)/ (5,16)) ds

+9a(0) €7 - [£ () g

Thus,

Sa(e)/tE Sa(t—s—e)f(s,v(s)) ds—/t Sa(t—s)f(s,v(s))ds =

lim
e—0

which implies that { ffoo Sa(t = s)f(s,v(s))ds : v € B,} is relatively compact in X by using
the total boundedness. Hence, the set {(Uv)(¢) : v € B,,r > 0} is relatively compact in X for
every t € R. Thus, U is completely continuous on B,.

Now, the convex and closed hull of U/(B,) is denoted by co U(B,). Since U(B,) C B, and
B, is convex and closed, co U(B,) C B,. Therefore, U(co U(B,)) C U(B,) C colU(B,). This
means that U : co U(B,) — co U(B,) is a continuous mapping. It is easy to prove that, for
each ¢t € R, {x(¢) : x € coU(B,)} is relatively compact in X, and coU(B,) C BC(R,X) is
uniformly bound and equi-continuous since UB, is. According to Arzela—Ascoli theorem,
{x(2) : x € coU(B,)}ser is relatively compact in C(/,R), where I is an arbitrary compact
subset of R. By (As), {f(-,v.(-))} is relatively compact in PAA?(X, n). Therefore there is
a subsequence of {f(-,v,(-))}, recorded once more by {f(-,v,(-))}, which is convergent in
PAA?(X, ), that is, for € > 0, There is N > 0 satisfying, for m,n > N,

1 (o vu)) £ v ) [ o < —

For m,n > N, from (3.1), we have

|Uvy, — Uy = Suﬂlg” Uvy(£) = Uvp(£) ” = o Hf() Vn(')) _f(’; Vm()) ||5p <€



Gu and Li Advances in Difference Equations (2018) 2018:59 Page 12 0f 13

which means that {Uv,} is convergent in PAA(X, n). Thus, U : coU(B,) — colU(B,) is
a compact operator. By using Schauder’s fixed point theorem, U has a fixed point v €
co U(B,). This is just a ;-paa mild solution of Eq. (1.1) such that ||v|| < r. O

4 An example
In order to conclude our article, we provide a briefness application to explain our abstract
results.

-1

Example 4.1 Let A = —ol, a(t) = %W’ 0>0,0<a<1andf(tv) =fi(t,v) + fo(t,v) where
1

. vsin l. v#0,
fl(t’ V) =S 2+cost1+cosnt’fZ(t’ V) = 1+£2 (V) and h(V) = {0S Y ng

From Eq. (1.1), we obtain

QZ t (t _ S)a—l
D‘)‘V(t) = —QV(t) - Z /:oo WV(S) ds +f(t, V(t)), teR. (41)
From Example 4.17 of [18], we known that A generates an «-resolvent family {S,(£)};>0
satisfying S, () = (r *7)(£) and S, (¢) € LY(R, ), where r = t%‘lEa,% (=5t%). Thus, it is easy to
see that the a-resolvent family {S,(¢)}:>0 satisfy the assumption (A;).
Note that the function f € PAA?(R x X, ), with the measure ; whose Radon—Nikodym
derivative p is defined as

et, te(0,+00),
p(t) =
1, te(-00,0].

Itis easy to prove that ¢(R x X, L#(0, 1; X), ) is translation invariant, thus (A) holds. More-
over, we can inspect that f meets all requirements (A;)—(As5). Then Eq. (4.1) has a mild
solution in PAA(X, 1) by Theorem 3.1.

Obviously, f does not fulfill any kind of “Lipschitz” type condition. Thus, the results in
the literature [20, 21] with some “Lipschitz condition” are not inadequate.
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