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1 Introduction
According to the order of derivative, differential equations can be classified into integer-
order and fractional differential equations. Fractional differential equations are a general-
ization of arbitrary noninteger-order equations. Both of them are unified and widely used
in mathematical modeling of practical applications in the real world. For more detail on
the theory, see, for example, [1-3] and references therein. However, many dynamical sys-
tems possess an impulsive dynamical behavior due to abrupt changes at certain instants
during the evolution process. The mathematical description of these phenomena leads to
impulsive differential equations [4]. Indeed, they appeared as a more natural framework
for mathematical modeling of many real-world phenomena often and occur in applied sci-
ence and engineering [4—8], for example, in as physics, population dynamics, ecology sys-
tems, optimal control, industrial robotic, etc. The idea of impulsive differential equations
has been a subject of interest not only among mathematicians, but also among physicists
and engineers.

In recent years, the research on relevant issues of solutions are of main interest; see, for
example, [9-13] on the existence of solutions for some (singular) fractional differential
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equations under different conditions and [6, 7, 14—23] on the asymptotic behavior of so-
lutions for various kinds of impulsive differential equations. As is well known, there are
two main methods for investigating the asymptotic properties of solutions. The first one is
the Lyapunov method; see, for example, [14—19] and references therein. Wei and Shen [18]
studied the following nonlinear impulsive neutral delay differential equation with positive
and negative coefficients:

[x(£) — c(O)x(t — )] + p(e)f (x(£ = 8)) — q()f (Wt - 0)) = O, =10 >0,tF1,
x(tf) = brx(ty) (1.1)
+(1- bk)(f;(k_,g s+ 8)f (x(s)) ds — ftik_(, q(s + o)f (x(s))ds), keZ,,
and obtained that every solution of (1.1) tends to a constant as ¢ — +0o (i.e. asymp-

totic constancy). Similar impulsive perturbations were considered in [14] by studying the
asymptotic constancy of an impulsive neutral differential equation of Euler form with un-

bounded delays,
[x() - COx(@t)) + 22x(Bt) =0, t>t>0,t 7, 1)
®(8}) = brx(te) + (1 — by) fﬁt’;k Pls S x(s)ds, keZ,. )

Note that the impulsive terms in (1.1)—(1.2) contain integral expressions, which implies
that the impulsive jumps x(¢;) — x(¢) not only depend on values of the state x at # but
also depend on previous values of #;. As practice shows, the appearance of such impulsive
perturbations leads to application of the Lyapunov method.

The other method is the technique of considering asymptotic properties of nonoscil-
latory and oscillatory solutions; see, for example, [20-23] and references therein. In [22],
the authors studied the asymptotic behavior of the following linear impulsive neutral delay
differential equation:

[x(t) — px(t — O + X1, qi(O)f (x(t — 0))) = h(t), tH#t,
x(ty) —x(ty) = bix(t), ke Zy,

(1.3)

where g;, 1 € C°([0, +00), R). Moreover, there are also several papers dedicated to this sub-
ject for some types of systems with constant impulsive jumps, i.e. x(t;) —x(tx) = o, and o
are constants. The constant impulse is a class of common impulsive perturbations appear-
ing in many physical applications. However, the aforementioned two methods cannot be
simply and directly applied to derive sufficient conditions such that every solution tends
to a constant, and even to zero, as ¢ — +00. In fact, the Lyapunov method can only be
applied to deal with the specific impulse of the integral term, but the constant jumps o
lead to the failure of positive definiteness of Lyapunov function/functional.

In this paper, inspired by (1.1)—(1.3), we investigate the asymptotic behavior of solutions
for a class of impulsive neutral differential equations with unbounded delays, positive and
negative coefficients of Euler form, forced term, and constant impulsive jumps as follows

[x() - COZ( @) + ZLf (w(at) - L2f (x(BL)) = h(t), t>to>0,tF t,
x(ty) —x(te) =ax, keZ,,

(1.4)
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where P, Q, 1 € PC([ty, +00), R) satisfy P(¢) > 0, Q(¢) > 0, and PC(-, -) denotes a set of piece-
wise continuous functions. Hereinafter, to obtain the desired results, we introduce the
function H(t) = :OO h(s)ds for t € (t, trs1] and H(t) = t;oo h(s)ds + af_,, k € Z., which
establishes a link between the constant impulsive jumps and the force term. We cannot
simply and directly apply any one of the two methods mentioned. However, by construct-
ing auxiliary functions and applying the technique of considering properties of nonoscil-
latory and oscillatory solutions we provide some new sufficient conditions to guarantee
that every (non)oscillatory solution of (1.4) tends to zero as t — +oo.

This paper is organized as follows. In Section 2, we present some preliminaries. In Sec-
tion 3, we state and prove our main results. In Section 4, we give an example to illustrate

the obtained results. Conclusion is outlined in Section 5.

2 Preliminaries
Consider the impulsive neutral differential equation with positive and negative coefficients

of Euler form, unbounded delays, and constant impulsive jumps

[x(£) - CO)gw(x @) + 221 (w(ar)) - Lof (x(BL) = h(t), t=>to>0,tF 1,
x(t)) —x(te) =ax, ke,

(2.1)

where C € CO([ty, +o0),R), g,f € C°(R,R), P,Q,k € PC([ty, +o0),R) with P(f) > 0 and
Q(2) > 0; T(¢) is increasing and satisfies 7(£) <t and lim;_, .o 7(£) = +00, & and B are con-
stants satisfying 0 < «, 8 < 1, {tx} denotes an impulsive time sequence satisfying £y < # <
tks1 1 +00 as k — +00, {a} is a constant impulsive perturbed sequence, R denotes the set
of real numbers, Z, denotes the set of positive integers, and PC([£y, +00), R) denotes the set
of functions ¢ : [£, +00) — R such that ¢ is continuous everywhere except at some points
tx, k € Z,, and the limits ¢(£{) = limHt; o), o(t;) = limt_"; ¢(t) exist with (&) = o(£;).

In this paper, we assume the following hypotheses for (2.1).

(H1) There exist My > M; > 0 such that M; < @ <M, forx #0.

(H2) There exist 0 < N7 < N, <1 such that N; < ‘@ <N, forx #0.

(H3) The integral f:oo h(s) ds is convergent for ¢ > to.

(H4) t(tx), k € Z,, are not impulsive points.

We associate with (2.1) the initial value condition
x(t) = ‘P(t); te [tO -V tO]) (2'2)

where y =ty — min{infs¢ {t — T(£)}, (1 — a)to, (1 - B)to}.
It is easy to show the global existence and uniqueness of solutions of the initial value
problem (2.1)—(2.2). In the following, we give two relevant definitions.

Definition 2.1 A function x(¢) is called as a solution of (2.1)—(2.2) if
(1) x(£) = @(¢) for t € [ty — v, tp], and x(¢) is continuous for t > &y, t # ty, k € Z,;
(2) x(t) — C(t)g(x(z(2))) is continuously differentiable for t > to, t # ti, t # tilo, t # tx/ B,
k € Z., and satisfies (2.1);
(3) «x(t;) and x(¢;) exist with x(&) = x(£;), k € Z,, and satisfy (2.1).
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Definition 2.2 A solution x(¢) is said to be eventually positive (negative) if it is positive
(negative) for all sufficiently large . It is called an oscillatory solution if it is neither even-

tually positive nor eventually negative. Otherwise, it is called as a nonoscillatory solution.

3 Main results
Theorem 3.1 Let (H1)-(H4) hold. Assume thatlimsup,_, , . |C(t)| = C < 1, limy_ 00 ) =

0, @ - w > 0 for sufficiently large t,

/m[p(t/a) _ Q(t/ﬁ)] dt = +00, (3.1)

t t

and there exists a constant A > 0 such that

ds<\<

t S 2

tp 1-CN.
/ (s/a) 2 (3.2)
for t large enough, where o] = max{ox,0}, k € Z,, and CN, < 1. Then every nonoscillatory
solution of (2.1) tends to zero as t — +00.

Proof Choose sufficiently large 5 such that (3.2) holds for ¢ > ty. Since lim;_, o T(£) =
+00, there exists a positive integer m large enough such that t(t,,) > tn, where m is the
smallest subscript satisfying t(¢,,) > ty. Let x(t) be any nonoscillatory solution of (2.1)
and assume that it is an eventually positive solution. The case where x(¢) is eventually
negative is symmetric. Now we let x(¢) > 0 for ¢ > ¢y and set

() = x(t) - C()g(x(z (1))

) /t P(S/O()f(x(s)) s+ ¢ Q(S/ﬂ)f(x(s)) ds+ H(t) - a(t) (3.3)

t S Bt S
for ¢t > ty = max{t,,, tn/r} and r = min{e, B}, where () and H(t) are of the form

N ) t t ’
alt) = i“Mf >t (3.4)

0, t € [tar, tarn],
where M* denotes the largest subscript of impulsive points in (¢, ¢), and

;OO h(s)ds, t € (tis tran),

3.5
t+°°h(s)ds+a,j_1, t=t,keZ,, (35)

H(t):{

with ag = 0. When ¢ > £ and ¢ # t;, it follows that ’(£) = 0. Furthermore, for ¢ > £y, t # t,
tZtxla, t #tx/B, and k € Z,, we have

. P(tla) P()

" f(x(t)) + Tf(x(at)) + Q)

— (x(2))

Y (8) = [x(t) - C)g(x(x(®)))]

- @f (x(B1)) — h(z)
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whereas for ¢ = 37,1, we have that y(7,,,) — y(tar+1) = ap — o — g, <0, and for £ = £,
k=M+2,M+3,...,it follows from (3.4)—(3.5) that

y(t;) —y(t) =ax—op_y —o +ai_ <0. (3.7)

Hence from (3.6)—(3.7) it follows that y(¢) is nonincreasing on [£y, +00).
Let L = limy, 100 ¥(t). We claim that L € R. Otherwise L = —0o, and then x(¢) is un-
bounded. If x(¢) is bounded, then there exists a constant G > 0 such that

y(t) = x(£) - CNox(x(£)) - G / PN e ) - al).

at N

As t — +00, by (H3)—(H4) and (3.2) we have that L > —00, a contradiction, and so x(t) is
unbounded. Due to L = —co, we choose t* > t;, (sufficiently large if necessary) such that
(%) — H(t*) + a(t*) < 0 and x(¢*) = max{x(¢) : min{r¢*, t(t*)} < ¢ < ¢*}. Furthermore, we
have that

05 y(t") = H(E") + () > x(t") - CNax(z (£')) - Mo / JRACLIVAPS

at*
t* P
> x(t*) [1 - CN, —M2/ (s/a) ds] >0.
o s

t*

This is a contradiction, and so L € R.
By integrating (3.6) from £, to ¢ we have that

/tM [P(ss/a) B Q(Ss/ﬂ)]/(x(S)) ds = /tM ¥/(s)ds
=yta) =y + Y [y(&) - (8]

M <t <t

<y(ty) - L. (3.8)

Then [/*[289 _ QBif(y(s))ds < +00, and it follows from (3.1) that f(x(t)) €

to s

LY([tp, +00), R), and thus liminf;_, ;o f(x(2)) = 0. We next show that

ltiminfx(t) =0. (3.9)
Choose a sequence {S,,} satisfying S,,, — +00 as m — +oo such that lim,_, ;o f (*(Si)) = 0.
Then liminf,,_, .00 %(S,x) = & = 0. In fact, if & > 0, then there exists a subsequence {S,,;, }
such that x(S,,,) > % for k sufficiently large. Furthermore, f(x(S, )) > MTlg > 0 for k large

enough, a contradiction. Hence (3.9) holds.
Now we show that the limit lim;_, ., x(¢) exists and is finite. Set

z(t) = y(t) + / P(S/a)f(x(s)) ds

at N Bt s

. t Q(S/'B)f(x(s)) ds— H(t) + a(t). (3.10)

By the preceding proofs we have that lim,_, ,» z(£) = u exists and is finite, which, together
with (3.4) and (3.10), means that

lim [x(t) - C(t)g(x(t(t)))] = /L. (3.11)

t—>+00
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Since 0 < liminf,_, . |C(2)| <limsup,_, ., |C(¢)| = C < 1, we have three possible cases.

Case I If 0 < liminf,_, .o |C(£)| < limsup,_, , ., |C(#)| = C < 1, then C(¢) is eventually pos-
itive or eventually negative. Otherwise there exists a sequence {£} with & — +oo as
k — +00 such that limy_, ,oc C(§x) = 0, a contradiction. Hence we can find a sufficiently
large T such that 0 < |C(¢)| <1 fort>T.

Let n = limsup,_, , . #(¢) and assume that there exist two sequences {u,} and {v,} satis-
fying u, — +00 and v, — +00 as n — +00 such that

tlim x(u,) =0, tlim x(v,) = 1.
It follows that there exists sufficiently large #g such that 7(u,) > ty; and t(v,) > £y for all
n = ngp.
(1) -1 < C(¢#) <0 for t > max{T, t(un,), T(vs,)}. We have that

uw= lim [x(u,,) C(un)x(t(u,,))] < lim x(u,,)+limsup[—C(un)x(r(un))] <Cn,

n—>+00 H—>+00 n—+00

p=lim [x(v,) = COa(r(v)] = lim x(v,) + liminf[~C(v,)x(z(va))] =

Since n > 0 and 0 < C < 1, it follows that = 0, and so lim,_, ,, x(¢) = 0.
(2) 0<C(2) <1 for t>max{T, t(tyy), T(Vs,)}. We have that

0= lim x(u,) > hm [ (u,) - C(u,,)x(f(un))] + laniioa}f[C(un)x(t(un))] > U,

n—+00

n=lim x(v,) < lim [2(v,) = Cva)a(z(v))] + liﬁilip[C(vn)x(f(vn))] <pu+Cn.
Since 0 < C < 1 and n > 0, it follows that n = 0, and so lim,_, ,, x(¢) = 0.
Case II If 0 = liminf,_, o |C(¢)| < limsup,_, ., |C(¢)] = C, then as in Case I, we get
lim;_, 400 x(2) = 0.
Case III. If liminf,_, .00 |C(£)| = limsup,_, ,,, |C()| = C, then the proof is as in Theo-
rem 2.1 in [22] and so is omitted. The proof is complete. O

Theorem 3.2 Let (H1)-(H4) hold. Assume thatlimsup,_, , ., |C(t)| = C < 1 satisfies CN; <
1/2, limsupy_, , . lak| = 0, and there exists a constant X > 0 such that

1-2CN.
litrilfllop(ll(t) +D(t) <A< 722, (3.12)
where I,(t) = ft/a A9 g with A(t) = P(tla) — Q(t/B) > 0 for t > ty and L(t) = fﬁt Q) g
with o < 8. Then every oscillatory solution of (2.1) tends to zero as t — +oo.

Proof Let x(t) be any oscillatory solution of (2.1). We first show that x(¢) is bounded. Oth-
erwise x(¢) is unbounded, and then there exists a positive integer N sufficiently large such
that lim;, ;0o SUP, ¢\ ) <s<¢ [%(5)| = +00 and sup, ) <5< [%(s)| = SUp,, /<5<, [%(5)| for £ > tn/cx.
Set

y(t) = x(t) = C(Og(x(z (1))

/&f () / Q x(s))ds+H(t)—a(t), (3.13)
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where H(t) is defined as in (3.5), and «(t) £ ay for t > to, where k* denotes the largest

subscript of impulsive points in (¢, ). When ¢ > ty/a, we have that

t

() = [%(0)] - CNa|s(x(0)| - M; f (5)|ds

Bt
M f QIB 129 ds - (0] - a0

> |x(t)| - sup |x(s)|[CN2 +M2(11(t) +12(t))] - |H(t)| - |a(t)|.

T(tn)<s<t

Furthermore,

sup [y(s)| = sup |w(s)|[1 - CNa— My (Li(2) + (1)) ]

tn/a<s<t tn/a<s<t
- sup |H(s)|- sup |a(s)|. (3.14)
tn/a<s<t tn/a<s<t

It follows from (3.12) that 1 — CNy — My > 0, and then limsup,_, , . [y(£)| = +oo due to
(H3)—-(H4).
On the other hand, when t # &, ¢ # ti/a, t # ti/ B, we have that

_ A(t)

YO =-——f (x(1)) (3.15)

and y(tf) — y(tx) < 0 for t = ty, k € Z,. So y/(t) is oscillatory by (H1). Furthermore, there

exists a sufficiently large £ > £y /o such that

/)| = sup |ys), () =0.

tn/oa<s<&la

Hence x(£) = 0. Integrating (3.15) from & to &£/«, we have that

&la
y(E /o) < y(&) - fg [P(t/a) _ Qb )}j(x(t)) dt

t t
=-CE)g(x(r©))
. / ja @f(x(t)) di - f @f(x(t)) dt + H(E) - (). (3.16)
Furthermore,
(€ /)| < o |%($)|[[CN2 + Ma(L(§) + 1a(8))] + [H(E)| + [e(€)]. (317)

Together with (3.14) and (3.17), this gives

[-1+2CN, + 2M (L (8) + (%))

|H($)| + |Ol(§)| n SuptN/agsfé/(x |H(S)| + Sup[N/agsfgla |0l(S)| -

SUPz(ty) <5<t O] SUPz (ty) <5<t/ [x(s)] a
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Let § — +00 and note that limg ;0 SUP, ;) <s</¢ 1%($)| = +00, so it follows from (H3)-
(H4) and (3.12) that [-1 + 2CN, + 2M>A] > 0. This is a contradiction, and thus x(¢) is
bounded.

Now we show that p = limsup,_, , ., [x(¢)| = 0. Similarly, we analyze the function y(¢) of
the form

3(6) = 2(0) - COg(x(x (1)) - f 26 () ds

at N at S

Bt
- Mf(x(s)) ds + H(t) — ().

Then y(¢) is bounded, and for sufficiently large ¢, we have that

y@)| = |%(6)| - CNa | (T (@))| - Mz sup  |a(s)|(11(2) + L(0)) - |H®)| - |a(®)].

tn/a<s<t

Hence from (H3)—-(H4) we have that

B =limsup |y(0)| = u[ 1= CNa = Mz limsup(1a(6) + () | (3.18)

t—+00 t—+00

On the other hand, for t # &, t # ti/«, t # tk/ B, k € Z,, it follows that

Y= [—@ + Q('Z 4 )}/(xm), (319)

and y'(t) is oscillatory. Hence there exists a sequence {£,,} satisfying lim,,;— 100 & = +00
such that

Jim & =B Y(ED)=0,

and then x(§,,) =0 form=1,2,3,....
Integrating (3.19) from &, to §,,/o, with analysis similar to (3.16), we get

|y(ém/05)| = sup |x(s)|[CN2 +M2(]1($m) +12($m))] + |H($m){ + {‘X(Em”

T(Em)<s<&mla

Letting &,, — +00, by (H3)—(H4) it follows that

B < 1| CNy + Malimsup(1 (§n) + (&) | (3.20)

m—+00

Combining thus with (3.18) and (3.20), we get

u[l — CN, - My lim sup(Iy (£) +12(t))] < M[CNZ + My lim sup (1 (&,,) +12(gm))]. (3.21)

t—+00 m—+00
Hence p(-1 + 2CN; + 2M3A) > 0, which, together with (3.12) and u > 0, implies that

lim;_, ;oo x(£) = 0. The proof is complete. O

4 Example
Consider the following impulsive neutral delay differential equation:

2t(In 3¢-1)

[x(2) — ix(g) sint]’ + L x(%) - —4t(lnlt71)x(£) = %2’ t>ty=2et ¥, 1)
x(k*) —x(k) = (DKL, k=1,2,3,.... ’
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Obviously, f(x) = g(x) = x, C(¢) = %sin t, P(t) = m >0, Q) = m >0 for t >
nyt— n

2e, T(t) = 2 satisfies limy_, ,oo(1 — 1/e)t = +00 and 7(¢) < ¢, a = i <pB = %, h(t) = tiz,
ax = (-1)Fk7L. It is easy to verify that (H1)—(H4) hold. Moreover, lim SUpP,_, o0 IC()] =
L liminf,_, .00 |C(£)] = 0, and lim,— ;o0 &f = 1lim;— 400 || = 0. Choosing M; = M, = Ny =
N, =1, we claim that every solution of (4.1) tends to zero as t — +o0. In fact, it follows

that, for ¢ > 2e,

Alt) Pltle) Qulf) 1

t ¢ £ 4tlnt

On one hand, [, 71— dt = +00 and f; i <ln2< 1—[%\12 for ¢ sufficiently large. So

by Theorem 3.1, every nonoscillatory solution of (4.1) tends to zero as £ — +00.

In é
: int”
Furthermore, limsup,_, , . ([1(¢) + I2(£)) = 0. So by Theorem 3.2 every oscillatory solution

On the other hand, by simple computations we have I () = i In 'l‘;% and I(¢) = i In

of (4.1) tends to zero as ¢ — +oo. In conclusion, every solution of (4.1) tends to zero as

t— +00.

5 Conclusion

In this paper, we have investigated asymptotic properties of solutions for an impulsive
neutral differential equation with positive and negative coefficients, unbounded delays,
forced term, and constant impulsive jumps. By constructing auxiliary functions, using an-
alytical method and combining with the technique of considering asymptotic behaviors of
nonoscillatory and oscillatory solutions, we have provided two criteria for tending to zero
of every (non)oscillatory solution of the system as ¢ — +00. Finally, as an application, we
have given an example to illustrate the effectiveness of the obtained results.
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