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1 Introduction

In recent years, the spreading dynamics of epidemic models on complex networks have
been extensively studied by many researchers [2-13]. In the famous works [2, 3], Pastor-
Satorras and Vespignani established a dynamical mean-field equation based on the SIS
model and showed that the finite-size effects induce an epidemic threshold, which ap-
proaches zero at increasing sizes, so that if the effective spreading rate is above this thresh-
old, then the infection spreads and becomes endemic. For such significant finding, until
recently, a mathematically rigorous proof was given by Wang and Dai [14]. Stability anal-
ysis is an important tool to understand the spreading dynamics of epidemic models on
complex networks. Recently, there have been many studies concerning the stability and
asymptotic behavior of epidemic models on complex networks [15-23].

We note that in most of the models mentioned, the initiative response of people is not
considered when epidemic diseases prevail. In fact, as soon as an epidemic outbreaks,
people are more cautious and reduce contacts with other people consciously. Clearly, the
feedback mechanism can affect the contacts among people. To investigate the efficiency
of feedback mechanism, new models based on the SIS model were established [1, 24—26].
Under the assumption that all individuals understand the instant situation of the propa-
gation and can estimate the possibility of contacting with infected individuals, Zhang and

Sun [1] proposed the following model with a feedback mechanism:

B = p(Si(t) + () — dSi(t) = AkSk(£)(1 - a®(£)O(2) + ¥ Lk(0),

Al _ 5 kS (O(1 - @ E)OW) — (v + DD, k=1,2,...,1,

(1.1)
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where Si(t) and I(¢) represent the relative densities of susceptible and infected nodes
with given degree k, respectively, n is the maximum degree of all nodes, ©(¢) is the
probability that any given link pointing to an infected individual and has the form
() = (k)™ Y_i_ kP(k)Ix(¢), where P(k) is the probability that a node has degree k with
k) = Y i kP(k), b is the natural birth rate, d is the death rate, 1 is the transmission
rate, y is recovery rate, and the parameter o > 0 is called the “fear factor” The term
AkSk(£)(1 — a©(£))O(t) represents the proportion of individuals that acquire infection and
become infected individuals. This means that, on one hand, the higher the fear degree of
people to the epidemic disease, the lower the spreading speed; on the other hand, when
© is larger than a certain threshold, the speed of the propagation decreases based on the
feedback, which is consistent with the actual prevalence law of infectious diseases.
Like in [1], we assume that b = d (i.e. the birth rate equals the death rate), and the initial
conditions of system (1.1) satisfy

0 <8:(0),1:(0) <1, S(0)+L(0)=1, k=1,2,...,n (1.2)

Thus Si(¢) + Ik (t) = 1. This leads to the following system:

B _ p— Si(t) — MkSK(E)(1 - 2@ (@) O(8) + y i (8),

(1.3)
D = AkSk(£)(1 — a®(2))O(2) - (y +b)k(t), k=1,2,...,n
The second equation of (1.3) can be written as
dlgit) =2k(1- L) (1-aO)O@F) - (v + D)k(t), k=1,2,...,n. (1.4)

They obtained the basic reproductive number R = yi(/;) (> where (k%) = 37}, kK*P(k), and
proved that if R° < 1, then the disease-free equilibrium is globally asymptotically stable,
and if R > 1, then there exists a unique positive equilibrium E*(S}, 1}, S5, 13,..., S5, I}) de-

termined by

* _ _ Mk(1-a©®")Or

k = y+brrk(1—a®F)O*’ (15)
* y+b _ .
Sk = m, k=1,2,...,n

where @* = (k)71 Y7

j-1/P()I; is the unique positive root of the equation

n
.1 Z ACP()(1-a®) (16)
b+y+rk(1-a®)O
Moreover, E* is locally asymptotically stable. It should be pointed out that in the special
case « = 0, which corresponds to the original model by Pastor-Satorras and Vespignani
[2, 3], the global stability of endemic equilibrium was shown in [27]. As far as we know,
however, the global asymptotic behavior of the endemic equilibrium remained unsolved
for @ > 0. In the present paper, we prove that the endemic equilibrium of system (1.3) is

globally asymptotically stable if & > 772 ( 51)? orif R® € (1,2] and « > 0.
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We will give a remark on ®*, which plays an important role in proving the following
Theorems 3.1.

Remark 1.1 Following the arguments in [1, Section 2], we can see that if R® > 1, then ®* <
a7 L In fact, if {(SE, 1)}, is a positive equilibrium of system (1.3), it must satisfy (1.5). It
follows from 0 < [} S} = m—jgm} that ®* < @1, On the other hand, since f(a!) =
1>0and f(0) =1 — R® < 0, we find that ®* is indeed the unique root of the equation
f(®)=0in (0,a7) because f/(®) > 0 in (0,a71).
We further claim that ®* < Ifx—o if R0 > 1. By (1.5) we have (b + y)I} = Ak(1 - I{)(1 -

a@*)O* < Ak(1 - 2®*)O*, so b +y < &) (1 a®*), which implies the claim.

This paper is organized as follows. In Section 2, we show that the disease is permanent
if R° > 1. In Section 3, we prove the global asymptotic stability of the endemic equilibrium
for sufficiently large o by using a Lyapunov function. In Section 4, we show the global
asymptotic stability of the endemic equilibrium for R° € (1,2] and « > 0 by the monotone
iterative technique. In Section 5, we present numerical simulations. In Section 6, we give

our conclusions.

2 Permanence of disease

In this section, we state our main results as follows.

Theorem 2.1 Let R° > 1. Assume that {(Sk, L)}, is a nonnegative solution of system (1.3)
with the initial conditions (1.2) and ©(0) > 0. Then O(t) > 0 for all t > 0, and

RO -1
liminf ©(¢) > &)
t—>00 aRO + An(y + b)~1
®_1) (2.1)
li o) < —,
im sup 1) < R0
and
Ak6,
liminf[;(t) > ———,
mintl(®) = &R0 + aka,
(2.2)
limsup I (t) < A4k
Hoop K= do(y +b) + Ak’

Proof From (1.4) we have

2—6_12%(1 (1 -a®)0 - (y +b)O

n

s ar(k® , A P VO - W,
—( 0 —y—b)®— o © _%Z]P(J)II®+%;/P(/)IJ®

j=1

LY (1)), 2.3)
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which gives that ©(t) = ©(0) exp{fot Y(s)ds} >0forallt > 0.By[1, Theorem2.1],0 < I; <1
for k=1,2,...,n, thus we deduce from (2.3) that

2 2 n
a0 (Mk ) —y—b)@— kD g2 _ LZ;‘ZP(,'H,-@

at =\ (k) () ") 4
A(K2) ) ar(k?) )
—y-ble- 0% - WO
Z( w7 ®) "

=(y +D){(R*-1)O - [aR® + An(y + b)']|©%},

which implies liminf;_, o, O(¢) > 6,.
®-1)

We further show that limsup,_, ., ®(f) < T Since0 <y <1lfork=1,2,...,n,wecan
deduce from (2.3) that dzd(;)z(t) is bounded in (0, 00). By Corollary C in the Appendix, there

is a sequence {¢,,}, increasing to infinity, such that

0, < lim O(t,,) = limsup O(¢) =: 6, lim ©'(t,) =0.

m— 00 t—>00 m— 00

On the other hand, since {Ii(t,,)}'5_; € [0, 1] for every k, there is a subsequence of {z,,}%5_;,

denoted by itself, and some constants i € [0,1] for k = 1,2,...,x such that li(¢,) — i

(m — 00). Passing to the limit as m — oo in (2.3) at ¢ = £, yields

A2
(k)

( +0 = 55 PP = i1 - a0)6 < 21 - b, 04
j=1

This implies the required result.

dzlfz(t) is bounded in (0, co) for every k. Based on Corol-

lary C in the Appendix and (2.1), we can derive by an argument similar to the previous one

Finally, we prove (2.2). Note that

that, for any fixed k € {1,2,...,n}, there are two sequences {ti,]q() } and {sﬁ,];) }, increasing to
(R0-1)

infinity, and some constants 0y, 6 « € [0 W] such that
lim Li(1)) = limsup f =: iel01],  lim L(5)) =0,
lim I(s)y)) =liminfl =4 € [0,1),  lim L(s)) =0, (2.5)
lim O(t,)) =0, lim O(s))) =6,

Passing to the limits as m — oo in (1.4) at £ = N and ¢ = s, respectively, we obtain

0= )»/((1 - ;k)(l - 0(5/()51( - ()/ + b);k,
0=xk(1- ék)(l - an)Qk -(y+ b)ék’
and therefore

. Ak(1 - 00;)0 . k(1 —af,)0,
l

= = = L= . 2.6
, Yy + b+ Ak(1 —aby)0 * Y+ b+ Ak(1—ab,)o, (2:6)
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By the inequality x(1 — ax) < . for x € R we have

2k
_ LS Ak
. 4o
ik < = , k=1,2,...,n.
= y+b+ 3 Ak Ay + b) + Mk

MOy
Since 6, <6, < (ROR_OI), we have i, > o Rokkg . Thus, the proof is completed. O
o H,JrR_Oa

Remark 2.1 When R° =1 (i.e, y + b = (k ) we can obtain (2.4) by a similar argu-
ment, where 6 € [0, 1], which implies that limsup,_, ., ® =0 =0, so lim;_,« Ix(t) = 0 for
k=1,2,...,n,ie., the disease-free equilibrium is globally attractive. This can also be seen

from (2.1) by letting R® — 1*. This result is a supplement of [1, Theorem 3.1].

3 Global stability for large «
The main result of this section can be stated as follows.

Theorem 3.1 Let R° > 1 and ©(0) > 0. Ifa > 4b+y ( 1)2

E* of system (1.3) is globally asymptotically stable, that is, the disease becomes endemic.

then the endemic equilibrium

Proof Accordingto [1, Theorem 3.2], the endemic equilibrium E* is locally asymptotically
stable. To prove the theorem, it suffices to show that £ is globally attractive.
Let us consider a nonnegative solution {(Sk,/x)};_; and define

r_ oy 2W
V() = Zak (Sk(®) - 87)* + ©(1) - ©* - ©*1 N
23
where a; = < /<) s* Calculating the derivative of V(£) along the solution, we have
Xn:“ dSk ©-0'do _
k ® dt 1 2.

Using the first equation of (1.3) and the identity y + b = (y + b)S; + LkS;(1 — «©®*)O*, we
have

Vi=> ax(Sk—S){(y +b)(Si - Si) + Ak[S; (1 - ®)©" - Si(1-®)O]}.  (3.1)
k=1
Note that
Si(1-a®*)0* - Si(1-a®)0
= (1-a©)0(S; - Si) - Si(1-200%) (0 - 0%) +aS; (6 - ©%)°,
Substituting this into (3.1) yields

=S+ Dar(Sc-Sp)’ - (1-a®)O Y rkay(Sk - S;)’
k=1 k=1

= akarSE(1-200%) (Sk - S)(© - ©%) + Y arkarS}(Sk — ;) (©* - ©)°
k=1 k=1
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=Dy +Dar(Sc - Sp)’ -1 -a©)0 > rkar(Sk - Sf)°

k=1 k=1

+ Y arkar SO (Sk - ) (0 - 0%) = 3 arkar(S7)’ (0 - ©%)

k=1 k=1

> tkagSi[(1 - ) (Se ) (60 - ) —ay (0~ 0°)7].

k=1

Using (2.3) and the identity y + b = % Y i kZP(k)S,’j(l — a®*), we have

Vy = (0 -0%) |:—(y +b)+ 2 ZkzP(k)Sk(l - a@)]
k=1

(k) &
s

-(©-0"
( )% ]

A‘ n
= % kXﬂ:/ﬂP(k)[(l - a@*)(Sk - Slt) (® - @s;) _ OlSk(® B ®*)2]

Adding (3.2) and (3.3) and noticing that a; = kP®) | we obtain

55k

n n

av

A~ 2.

+ Y arkarSEO* (Sk - S) (0 - ©%) = > arkar(S})* (© - ©*)°

k=1 k=1

=-(1-a®)0 Y rka(Sk - St)°
k=1

Y (v + 0)Z} - arkSLO* ZiX + ank(SE) X?],

k=1

> KRPE)[Sk(1 - a®) - S5 (1-a©*)]
k=1

— =y +Da(Sk - )’ -1 -a©)® Y Akar(Sk - 57)*

Page 6 of 14

(3.2)

(3.3)

(3.4)

where Z; = S; — S and X = ©® — ©*. Note that ©* < % (see Remark 1.1). Then if o >

An (R°—1

) W)z, then we have

A = (rkSEO*) — 4(y + b)ark(S;)?

0

2
< (AkS}ﬁ)Z(Tl> —4(y +b)ark(S})”

0 2
< A/((S,f)z[kn<RR0 1) —da(y + b)] <0.

This implies that

(v +b)Z — arkS{O* ZiX + adk(SE)’ X2 >0, k=1,2,...
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It follows from (3.4) that

av

n 2
— =-(1-a@)O Y Akar(Si-S;)", V>0,

k=1

By (2.1), there exists some T > 0 such that ©(¢) < «~! for all £ > T. Consequently,

av g 2
— = —a@)@kz;kkak(&( -8) <0, Vt=>T.

Therefore, the only invariant set in {dd—‘; =0,t > T} is the singleton {E*}. According to the

LaSalle invariant principle [28], E* is globally attractive, so E* is globally asymptotically
stable. The proof is completed. O

4 Global stability for R® € (1, 2]
Theorem 4.1 Let R > 1 and ®(0) > 0. If R® < 2, then the endemic equilibrium E* of system
(1.3) is globally asymptotically stable for any a > 0.

Proof Accordingto [1, Theorem 3.2], the endemic equilibrium E* is locally asymptotically

stable. To prove the theorem, it suffices to show that

lim L (t)=I;, k=1,2,...,n.
t— 00

To this end, we will use an iterative technique and define the sequence { u,(:")}ﬁzl for k =

1,2,...,nby
1) _ Ak Ak
Uk = ta+b)rk < Ta(y+d)’

" =g U, U =07 PO, m=1,2,...,
where

Lk(1-ax)x -1
y+b+rk(1-ax)x’ Vx e [0,0l ]’

e=10 Vi € (—00,0) U (@), +00).

Note that, for every k =1,2,...,n,
. L 1
gi(x) is increasing in x on | 0, % | (4.1)
o

Since 1 < R < 2, we obtain

- A(k? RO 1
0<ty =)™y PG < _ME k1

j=1
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By (4.1) we have

)\k(l - (XU1)U1
y +b+Ak(1 —aly)lU

0<u = gi(lh) =

o M W
“da(y +b)+rk K
Ak
_— 4.2
< do(y +b) (42)
This leads to
- 2k RO 1
0< U= (k! ’P’@) _ =<,
<th={0 ;] 2 <405()/+b)(k) a ~ 2o
and therefore 0 < U, < U < i by (4.2). Thus, we have, by (4.1),
Me(1 —all)U-
3) 2)U>
O = U =
<y =gllh) y +b+Ak(1 —all)U,
< kk(l—al,[l)Ul :14(2) < Mk )
Ty +b+Ak(1-alh)U K" 4a(y +b)
By induction we find that
1 (m+1) (m) Ak
0<Uy<—, 0 < _— =12,..., 4.3
< < 2u <M i 4a(y +b) " (43)
and
Ak - all,)U,
W™ = g (U) = kA = all,) m=1,2,.... (4.4)

y +b+ 2k -al,,)U,’

Using (2.2) yields limsup,_, ., Ix(¢) < u;(l). Thus, applying Lemma D in the Appendix re-
peatedly, we have

limsup Iy (£) < u,((m, k=1,2,...,m,m=1,2,.... (4.5)

t—00

(m)y 00

Since by (4.3) the sequence {u; " };,_;
)

is nonincreasing for every £, its limit exists and is

denoted by lim,,_, » u,((m = uy. Letting m — oo in (4.4) and (4.5), respectively, we obtain

Ak(1 = a(k)~! Z;’:ljp(j)uj)(k)‘l > 1 /Py

Uk

Ty b+ ak(L-afk) ! S PG (k)Y PG 4.6)
limsup i (t) < ug, k=1,2,...,n.
t—00

On the other hand, we consider the function

n

1 MAP()x(1 — oux) a1
S = (k) Z v + b+ Ajx(l - ax) —% Vxe [0’0[ )-

j-1
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A simple calculation gives f'(0) = R° — 1 > 0, so f(x) > 0 for each small x > 0. Due to (2.2),
we can choose l,((l) for k=1,2,...,n such that

M g 1 N )
0<; <h£1)é£1f[k(t)<a, f((k) > PG )>o. (4.7)

j=1

We now define the sequence {l,((m)};',f:1 fork=1,2,...,nby

W0 =gLn) L= 7Y POE™, m=12,....
j=1

Since 1 < R < 2, a similar argument gives

Ak

0 l(m) S —
%S da(y +b)

1
O<L,<—, m=12,....
20

It follows from the definition of g; that

Ak(1 =)L
1Y 2 A-alw)lm  q o (4.8)
y +b+Ak(l1—alL,,)L,,

Using (4.7) and applying Lemma D in the Appendix repeatedly, we have

liminfl() > 1", k=1,2,...,n,m=12,.... (4.9)

t—00
Since i > Ly > Ly >0 by (4.7) and (4.8), we have, by (4.1),

1(3) _ )\.k(l - O[LQ)LQ - )\.k(l - O[LI)LI _ 1(2)
Ky +b+ak(l—aly)ly ~ y+b+ k(1 —aly)L; ¥

So % > L3 > L, >0, and thus

(4) )\k(l - Ong)Lg > )\k(l - O(LQ)LQ (3)

kT i b ak(l—als)l; ~ y+b+ ik(l—aly)l, X

By induction we find that the sequence {l,(:")}fno:2 is nondecreasing for every k, so its limit
exists and is denoted by lim,,;, oo l,((m) = l;. Letting m — oo in (4.8) and (4.9). respectively,
we obtain

M=k PO S PG
Sy b+ Ak = k)Y PG KT Y PG

liminfl(£) > I, k=1,2,...,n.
t—00

k

Finally, it follows from the uniqueness of positive solutions of (1.6) that u; = i = If, so

liminfI;(¢) = limsup [ () = I{.
t—00

t—>00

The proof is completed. O
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Remark 4.1 According to Theorems 3.1 and 4.1, we have that if R® € (1,2] and & > 0,

P M (RO-1
orif R >2 and a > «,, := 4(bﬂ,)( 20

ally asymptotically stable. On the other hand, if we consider the scale-free network (i.e.,

)%, then the endemic equilibrium of (1.1) is glob-

P(k) ~ k¢ (2 < ¢ < 3)) and fix the parameters A, b, and y, then R® — +00 and a;, — +00
as n — +oo. This means that when the maximum degree # is sufficiently large, we have
R° > 2, so the endemic equilibrium of (1.1) is globally asymptotically stable for sufficiently
large o by Theorem 3.1.

5 Numerical simulations

In this section, we present numerical simulations to illustrate the theoretical results. We
consider (1.4) on a finite scale-free network with # = 500 and P(k) = ak~3, where the con-
stant a satisfies Ziﬂl P(k) = 1. Recall that «,, = 4(2—:’},)(%)2.

In Figure 1, we fix the parameters b = 0.31, y = 0.41, and X = 0.26 to plot the time evolu-
tion of I(¢) with different o, where I(¢) = ,5(3? P(k)Ii(2) is the density of infected nodes in
the whole network. We can verify that R® = 1.4930 < 2. Obviously, the orbits converge to
stationary levels, which illustrates the correctness of Theorem 4.1. Moreover, we can ob-
serve from the simulation that the larger the «, the weaker the disease, which is consistent
with the theoretical result (2.2).

In Figure 2, we fix the parameters b = 0.4, y = 0.3, and A = 0.34 to plot the time evo-
lution of I(¢) with five different initial values. We can verify that R® = 2.0082 > 2 and

aspo = 15.3028. We choose o = 30 in Figure 2 (left) and « = 15 in Figure 2 (right). The

Figure 1 0 <R < 2. The orbits of /(t) with 003

different
0.025

0.005

[ 10 20 30 40 50 60 70 80 90 100
time t

09 q 09
0.8 q 0.8
0.7 0.7

06 q 0.6

Zo05 Zos5

0.4
0.3 0.3

0.4 |
I 0.2
\ 0.1 \
n n n n n n n n n 0 . . . . . . . . .
[ 20 40 60 80 100 120 140 160 180 200 0 10 20 30 40 50 60 70 80 90 100
time t time t

0.2

0.1

0

Figure 2 RY > 2. The orbits of /() with & = 30 (left) and & = 15 (right)
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Figure 3 The relation between /* and o 005
!
0.045

0.035
003

*— 0025

e R

0.02

0.015

0.01

0.005

a value in the left figure satisfies the assumption of Theorem 3.1. whereas the « value in
the right figure does not, and despite of this, the endemic equilibrium is globally stable.

In Figure 3, the parameters are chosen as follows: b = 0.25,y = 0.35, and A = 0.3. We can
verify that R® = 2.0673 > 1. The simulation clearly indicates the relation between I* and «,
where I* = ,5((:)(; P(K)I}.

We can see from the numerical simulations that the when the disease is endemic, the
endemic level decreases significantly as « is increased. The biological meaning is that when
an epidemic outbreaks, people consciously reduce the number of contacts with others, and
the larger the probability one may contact with infected individuals, the more careful the

people are, which is consistent with our real experience.

6 Conclusions
In this paper, we prove that the disease is permanent if R® > 1 and that the endemic equi-
librium of (1.1) is globally asymptotically stable if R® € (1,2] and « > 0, or if R® > 2 and

_ i (R%-1y2 . . .
o=y =gy (T) . Moreover, we have performed numerical experiments to illustrate

the theoretical results. It is observed from the numerical results that the endemic equi-
librium is globally asymptotically stable for any o > 0 whenever R® > 1; however, a mathe-
matical proof remains to be very difficult.

Although the feedback parameter a does not affect the threshold R, it plays a role in
weakening the spreading of disease, for which a theoretical analysis can be seen from the
second inequality of (2.2). Numerical experiments done in [1] and the present paper in-
dicate that the endemic level decreases significantly as the fear factor « increases. The
biological meaning is that as soon as an epidemic outbreaks, people are more cautious
and reduce contacts with other people consciously, which is beneficial to preventing epi-
demic spreading.

Appendix
The following result is due to Barbalat [29, Lemma 1.2.3].

Lemma A Let a € (—00,+00), and let f : [a,00) — R be a differentiable function. If
lim;_,  f (¢) exists (finite) and f'(t) is uniformly continuous in (a, 00), then lim;_, . f'(t) = 0.

The following result is due to Hirsch, Hanisch, and Gabriel [30, Lemma 4.2]; see also
[31, Lemma 1.1].
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Lemma B Suppose that f : R* — R is a differentiable function. If liminf;_, f <

limsup,_, . f, then there are two sequences {tr} and {o}, increasing to infinity, such that

lim f(tx) = limsupf, f'(w) =0,
k—00 t—00

lim f(oy) = liminff, f'(ox) = 0.
k— 00 t—o00

The following result is a combination of Lemmas A and B and will be used to show
Theorem 2.1.

Corollary C Suppose that f : Rt — R is a bounded twice differentiable function with f” (t)
bounded in R*. Then there are two sequences {ti} and {0y}, increasing to infinity, such that

lim f(tx) = limsupf, lim /(%) = 0,
k—o00 k— 00

t—>00

lim f(oy) = liminff, lim f'(o%) = 0.
k—o00 t—o0 k— 00

Proof Since f”(t) is bounded in R*, f'(¢) is uniformly continuous in R*. Consequently,
if lim,_, o f(¢) exists, then by Lemma A all previous conclusions hold for any increasing
to infinity sequence {x;}. Otherwise, liminf, , f < limsup,_, .. f. Then the conclusions
follow by Lemma B. The proof is completed. g

The following result will be used to prove Theorem 4.1.

Lemma D Let R° > 1 and ©(0) > 0. Assume that {(Sk» 1) };_, is a nonnegative solution of
system (1.3) with initial conditions (1.2). Then
(i) If there are constants ux >0 for k =1,2,...,n such that

n

1
U= jP(u; < —, li L(t) < ug,
(k) ;1 (I)M/_za im sup «(£) < uy

then

limsup I (t) < ML~ ol
u .
t_)oop Y= y +b+Ak(1-al)U

(ii) Ifthere are constants Iy > 0 for k = 1,2,...,n such that
ANy < L -
L:= (k)™ XI:]PU)Z/ <o liminfL() > 4,
j=
then

Mk(1—aL)L
y+b+rk(1—aL)L’

liminf I (£) >
t—00

Proof We only prove (i) since (ii) can be proved similarly.
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Indeed, by the same argument as that yielding (2.5) and (2.6) we have

. k(1 — b8,
limsup Iy (¢) = ix = (1~ 006

—, k=1,2,...,n.
t—>00 Yy + b+ Ak(1 —aby)0

Note that 0 < 8 < limsup,_, ,, O(f) < % > ko1 kP(k) limsup,_, o Ii(t) < U < 5. This, to-

gether with (4.1), yields (i). Thus, the proof is completed. O
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