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and infected predator, we show that the system has a unique global positive solution.
We investigate the persistence in the mean and extinction for the population, obtain
threshold conditions of extinction, persistence in the mean by 1td's formula and a
comparison theorem for the stochastic system. In addition, we discuss the uniform
boundedness of pth moment with p > 0 and reveal the stochastically ultimate
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1 Introduction

In ecology, prey—predator systems are always the important part, and the most clas-
sic model is Lotka—Volterra model. Out of the ordinary, Leslie introduced the follow-
ing model on the premise that the carrying capacity of predator was proportional to the
amount of prey [1, 2]:

% = (r1 —ai1N1 — baNa)N1,

AN N
== by )Ny,

(1)

here N; and N, represented the densities of prey and predator at time ¢, respectively. r;
and r, were the intrinsic growth rates for prey and predator populations. b, was conver-
sion rate. Leslie assumed that the predator population still grew logistically with carrying

capacity rQbI;[ L,

Leslie assumed that the growth of predator population still satisfied the logistic rule, but
the carrying capacity, which was distinguished from the constant in the common model,
was determined by the density of prey population. Recently, there have been many experts
and researchers studying or improving a Leslie type prey—predator model. Time delay,
impulse, food chain, disease, environment pollution, reaction diffusion and so on, have
been introduced into the model, see [3-8].
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In [9], Sarwardi introduced a contagious disease among the predators in a predator-prey
ecosystem, modeled via the following equations with nonnegative parameters:

dx _ _ 2 _ Xy _ peixz

dt arx blx x+ky x+ky ?

dy _ c2y(y+2) 2
a =W~ ok~ M5 2)
dz c32(y+2)

i AyzZ + azz — ok
The system incorporates a Holling type II functional response and a modified version of
the Leslie-Gower one. In system (2), the following assumptions are made:

(A1) x(¢) represents the density of prey population at time ¢, and it is assumed that the
disease spreads only among the predator, y(¢) and z(¢) denote the densities of
susceptible predator and infected predator at time ¢, the total predator population
is n(t) = y(¢) + z(¢). The disease transmission rate is A.

(A2) In the absence of predators, the prey population grows logistically with intrinsic
growth rate a; > 0 and carrying capacity a,b7". ¢ and pc; are the predation rates
for susceptible and infected predator. Because of disease infection, the predation
ability for the infected predator is a bit less than that for the susceptible predator;
therefore, 0 < p < 1.

(A3) Here ay, as are the per capita growth rates of each predator population. The
parameters ki, k, respectively represent the half saturation constants of prey and
predator populations. In addition, the authors introduce intraspecific competition
among the predators’ sound and infected subpopulations with parameters ¢, and
¢3, for which ¢y > ¢3.

The authors studied the stability of equilibrium point of system (2) and persistence.

Population growth in the natural world is inevitably affected by the environmental per-

turbations. In the past decades, white noise was introduced into the model to simulate the
stochastic perturbation of environment. However, sudden environmental perturbation,
such as earthquakes, hurricanes, the flood, etc., cannot be modeled by white noise, which
is often used to describe those stable and continuous stochastic interferences. Bao et al.
in [10, 11] firstly proposed that these phenomena could be described by Lévy noise. At
present, there are many research papers considering Lévy noise [6, 12—17]. In this paper,
we use white noise and Lévy noise to simulate the random change of environment. The
following system with jumps is considered:

_ 2 cax(@®)y®)  perx(t)z(t)
dx(t) = [a1x(t) — b1x*(¢t) — olc(t)+k1 - xl(t)+k1 dt

+01x(8) dB1(8) + [y i (w)x(t")N(dt, du),
dy(t) = lary(t) - LYHOEO) _ gy(r)z(0)) de

x(t)+ko
+09y(t) dBy(2) + [y Va(u)y(t")N(dt, du),

da(t) = [By(£)2(0) + asz(t) - 000D dy

+03z(t) dBs(t) + [y y3(u)z(t")N(dt, du),

®3)

with the initial value (x,y0,20) € R®. For convenience, we use p and 8 instead of p and A
in system (3), respectively. B;(t), By(t) and Bs(t) are mutually independent Brownian mo-
tions defined on a complete probability space (2, 7, P) with a filtration {F;},.r, satisfying
the usual conditions. aiz (i = 1,2,3) denotes the intensity of white noise. In system (3),
x(t7), y(¢7) and z(¢7) are the left limits of x(¢), y(¢£) and z(¢), respectively. N is a Poisson
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counting measure with characteristic measure A on a measurable subset Y of (0, +o0) with
A(Y) < oo, N(dt,du) = N(dt,du) — A(du)dt, y;: Y x @ — R is bounded and continuous
with respect to A, and is B(Y) x F;-measurable, i = 1,2, 3.

For simplicity, we introduce the following notations:

o?

w;=a;— 7! - / [}’i(u) - ln(l + )/i(lzt))])»(du), i=1,2,3.
Y
R ={(n1,m2,m3)" € Ry > 0,i=1,2,3}.

Assumption 1 There exists a constant ¢ satisfying

/[111(1 +yi@) | Mdu) <, i=1,2,3.
Y
Throughout this paper, we assume that Assumption 1 is true.

2 The existence of global positive solution
Theorem 1 For any initial value (xo,y0,20) € R, system (3) has a unique global solution
(x(2),y(¢),2(¢)) € R® for t > 0, and the solution will remain in R> almost surely.

Proof At first, let us consider the following system:

_ crexpvi(®)) _ perexp(va(t))
du(t) - [ bl exp(u(t)) - e)l(p(u t);+k1 exlp(u(t))+k1 ] dt

+01dB1(8) + [y In(1 + 1 ()N (dt, du),

dvy () = [w, — ZEORLEERL) _ g exp(v,(£))] dt
+02dBy(8) + [ In(1 + v2(w))N(dt, du),

dva(t) = [ws + B exp(vi () — L LSRR de
+03dBs(t) + [, In(1 + y3(w)N(dt, du),

on ¢ > 0 with the initial data (Inxo, In yo, In z). Clearly, the coefficients of system (4) satisfy
the local Lipschitz condition, then there is a unique local solution on [0, t,), where 7 is the
explosion time. Therefore, by Itd’s formula, (exp(u(t)), exp(v1(t)), exp(va(£))) is the unique
positive local solution of system (3) with the initial value (xo,0,20) € R>. Whereafter, we
will show that 7, = 0o, namely the solution of system (3) is globally existent.

Consider the stochastic differential equations:

d®;(2) = ®1(2)[ar — by P1(£)] dt + 011 () dBy(2) + [ v1 ()1 (67)N(dt, du),
A0y (t) = s (t)[ay - 22U dt + 02 o () dBy(t) + [y, 2 () Po(t7)N(dt, du),

D1(0)+hy o
dDs (1) = D3(O[BR (1) + a3 - L0 it
+03@3(8) dBs(t) + [, v3(u) @3t )N(dt, du),
and
AWy (£) = Wy (£)[ay — by W (1) — 2520 21230 gy
+01W () dBy(t) + [y yl(u W, (¢ )N(dt du),
A, (6) = WOl — 200 290 _ 5o, (1) dy .

+0,Ws () dBy(t) + [y )/z(u)\llz(t Wi(dt, du),
dWs(t) = V3(t)[BYL(¢) + a3 — C3q]:2(t) nglg(t]dt

+O‘3‘Ijg(t) ng(t) + fY )/3(14 \Ijg(t )N(dt dl/l)
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According to the comparison theorem for stochastic differential equations in [18], we can
get that, for ¢ € [0, 7.),

Ui (2) < x(2) < P1(0), W (2) < y(8) < Pa(0), W3(f) <z(f) < P3(2), as.
By virtue of Lemma 4.2 in [10], we can see that ®;(¢) and W;(t) (i = 1,2, 3) will not explode
in any finite time, which means that ®;(¢) and W;(¢) are existent on ¢ > 0. Thus, we obtain

7, = +00, the proof of Theorem 1 is completed. g

According to Lemma 4.4 in [10] and equations (5), we know that

In (bi(t)

lim sup

<1, as.
t—00 In

fori=1,2,3, when

sup/'t/ exp(s — t)[)/i(u) - ln(l + yi(u))]k(du) ds < 0.
o Jy

t>0

Noting the limit lim;_, o, “‘Tt =0, limsup,_, ., M < 0is obtained for i = 1,2, 3, a.s. It then

follows from the comparison theorem of [18] that

Inx(t In &4 (2
lim sup J < limsup—l() <0, as,
t—00 t t—00
In y(¢ In &, (¢
lim sup ﬂ <limsup 72() <0, as,
t—00 t t— 00 t
Inz(¢ In &5(¢
limsupi() <limsup n ®3(t) <0, a.s.
t—00 t t— 00 t

Thus, we have a lemma as follows.

Lemma 1 Assume that, foranyt>0andi=1,2,3,

sup/'t/ exp(s — t)[)/i(u) - ln(l + yi(u))]k(du) ds < 0.
o Jy

£20
Then, for any initial value (xo, yo,20) € R2, the solution (x(t), y(t), z(2)) of system (3) satisfies

Inx(¢ Iny(t
lim sup i() <0, limsup ny(t) <0, lim sup
t—00 t t—00 t—00

<0, a.s.

In z(¢)
panl
3 Persistence in the mean and extinction
Lemma 2 (see Liu et al. [14]) Suppose that Z(t) € C(2 x [0,00),R,), and let
S In(1 + y;(u))1*Mdu) < ¢, i = 1,2, hold.
(D) If there exist two positive constants T and 8o such that

t 2 t
InZ(t) <8t — 80/ Z(s)ds + aB(t) + Z&/ / ln(l + y,»(u))ﬂf(ds, du), a.s.
0 ' Jo Jy
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forallt > T, where a, 81 and 8, are constants, then

limsup, o L [0 Z(s)ds < 8180, a.s.,if§ >0
lim;_, o Z(t) = 0, a.s.,if § <0.

(1) Ifthere exist three positive constants T, § and 8o such that
t 2 t .
InZ(¢) > 8t — 80/ Z(s)ds + aB(t) + Zéi/ / In(1+ yi(u))N(ds,du), a.s.
0 o Jo Jy

forallt > T, then liminf,_, o, 1 : fo s)ds > 8/8y, a.s.

Definition 1 Assume m(¢) is the density of a population at time ¢:
(1) Iflimy_ o m(t) =0, a.s., then species m(t) is said to be extinct.
(2) Iflim,, o & . fo m(s)ds > 0, a.s., then species m(t) is said to be stable in the mean.
(3) Ifliminf,_ o L n fo m(s)ds > 0, a.s., then species m(t) is said to be strongly persistent
in the mean.
(4) Iflimsup,_, ., % f(f m(s)ds > 0, a.s., then species m(t) is said to be weakly persistent in
the mean.

Obviously, if species m(t) is stable in the mean, it must be strongly or weakly persistent
in the mean.
Making use of Itd’s formula to system (3) gives

dlnx(t) = [w — bix(t) — xcwt) pclzt)]dt

(t)+k1 (£)+k1

+o01dB(t) + fY In(1 + 1 ()N (dt, du), @)
diny(t) = [wy — 29020 _ ga(t)] dt + 0, dBy(t) + [, In(1 + 12 ()N (dt, du),
dinz(t) = [ws + By(t) — 292D it + o3 dBs(2) + [, In(1 + s ()N (dt, du).

For both sides of system (7), integrating from 0 to ¢ and multiplying by %, (7) equals

ey, by [fa)ds— [ = B s g 20
ny(t )t LET 1 ; CZ(;’(SS)):](ZQS) ds '3?/0 2(s) ds+ asz 1) Mzt( )’ (8)
an(t);anO =Wws+ ﬁ /0 y(S) dS Ot 63(;7(5)”(2 d + G3BS( : + MST(}:)’

where M;(¢) = [, [, In(1 + y;(u))N(ds,du), i = 1,2,3.
M;(t) are local martingale, by Proposition 2.4 of [19] and Assumption 1, its quadratic

variations are
p— t . 2
(M, M;)(¢) —/(; A{[ln(l +yi(w))] M(du) ds
~t / [In(1 + () ]* A (du)
Y
<ct, i=1,2,3.

According to the law of strong large numbers, we have

. M;(t)
lim

t—00 t

=0, as.i=123. %)
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Obviously,

B;(t
lim ® =0, as.i=1,2,3. (10)

t—oo

In the following, we discuss the persistence in the mean and extinction for prey and preda-

tor populations.

Theorem 2
i) Ifw; <0 (i =1,2,3), the prey population x(t) and both the predator populations y(t)
and z(t) will be extinct with probability 1.

(i) If w1 <0, wy <0 and ws >0, the prey population x(t) and the susceptible predator
population y(t) will go to extinction, a.s., the infected predator population z(t) will
be stable in the mean, i.e., lim,_, o : fo z(s)ds = W33k2

(ili) Ifwy <0, wy >0 and ws <0, the prey population x(t) will go to extinction, the growth
of the predator population is divided into the following two cases:
(a) when ws + ﬂc—/fwz <0, then the susceptible predator y(t) will be stable in the

mean, lim;_, o, % fot y(s)ds = Wg—zkz, and the infected predator z(t) will be extinct,

as.
(b) when ws + L sz >0, wy > W and wz + BQ > C3W2, where
Q= 55 [wy — W%M], the whole predator population y(t) and z(t) will

be strongly persistent in the mean, a.s.

(iv) If w1 >0, wy <0 and ws <0, then the prey population x(t) will be stable in the mean,
namely lim;_, o, 1 . fo s)ds = Wl , a.s. Both the susceptible predator y(t) and the
infected predator z(t) will die out as.

(v) Assume that, foranyt >0andi=1,2,3,

sup/t /Y exp(s — t)[)/i(u) ~In(1+ y,-(u))])»(du) ds < 00,

t>0 Jo

(wot+ws3)kocy
then if wy > (ca+ez+haf)ky

(wa+ws)kacy
persistent in the mean, where hmmeoo[ fo s)ds] > b = Bk o3 0B and

1
k
liminf, , o & ; fo [y(s) + z(s)] ds > i‘;’f:;fk)zé as.

, Wo >0 and ws > 0, then all the populations will be strongly

Proof Making use of (8), we get

%ln% <w — 1tf0 s)ds + ”‘Bl() + M—lt(t),

17,20 1 t cpy(s) 0232() Mp(t)

IS5 = w2 =g Jo x@ery 95+ T (11)
1 z(t) t c3z(s) o3B3(t) | Ms3(¢t)

;InZ2 <wy +,3 fo ds—— x(§+k2d+33 + =

(i) According to (11),

’

1 (¢ 1t Bi(t)  M(¢
—ln(—)swl—bl—/x(s)ds+o1 1()+ 1(6)
t X0 t
noting (9) and (10), by virtue of Lemma 2, we can get lim;_, o, x(£) = 0 when w; < 0. Then,
for an arbitrary small constant &; which satisfies 0 < &1 < —*2, there exists a sufficiently
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large number T3 (77 > 0) such that

—e1<x(t) <& (12)

for t > T;; therefore,

(13)

1 t 1 [t By(t) My(t
—lnjﬂfwz——/ c2y(s) dss 2 2()+ 2().
Yo tJo e1+ky t t

Because of w; < 0, making use of Lemma 2, lim;_,» y(t) = 0, a.s. In this case, there is a

sufficiently large constant T, (T, > T1) satisfying —e; < y(¢) < &1, when t > T, a.s. Thus,

Z(f) b csz(s) o3B3(t)  M;(¢)
—1 < d

ws + B— / / NS s + n + .
t Bs(t) M;(t
§w3+ﬁ—/ elds——/ c32(s) P 3()+ 3(8)

tJo tJo e1+ke t t

1 [t Bs3(t) Msl(t
< (w3 + Be1) — % —/z(s)ds+03—3()+ 3().
&1 +k2 t 0 t t

Notice 0 < &1 < _F’ it follows from Lemma 2 that lim;_, , z(£) = 0, a.s.

(ii) Similar to case (i), when w; < 0, wy < 0, it easily shows that lim,_, . x(¢) = 0,

lim;_, oo y(¢) = 0, and for an arbitrary small constant &; > 0,

! B
;1 %)) <(W3+,381)— e kzl/ z(s) ds + % :(t) +M3t(t).

. . . - . 1 rt wsk
Making use of Lemma 2, w3 > 0 and the arbitrariness of &;, limsup,_, ., ¢ fo z(s)ds < %,

a.s. is obviously verified. In contrast,

1 [t 1t B M.
—1 @ m—ﬁ—/ y(s)ds—c—s—/ z(s)a,’s+—a3 3(t)+—3(t).
0 k t 0 t

20 k: 2 L 2 ¢

Noting that lim;. ¥(£) = 0, a.s. and Lemma 2, we have

1 wsk
liminf — / z(s)ds > %5 2 a.s.,
0

t—00 C3

then we obtain lim,_, o, * - fo s)ds = W3k2 ,a.s.

(i) It is easy to show that llmt_,oox(t) =0, a.s. when w; < 0. On the basis of (13) and
Lemma 2, for ¢ > T, limsup,_, o, % foty(s) ds < %;kz), a.s. under the condition of wy > 0.
Considering the arbitrariness of ¢;, limsup,_, % fot y(s)ds < W?—zkz, a.s. Therefore, for an
arbitrary constant e3 >0 (0 < &3 < + |W3 + ﬂkz

that

wz|) there exists a number T3 (T5 > T7) such

1 [t k:
—/ y(s)ds < wara +&3, a.s.
rJo Co
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for t > T5. Making use of (12), then for ¢ > T3, we have

¢ B M
_1 Z(f) <W3+ﬁ / / c3z(s) dss 73 3(2) . 3(2)

o €1 +k2 t t

wok: 1t Bs(t) Ms(t
<W3+ﬁ<—2+83) = —/ z(s)ds+a3—3()+ﬁ.
%) e1+ky t t t
(a) If ws + Bk 2wz<0 then

tlim z(t) =0, as. (14)

For the susceptible predator population,

02B,(t) . My (t)

S
ko tJo ke

1. y(t) I/t Cz)/(S)d 1 [ cyz(s)
Yo tJo

1 t
—In=—=>w, - - ds—ﬁ—/z(s)ds+
t tJo

Because of (9), (10), (14) and Lemma 2, we have liminf,_, % foty(s) ds > WS—ZIQ, a.s. Then
limy oo 1 foty(s ds = Wz—kZ

(b) If ws + L W2 >0, by virtue of Lemma 2 and the arbitrariness of ¢; and €3, we have

; A.S.

1 /tz(s) ds < (wsco + ﬂkzwz)kz, (15)
0

lim sup —
CaC3

t—00

Then

1. () ol /t (%) 1 /t 02By(t)  My(t)
Ihnt >y, - 22 ds— [ = — ds+ ——— + ——.
n o 2 Wy hil y(s) ds % +B : ), z(s) ds + . + ,

Notice (15), for sufficiently large ¢, fo s)ds < %ﬁ;wz)kz + €4, 2.5., where &, is an ar-

bitrary positive number. Hence, by (9), (10), Lemma 2 and the arbitrariness of ¢4, we have

(ca + kaB)(wscy + ﬁkzwz)]
CaC3 ’

S ko
liminf — | y(s)ds> —|wy —
t—>oo [ 0 [

when wy > (Cz+k2ﬁ)(W3C2+/3k2W2). Here we define Q = ko [wy — (Cz+k2ﬁ)(w362+ﬁkzwz)]'
c2c3 (] €2C3

In this case,

Z(t>W3+ﬂ/ )d———f ()d———/ 2(s)ds + C’BB:“) Mi("‘)

For sufficiently large ¢, we have

kz t

—1 2t) > [ +BQ - C—3W2k2} ¢ 1 /tz(s)ds+ 93B5() + MS(t).
t 20 Cy t

If ws + Q> <72, then by Lemma 2, we get

1/t [ws + BQ - 2]k,
liminf—/ z(s)ds > , a.s.
t—>oo 0 C3




Li Advances in Difference Equations (2018) 2018:48 Page 9 of 21

(iv) According to (11), we have

_1 & < - hl_/ x(s)d 0131(f) M;(f)'

Making use of Lemma 2, (9) and (10), we have

1 t
lim sup ;f x(s)ds < %, a.s. (16)
0 1

t—>00
and

1 t By (t My(t
—1H&<W2+02 2()+ 2().

t yo_ t

Because of wy < 0 and (9), (10), we get limsup,_, ., l“y(t <0, a.s., namely
lim y(¢) =0, aus. 17)
t—>00

Then

dt<u®+ﬂ / qﬁﬂn Aﬁm'

Considering (9), (10), (17) and ws < 0, we have limsup,_, ., Inz(#)

lim z(t) =0, a.s. (18)

t—00

At this time, for sufficiently large ¢,

_1 @ W1—b1—/ s)ds———/ 3(s)ds ___f 25)d UlBl(t) Ml(t)‘

X0 t

By (17), (18) and Lemma 2,

L1t wq
liminf — | x(s)ds > —, a.s. (19)
t—>oo 0 b

1

Combining (19) with (16), we have lim,_, o, 1 fo s)ds = b ,a.s.
(v) It is easy to have limsup, , , 7 fo x(s)ds < Wll ,a.s. when w; >0 and

11 M > Wy — C_zl y(s) ds — (— + ,3) /tz(s) ds + 9:8:() + Mz(t),
¢ o ¢

Yo ky t £
1. z(p) 03 1 UsBs(t) M;(¢)
S s, 82 %2 .
yn 22 2w / ¥(s)ds - / 2(5)d 2
Then
1 1t 1[f
—ln)@+— Z(t)>(w2+w3)—62+03—/y(s)ds—w—/ z(s)ds
t oy t 2o ky tJo ko rJo

> [oiBi(t) Mt

i=2
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namely

k t
D In(y(0)2(0) -+ Inlyuzo) 2 (o, +w3) ~ %% fo [y(s) + 2(s)] ds

> [0Bi(t) M)
+Z[ AU }

i=2

By virtue of the formula (a + b)? > 2ab for a, b € R,, we can get 21n(a + b) > In2 + In(ab),
hence

2In(y(¢) + z(t)) In2 In(ypzo)

M% /Ot[y(w +2(9)]ds

> (wy + w3) —
t t ;. Zmrws) ks

2 [oBi(t)  Mi(t)
+Z[ o }

i=2

then
In(y(£) +z(t)) In2 In(yozo) (wr+w3) (ca+cz+kfB)l [*
ey N CEEDIES
1 [oBilt)  Mi(t)
+ 5 ;[ P + P ]

By Lemma 2, we get

(wa + wa)ky

1 t
liminf — ds> ———,
paSS tfo [y(s)+z(s)] S_cz+03+k2/3

In this case, considering 0 < p < 1, we have

1 t 1 [t 1 [t Bi(t) My(t
;m%) > w, —bI;/O x(s)ds — ;—1;/0 [3(s) + 2(s)] ds + JITI() ¥ %
Taking the inferior limit, by virtue of Lemma 1 and (9), (10), we get
1 t 1 t
0> limsup — In & > liminf — In &
tsoo L X0 t—oo [ X0
- bT'fI/tUd qr'flf%()(ﬂd
wy — by liminf| — s | — — liminf| — s) +z(s) | ds
=M 11:—>oo t Oxs ki tooo | ¢ 0 y
. |:0131(t) Ml(t):|
+ liminf + —.
t—00 t t
Hence,
1t wy (wy + wa)kacy
liminf| - ds|>— - , as.
B |:t /0 #9) s} b bk tatkp) O O

4 Stochastically ultimate boundedness

From the biological point of view, the nonexplosion and positiveness property of solution
in a population dynamical system is not enough. In this section we will show that the pth
moment of solution (3) is bounded.
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Definition 2 The solution X(t) of system (3) is called stochastically ultimate bounded if,
for any € € (0, 1), there is a constant H := H(e) such that, for any X(0) € R2,

limsupP{|X(t)| §H} >1-e.
t— 00

Theorem 3 Assume (x(t),y(t),z(t))T to be a solution to system (3) with the initial value
(%0, ¥0,20) € R?;. Ifky > %for all p > 0, there exist constants I_(,»(p) (i =1,2,3) such that

lim supE[xp(t)] <Ki(p), lim supE[yp(t)] <Ky (p), lim supE[zp(t)] < Ks(p).

t—>00

Proof Making use of Ito’s formula and then taking expectations yield

¢ ot _ o ay peiz plp-1) ,
d(exp(t))—exp(t){l+p[a1 bix x+k x+/<11|+ 2

+ /Y[(l +y1(w)’ -1 —pyl(u)]k(du)} dt + poe'x? (t) dB ()

+ / e O (1+nw)’ - 1|N(dt, du),
Y

(p_l)o_z

E(e'2”(t)) =x”(0)+pE/0tesx”(s){}9 ta = —o

+ }9 /Y [(1+ @) =1 - pya ()] M(du)

() - O Pezd) }
! x(s)+ ki x(s) + kg
<x”(0) +pE/tesxp(s){ll7 fap+ (p; 1)012
0

+ 1 / [(1+91@)” =1 - pyr(w)|A(du) - blx(s)} ds.
pJy

Note for a function f(v) = v(a — bv), v € [0,+00), p >0, a >0, b > 0, f(v) has a maximum

value at ﬁ, namely
ap ap+1pp
= . 20
f(V)Sf((p+1)b> o+ i (20)
Therefore,

E(e'x” (1)) <#”(0) +E/tesl_(1(p) ds <7(0) + Ki(p) (e - 1),
0

where
Ry - Lrar 2o 4 [+ 1) -1 - pyi ()M (du))P!
T (p+ 1) '
Let t = +00, we have
lim supE[xp(t)] <Ki(p), as. (21)

t—>00



Li Advances in Difference Equations (2018) 2018:48 Page 12 of 21

Similarly, we can compute

oy +2) —ﬂz:| +p(p—1)022

x+ky 2

d(ey () = ety”(t){l +p[a2 -
+ /;{[(1 + yz(u))p - pya(u) - l]k(du)} dt + poae'y? (t) dB(t)

. f ey (B[ (1 + ya(w))” - 1|N(dt, du).
Y

Thus, taking expectations leads to

E(e'9’ (1)) =»°(0) +}5/0 esy”(s)[l +pas + p(pz— 1)022

+ / [(1+12w)” - pya(w) — 1|1 (du)
Y
"

Sylg(o)JfE/otesJ’p(S)[l +paz+p(p2_ 1)022

* / [(1+12()” = pya(w) - 1]1(dw)
Y

_anys) | cpx(s)y(s) ]
ks ka(x(s) + k2)

By virtue of (21), for arbitrary small &9 > 0 (g9 < ky — K (1)), there exists a positive constant

Ty satisfying
E(#(t)) < Ki(p) + &0

for ¢t > Ty. Therefore,

E(ety”(t)) <(0) + /tesE{y"(s)[l +pay + v - 1)022 + / [(l + yz(u))p
0 2 %
— pya(u) - 1]\ (du) - Czpy( )]}ds+ “p / E(x(s)E(#*(s)) ds
2 /(2 0
000 [ [+ ntw)

) -1 - P [ s S &0y v [ B0

2 k3
1 ,

§y"(0)+/:esE{y"(s)|:l + pay +

(p2 o5 + /Y[(l + 72 ()’

Pl - 1Jata) - 22 ) C,ﬁf () + 80))’(3)] }

§y"(0)+/:esE{yp(s)[l + pay +
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If ky > K1 (1), then ky > K1 (1) + &9. According to (20), the following result is available:

E(e'y”(0)) <»7(0) + /0 eKy(p)ds =y (0) + Kx(p) (e’ - 1).
Here

[+ pay+ 2502 + [L1(0+ (W) - pya(w) - 1A(du))P!
Ky (p) = s

2p
ks

Bk - Ky (1) — £0)

where K;(1) = %. Similarly, limsup,_, . E[y”(£)] < K»(p), here because of the arbitrari-
ness of gy, define

Ry = L Pot 200l + [ [+ o) = pyau) - ()P kY
e (p+ 1! &k =Ky (1))
thus,
limsup E[y* ()] < Kx(p). (22)
And

d(etzp(t)) = etzp(t){l +p|:ﬁy +as— csly + Z):| + - 1)02

x + ko 2 3

+ /Y[(l +y3w))” — pys(u) — 1]A(du) } dt + pose' 2 (t) dBs(t)

+ / e’ () (1+ysw)” - 1]N(dt, du),
Y

pip-1) ,

E(e'2”(1)) =2°(0) + E/t eszp(s)[l + pas +
0

+ / [(1+y3@)” - pys(u) — 1]A(du)
Y

+pBy(s) - 763173(3):/;“))} ds

plp-1) ,

2 5

t
<7Z°(0) +E/ eszp(s)[l +paz +
0

+ / [(1+y3@)” - pys(w) — 1]A(du)
Y
c3pz(s) } s

x(s) + ky

+pBy(s) -

SZP(O) +E/tplgeszp(s)y(s)ds+E/teszp(s)|:1 +p613 + P(Pz— 1)0_32
0 0

p c3pz(s)  capx(s)z(s)
+A{[(1+y3(u)) —pyg,(u)—l]k(du)— % + kz(x(s)+k2)]ds'
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On the basis of Young’s inequality, we have

W) p

HZ(t) < 2t
y(0)2F(2) < 1 erl( ())
p+1 t
< y s 2 2(8).
p+l p+1
Notlce 7 <1, we have y(£)2F(¢) < < () +2771(t), then

(s)ds

E(e'Z(t)) < 2°(0) +p,BE/tesz’”1(s) ds +p,8E/teS
0 0
p(pz_ 1)032

t
+E/ eszp(s)|:1 + pas +
0

+ / [(1 + yg(u))p - pys(u) — 1]k(du) - csp2(s) C3px(s)z(s):| ds
Y

o k3
<7Z'(0) + %E/Otesypﬂ(ﬁ ds +E/0teszp(s)|:1 +pas + P(pz— 1)032
’ / [(1+750)" = prsee) = 1 (e - <C/f_p —Pﬁ>z(s>] ds
¥ 2

+ % e’‘E (x(s))E (zp +1 (s)) ds
/(2 0

Considering (22), we can see that there exist positive constants kz (p) and Tz (Tz > Tp), for
t> Tz, one can obtain that E[y*(¢)] < 1(2(p ). Then, for ¢ > Tg,

pﬂ

plp-1)
2

E(20) =20)+ o3

1(2(p+ 1)[ef - ]+/0tesE{zp(s)[l + pas +

+ / [(1+ y3)) = pys(u) - 1]x(du)
Y
(CZ_p —-pp - F([(l(l) + 80))2(5)] } ds

=20+ ‘”’3 LR+ Dle - 1]+ /tesl(g(p)ds
0

gzl’(o)Jrﬂ6 K+ )[e —1]+ Kp)[e -1],

where

PG 1 [+ ys@) - pys(a) - 1a(du)?

(p+ 1Pt

[1+pas+

Ks(p) =

r’
[c3p -pB - C3p(K1( 1) +0)]P

Take the superior limit results in

limsupE [zp (t)] <

t—>00

PP o+ 1)+ Ka(p).
+1
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Notice the arbitrariness of &g, let

[1+pas + 252002 + [L[(1L + y3)” = pys(u) - Ur(duw)]*!
Ks(p) = Kz(P 1)+ (p + 1)l
. »
(%2 - pf - FRDP’

clearly,

limsup E[2°(¢)] < K3(p),

t—00

thus the proof of Theorem 3 is completed. g

By virtue of the formula of Lemma 2.1 in [10], we have

n
D0 < 3 ol < n B

for Vp > 0, x € R}, where R := {x e R",x; > 0,1 <i < n}.
For solution X(£) = (x(2), y(£),z(¢))” € R and p > 0, we have

ED00X ()" < (t) + (1) + 2 (8),

By Theorem 3,

1 (1-5)n0 1 1-2 5)A0 3
lim supE[X(t)]p <|= lim supE[xp )+ 9P (8) + 28( t)] <|= Zl((p
t—00 3 t—00 3

As an application of Theorem 3, together with the Chebyshev inequality, we can also es-

tablish the following corollary.

Corollary 1 Under conditions of Theorem 3, the solution of system (3) is stochastically
ultimate bounded.

5 Numerical simulation
In this section, we give some examples and numerical simulations to illustrate our analyt-
ical findings. These numerical simulations are given by the Euler scheme of [20].

For system (3), we choose the initial value (xo, ¥0,20) = (0.2,0.1,0.2), and

bl = 03, C] = 04-, iﬂ = 01, Cy = 06, kl = 05,
(23)
ko =0.5, B =04, c3 =0.5, 0;=05 (i=1,2,3),

Y = (0, +00), A(Y) = 1. In the following, we change the values of part parameters to observe

the asymptotic behavior of solution for system (3).

Page 15 of 21
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0.5

x(t)
y(t)
z(t)
0.4 i

0.45

0.35 b

0.25 b

0.2 b

0.1 4

" k\‘,Mm |
0 ‘ ‘ ‘ ‘

0 50 100 150 200 250 300

Figure 1 Solutions of system (3) for a; = 0.02, a; = 0.03, a3 = 0.02, y1 (u) = y3(u) = 0.2, > (u) = 04, the other
parameters are the same as in (23), with step size At=0.1>0

(1) In Figure 1, let a; = 0.02, a3 = 0.03, az = 0.02, y1(u) = y3(u) = 0.2, y2(u) = 0.4, the

other parameters are the same as above, then

2

wi=aj — % - /Y[yl(u) - ln(l + yl(u))]k(du) =-0.1227 <0,

2
)

Wy =dy— o /Y[yg(u) — ln(l + yg(u))])»(du) =-0.1585 <0,

2

Ws = ds3 — %’ - '/Y[yg(u) —In(1 + y3(u)) JA(du) = —0.1227 < 0.

Thus, in accordance with case (i) in Theorem 2, all the species will go to extinction,
Figure 1 confirms it.
(2) In Figure 2, let a; = 0.02, a; = 0.03, as = 0.5, y1(u) = y2(u) = 0.2, y5(u) = 0.4, the

other parameters remain the same as in (23), then
wy =-0.1227 <0, wy =-0.1127 <0, ws =0.3115> 0.

By the case (ii) of Theorem 2, the prey population and the susceptible predator
population will be extinct, the infected predator population will be stable in the
mean. Figure 2 shows it.

(3) In Figure 3, we assume a; = 0.06, ap = 0.6, a3 = 0.2,05 = 0.8, 8 = ky = 0.2, y1 (1) = 0.4,

y2(u) = y3(u) = 0.2, the other parameters are the same as in (23), at this time

wy =-0.1285<0, wy =0.4573 >0,

Bka
w3 =-0.1377 <0, ws + —wy = -0.1072 < 0.
2
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1.8
x(t)
1.6} ()
z(t)
1.4 .
1.2 B
50 100 150 200 250 300 350 400
Figure 2 Solutions of system (3) for a; = 0.02, a, = 0.03, a3 = 0.5, y1 (u) = > (u) = 0.2, y3(u) = 04, the other
parameters remain the same as in (23), with step size At=0.1>0

0.7
x(t)
y(1)
0.6 Z(t) [
0.5 8

100 150 200 250 300 350 400

Figure 3 Solutions of system (3) for a; = 0.06, a, =0.6,a3 =0.2,03 =08, B =k, =0.2, y1 (u) =04,
V> (U) = y3(u) = 0.2, the other parameters are the same as in (23), with step size At=0.1>0

By the condition of (iii)(a), the prey population x(£) and the infected population z(z)
will go to extinction, the susceptible predator population y(¢) will be stable in the
mean.

(4) In Figure 4, we choose a; = 0.3, a3 = 0.03, a3 = 0.02, y1 (1) = 0.2, y»(u) = y3(u) = 0.4,

the other parameters are the same as in (23), then

wy; =0.1573 >0, wy =-0.1585<0, w3 =—-0.1685 < 0.
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4
x(t)
i y(@) ||
38 2(t)
3 L .
251 y
2 - -
1.5 ‘ R
4 |
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0.5 b | W
H b Mw /
0 L ‘ ‘ ‘ !
0 50 100 150 200 250 300 350 400
Figure 4 Solutions of system (3) for a; = 0.3, a, = 0.03, as = 0.02, 1 (u) = 0.2, y»(u) = y3(u) = 04, the other
parameters are the same as in (23), with step size At=0.1>0

X(t)
y(1)
sl 2(t) |}

| ‘Jmn k M; % J‘

0
0 50 100 150 200 250 300 350 400

Figure 5 Solutions of system (3) for a; =0.75,a, =0.7,a3 =0.3,¢; =03,c3=02,k; =06, 8 =04,03 =07,
Y1(U) =04, y»(u) = y3(u) = 0.2, the other parameters are the same as in (23), with step size At=0.1>0

On the basis of (iv) in Theorem 2, the prey population will be stable in the mean, the
whole predator population will die out, which is consistent with Figure 4.

(5) InFigure5,let a; =0.75, a2 =0.7, a3 =0.3, ¢, = 0.3,¢3 =0.2, k; = 0.6, B = 0.4,
03 =0.7, y1(u) = 0.4, y2(u) = y3(u) = 0.2, the other parameters are the same as in
(23), then

wy =0.5615>0, wy =0.5573 >0, w3 =0.0373 >0,
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Figure 7 Solutions of deterministic system (2), all the parameters are the same as in Figure 4

and % =0.3857, w; > % By virtue of (v) in Theorem 2, all the
populations will be strongly persistent in the mean.

In the following, we discuss the solution of deterministic system (2), assume that all the
parameters are the same as in Figures 1, 4, 5. Figure 6 shows that the susceptible predator
population will be extinct, but the prey and infected predator populations will be stable,
which is different from Figure 1.

Figure 7 illustrates that the prey population and the infected predator population will

be stable, and the susceptible predator population will go to extinction. Compare Figure 7

Page 19 of 21
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Figure 8 Solutions of deterministic system (2), all the parameters are the same as in Figure 5

with Figure 4, the behavior of solution for system (2) is distinct from that for stochastic
system (3). Figure 8 confirms it again, we give no more explanations.

These results show that, for a stochastic system, not only the growth rate but also the
Lévy noise and Gauss white noise play an important role in the persistence of population.
Sometimes, the stochastic perturbation of environment can make species extinct.

6 Conclusions

In this paper, we discuss an LG—Holling type II diseased predator ecosystem with Lévy
noise and Gauss white noise. We show that the system admits a unique global positive
solution; we also investigate persistence in the mean and extinction of all the populations,
uniformly finite pth moment with p > 0 and stochastic ultimate boundedness. The thresh-
old conditions of extinction or persistence in the mean for prey and predator populations
illustrate that w; is the key value, which means that a; is advantageous to the population,
white noise and Lévy noise will go against the persistence of population. From the numer-
ical simulation, we find that Lévy noise and Gauss white noise have an important effect
on persistence for a stochastic system; occasionally, it may be a determinant factor. Thus,

we must consider random changes of environment in the mathematical model.
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