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Abstract

This paper deals with a large class of non-monotone time-delayed reaction-diffusion
equations in which the reaction term can be spatially nonlocal. Nonexistence,
existence, uniqueness and global attractivity of positive equilibriums to the equation
are addressed. In particular, developed is a technique that combines the method of
super-sub solutions, the variation-of-constants formula for the delay differential
equation and the estimation of integral kernels, which enables us to obtain some
sufficient conditions for the global attractiveness of the unique positive equilibrium.
Two examples are given to illustrate the obtained results.
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1 Introduction

Consider the following non-monotone reaction-diffusion equation with time delay:

) = dAu(t,x) - gu(t, %)) + 1 f P2, )f (Wt —T,9) dy,  £>0,x€
Bu(t,x)=0, t>0,x€dQ.

(1.1)

Here, d >0, u >0, n >0, T >0. A is the Laplacian operator on R"”, where m > 1 and
R = (—00, +00). L2 is a bounded, open and convex domain with a smooth boundary 9€2 in
R™. Q is the closure of Q2. x € € denotes x belonging to €. Either Bu = u or Bu = du/dn,
where 9/0n denotes the differentiation in the direction of the outward normal n to 9€2.
And the kernel function p(n, x, y) is the fundamental solution associated with the operator
9, — A, and boundary condition Bu = 0. Such an equation arises from the interaction of
intrinsic dynamics and the spatial diffusion in a structured population [1]. When u in (1.1)
is regarded as the density of the mature population in a two-stage population (mature
and immature, with a fixed maturation time 7), then g(u) and f () are the death function
and the birth function of mature individuals, respectively, and the term fﬁ p(n,x,9)f (u(t -
7,9)) dy is exactly the maturation rate of those immature individuals born at time t ago.
For the model derivation and historical accounts of the development, see Gourley and
Wu’s survey article [2] and the references therein.
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To make clear of the global dynamics to (1.1), a central question is to investigate ex-
istence, uniqueness and global attractivity of positive equilibriums. If the birth function
f(u) always increases with # > 0, the monotone dynamical system approach can be ap-
plied, and this central question has been solved very well [3]. However, in the real world,
the birth function f(u) is often non-monotone. It has been more common to assume

that f(u) decreases for sufficiently large u. For example, researchers often assume that

f(u) = pu(q — u) in the most prevailing logistic model, f(u) = qf Zﬂ in the Mackey-Glass
model and f(u#) = pue 7 in the Nicholson’s blowflies model, where p,q, 8 > 0. For non-
monotone f(u), the theory of monotone dynamical systems may not be adequate, and
this question becomes very subtle. This motivates many authors to investigate this central
question for some special cases of (1.1) [4—11]. For example, Zhao [11] established the
global attractivity of the positive constant steady state for the special case of Bu = du/dn
and g(u) = au of (1.1) by using a fluctuation method [12], where « > 0. Guo et al. [4] stud-
ied the special case of Bu = u, Q = (0,7), g(#) = au and n > 0. By employing the method of
super-sub solution, combined with the careful analysis for p(n,x,y), they obtained some
sufficient conditions for nonexistence, existence and uniqueness of positive equilibriums
[4]. At the same time, Yi and Zou [7] analyzed the special case of Bu = u, g(u) = au and
n > 0. By using the comparison technique and the theory of monotone dynamical systems,
they found some sufficient conditions for the existence and global attractiveness of positive
equilibriums [7]. For the general case of (1.1), this central question remained unsettled.
These observations motivate us to study the global asymptotic behavior for (1.1). For

convenience, we consider the following version:

M9 = dAu(t,x) - gu(t,x) + [ o) (ult —T,9) dy, £>0,x€,
Bu(t,x) =0, t>0,x€0%, (1.2)

u(efx) = (p(efx)’ 0 e [—'L', 0],.76 S Q;

where ¢ : [-7,0] x 2 — R is a bounded, continuous and positive initial function. By the

derivation in [3], the kernel function p(n,x,y) is given by

S e, (%)Y (), ifn >0,
S(x_y)> lfTIZO.

p(n,x,y) = (1.3)

Here,0 <& <& <--- <&, <--- withlim,_, &, = +00 are the eigenvalues of the operator
—A subject to the homogeneous Neumann (or Dirichlet) boundary condition on 9<2. The
function ¥, is the eigenvector corresponding to &,. {,,}%
system in the Banach space L%(Q2). ¥ (x) > 0 for all x € . And §(x) is the Dirac function

on R [11, 13]. For any function a(x), we always denote by a’(x) the derivative with respect

is a complete orthonormal

to x of the function a(x). Throughout this paper, we assume that:
(A1) f e CYR*,RY), f(u) = uhy(u), b1 () > 0 and K, (u) < O for all u > 0, where
R* = [0, +00).
(A2) Both f(u) and f'(«) are bounded for u > 0.
(A3) ge CY(R*,R"), g(u) = uhy(u), hy(u) > 0 and H,(u) > 0 for all u > 0.
(A4) There exists a real number M > 0 such thatf(u) < g(u) for all u > M, where

A

S () = maxyeqo,u f(v).
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(A5) There exists a positive real number My such that /i, (Mp) > hy(Mo)og, where
o = max,.q [o, p(n,%,) dy.

It is easily seen that Assumptions (A1)-(A5) are satisfied by g(u) = ¢u in the most popu-
lation models and f (i) = pue™?* in the Nicholson’s blowflies model [14], where p, g, « > 0.

The rest of this paper is organized as follows. We present some preliminary results in
Section 2. Our main results are presented and proved in Sections 3 and 4. In Section 3,
we obtain some sufficient conditions for nonexistence, existence and uniqueness of pos-
itive equilibriums to (1.2) by employing the method of super-sub solutions. In Section 4,
developed is a technique that combines the method of super-sub solutions, the variation-
of-constants formula for the delay differential equation and the estimation of integral ker-
nels, which enables us to obtain some sufficient conditions for the global attractivity of the
unique positive equilibrium. Finally, we present two examples in Section 5 to illustrate the
obtained results.

Remark 1.1 Ifweletn = 0, then (1.2) reduces to the following local time-delayed reaction-
diffusion equation:

2lx) — GAu(t,x) - g(u(t,x) +fu(t—1,%), t>0,xeQ,
Bu(t,x)=0, t>0,x€d, (1.4)
ul@@,x)=¢0,x), 06el[-1,0l,xe€ Q.

Yiand Zou [6] analyzed the special case of Bu = du/9n, g(u) = au and f (u) = pue™?* in (1.4),
where o, p, g > 0. They obtained some sufficient conditions for the global attractiveness of
the unique positive steady state by combining a dynamical systems argument and some
subtle inequalities [6].

Remark 1.2 If we let d — 0* in (1.2), then we obtain the following nonlocal time-delayed
differential equation:

W) = —g(u(t, %) + fgp(x)f (Wt —T,))dy, t>0,x€Q,
Bu(t,x)=0, t>0,x€0%, (1.5)
ul@,x)=¢p,x), 0el[-1,0],x€Q.

Yuan and Guo [9] considered this equation. By employing the method of super-sub so-
lutions, combined with the careful analysis for p(n,x, y), they proved nonexistence, exis-
tence and uniqueness of positive equilibriums to (1.5). With the help of the comparison
principle, they employed the theory of dissipative systems to obtain the global asymptotic
stability of the unique positive equilibrium to (1.5).

Remark 1.3 If welet 7 = 0and d — 0%, then (1.2) reduces to the following delay differen-
tial equation:

0 _ _g(u(t)) +fu(t— 1)), >0,
M(G) = @(9): 0 e [—'L',O].

(1.6)

Its dynamics have been extensively and intensively studied for the case of g() = i, where
a > 0; see, e.g., [14—24] and the references therein.
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2 Preliminaries
LetY = C(,R)and Y* = {¢ € Y|p(x) > 0 for all x € Q}. Then (Y, Y*) is a strongly ordered
Banach space. It is well known that the operator dA generates a C°-semigroup S(t) on Y.
Moreover, the standard parabolic maximum principle (see, e.g., Corollary 7.2.3 of [25])
implies that S(¢) : Y — Y is strongly positive in the sense that S(¢)(Y* \ {0}) C int(Y*) for
all£>0.

Let C = C([-7,0],Y) and C* = C([-7,0],Y*). For any continuous function u(-) :
[-7,0) = Y, where ¢ > 0, define u; € C, t € [0,0) by u,(0) = u(t + 0) for all 6 € [-7,0]
and its norm

luellc = sup sup|ut+6,x)|,
0e[-1,0] xeQ

where we denote u(t,x) = u(t)(x), t € [-1,0), x € Q. Define G: C* — Y by

Glo)(x) = —g(¢(0,%)) + /ﬁp(n,x,y)f(w(—r»y)) dy, VxeQ,peC".

Then equation (1.2) can be rewritten as the following integral equation:

u(t) = S@(0) + [ St —5)Glu;)ds, t>0, 1)
ug =@ € CH, '

whose solution is called a mild solution to (1.2).
Since S(t) : Y — Y is strongly positive, we obtain that

lirg dist(¢(0) + £G(p), Y*) =0, Ve eC™.

By [26] (Corollary 8.1.3) (see also Proposition 3 and Remark 2.4 of [27]), for any ¢ € C*,
equation (1.2) has a unique non-continuable mild solution u(t, ¢) with uy = ¢, and u(t, ) €
Y* for all £ € (0,0,). Moreover, u(t, ) is also a classical solution of (1.2) for all ¢ > 7 (see
Corollary 2.2.5 of [26]).

By similar arguments as in the proof of [3] (Theorem 2.1), we obtain the following

lemma.

Lemma 2.1 [f(Al)-(A4) hold, then for any ¢ € C*, a unique solution u(t, ¢) for (1.2) glob-
ally exists on [-t,00), limsup,_, , . u(t,x,¢) < M uniformly for all x € Q, and the solution
semiflow W(t) = u,(-) : C* — C*, t > 0, admits a connected global attractor.

Next, we consider the following elliptic eigenvalue problem:

Au(x) = dAu(x) — hy(0)u(x) + h1(0) f§ u(y)p(n,x,9)dy, x€,
Bu(x) =0, x€dQ.

(2.2)

By similar arguments as in the proof of Theorem 7.6.1 in [25], it follows that the eigenvalue
problem (2.2) has a principal eigenvalue &. In fact, one can easily determine & as

£o = —d&; — h2(0) + hy (0)e™™ 1.
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Similar to the arguments as in the proof of [3] (Theorem 3.1), we obtain the following
threshold type results on the global attractivity of the zero solution and uniform persis-
tence for (1.2).

Lemma 2.2 Let ¢* € int(Y*) be fixed and (A1)-(A4) hold. For any ¢ € C*, denote by
u(t,x, @) or u(t, ) the solution to (1.2). Then the following statements are valid.
(i) Ifh(0)e™™1 < d&; + hy(0), then limy_, o ||u(t, @)|ly = 0 for all ¢ € C*.
(ii) Ifh1(0)e™1 > d; + hy(0), then (1.2) admits at least one equilibrium solution u* with
u*(x) € (0, M] for all x € 2, and there exists § > 0 such that for any ¢ € C* with
@(0,-) £ 0, there is ty = to(p) > 0 such that u(t,x, ) > $¥*(x) for all x € Q and t > to.

3 Existence and uniqueness of positive steady states
In this section, we consider existence and uniqueness of positive equilibriums to (1.2). The
equilibriums are also positive solutions to the following boundary value problem:

—dAu(x) + gu(x)) = [50m%9)f w(y)dy, xe,
Bu(x)=0, x€dQ.

(3.1)

By the famous Krein-Rutman theorem [28] and similar arguments as in the proof of
Theorem 2.3 in [9] (or Theorem 2.6 in [10]), we can obtain the following theorem which

provides a sufficient condition for nonexistence of positive equilibriums to (1.2).
Theorem 3.1 If(Al) and (A3) hold, and

1 (0)e™ < d& + hy(0), (32)
then (3.1) has no positive solution.

Next, we will employ a technique developed in [4] to analyze the existence and unique-
ness of positive equilibriums to (1.2), that is, the existence and uniqueness of positive so-
lutions to (3.1).

It is easy to see from Assumption (A2) that f’(x) is bounded from below. Thus, we can
let ¥ = inf,>qf’(u). Furthermore, we let go(u) = au — g(u) and fo(u) = f(u) + yu, where
o = maxyejoum, & (4), My = max{1 + M, My} and

y = (3.3)

So, fy(u) > 0 for all # > 0. Define F: Y — Y by

F(u)(x) = go(u(x)) + /ﬁp(n,x,y)fo(u(y)) dy, VxeQueY. (3.4)

Then boundary value problem (3.1) can be rewritten as

—dAu(x) + au(x) +y [gp,x9)uy)dy = Fu)(x), x€,
Bu(x)=0, xe€dQ.

(3.5)
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For any constant C, we always denote by C a constant function on taking the value C.
Then, by Lemma 2.3 of [10], the operator F is positive and monotone in the order interval
[0, M,]. Now, we consider the following integral equation:

u(®) = [gk(n,%,y)Fw)y)dy, x€,

(3.6)
Bu(x)=0, x€0d%,
where
+00 1
k Ny = =< Yn n . 37
(n,%,9) Zl T ratyeiE @0 (37)
Motivated by [10] (Section 2), we assume that the constant y satisfies
(A6)
(heR|0< A <27}, ifn>0,
n (3.8)

{LeR|0 < A< +00}, ifn=0,

where y € denotes the real number y belonging to the next set of real numbers. By sim-
ilar arguments as in the proof of [10] (Lemmas 2.7, 2.8 and Theorem 2.9), we obtain the
following results.

Lemma 3.1 Ifu €Y is a solution to (3.5), then it is also a solution to (3.6) and vice versa.
Lemma 3.2 If(A6) holds, then k(n,x,y) >0 for all x,y € Q.
Theorem 3.2 [f(A1)-(A6) hold, and

d&1 + hy(0) < h1 (0)e™, (3.9)
then (3.1) has a unique positive solution.

4 Global attractivity
In this section, we establish the global attractivity of the positive equilibrium #* to (1.2)
by developing a new approach.

Lemma 4.1 Assume that (A1)-(A4) hold, and let u(t,x) = u(t,x, ) be the solution to (1.2)
with ¢ € C*. Then ul(t, x) satisfies

ult, ) = /Q K(t,%3)0(0,7) dy + /0 /Q K1 (5, 9)0(t 5 - 7,3) dy ds

t
+/ fIC(s,x,y)F(u)(t—s,y)dyds, Vi>1,x€ Q. (4.1)
0 Ja

Here, we have extended ¢(t) to [-t,00) by making it zero for t > 0. The real numbers o and
y are defined in Section 3. The operator F is given in (3.4), that is, for any t > 0,

F(u)(t,x) = go (u(t,x)) + /%p(n,x,y)ﬁ)(u(t - r,y)) dy, YueY,xe€Q. (4.2)
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And the kernel functions KC(t,x,y) and IC1(t,x,y) are given by

Kt,x,y) = Z1<n(t)e‘(‘“df””wn(x)wn(y), Vx,y € 2, (4.3)
n=1
and
Ki(t:%,9) = Y 7uKn(£)e™ Sy ()1, (), Vaye @, (4.4)
n=1
where
! 1.
K(t)=)" —Pie—jry, lt<t<l+1)7,1=0,1,2,... (4.5)
— -
j=0
and
j‘/‘n — _ye*’IEn e(a‘*dfn)f. (46)

Proof SinceY C L*(R), for each t > 0, there exist real numbers a,,(t) and b,,(¢), n = 1,2,...,

such that
u(t, x) = ian(t)wn €9 (4.7)
and
F(u)(t,%) = i bu()Yru(x). (4.8)
1

Therefore, by (4.7), (4.8) and (1.2), we have

0,0)= [ 900,01 (49)

o) = [ Fue )0y (.10)
and

a(8) = (o + dE)an() — ye B an(t — ) + (), n=1,2,.... (4.11)

By using the variation-of-constants formula for the nonhomogeneous linear delay differ-
ential equation (see, e.g., Section 4.2 of [29]), we obtain

a,(t) = e~rdsnlt (Kn(t)an(o) + / tl(n(s)ﬁon(t —5— t)d5>
0

t
+ / K (s)by(t —s)e @5 ds, t>t,m=1,2,.... (4.12)
0
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Here, K,,(¢) and ¥, are given in (4.5) and (4.6), respectively, and
(oz+déy,)tf _
e &)Y dy, tel-1,0],
Pult) = ¢ ! (4.13)

0, t>0.

Thus, by (4.7), (4.9), (4.10), (4.12) and (4.13), we have

+00

u(t,x) = ) et (Kn(t)an(O) + Vi / tKn(s)(pn(t -s-1) ds) V()
n=1 0
+ Z Vul(x) f tKn(s)b,,(t — §)e(rdéns g
n=1 0
= L |:Z K,,(t)e(a+d€n)t1p,,(x)1//n(y):| q)(o,y) dy
n=1

+ /tf [Z )7n1<n(s)e(“*dé”)(s”)t//n(x)wn(y)}<p(t —s—1,y)dyds
0 Jea n=1

t S —(or+dEn)s a
+/0 L[;I(n(s)e Iﬁn(x)lﬁn(y):|F(u)(t s,y)dyds, t>t. (4.14)

Therefore, (4.1) follows immediately from (4.3), (4.4) and (4.14). The proof is completed.

O
Lemma 4.2 Let
L1
£(0)=) < (n)-j+6), (4.15)
= J!
=
where y1 >0,6 € [0,1) and [ =0,1,2,.... If 1 < e, then £,(0) > 0.
Proof Let
0) = &), 1=01,2,.... (4.16)

Then I'y(9) = €’ is positive and monotone nondecreasing in the interval [0,1]. Assume
that I';(0) is positive and monotone nondecreasing for all 8 € [0, 1]. Next, we will prove
that I';,1(0) is positive and monotone nondecreasing for all 6 € [0, 1]. In fact, since

I'41(0) = £,1(0) = &(1) = 7' Ty(1) (4.17)
and

(i (©)e™) = £4,1(0) = =1 £4(0) = =€ Tu(6),
we have

0
i (@)e = e Ty(1) = 1, / e Ty(s) ds,
0

Page 8 of 16
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that is,

0
1) =e (1) - e’ / e*Ty(s)ds. (4.18)
0
It follows from (4.18) and the monotonicity of I';(9) that

[',1(0) = T1,1(0) — 1 Tu(0)

6
_ e—1+9 F[(l) _ )/160 / e‘SI‘I(s) ds — Vlrl(e)
0

0
> e Ty(1) - e’ Tu(1) / e*ds—yIi(1)
0

=TW)[e™ -pe’(1-e?) -]

=e'Ti()[e™ -]

> 0. (4.19)
Thus, I';41(0) increases with 6 € [0, 1]. Moveover, by (4.17), we know that I';,;(0) > 0 for

all 6 € [0, 1]. It follows from induction that I';(6) > 0 for all € [0,1] and [ =0, 1,2,.... So,
£1(0)>0forallf €[0,1] and [ =0,1,2,.... The proof is completed. d

Lemma 4.3 Assume that K(s,x,y) and k(n,x,y) are given by (4.3) and (3.7), respectively.
Then

f K(s,x,y) ds = k(n, x, y).
0

Proof By (4.3), we have
+o0 [ 1
Kis,%,9) =) Y —(—yYe el dnt(s — jrye @ sy, (x)y(y), (4.20)
n=1 j=0 ;
wherelt <s<((+1)7,1=0,1,2,.... Let

cli = X]: Mﬁmdén)h (4.21)
] (= i) + dEy)* ’ ’

where /,j=0,1,2,.... Then

(I+1)T )
/ (s —jrye ) ds = cj — ¢y . (4.22)
I

It follows from (4.20) and (4.22) that

I+1)T

+00 T0O A
/ K(s,x,y)ds = Z/ K(s,x,y) ds
0 =0 It

+00 +00 [

=3 %(—W‘e‘"f"’e@“’”f"”f(cz, — L1 )Un () V()

n=1 [=0 j=0 7"
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+00 +00 +00

1
=200 G e T Gy — Gy ) () 0)

n=1 1=0 j=I
Y R ey (9,0
n=1 1=0
vy L lgnénl
= ZI; @y ey @)
— 1
= nXﬂ: Wlﬁn(x)l/fn@)
=k(n,x,y). (4.23)
The proof is completed. O
Lemma 4.4 If
y < gl (4.24)
and n = dt, then
K(t,x,y)>0 (4.25)

forallt €(0,+00) and x,y € Q.

Proof Let t = ([ + 0)t. Then, by (4.5), we have 6 € [0,1). By (4.3), (4.15) and n = dt, we

obtain that
+00 [ 1
Klty) =D ) 5 (yye e @ —jry o)
n=1 j=0 7"

n=1

l 1 ' ) ) +00
=Y Ve Yo @)
j=0

I 1 ) ) +00
AP - SETNIGTRD DS AT
=0 n=1
!

_ e }v<—yly'(z =j+6Y D e nm)Ya0)

j=0 7* n=1
=1 (0) ) e (Y 0), (4.26)
n=1

where y; = yte**. Thus, (4.25) follows immediately from (4.24), (4.26) and Lemma 4.2.
The proof is completed. g

By Lemma 4.4, we have the following lemma.

Lemma 4.5 If (4.24) holds, then there exist two constants € > 0 and ¢ > 0 such that (4.25)
holds for all —e <n—dt <&.
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Let

!

1 i S
£1,(0,¢) = Z ]_' (—)/‘Eem)/(l —j+ 9)16—(81+dr(l+0))$n’ (4.27)
j=0 7"

where 6 €[0,1),e € R, n=1,2,...and [ =0,1,2,.... By Lemma 4.5, we can define

Zo= sup{e c R*’ Zg,n(e,e)wn(x)w,,(y) >0,Vx,y e Q,1eN,0 €0, 1)} (4.28)

n=1

and

&= sup{e c R*’ Zﬁln(Q,—s)l/fn(x)t//,,(y) >0,Vx,y e Q2,leN,0 €0, 1)}, (4.29)

n=1

where N is the set of natural numbers. Furthermore, we assume that
(A7) y and 7 satisfy (4.24) and dt — g, < < d7 + &y, respectively.
Then, by Lemmas 4.3 and 4.5, we have the following lemma.
Lemma 4.6 If (A7) holds, then KC(t,x,y) > 0 and k(n,x,y) >0 for all t > 0 and x,y € .

Next, we prove our main result in this section.

Theorem 4.1 Assume that h1(0)e™! > d&; + h5(0). If (A1)-(A5) and (A7) hold, then (1.2)
admits a unique positive equilibrium u* and

. wll
tk{fn@”u(t,w) —-u ”Y =0 (4.30)
for every ¢ € C* with ¢(0,-) £ 0, where u(t, ¢) is the solution to (1.2).

Proof By Lemma 4.6 and Theorem 3.2, we know that (1.2) has a unique positive equilib-
rium u*. By Lemma 2.1, it is sufficient to prove that the unique positive equilibrium u* is
globally attractive in Cjgar.1) \ {0}, where

Cioms1) = {9 € C*10 < (0,5) <M +1,Y(0,x) € [-7,0] x Q}.
For any given ¢ € Cig 1) \ {0}, (4.1) holds. Let
u® (x) = lim sup u(t, x), Uoo(x) = litm infu(t,x), VxeQ.
t—00 —>00

Then, by Lemmas 2.1 and 2.2, there exists a constant § > 0 such that

M+1>u™x) > uspx) >8y*(x) >0, VxeQ,
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where ¥* is given in Lemma 2.2. On the other hand, note that F(u) is nondecreasing in
u € [0,M + 1]. Thus, by Fatou’s lemma, Lemmas 4.3 and 4.6, we further get

u®™(x) < /0 /QIC(s,x,y)F(um(y)) dyds
= /Qk(n,x,y)F(u”(y)) dy. (4.31)

Thus, u™(x) is a sub-solution to (3.6). Similarly, u(x) is a super-solution to (3.6). Let
u(x) = €1 (x) and u(x) = M., where M; is given in Section 3 and € is a sufficiently small
positive number such that ey (x) < §y¥*(x) for all x € Q. By similar arguments as in the
proof of [10] (Theorem 2.9), we obtain that u and % are the sub-solution and super-solution
of (3.6), respectively. Furthermore, by employing a standard super- and sub-solution ar-
gument, we know that (3.6) has at least one positive solution u* in the order interval
[4, Uoo]. Similarly, (3.6) admits at least one positive solution %" in the order interval [, %].
By Lemmas 3.1, 4.6 and Theorem 3.2, u* = u* = u*. Thus, us = u™ = u*. This implies
that

lim u(t,x) = u*(x), VxeQ. (4.32)
t—>+00
It remains to prove that lim,_, ,«, %(t, %) = u*(x) uniformly for x € Q. For any ¢ € w(p),

there exists a sequence t, — +00 such that W(¢,)¢ — ¢ in Cioar,1) as n — 0o0. Then we
obtain that

lim u(t, +0,x,¢) = ¢(0,x)
uniformly for (6,x) € [-7,0] x Q. It follows from (4.32) that ¢(6,x) = u*(x) for all (6,x) €
[-7,0] x Q. Thus, we obtain that w(p) = {#*}, which implies that u(t, -, ¢) converges to u*
in Y as £ — +oo. The proof is completed. O

5 Examples
In this section, we present two examples to illustrate our main results.

First we consider the following local Nicholson’s blowfly equation:

% =dAu(t,x) — au(t,x) + filult - 7,x)), t>0,x€Q,
Lult,x)=0, t>0,x€0%, (5.1)
ul@,x)=¢0,x), 0el[-1,0l,x€Q.

Here, d > 0, a > 0 and fi(w) = epue™® which is referred to as Ricker’s birth function in
population dynamics (see, e.g., [5-11, 30-33]), where ¢ >0, p >0 and g > 0.
By Lemma 2.2, Theorems 3.1, 3.2 and 4.1, we have the following.

Proposition 5.1
(i) Ifep <a, then (5.1) has no positive steady state.
(i) Ifep > «, then (5.1) has a unique positive steady state u*.
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Proposition 5.2
(i) Ifep <a, thenlim;, . ||u(t, )|y = 0 for every ¢ € C*, where u(t, ¢) is the solution
to (5.1).

(ii) Ifa<ep <t71e'™" and 0 < d < dy, where

> Lo )Y@ ¥a(y) > 0,¥x,y € Q1€ N,0 €[0,1) 1, (5.2)

n=1

dozsup{k eR*

1

1 i , .
Som(A,0)=) i (—epte™2) (L +0 — jye U0 (5.3)
j=0 7"

and N is the set of natural numbers, then (5.1) admits a unique positive steady state

u* and lim;_, ,o ||u(t, ) — u*||y = 0 for every ¢ € C* with ¢(0,-) 0.

Remark 5.1 When 7 — 07, (5.1) reduces to the following local reaction-diffusion equa-

tion:

2D — g Au(t, x) - ault,x) +fi(u(t,x), t>0xeQ,
a_n”(t’ x)=0, t>0,x€08, (5.4)
u(0,x) = p(x), xe€Q.

By Propositions 5.1 and 5.2, we obtain a threshold type result, that is, if ep < «, then
limy_, 400 [|u(t, )|y = O for every ¢ € Y*, and if ep > «, then (5.4) admits a unique posi-
tive steady state u#* and lim;_, . || u(¢, @) — u*||y = O for every ¢ € Y* with ¢(-) £ 0, where
u(t, @) is the solution to (5.4).

The second example is the following nonlocal Mackey-Glass equation:

Au(t,x) da utx)

= —au(t,x)

+ fo (mxfult-1,y)dy, t>0,x€(0,7),
u(t,0) =u(t,m)=0, >0,
u@®,x) =p0,x), 0e€[-1,0],x€(0,m7).

Here,d >0,a >0,n >0, (1) = quMﬁ,p>0 q>0,8>0and

+00

2
PP, %,y) = = Z ™" sin nx sin ny.
d n=1

This nonlinear function f, () was used as the production function for blood cells in [34],
and has since been widely adapted; see, e.g., [7-11, 30, 33] and the references therein.

By Lemma 2.2, Theorems 3.1, 3.2 and 4.1, we have the following.

Proposition 5.3
(1) [f§ <(d +a)e", then (5.5) has no positive steady state.
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(ii) If
P {A eR|(d+a)e” < A < +00}, if0<p <1, (5.6)
- c , .
4 | (heRId+)e’ << Mooy, g1,

then (5.5) has a unique positive steady state u*.

Proposition 5.4
(i) If’; <(d+a)e", then lim;_, .o ||u(t, )|y = O for every ¢ € C*, where u(t, ¢) is the
solution to (5.5).
(i) Let

+00
& = sup{a € ]R*‘ Z £11,(0,—¢) sinnx sinny > 0,
n=1

Vx,ye [0,7],leN,0 € [0,1)}, (5.7)

+00
Z £11,(0,¢) sinnxsinny > 0,

g1 = supis eRY

n=1
Vx,ye [0,7],leN,0 € [O,l)}, (5.8)
where
! L
Sin(0,6) = Y < (~Tp) (L + 60— ) (B ~ 1)%(4qp) T Te- T arts (5.9)

j=0 J
and N is the set of natural numbers. If

p {L eR|(d +a)e" < A < +00}, ifo<p <1, (5.10)
— e .
q (AeR|(d+a)e’ <A< z(;iﬂ e @y ifB>1,

and

R, fo<p=1,
{(AeRldt —g, <r<dr+%1}, iff>1,

(5.11)

then (5.5) admits a unique positive steady state u* and lim;_, o |u(t, @) — u*|ly =0
for every ¢ € C* with ¢(0,-) 0.

6 Conclusion
In this paper, we have proved the nonexistence, existence, uniqueness and global attrac-
tivity of positive steady state for (1.1). Our results extend almost all the related existing

studies on the non-monotone time-delayed reaction-diffusion equations. In particular,



Yuan and Chen Advances in Difference Equations (2018) 2018:55 Page 15 0f 16

developed is a technique that combines the method of super-sub solutions, the variation-
of-constants formula for the delay differential equation and the estimation of integral ker-
nels, which enables us to obtain some sufficient conditions for the global attractiveness of
the unique positive steady state for (1.1). Furthermore, it seems that the above technique
can also be applied to the case of general delayed differential systems. Thus, the results
obtained in this paper are interesting, and the approaches used to prove the main results
are novel. In the future, we will consider the global dynamics for a large class of delayed
differential systems with spatial non-locality by using the above technique.
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