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Abstract

In this paper, we explore dynamic properties of a stochastic cooperation-competition
model. Some sufficient conditions are established for stochastic persistence and
stochastic extinction of species. Studies suggest that the noise may have a positive
effect on the persistence of species. We also analyze global asymptotic stability of
positive solutions and give a stationary distribution of this stochastic model which
has the ergodic property. Finally, some numerical simulations are presented to
illustrate or complement our mathematical findings.
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1 Introduction
There is already growing evidence that the ecological relationship in the population is
a significant global driver of biodiversity change and decline. Competition and mutual-
ism are the two basic elements of interspecific relationship, and they are an important
driving force in structuring ecological communities. The cooperation-competition model
describes that two different populations exist in a relationship in which each individual
benefits from the activity of the other and are both in competition with a third popula-
tion. There exist some excellent results to explore the qualitative and stability properties of
the cooperation-competition model [1-6]. On the other hand, it is recognized that there is
a large number of random factors in the real natural environment. These random factors
of the environment are not only an integral part of any realistic ecosystem, but they also
may lead to complete extinction of populations. The existing research works have investi-
gated dynamic properties of stochastic predator-prey models [7-12], stochastic compet-
itive models [13-18], stochastic mutualism models [19-24] and stochastic three-species
models [25-33]. To the best of our knowledge, there are few studies to analyze the dynam-
ics of a stochastic cooperation-competition model.

In the present paper, our model is based on the following deterministic cooperation-
competition model:

dx(t) = x(t) (r1 — a11x(£) + ar2y(t) — arsz(t)),
dy(t) = y(£)(ra + anx(t) — any(t) — asz(t)), (L.1)
dz(t) = z(t) (rs — az1x(t) — azy(t) - assz(t)),
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where x(¢), y(t) and z(¢) are the densities of species, r; (i = 1,2, 3) is the per capita growth
rate of species, a;; (i = 1,2, 3) is the intraspecific competition rate of species, a1, and a,; are
interspecific mutual rates of species, a;3 and as; (i = 1,2) are interspecific competitive rates
of species. Here we assume that all the parameters involved in the model are positive, and
the environmental fluctuation modelled by means of independent Gaussian white noises
mainly influences the per capita growth rate r; (i = 1,2, 3) of species since May [34] have
pointed out that the per capita growth rate exhibits random fluctuation to a greater or
lesser extent (also see [35, 36]). Let L(t) = (x(¢), y(¢),z(£))T be a Markov process with the

following specifications:

E[x(t + At) —x(t)|L(¢) = l] ~ x(r) — anx + apy — a13z) At,
E[y(t+ At) = y(O)|L(t) = [] = y(ry + anx — any — axz) At

E[z(t + At) —z(8)|L(¢) = l] ~ z(r3 — as1x — asyy — assz) AL,
and

Var[x(¢ + At) - x(£)|L(¢) = [] ~ ajx’ At,
Var[y(t + At) —y(8)|L(E) = l] ~ ady At

Var[z(t + At) - z()|L(¢) =[] ~ a3z* At,

for sufficiently small Az (see [37]). Then we consider the following stochastic cooperation-

competition model of Lotka-Volterra type:

dx(t) = x(t) (71 — anx(t) + apy(t) - ﬂ13z(t)) +ox(t) dBy (t),
dy(t) = y(£)(ra + anx(t) — any(t) — axsz(t)) + a2y (t) dBs(t), (1.2)

dz(t) = z(t) (7”3 - azx(t) — asy(t) - dgsz(t)) +a3z(t) dBs(¢),

where (B (t), By(t),B3(¢))” is a three-dimensional Brownian motion defined on a complete
probability space (22, F,P), a? (i = 1,2,3) is the intensity of the white noise.

The paper focuses on two main aspects of the stochastic cooperation-competition
model (1.2). One is to establish stochastic persistence and extinction of species and suf-
ficient conditions for global asymptotic stability of the positive solutions of model (1.2).
Especially, we investigate the important effect of the noise on species. Another aspect is to
prove the existence of stationary distribution of model (1.2) and the fact that there exists
the ergodic property in the stationary distribution. Here, if a stationary distribution has
the ergodic property, then this means that the mean of population density in time with the
development of time is equal to the mean of population density in space.

This work is organized as follows. In the next section, we state our main results: stochas-
tic persistence and stochastic extinction; global asymptotic stability of positive solutions;
and the existence of stationary distribution. In Section 3, we give the rigorous proofs of the
main results. In Section 4, we do some numerical simulations to illustrate or complement

our mathematical findings. The final section summarizes our findings.
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2 Main results
Three main results are obtained, including (1) stochastic persistence and stochastic extinc-
tion; (2) global asymptotic stability of positive solutions; and (3) the existence of stationary
distribution. We will achieve the three results through several steps.

At the beginning, we introduce some notations. Let

- / sy ds,

[f1* =limsup — ff )ds,
t—+00

*—ltlmmf /f(s)ds,
—+00

P1 =dl + dial, P2 =da1r + diiry, P3 =d33r + di13rs,

P4 = d11¥3 — aAzir, Ps5 = d3sry + dsrs, Pe = dxal3 + aA3zaly,

,51 = ﬂzza%/z + ama%/Z,
~ 2 2
pP3 = (l330[1/2 + 61130(3/2,

,55 = 61330!%/2 - a23a§/2,

,52 = 61210{%/2 + 61110{%/2,
Pa = ﬂ110132,/2 —azall2,

)56 = a22a§/2 - 61320[3/2,

an  —adi2 a3 r —adiz adis an I dis
G=|-ayn axn axs| Gi=|rn axn as| Gy=|-ay r as|

as1 asy  dss r3  dszx  adss asy Iy dsz

ayn —dip " a2 —aiy ais an  o}l2 ap
G3=|-axn axn 1, Gi=|a2/2 an ax| Go=|-an a3/2 ayl,

a1  aszm 13 a3/2  axn  as as  o3/2 as

ail —aiy af/Z
G3 = |—d1 an) a%/Z .

asy asy (1;’/2

Theorem 2.1 For any given initial value (x(0),y(0),2(0))T € R3, there exists a unique solu-
tion (x(t),y(t), z(£))T of (1.2) on t > 0, and this solution will remain in R? with probability 1.

Proof ltis clear that, for any given initial value (x(0), y(0),2(0))” € R3, there exists a unique
local solution (x(t), y(t), z(t)) T of (1.2) on t € [0, £,), where £, is the explosion time. Let ko > 0
be sufficiently large such that any given initial value (x(£), y(£), z(¢))T lies within [1/ko, ko] x
[1/ko, ko] x [1/ko, ko]. For each integer k > ko, define the stopping time.

T = inf{t € [0,t.) : x(t) & (1/k, k) or y(t) & (1/k, k) or z(t) ¢ (l/k,k)}.

Carrying out similar arguments of Theorem 2.1 in [38], we conclude that 7o > 00 a.s.
where 17, = limy_, , Tx. Here we omit some details. O
The first part of our results solves stochastic persistence of the species in model (1.2).

Definition 2.1 (see [25]) Species N(t) is said to be stochastically persistent in the mean if
[N].>0
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It is noteworthy that stochastic persistence for the stochastic population model has
many forms of definition; for example, stochastic persistence defined in the form of dis-
tribution, or stochastic persistence defined in the form of expectation. Here stochastic
persistence is defined as the mean of the sample paths of the solution in time.

Theorem 2.2 If ajjax > aan and r; < a?/2 for i = 1,2,3, then all the species of model
(1.2) go to extinction a.s.

Theorem 2.3 Let G >0, a1 > aip and ay > ay1. Then
(i) ifr1>all2, pa< pa, G3 < Gs, then the species y(t) and z(t) go to extinction a.s. and
x(t) is stochastically persistent with

1 [t r—a?/2
lim —/ x(s) ds = .
t—>+00 0 ail

(ii) ifra>a3/2, p1 < p1, G3 < G, then the species x(t) and z(t) go to extinction a.s. and
y(2) is stochastically persistent with
1 ¢ _ ry — (X%/Z

lim — | y(s)ds=—=— as.
t—>+o00 0 ar)

(ili) if rs > @2/2 and one of the following conditions holds:
(A1) p1 < p1, ps < s and axass > ar3asy;
(A2) p1 <1, p3 < p3 and anass > dizas;
(A3) p2 < P2, p5s < p5 and axass > draz;
(A4) P2 < P2, p3 < p3 and anass > aizas,
then the species x(t) and y(t) go to extinction a.s. and z(t) is stochastically persistent
with

1 [t —a?/2
lim —/ z(s)ds = R e a.s.
0 ass

Theorem 2.4 Let G >0, ai; > a1x and asy > dx. Then
(iv) if p1 > p1, P2 > P and Gs < Gs, then the species z(t) goes to extinction a.s. and the
species x(t) and y(t) are stochastically persistent with
1! —-p
lim — / x(s)ds = e a.s.,
0

a11dz) — a12dz1

1 [t -0
lim —/ y(s)ds = e
0

t—>+00 [ ajag — ands

(v) if anass > aizasy, p3 > P3, pa > Pa and Gy < G, then the species y(2) goes to
extinction a.s. and the species x(t) and z(t) are stochastically persistent with

1 [t -0
lim ;/ x(s)ds:& as.,
0

a11as33 — a134s31

1 [t -0
lim —/ z(s)ds = _ PP
0 ai1ds33 — ai3asi
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(Vi) if agpass > axsasy, ps > 1s, pe > 16 and Gy < Gy, then the species x(t) goes to extinction
a.s. and the species y(t) and z(t) are stochastically persistent with

1 [t -p
lim —/ y(s)ds:ﬁ as.,
0

t—>+00 [ A2a33 — Ar3ds)
.1t 06— Ps
lim = [ z(s)ds=———"— a.s.
t=too b o andsz — Az3d3)

Theorem 2.5 Let G > O, all > aip, dxp > A1, 411433 > A13431 and aood33 > Ar3d32. IfGl > Gi,
i =1,2,3, then all the species are stochastically persistent with

1 [t G -G
lim —/ x(s) ds = ! L oas,
t—>+00 0 G

1 [t G,-G
lim —/ y(s)ds = 22 s,
0

t—>+00 t G

1 [t G;-G
lim —/ z(s)ds = =B s
t—+00 0 G

The second part of our results is to establish global asymptotic stability of the positive
solutions of model (1.2).

Definition 2.2 (see [25]) (1.2) is said to be globally asymptotically stable (or glob-
ally attractive) if lim;, oo max{|x1(£) — x2(2)|, [y1(2) — y2(t)|, |21(t) — z2(8)|} = O a.s., where
(x:(2),y:(8),z:(8)), i = 1,2, are two arbitrary solutions of (1.2) with the initial values
(xt(0)1yl(0)!zl(o)) € Ri) i=1,2.
Theorem 2.6 [fthere exists a positive constant A;, i = 1,2,3, such that

Aldi1 = Aadny + Azazg, Aadoy > Adin + Azdasg, A3dzz > Ardiz + dodos,  (2.1)

then model (1.2) is globally asymptotically stable.

The final part of our results is to investigate the existence of the stationary distribution
of model (1.2) and to prove that this stationary distribution has the ergodic property.

Definition 2.3 (see [39]) The distribution w(s) is called stationary if u(s) satisfies

() = / P(t,5,0) dps(w)

for all £ > 0, where P(¢, s, w) is a transition probability function.
Let

81 =an — (a2 — a3 — ax — az)/2,
8 = ayy — (@12 — a1 — ags — az)/2,

83 = agz — (a13 — axs — Az — asy)/2
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and (x*,5%,z°)7 be the positive equilibrium point of the corresponding deterministic
model of model (1.2), that is, x* = G;/G > 0, y* = G,/G > 0, z* = G3/G > 0.

Theorem 2.7 If§;>0,i=1,2,3 and
(afx" + a3y* + a3z")/2 < min{8; (x*)z,Sz(y*)z,Sg (z*)z}, (2.2)

then there is a stationary distribution u(-) for model (1.2) and it has the ergodic property

1 t
Py lim — x(s)ds:f o pldwy, dwr, dws) =1,
t—>+oo 0 Ri
1 t
P{ lim —/ y(s)ds:/ wryp(dwr, dwy, dws) } =1, (2.3)
t—>+o00 0 R?_

1 t

P} lim - / z(s)ds = / wsp(dwy, dwr, dws) t = 1.
L Jo R3

The above theorem shows that if a stationary distribution has the ergodic property, then

the mean of population density in time with the development of time is equal to the mean
of population density in space with probability one.

3 Proofs of the main results

This section presents the proofs of Theorems 2.2-2.7.

3.1 The proofs of Theorems 2.2-2.5

In order to complete the proofs of Theorems 2.2-2.5, we first introduce two important
lemmas.

Lemma 3.1 (see [25]) Letz € C(2 x [0, +o0),R,).

(i) Ifthere exist two positive constants T and Ay such that
t n
Inz(t) < Mt — AO/ z(s) ds + Z o;B;(t)
0 i=1

forallt > T, where B;(t), 1 <i < n, are independent standard Brownian motions
and 0, 1 <i < n, are constants, then [z]* < Ao a.s. if . >0 orlim; , 2(t) =0 a.s.
ifr<0.

(ii) If there exist three positive constants T, ) and Ay such that

t n
Inz(t) > Mt — Ao / z(s) ds + Z o;B;(t)
0 i=1

forallt > T, where B;(t), 1 <i < n, are independent standard Brownian motions
and o;, 1 <i < n, are constants, then [z], > Al Ao a.s.

Similar to Lemmas 3.1, 3.4 in [14], Lemma 3.9 in [19] and Theorem 2.5 in [26], we have
the following lemma.
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Lemma 3.2 Ifa); > ais and ay, > ay, then for any p > 1 and solution (x(t), y(t), z(£))T € R3
of (1.2), there is a constant K = K(p) such that

limsup E(x(¢)’) <K, limsup E(y(t)?) < K, limsup E(z(t)’) <K
t— 00

t—00 t—>00

and
Inx(t
lim sup nx(t) <1 as,
t—00 n
In y(¢t
lim sup i() <1 as, (3.1)
t—00 nt
Inz(¢
lim sup ) <1 as.
t—00 n

Proof of Theorem 2.2 By applying Itd’s formula to model (1.2), we get

dlnx(t) = [r1 - af/2 —anx(t) + apy(t) - algz(t)] dt + oy dBi(t),
dlny(t) = [rz - a§/2 + anx(t) — axny(t) — dng(t)] dt + ay dBs(t),

dinz(t) = [r3 - a§/2 — azx(t) — asy(t) — aggz(t)] dt + a3 dB3(t).
Integrating from 0 to ¢ on both sides of the above equation and dividing by ¢, we obtain

1. x(p) of a1By(2)

n In m =r - o an [x(t)] +a [y(t)] — a3 [z(t)] + rat (3.2)

Similarly, we have

2

% ln)% =ry—- % +an [%(8)] — an[y(t)] - ax[z()] + azl?(t), (3.3)
2

%mgg:m—%jﬁﬂaﬂ—@imﬂ—@ﬂmﬂ+%%“f (3.4)

A direct calculation shows that

In 20 <ry——- agg[z(t)] + . (3.5)

By Lemma 3.1, we have lim;_, - 2(¢) = 0 a.s. if r3 < a%/Z holds. It follows from aj1a2 >
aiaasy that there are positive constants ¢; and d; such thatagy /a1, > ¢1/dy > az/a;; . Equa-
tion (3.2) multiplied by ¢; plus equation (3.3) multiplied by d; gives

1ox() 1y 1 x(@)%yE)"
C1 ; In m + dl ; In m = ; n xi(o)cly(o)dl

=C1 (r1 — ozf/2) + dl (rz — 0[%/2) — (Clﬂll — dlﬂm)[x(t)]
—(d1ax - Clﬂlz)[y(t)] —(c1a13 + dlﬂzs)[z(t)]
+ Cl()llBl(t)/t + dlasz(t)/t. (36)
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In view of r; < Oti2/2, i =1,2, cay — diar > 0 and diayy — cia;p > 0, we obtain

My, 4o 2(£)1y(£)* = 0, a.s. Then there are two cases:
y

tlim x(t)=0 as. (3.7)
or
tlim y()=0 as. (3.8)

If (3.7) holds, substituting (3.7) into (3.3), we have

1 t >
;ln&<r2—%+s—a22[y(t)]+

a2 By(t)
y(0) ~ 2 '

t

It follows from Lemma 3.1 that lim,, ,» ¥(¢) = 0 a.s. if ¢ is sufficiently small such that
ry —a3/2 + & < 0. Similarly, we conclude that lim,_, ;o x(¢) = 0 a.s. if (3.8) holds. The proof
of Theorem 2.2 is complete. 0

Proof of Theorem 2.3 (i) Let
¢ = (anasy + axnaz)/(anaz — adan), dy = (a12a31 + a11a3)/ (11422 — a12d21).

By multiplying both sides of (3.2), (3.3) and (3.4) by ¢, d» and —1, respectively, and then

adding these three equalities, we get

1. z() e, x(t) dzl ¥(2) Gs - Gs _ G [2(8)]

===+ ZlnT= +
t z(0) t x0) ¢t y0) anaxn-dandn 4andxn - andn

. a3B3(t) — 1B (t) — atady By (2)

t
G;-G G
< 3773 +&— [z(t)
a1idy — andi ajna —aidsl
Bs(t) — Bi(t) — ardyBsy (¢
+ a3B3(t) — 1B (t) — atady By (2) (3.9)
t
for sufficiently large ¢ since (3.1) holds and ¢, d; > 0. By Lemma 3.1, we have
lim z(¢)=0 a.s. (3.10)

t—+00

if G3 < G3 and ¢ is sufficiently small. Combining (3.10) with equation (3.2) gives

2
%ln% Zrl_%—6111[9C(t):|—8+&1(t)

for sufficiently large t. It follows from Lemma 3.1 that

[x]s > (r1 - a%/2)/a11 >0 as, (3.11)
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which implies that

limsuplnx(¢)/t =0 a.s. (3.12)

t—>00

if (3.1) holds. Let ¢; = a»1 and d; = aq7 in (3.6). It follows that

1 y(t) 1. x() .
—In=—F =-ay—-In—= — P2 — - t
aii : ny(O) a1 P nx(O) +p2 = P2 — (anaxn ﬂu@l)[}’( )]
ax 1B (2) . a1102B,(t)
t t

Bq(t B,(t
< p2— P2 — (anaz — anan)[y(®)] + e + 61210!1t 1) + ﬂuazt 2t) (3.13)

— (a13a21 + ﬂllﬂza)[z(t)] +

for sufficiently large ¢ if (3.10), (3.11) and (3.1) hold. It follows from Lemma 3.1 that

lim y(£)=0 as. (3.14)

t—>+00

if py < P and ¢ is sufficiently small. Combining equation (3.2) with (3.10) and (3.14) gives

a1B:(t)
t

2
%ln% §r1—%+8—a11[x(t)]+

for sufficiently large t. By applying Lemma 3.1, we get
[x]* < (r1 - a%/2)/a11 a.s. (3.15)

Then we can combine (3.11) and (3.15) to obtain

1t —ai/2
lim —/ x(s) ds = hze= a.s. (3.16)
t—>+00 0 an

In view of (3.10), (3.14) and (3.16), (i) of Theorem 2.3 holds.
(ii) It follows from (3.10), (3.3), (3.1) and Lemma 3.1 that

1 t 2 By(t
n ln% >y — % —a22[y(t)] —&+ “ t2( ), ]« > (rz —a%/Z)/azZ >0 a.s.
(3.17)
for sufficiently large ¢ and
limsuplny(¢)/t =0 a.s. (3.18)

t—00

Let ¢; = ay and dj = a1, in (3.6). It follows that

1. x(2) 1 () -
axn-In o) - A2y In j})— +p1 = p1 — (a1 — arnan)[x(t)]

a0 By (t) N 120285 (t)
t t

— (a13a + 412423)[Z(f)] +
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axpo1Bi(t) anayBs(t
< p1-p1+ée—(anan —ﬂlzdzl)[x(t)] + 22011t 10) + 12052t 2(0) (3.19)

for sufficiently large ¢ if (3.1) and (3.18) hold. Then

lim x(t) =0 a.s. (3.20)

t—+00

if p1 < p1 and ¢ is sufficiently small. From (3.10), (3.20) and Lemma 3.1, we have

1 3 By(t
;ln% §r2—%+8—a22[y(t)]+a2 ;()

for sufficiently large ¢ and
bI* < (r —a§/2)/a22 a.s. (3.21)

if r, > @3/2 and ¢ is sufficiently small. It follows from (3.10), (3.20), (3.17) and (3.21) that
(ii) of Theorem 2.3 holds.
(iii) We first prove that

tlim x(t)=0 as. and tlim y()=0 as. (3.22)
Let ¢; = ay, and d; = a1, in (3.6). From (3.19) and p; < g1, we conclude that (3.7) or (3.8)
holds. If (3.7) holds, then equation (3.3) multiplied by a33 minus equation (3.4) multiplied

by a,3 gives

1. y(@) 1 z() .
) A “ln == - t
ass n ny(O) a3 ; nz(O) +p5 = ps + (ax1as3 +a23a31)[x( )]
az30 By (t) B aszo3Bs(t)
t t
az302B5(t) B aszo3Bs(t)
t

— (axnass - 61236132)[3’(’5)] +

. (3.23)

< ps5—ps + &~ (anas - ﬂzsﬂsz)[)’(t)] +

If follows from (A;) and Lemma 3.1 that lim;_, ,, y(¢) = 0 a.s. If (3.8) holds, then equation
(3.2) multiplied by as3 minus equation (3.4) multiplied by a;3 gives

L a0 12
ﬂss; Hm—mg; n@

+ 03— p3 — (anass - ﬂlgﬂal)[x(t)]
aszo By (t) B aizo3Bs(t)
t t
. azzo1 By (t) B a303B3(t)

t

+(anass + ﬂlsﬂsz)[y(t)] +

. (3.24)

<p3—p3te—(anas - ﬂ13d31)[x(t)]
From (A;) and Lemma 3.1, we have lim;_, ;o %(¢) = 0 a.s. Similarly, if (A3) or (A4) holds,
then (3.22) holds.

It follows from (3.5) and Lemma 3.1 that

[z]* < (r3 - a§/2)/a33 a.s. (3.25)
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if 73 > «2/2. On the other hand, by applying (3.22) and Lemma 3.1, we have

% n % >r3— %% —& —agg[z(t)] + asB;(t)
and

[zl > (r3 —a3/2)/as;  as. (3.26)
It follows from (3.22), (3.25) and (3.26) that (iii) of Theorem 2.3 holds. O

Proof of Theorem 2.4 We first establish (iv) of Theorem 2.4. It follows from (3.9) and
Lemma 3.1 that lim,_, , z(£) = 0 a.s. From (3.13), we have
1 y() az o1 B(t) . a1102B,(t)

A In fm > py — P2 — & — (anaxn — apax)[y(6)] + ; ,

for sufficiently large t. By applying (6), Lemma 3.1 and the arbitrariness of ¢, we obtain

Wk = (02 = p2)/(an1az — apnaz) as. (3.27)
and
limsuplny(¢)/t =0 a.s. (3.28)
t— 00

Substituting (3.27) into (3.2) leads to

1. «(t a? o1 By (t
n In % >r - 71 —an[x(8)] + a2yl — ars2(6)] + : tl( )-
This implies that
%]« = (o1 — P1)/(@11822 — a12a21)  as. (3.29)

by Lemma 3.1 and ¢ is sufficiently small. On the other hand, it follows from (3.19) that

1. x() .
ayp—In—= < p1 - py + & — (andn — apan)[x(6)] +

a1 B (t) . 12002 By ()
t  x(0)

t t

for sufficiently large ¢ if (3.1) and (3.28) hold. It follows from Lemma 3.1, the arbitrariness
of ¢ and p; > p; that

[x]* < (o1 — p1)/(@an1axn — a12a21)  as. (3.30)
Similarly, from (3.13) and p; > p,, we get
" < (02 — p2)/(aniazs — ara21)  as. (3.31)

It follows from (3.27), (3.29), (3.30) and (3.31) that (iv) of Theorem 2.4 holds.
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We now establish (v) of Theorem 2.4. From (3.9) and Lemma 3.1, we conclude that
[z]* < (G5 - G3)/G. (3.32)

It follows from (3.19) and (3.32) that

1. %) -
“In—=>p—-p1—¢€— - x(t
az : U x0) P1— P1 (anaxn ﬂ12421)[ ( )]
axnon B (t) . 120055 (t)

t t

— (ai3a + arnass)[z]" +

> (anaz — a12a2)(G1 - G1)/G — ¢

a1 B (t) . 1209 B, (t)

— (an1az — arpan)[x()] + . . (3.33)
for sufficiently large t. By applying Lemma 3.1, one obtains
] > (G- G)/G>0 as. (3.34)

for G, > G, and ¢ is sufficiently small. Let

c3 = —(anass + axnas)/(anass — aizas),

ds = (a11a23 + a13a21)/(a11a33 — ai3d31).

Multiplying both sides of (3.2), (3.3) and (3.4) by ¢3, —1 and djs, respectively, and then
adding these three equalities yield

t y0) ¢t x0) ¢ m a11d33 — ai3ds1  A11d33 — 413431

. By (t) — ayc3By (t) — asd3B3(2)

1. y(0) 031 x(t) . @ a z(t) . Gy — G, G [ (t)]

t
G,-G G
<—2" 2 .- [y(®)]

a11433 — A13d31 a11a33 — d13d31
By(t) - By (t) — azdsBs(t

Lo 2(8) —aic3 tl() o33 B3(t) (3.35)

for sufficiently large ¢ if (3.34) and (3.1) hold. It follows from Lemma 3.1 that
lim y(£)=0 as. (3.36)

t—>+00

if Gy < Gy and ¢ is sufficiently small. Next, using (3.24), Lemma 3.1 and p3 > p3, one gets
[x]* < (p3 — p3)/(anass — aizaz;) as. (3.37)

Equation (3.4) multiplied by a1; minus equation (3.2) multiplied by as; gives

1. z(p) -
ain—In— < py— pg + & — (ar11as3 — arzas)|z(t) | +
11t 2(0) D ) (anass 13 31)[ ()]

anosBs(t) B a0 B1(t)
t t ’
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It follows from Lemma 3.1 that

[2]* < (pa — pa)/(aniass — aizas) a.s. (3.38)

for ps > ps. On the other hand, substituting (3.38) and (3.36) into (3.2) yields

1. x(p) al a1B4(2)
B [ A - 0] - ayslz]* +
A et a1 [x(8)] - asslz]
—p0 By (t
. a11(ps — P3) e —an[x(0)] + a1 B, (1)
a11433 — a13431 t

for sufficiently large t. Then

(%]« > (03 — 03)/(@11a33 — a13a31) a.s. (3.39)

if ¢ is sufficiently small and p3 > p3. Applying Lemma 3.1 and substituting (3.39) and (3.36)
into (3.4) yield

1. z(t a? o3B3 (t
< n% >r —Eg—agl[x]*—s—agg[z(t)]+ 3;()
- P Bs(¢t
> az3(pa — Pa) e —433[z(t)] + a3Bs(t)
a11d33 — 13431
and
(2] > (s — pa)/(an1ass — aizaz) a.s. (3.40)

It follows from (3.36)-(3.40) that (v) of Theorem 2.4 holds.
We finally establish (vi) of Theorem 2.4. Substituting (3.32) into (3.13) and applying
Lemma 3.1 yield

(t) .
A In fm > Py — P2 — € — (anan — anan)|[y(t)]

asoBi(t) . an02By(t)

— (a13a21 + anazs)lz]” + P P

> (a11a2) — a12021)(Gy — G2)/G — ¢

By(¢ By (¢t
—(anan —a126121)[y(t)] + aﬂalt 1t + allai 2(t) (3.41)

for sufficiently large ¢ and
], = (G- Gy)/IG>0 as. (3.42)

for G, > Gs, and ¢ is sufficiently small. Let

ca = —(a12ass + aizas)/(axpass — axas), dy = (a12a23 + a13a22)/ (22433 — Ar3as).
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Multiplying both sides of (3.2), (3.3) and (3.4) by —1, ¢4 and dy, respectively, and adding
these three equalities, we have

10 6 K0 by 50

£UH0) (0 2(0)
G -G G
1 1 _ [x(t)]
dad33z — adz3azy  dd33 — A23A32
N a1 B1(t) — aacaBy(t) — ar3daBs(t)
t
G -G G
< 179 e [x(®)]

aa33 — A23032 a2433 — A23432

N o1 By () - 0l2€4Bt2(t) — a3y Bs(t) (3.43)
for sufficiently large ¢ since (3.42) and (3.1) hold. Then

lim x(t)=0 a.s. (3.44)

t—>+00

if G; < Gy, axpass > dxas, and ¢ is sufficiently small. From (3.23), Lemma 3.1 and ps > ps,
one has

" < (o5 — P5)/(axass — axas;) a.s. (3.45)

Using (3.44), (3.3), (3.4) and similar arguments as the ones given by (v) of Theorem 2.4, we
derive

Wl = (o5 — p5)/(a2nas3s — axas;) as.,
(2]« = (06 — Po)/ (22433 — azasz) a.s., (3.46)

[2]" < (ps — P6)/(ar2a33 — arzaz;) as.
This yields (vi) of Theorem 2.4. O

Proof of Theorem 2.5 From the above discussion, we conclude that if a;,a5; > a1242; and
G; > G;, i =1,2,3, hold, then we have (3.32), (3.34) and (3.42). Meanwhile, it follows from
(3.9) and Lemma 3.1 that

1. z(t G;-G G
—In ﬁ > 2o —&- [z(t)]
t  z(0) a1i1dy — andl a1dy — andl

N a3B3(t) — a1caB1(t) — aradyBy(t)
t

for sufficiently large ¢, and

[z, > (G5 - G3)/G  aus. (3.47)
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By (3.35) and (3.43), we have

1 t G,-G G
—In & < 2o te— [ (t)]
t J’(O) a11433 — 13431 a11d33 — 13431
. By (t) — ayc3By (t) — asd3B3(2)
t
and
1 ¢ G -G
—In 0} < L2771 e [x(2)]
t  x(0) apd33 — Az3a32 a2033 — A23032
. a1B1(t) — aacaBo(t) — arzdaBs(2)
t

for sufficiently large . Then
] <(G1-G)/G as. and [y]* <(Go-Gy)/G as. (3.48)

From (3.32), (3.34), (3.42), (3.47) and (3.48), we conclude that Theorem 2.5 holds. This
completes the proof of Theorem 2.5. d

3.2 Proof of Theorem 2.6

To prove Theorem 2.6, we need the following lemmas.

Lemma 3.3 (see [40]) If g is a non-negative function defined on [0, +00) such that g is
integrable and uniformly continuous, then lim;_, , g(t) = 0.

Let (€2, F, P) be a probability space, and let (E, B) be a measurable space. A family of ran-
dom variables {X;};cr satisfies X; : (2, F) — (E,B) for ¢ € T'and for all w € Q2. The mapping
X(,w):t € T — X;(w) € E is called a sample path of the process corresponding to w.

Carrying out similar arguments as those of Lemma 15 in [25], we have the following

lemma.

Lemma 3.4 Let (x(2),y(t),z(t))T be a positive solution of (1.2). Then almost every sample
path of x(t), y(t) and z(t) is uniformly continuous.

Proof of Theorem 2.6 Let (x;(2),yi(t),z:())T, i = 1,2, be two arbitrary solutions of model
(1.2) with the initial values (x;(0),7:(0),2:(0)) e R?,i=1,2,3, ®; >0, i = 1,2,3, and

V(t) = A |ln(x1(t)/x2(t))| + kg’ln(yl(t)/yz(t))’ + Ag}ln(zl(t)/zz(t)) |

A direct calculation has

AV (£) = Ay sgn(xr (£) — 22(0)) [~a11 (%1(8) — %2(2))
+an (yl(t) - J/z(t)) = ﬂls(zl(t) = Zz(t))] dt
+ Ao sgn(y1(2) — y2(t)) [ @1 (#1(2) — %2(2))

—an () - y2(t)) — ax(z1(0) — 22(2)) | dt
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— hzsgn(z1(8) — 22(0)) [z (%1 (2) — %2(0))
+az (y1(0) — 2(2)) — ass(z1(8) — z2(0)) | dt
< —(Mai1 — hadar — Azaz)|x1(8) — x2(0)| dt
= (hadtzy — hiany — Azaz)|y1(t) — ya(8)| dt
— (Asass — Mas — haains) |21 (8) — 22(8) | dt

= —R(t) dt.
Then
V(t) + /tR(s) ds < V(0) < +o0.
0

Applying V(¢) > 0, Lemma 3.3 and Lemma 3.4 shows that (1.2) is globally asymptotically
stable. O

3.3 The proof of Theorem 2.7
To complete the proof of Theorem 2.7, we first introduce the theory of Has'minskii [41].
Let E' be an [-dimensional Euclidean space and Y (t) be a homogeneous Markov process

in E'. Moreover, Y (t) satisfies the stochastic differential equation
k
dY(£)=b(Y)dt + Y gu(Y)dBy(t).
m=1

Let A(x) = (a;(x)) be the diffusion matrix, where a;(x) = anzl gﬁn(x)g’,‘,,(x).

We are now presenting a useful condition. There is a bounded domain U C E' with the

regular boundary I' such that

(A1) In the domain U and some neighborhood thereof, the smallest eigenvalue of the
diffusion matrix A(x) is bounded away from zero;

(Ay) Ifx € E' \ U, the mean time 7 at which a path issuing from x reaches the set U/ is
finite, and sup,_x Ex7 < +0o0 for every compact subset K C E'.

In order to verify (A;) and (A;) in Assumption 3.1, we introduce two stronger conditions

(see [36, 42, 43]):

(B1) To establish (A;), it is sufficient to show that T is uniformly elliptical in U, where
Tu = b(x)u, + tr(A(x)uy,)/2, that is, there exists ¢ > 0 such that Zﬁj:l a;(x)&& >
clE|>, xe U, & eR,

(B2) To establish (Aj), it is sufficient to prove that there exist a neighborhood U and a
nonnegative C2-function V(x) such that, for any x € E' \ U, LV (x) < 0.

Lemma 3.5 ([41]) If Assumption 3.1 holds, then the Markov process Y (t) has a stationary
distribution ju(-). Furthermore, if f () is a function integrable with respect to the measure

W, then

P{ lim l/0f(Y(s))dS:/Elf(x),ud((,ix)} =1.

t—+00
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Proofof Theorem 2.7 In order to establish our result, we only need to verify that conditions
(B1) and (B;) hold. Note that the diffusion matrix of (1.2) is A(x) = diag(a?x?, a3y* a32?).
By é;>0,i=1,2,3, and formula (2.2), we obtain that the ellipsoid

S1(x =) +85(y = y*)" +85(2 - 2°)” = 2x 12 + a2yt /2 + a2")2

lies entirely in R3. A direct computation shows that there exists a positive constant y such
that

3
E aj(x)ww; = aix’ o] + a3y w; + a3 Wl > v |w]?

ij=1

for x € U and @ € R3, where U is a neighborhood of the ellipsoid with I/ € R3. This shows
that condition (B;) holds. On the other hand, we define

V(x,9,2) =x —x* —x*In(x/x*) +y - y* = y* In(y/y*) + 2 — 2" — 2" In(2/2").
A simple calculation has

dV(x,y,2) = LV(x,9,2) dt + (x —x*)ay dBy () + (y — y* o2 dBo(t) + (z — 2*) ot dB3(2),
where

LV(x,y,2z) = (x - x*) [r —anx+apny —azz] + afx*/2
+(y = ¥*)[r2 + anx — any — axz] + a3y*/2
+ (z - z*) [r3 — as1x — aspy — assz] + a%z*/2
<-8(x- x*)2 - 8(y —y*)2 - 383(z - z*)2 +(afx* + gyt +a3z") /2 (3.49)
since (x*,y% z*)T is the positive equilibrium point of the corresponding deterministic
model of (1.2). This implies that LV (x) < 0 for any x € R \ U and condition (B;) holds.
In view of the above arguments and Lemma 3.5, we conclude that there is a stationary
distribution p(-) for model (1.2) and it has the ergodic property.

Finally, we claim that (5) holds. Applying the dominated convergence theorem and

Lemma 3.2 gives

E| lim % f t[x(s)/\Q] ds_ = lim 1 tE[x(s)/\Q] ds <K,
0 p

t—>+o0 0

E| lim lft[y(s)AQ]ds- = lim 1/tE[y(s)AQ]alst,
0 J 0

t—>+00

t—>+00 [

E| tim - / [2(s) A Q] ds) = lim 1 / E[z(s) AQ]ds <K
L 0 . 0

for any Q > 0, where A is minimal. It follows from the ergodic property that

1 t
/3 [w1 A Qlu(dwy, dwy, dws) = Etlim n / [x(s) A Q] ds < K,
R+ —+00 0
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1 t
, [wy A Qlu(dwy, dw,y, dws) = Etlim n / [y(s) A Q] ds <K,
Rr3 —+00 0

t—>+o00

1 t
f3 [ws A Qlu(dwy, dws, dws) = E lim — / [z(s) A Q] ds < K.
R} 0
Letting Q — +00 yields

/3 wp(dwy, dws, dws) < K,
R

T

/3 wop(dwy, dw,, dws) < K,
R

T

/ wsp(dwr, dwy, dws) < K.
]RS

T

As a consequence of Lemma 3.5, (2.3) holds. This completes the proof of the theorem. [

4 Numerical simulations
In this section, we do some numerical simulations to illustrate or complement our math-
ematical findings by using Milstein’s method [44]. By taking advantage of revising the
stochastic increment, Milstein’s method achieves the high order convergence and can be
more accurate to approximate the exact solution.

Let

r1 =0.5, ry =0.25, r3 = 0.4,

aln = 08, aip = 02, ais = 02,
(4.1)
ar = 0.3, ax = 09, a3 = 01,

as) = 0.3, asy = 0.1, assz = 0.5.
A simple calculation gives

G =0.256, G, =0.17, G, =0.119, G5 =0.079,
ail > a1, azy > d, ai1dsz > d134as3i, dads3 > d3as,
p1=0.5, p2 =0.35, p3=0.17,

ps=0.17,  ps=0.085  pg=0.335.

We choose the appropriate parameters «;, i = 1,2, 3, satisfying the conditions of our main
theorems.

Figure 1(a) means that if the white noise is sufficiently large, then it is harmful to all the
species and leads to the extinction of the species. In Figure 1(b), (c) and (d), we conclude
that in the appropriate conditions, one species is stochastically persistent, and the other
two species are extinct a.s.

Figure 2 shows that in the complex ecological relationship, the noise may have a positive
effect on the coexistence of species, such as «;, &y on z and @3 on x, y. Therefore, in a
certain context, noise may be beneficial to the maintenance of biodiversity.
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t t
Figure 1 (a) Leta; = 1.1, =0.8 and a3 = 1 such that r; < oz,2/2, i=1,2,3. It follows from Theorem 2.2 that

all the species of model (1.2) go to extinction ass. (b) Let oy = 0.7, &y = 1 and a3 = 0.85 such that ry > a%/z,
03 < B, and Gs < Gs ((i) of Theorem 2.3). Then the species y(t) and z(t) go to extinction a.s. and x(z) is

o2
0772 031875.(c) Leta; = 1.1, 0 = 0.5 and a3 = 1

an

stochastically persistent with lim;— o0 17 forx(s) ds =
such thatr, > a§/2, p1 < prand Gs < ég ((ii) of Theorem 2.3). Then the species x(t) and z(t) go to extinction
)
220~ 01389, (d) Let o = 1,0, = 08
and a3 = 0.7 such that r3 > a§/2, p1 < p1 and ps < ps ((iii) of Theorem 2.3). Then the species x(t) and y(t) go

a.s.and y(t) is stochastically persistent with lim— 400 % jgy(s) ds=

to extinction a.s. and z(t) is stochastically persistent with lim;— +c0 % for z(s)ds =

Figure 4 shows that if a stationary distribution has the ergodic property, then the mean of
population density in time with the development of time is equal to the mean of population
density in space.

5 Conclusions

Our results provide insight into dynamic properties of a stochastic cooperation-
competition model including stochastic persistence and stochastic extinction of species,
global asymptotic stability of positive solutions and the existence of stationary distribu-
tion. The theoretical analysis shows that there are eight different cases for stochastic per-
sistence and stochastic extinction of species. Especially, we also establish a sufficient cri-
terion for global asymptotic stability of the positive solutions of model (1.2). A stationary
distribution of model (1.2) with the ergodic property is investigated. This study shows that
the time average of population size with the development of time is equal to the stationary
distribution in space.

It is important and interesting to explore the effect of the noise on the persistence or
extinction of species. To do this, we need to investigate the conclusions of Theorems 2.2-
2.5 and evaluate the impact of the white noise intensity «; (i = 1,2, 3) on these conclusions.
The summary of the effect of the noise on species is listed in Table 1. Based on the analysis
above, we may draw two conclusions:

e the noise is a harmful factor for single species in general, such as «; for x, a3 for y and

a3 for z;
e in the complex ecological relationship, the noise may also have a positive effect on the
coexistence of species, such as a1, oy on z and a3 on x, y.

Page 19 of 22
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=06, oy =0.5 and a3 = 0.74 such that p; > p1, p2 > P2 and Gz < Gs ((iv) of Theorem 2.4).

Then the species z(t) goes to extinction a.s. and the species x(t) and y(t) are stochastically persistent with

P1-P1

s)ds=—=LEL
a11022-012021

|‘mr~>+oo T fo

=0.4742, lim_ 400 rfo
o) =084 and a3 = 0.6 such that p3 > 03, pa > P4 and G; < G; ((v) of Theorem 2.4). Then the species y(t) goes

s)ds =

P2-P2

a11022-012021

to extinction a.s. and the species x(t) and z() are stochastically persistent with

p3-P3

sds=—25
a11033-01303]

|‘mr~>+oo T fo

=0.3993, liM;— 400 rfo
o) =036 and a3 = 0.6 such that ps > ps, ps > Pe and Gy > Gy ((vi) of Theorem 2.4). Then the species x(t) goes

s)ds=

P4=P4

d11d33-d13031

to extinction a.s. and the species y(t) and z(t) are stochastically persistent with

P5-P5

Pe=Pe

=0.2970. (b) Let ot

=0.2003. (c) Let oy

=09

=053,

8,

Mo +o0 T fo S)ds = ooy = 01605, liM— 400 + fo 5)ds = Tyan—asayy = 04079, (d) Let ot =04,
o> =045 and a3 = 048 such that Gy > 61 Gy > Gz and Gz > 63 (Theorem 2.5). Then all the speoes are
stochastically persistent with lim— o0 + : fo §)ds = 2161 61 =0.5691, lim- 100 Ifoy ) ds = 222 62 =0.3371,
lims o0 L 2050 ds = B33 = 0.1605.

Figure 3 Let (4.1) holdand oy =02, = 0.2, k x,0

a3 =03 suchthat Ajary > Ayao + Azasi, 0.9F — Y0
A2dr» > Aidr +)\3032 and }»3(133 2)\.1013 +)\.2023 0.8 ’i 118—
. . )(2
i'tf:s‘(;rem 2.6). Then (1.2) is globally asymptotically 01l A*f'\'!w M 'm"“ M X‘* “ M o
: ool W A «"\" W gl
0.5!\
o4t
o3k
02h W
0.1 1
00 5‘0 1(‘)0 1%0 200
t
Table 1 The summary of the effect of the noise for species
Noise Species
X y z
a negative negative positive
o) negative negative positive
a3 positive positive negative
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Figure 4 Let (4.1) holdand @y =03, =03, 9 4000
o3 =0.2. Note that §; = 1.1, 8, = 1.05, §3 = 0.65 and
x*=G1/G=06641,y* = G2/G = 04648, %08 2000
7* = (G3/G =0.3086, we conclude that (2.2) holds. It o 0
follows from Theorems 2.5 and 2.7 that lim;— +c0 lr>< 0 500 10000 02 04 06 08 1
G1-G
fO[X(S) ds= ‘/‘Ri w1 ,bL(daM ,dw;, dws) = % a.s., 1 4000
liM— 400 + ISY(S) ds = [3 wrpldws, dw,, dws) = e
Gy-G [. 1 ]rR+ = OS] 220
2222 as, limes oo 1 fo 2(6) ds = fRi w3 (dwy, dw,, 6 .
g 0 500 1000 02 04 06 08
dws) = % a.s.
1 4000
2os f 2000
0 0
0 500 1000 0 02 04 06 08
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