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Abstract

This paper is concerned with the iterative learning control problem for a class of
discrete-time singular systems. According to the characteristics of the systems, a
closed-loop PD-type learning algorithm is proposed and the convergence condition
of the algorithm is established. It is shown that the algorithm can guarantee the
system output converges to the desired trajectory on the whole time interval.
Moreover, the presented algorithm is also suitable for discrete-time singular systems
with state delay. Finally, the validity of the presented algorithm is verified by two
numerical examples.
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1 Introduction
Iterative learning control (ILC) is an effective control strategy to achieve perfect trajectory
tracking for repetitive systems in a finite time interval (see [1, 2]). The basic idea of ILC is
to improve the current tracking performance by fully utilizing the past control experience.
Since the complete iterative learning algorithm was initially proposed by Arimoto et al. [3],
it has attracted extensive attention in the field of control theory and many efforts have been
made devoted to the progress of ILC in recent years (see [4—8] and the references therein).
Singular systems have essential differences than the normal systems in many aspects,
due to the fact that singular systems can preserve the structure of physical systems and
impulsive elements. In many practical engineering problems, the systems have singular
system models, such as circuit systems, large-scale systems, constrained mechanical sys-
tems and robotic systems (see [9, 10]). Hitherto, many significant results based on the
theory of normal systems have been successfully extended to singular systems and the
related research has been published (see [9-13] and the references therein). Meanwhile,
there is some work which has been reported on the ILC for singular systems, but most of
it has focused mainly on the continue-time singular systems (see [14—17]). For instance,
reference [14] analyzed the convergence of D-type and PD-type closed-loop learning al-
gorithms for linear singular systems in the sense of the Frobenius norm. Based on the
Weierstrass canonical form of singular systems, reference [15] proposed a P-type ILC al-
gorithm for the fast subsystems with impulse. In [16], the ILC technique was applied to a
class of singular systems with state delay, then the convergence of the algorithm and the
possibility of the state tracking were analyzed. Based on the nonsingular transformation
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method, a PD-type algorithm was designed in [17] to study the state tracking problem for
a class of singular systems. Very recently, reference [18] applied the ILC strategy to a class
of discrete singular systems, then the convergence analysis of the algorithm was given in
detail by using A-norm.

On the other hand, it should be pointed out that most of the singular systems studied in
the above-mentioned works are based on the assumption that the matrix A,; is nonsingu-
lar (see [16—18]), which implies that the systems are impulse-free (for continue-time sin-
gular systems) or causal (for discrete-time singular systems). However, in many practical
singular system models, the matrix A, may be singular. Motivated by the aforementioned
discussions, the ILC problem for a class of discrete-time singular systems will be further
considered in this paper. According to the characteristics of the systems, a closed-loop
PD-type learning algorithm is proposed and the convergence condition of the algorithm
is established. It is worth pointing out that the algorithm presented in this paper has the
ability to eliminate the non-causality of discrete-time singular systems. Under the action
of the algorithm, the uniform convergence of the output tracking error is guaranteed with
the aid of A-norm. Furthermore, the result is extended to discrete-time singular systems
with state delay. In the end, two numerical examples are given to support the theoretical
analysis.

Throughout this paper, I denotes the identity matrix with appropriate dimensions. For a
given vector or matrix X, || X|| denotes its Euclidean norm. For a discrete system, ¢ € [0, T]
denotes the integer sequence ¢ = 0,1,2,..., T . For a function /4: [0, T] — R” and a real
number 0 < A < 1, ||4]|;. denotes the A-norm defined by |||, = sup,E[O’T]{ktHh(t)H}.

2 Problem description
Consider the following discrete-time singular system:

Exi (¢t + 1) = Axi(t) + Buy(t),
Yr(t) = Cx(2),

1)

where k denotes the iteration index, ¢ € [0, T'] denotes the time index, E € R"*" isa singular
matrix and rank(E) = g < n. xx(t) € R", ur(t) € R™, yx(¢) € R" represent the state, control
input and output of the system, respectively. A, B and C are real matrices with appropriate
dimensions.

Definition 1 ([9]) The system (1) is said to be regular if there exists a constant complex
so such that det(soE — A) # 0.

Before giving our ILC law, basic assumptions for the system (1) are first given as follows.

Assumption 1 For the given desired output trajectory y,(t), there exists a desired control
input u,4(¢) such that

Exy(t +1) = Axy(t) + Buy(t),
Ya(t) = Cxa(t),

where x,;(¢) is the desired state.
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Assumption 2 The initial resetting condition holds for all iterations, i.e.,
x:(0) =x4(0), k=0,1,2,...,
where x;(0) is the initial value of the desired state.
Assumption 3 ([9]) The system (1) is regular, controllable and observable.
Given a desired output trajectory y,(¢), the target of this paper is to design an appropriate

learning algorithm and generate the control sequence u(t), such that the system output
yi(t) can track the desired trajectory y,() as the iteration number increases.

3 Convergence analysis of the algorithm
In this paper, we adopt the following closed-loop PD-type learning algorithm:

U1 (t) = ug(t) + Teg (£ + 1) + Keg (2), (2)

where I',K € R™" are the learning gain matrices, and ex(t) = y4(t) — yx(¢) is the output
tracking error at the kth iteration.

Theorem 1 Counsider the system (1) satisfying Assumptions 1-3. If there exists the gain
matrix I' € R™*" such that the matrix E + BI'C is nonsingular and

p=II-TCB|<1, (3)
where B = (E + BT'C)~'B. Then the system output y(t) can converge to the desired trajectory
v4(t) on the time interval [0, T + 1] by using the algorithm (2), i.e., limi_, o Yi(£) = y4(t), t €

[0,T +1].

Proof Denote Axy(t) = x4(2) —xi(£), A () = uy(t) — ui(t). From (1), (2) and Assumption 1,

we have
EAxi(t + 1) = AAxi(t) + BAuy(t) (4)
and

Aup(t) = Aug_1(t) = Ter(t + 1) — Keg(t)

= Aug_1(8) = TCAxi (¢ + 1) — KCAxi(2). (5)
Substituting (5) into (4) results in
EAxi(t+1) = (A — BKC)Axy(t) + BAug_1(t) — BT CAxi (¢ + 1),
that is,

(E +BI'C)Axi(t + 1) = (A — BKC) Axy(t) + BAuy_1(¢).
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Since the matrix E + BI'C is nonsingular, further we can get

Axi(t +1) = AAxi(2) + BAuy_1(2), 6)
where

A=(E+BrC)"(A-BKC), B=(E+BI'C)'B.
Taking the Euclidean norm on both sides of (6) gives

| Axe(t+ D] < AN Axi(®) ]| + 1B Aser (8)

= a1 Axi(0) | + e2] Area (8) ], 7)

where ¢, = ||A||, ¢, = ||B||. Noting that || Ax;(0)] = 0 by Assumption 2, for £ > 1, we can

obtain

| A0 < 1| Axi(t - D] + e2] Aua(t ~ 1)

t-1

<ci|Aax(0)| + Zc‘l’s’lq | A1 (s) |
5s=0

1
= Zcﬁ’s’lcz | A (s)].-
s=0

Multiplying both sides of the above inequality by A’ (0 < A < 1) yields

—

t—

MAx@)] < ) (e)) ™M head® | Auea (9)

@
I
o

-1

IA

(he1)™acy,  sup {M A (2)}
t€[0,T-1]

@
o

~

-
<Y (e)) T hell Auga |,
s=0
T
_1-0a)

Ao || Aug_q ;.-
= 1T 2 | Avig_t ||

Applying the definition of the A-norm to the above expression results in

1A%kl < Aes|| Aug-]ls (8)
where
1- ()T
3= —————¢y.
T g

It follows from (5) and (6) that

Au(t) = Aup_1(t) = TCAxi(t + 1) — KCAxy ()

= (I =T CB)Auy_1(t) — (KC + T CA) Axi(t).
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Taking the Euclidean norm on both sides of the above equation and combining with (3)
yields

|Au(®)|| < p|| Avtgr (B)]] + ca]| Axi(2)

’

where ¢, = |[KC + TCA|. Combining with (8), we can derive

[Aurlln < pll Aug_r |l + call Axrellx

IA

Pl Ay |l + Aczcall Ay ||

Pl Avg_rllrs 9)

where p = p + Acscs. Since 0 < p < 1 by (3), it is possible to choose A sufficiently small so

that p < 1. Therefore, (9) is a contraction in || Aug ||, and we have
lim || Awll; =0. (10)
k— o0
It follows from (8) and (10) that
lim ||Axg|l, = 0.
k— o0
Since 0 < A < 1, we have AT < A! <1 for t € [0, T]. Furthermore, we have

AT sup | Ax(®)] < sup {3 Axc(®)]} = Il Axll
te[0,T] te[0,T]

therefore

sup || Axr(®)] < 2771 Al
te[0,T]

It is obvious that limi, oo Sup;(o, 71 [l A%k (£)[| = O, that is,
lim | Ax(8)[| =0, te[0,T).
k—00
Recalling (7), we can obtain
lim | Axc(®)| =0, t€[0,T+1].
k—00
Therefore, we have
lim yi(t) =y4(¢), te[0, T +1].
k—00

This completes the proof. g
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4 Extension to systems with state delay
In this section, we further extend the result of Theorem 1 to a discrete-time singular sys-
tem with state delay, which is described by

Exi(t + 1) = Axp(t) + D (t — T) + Buy(t),
Yk(t) = Cx(2),

(11)

where 7 is a known positive integer time delay. For £ € [—7, 0], xx(¢) = () and @ (£) is the
initial function of the system.

Basic assumptions for the system (11) are given for further analysis.

Assumption 4 For the given desired output trajectory y,(¢), there exists a desired control
input u,4(f) such that

Exy(t +1) = Axy(t) + Dxy(t — T) + Buy(2),
J’d(f) = de(t):

where x,;(¢) is the desired state.

Assumption 5 The initial resetting condition holds for all iterations, i.e.,

o(t) = ¢a(t), te[-7,0L,k=0,1,2,...,
where ¢,(t) is the desired initial function.
Assumption 6 The system (11) is regular, controllable and observable.
Theorem 2 Counsider the system (11) satisfying Assumptions 4-6. If there exists the gain
matrix ' € R"™*" such that the matrix E + BT C is nonsingular and the convergence condi-
tion (3) holds, then the system output yi(t) can converge to the desired trajectory y,(t) on
the time interval [0, T + 1] by using the algorithm (2), i.e., limg_, o0 Y% (£) = y4(£),£ € [0, T +1].
Proof Repeating the similar procedure as that (4) to (6), we can get

Axi(t +1) = AAxi () + DAxi(t — T) + BAug_1(2), (12)

where D = (E + B['C)™!D. Taking the Euclidean norm on both sides of (12) results in

IA

|Ax(e + 1)|| < AN Axe(®]| + IDI || Axi(t = T) | + 1Bl | A (8|

a H Axk(t)H +c5 ” Axp(t—1) ” +¢y H Auy_1(¢)

, (13)

where ¢5 = ||D||. From Assumption 5, we know

|Aax (@) = [ 0a(®) - @] =0, e [-7,0l. (14)
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Noting that || Axx(0)|| = 0 by (14), for £ > 1, we can derive

|| Axk(t)” <c || Axy(t — I)H +¢Cs5 || Axp(t—1-1) || +Co || Aup_1(t—1) ||

1
<ci| Ax(0)| + Zc’fs’l{cs | Axi(s =) + cal| A (5) ||}
s=0
-1
= Z ci‘s‘l{c5 H Axy(s — r)” + 62” Auy_i(s) || }
s=0

Multiplying both sides of the above inequality by A* (0 < A¢; < 1) and combining with (14)

gives

»axo)]

t7
< (kcl)t_s_l)\{cskfks‘f | Axi(s = )| + 22| Aug—a (5) || }

= —

- »

< (Acl)t‘s‘lk[cﬁf sup {1 Axi(®)]|} +c2 sup {)f”Auk_l(s)”}}
-0 te[-t,T-7] te[0,T-1]

T v

-1

> Ge) et sup (Wfan@]}+er sup (1 Ama©)]}]
te[0,T-7] te[0,T-1]

s=0
t-1

<)) M esAT Axklly + coll Area Il }
s=0

T
< 1- ()\Cl)

AMesAT || Ax|ls + co || Auy .
e, {esAT Il Axell; + coll Aua 1)

Applying the definition of the A-norm the above expression becomes

—(ren)”

TM)L{CS)\T”Axk”A + ool Auga I} (15)

A%k lln =

Letting the above X be such that

holds, further we have

1 Axg 5 < Acsll A1l (16)
where
1-(he)?
Ce = 1-kcy c
T ] g ite

1-Xxcy
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It follows from (5) and (12) that

Auy(t) = Aup_1(t) = TCAxi(t + 1) — KCAxi ()

= (I =T CB)Auy_1(t) — (KC + T CA) Axi () + TCDAx(t — 7).

Taking the Euclidean norm on both sides of the above expression and combining with (3)
yield

” Aui(t) ” <p ” Aug_1(t) H + c4” Axy () || + ¢y H Axi(t— 1)

)

where ¢; = |[TCD||. Combining with (14) and (16), we can derive

| Auglly < pllAugrlls + call Axillx + 7 sup {AF | Axi(e—7) |}
te[0,T]

pllAmy |5 + call Axlls + 227 sup  {AF] Axc(2) | }

te[-1,T-7]

pll Awir |15 + call Axellx + c7A" sup {A!] Axi(0) |}
te[0,T-7]

IA

Pl Aug | + (ca + c717) || Axill

IA

pllAwmill; + Acs(ca + ez A7) [ Auge I,

Pl Aug_1 ], (17)

where p = p + Acace + A7 cgey. Since 0 < p < 1 by (3), it is possible to choose A sufficiently
small so that p < 1. Therefore, (17) is a contraction in || Auy||;, then we have

Jm | Aull;. = 0. (18)
Similarly, it follows from (16) and (18) that
Jim |Ax(@®)| =0, telo,TI.
Recalling (13), we can obtain
kli)noloH Ax(8)| =0, t€[0,T+1].
Therefore, we have
klifgoyk(t) =yq(t), te[0,T+1].
This completes the proof. d

Remark 1 For the discrete singular delay system (11), when the closed-loop PD-type
learning algorithm (2) is applied, the delay variable Ax(t — 7) can be transformed into
the variable Axy(¢) with the aid of Assumption 5 and the A-norm.
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5 Numerical examples
In this section, two numerical examples are constructed to demonstrate the validity of the
presented closed-loop PD-type learning algorithm.

Example 1 Consider the following discrete-time singular system:

Exi(t + 1) = Axi(t) + Buy(t),
Yi(t) = Cxr(2),

where ¢ € [0,14], and

1 0 0 1 0 o0
E=|lo 1 o|, A=|0 1 o,
0 0 0 02 -03 1
05 -2 1 -1 05
B=| 1 o[, C= R P

0 02 1
| 1 02

According to the algorithm (2), take the gain matrices

1 -1
I'= 0 ) K= 0 )
0 2 0 02

furthermore, we can compute that

1.0881 -0.2720
B=(E+Br'C)'B=10.1036 -0.0259
0.2383  0.4404

Then we have p = ||I - 'CB|| = 0.6076 < 1, i.e., the convergence condition (3) holds. Take

the given desired output trajectory as
)| [o.014(5 - 14)
ya(t) = ) = .
y2() 0.02¢(¢ — 10)
Set the initial state and the initial input

x@® =0 0 0%,  w@=0 o<

Figures 1 and 2 give the tracking situations of the system outputs yg(l)(t) and y,((z)(t) to
the desired trajectories at the 7th, 10th and 16th iterations, respectively. From Figure 3,
we know that the maximum tracking errors eg)(t) and ef)(t) tend to zero as the iteration
number increases by using the closed-loop PD-type learning algorithm (2).

Example 2 Consider the following discrete-time singular system with state delay:

Exi(t +1) = Axp(t) + Dy (t — T) + Buy(t),
yk(t) = ka(t)’

(19)
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RCRAG

0 10 15
t/s

Figure 1 The tracking performance of the system output y,((”(t) to the desired trajectory yf,”(t) at

different iterations by using the learning algorithm (2).

Figure 2 The tracking performance of the system output y,((z’(t) to the desired trajectory yf,z)(t) at

different iterations by using the learning algorithm (2).

where t € [0, 14], the time delay T = 1, and
1 0 1 0.1 0 0.1 1 0
B=C-=

E= , A= , D=
00 05 0 01 02



Gu et al. Advances in Difference Equations (2018) 2018:13 Page 11 of 14

11 \

(1)

1ol —o— max,_ [0’15]Iek ]
(2)

ol ——%— max,_ [0115]Iek (O] |

Maximum tracking error

Figure 3 The maximum tracking error versus iteration number.

By Lemma 1 in [19], we know that the system (19) is noncausal. According to the algo-

rithm (2), take the gain matrices
2 R
reo 3 ’ K- 01 0 ’
0 2 0 01

we further have
0.3333 —0.5}

B=(E+BIrC)'B=
0 0.5

so p = | I -TCBJ| = 0.6009 < 1, i.e., the convergence condition (3) is satisfied. Take the
given desired output trajectory as

(1)
|y @® | | cos(0.4¢)
yd(t) = |:_)/512)(t):| = |:eO.lt 1 :| .

Set the initial state and the initial input

xk(t){l;tt] te[-1,0], uo(t):[g:|.

Correspondingly, the simulation results are shown in Figures 4-6. From Figures 4 and 5,
it is obvious that the trajectories y,((l)(t) and y,((z)(t) at the 11th iteration can follow the de-
sired ones. From Figure 6, we can see that the uniform convergence of the output tracking
error is guaranteed under the action of closed-loop PD-type learning algorithm (2).
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—6— k=3
—<— k=6
—*— k=11
1 1 v
vy
= 05F i
S
= O |
-0.51 b
1t §
0 5 10 15
/s
Figure 4 The tracking performance of the system output y,((”(t) to the desired trajectory yf,”(t) at
different iterations by using the learning algorithm (2).

35
—o— k=3
—— k=6
3r —— k=11 il
— P
250 .
>
S, 151 1
>
1 L .
0.5} i
0 5 10 15
t/s

Figure 5 The tracking performance of the system output y,(f)(t) to desired trajectory yff)(t) at different

iterations by using the learning algorithm (2).

6 Conclusion

In this paper, the problem of iterative learning control is investigated for a class of discrete-
time singular systems. Then a closed-loop PD-type learning algorithm is adopted for such
singular systems, and the convergence condition of the algorithm is established. We show

that the algorithm can ensure the output tracking error converges to zero on the whole

Page 12 of 14
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1
(1)
0.9 —&— max,_ [0’15]Iek ! |
' @
o8 ——k— max,_ [0’15]Iek Ll

Maximum tracking error
© o o o o o©o
v w r 1 N

o
.

Figure 6 The maximum tracking error versus iteration number.

time interval. The corresponding result is further extended to discrete-time singular sys-
tems with state delay. In the end, two numerical examples are constructed to illustrate the
effectiveness of the presented algorithm.
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