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Abstract

In this paper, we consider the problem of Mittag-Leffler stabilization of
fractional-order nonlinear systems with unknown control coefficients. With the help
of backstepping design method, the stabilizing functions and tuning functions are
constructed. The controller is designed to ensure that the pseudo-state of the
fractional-order nonlinear system converges to the equilibrium. The effectiveness of
the proposed method has been verified by some simulation examples.
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1 Introduction

The concept of fractional differentiation appeared for the first time in a famous correspon-
dence between L'Hospital and Leibniz, in 1695. Many mathematicians have further devel-
oped this area and we can mention the studies of Euler, Laplace, Abel, Liouville and Rie-
mann. However, the fractional calculus remained for centuries a purely theoretical topic,
with little if any connections to practical problems of physics and engineering. In recent
years, the fractional calculus has been recognized as an effective modeling methodology
for researchers [1]. As is well known, fractional calculus is a generalization of classical
calculus to non-integer order. Compared with an integer-order system, a fractional-order
system is a better option for engineering physics.

Fractional systems have been paid much attention to, for example, the fractional opti-
mal control problems [2], stability analysis of Caputo-like discrete fractional systems [3,
4], fractional description of financial systems [5], fractional chaotic systems [6]. Especially,
stabilization problem of fractional-order systems is a very interesting and important re-
search topic. In recent years, more and more researchers and scientists have begun to
address this problem [7-23]. With the help of the Lyapunov direct method, Mittag-Leffler
stability and generalized Mittag-Leffler stability was studied [10, 20]. The Lyapunov direct
method deals with the stability problem of fractional-order systems have been extended
[11, 24]. Reference [25] studied the global Mittag-Leffler stability for a coupled system of
fractional-order differential equations on network with feedback controls. Robust stability
and stabilization of fractional-order interval systems with 0 < « < 1 order have been stud-
ied [15]. Necessary and sufficient conditions on the asymptotic stability of the positivity
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continuous time fractional-order systems with bounded time-varying delays are inves-
tigated by the monotonic and asymptotic property [14]. The stabilization problem of a
class of fractional-order chaotic systems have been addressed [12]. Pseudo-state stabiliza-
tion problem of fractional-order nonlinear systems has attracted the attention of some re-
searchers [7-9, 13, 16]. Moreover, any equilibrium of a general fractional-order nonlinear
system described by either Caputo’s or Riemann-Liouville’s definition can never be finite-
time stable was proved [26]. Finite-time fractional-order adaptive intelligent backstepping
sliding mode control have been proposed to deal with uncertain fractional-order chaotic
systems [27]. The time-optimal control problem for a class of fractional-order systems was
proposed [28]. In addition, robust controller design problem for a class of fractional-order
nonlinear systems with time-varying delays was investigated [29] and state feedback Hy
control of commensurate fractional-order systems was studied [30].

Backstepping design method has been widely applied in stabilizing a general class of
integer-order nonlinear systems. Backstepping design offers a choice of design tools for
accommodation of uncertain nonlinearities [31]. It is well known that the backstepping
design has been reported for nonlinear systems in strict-feedback form or triangular form
[31-36]. Systematic design of globally stable and adaptive controllers for a class of para-
metric strict-feedback form are investigated by the backstepping design procedure [34].
The overparametrization and partial overparametrization problems were soon eliminated
by elegantly introducing the tuning functions [33, 35]. On the other hand, with the aids
of this frequency distribute model and the indirect Lyapunov method, the adaptive back-
stepping control of fractional-order systems were established [37—39]. As far as we know,
there are few results on the generalization of backstepping into fractional-order systems.
It was pointed out that the well-known Leibniz rule is not satisfied for fractional-order sys-
tems. Then an interesting question arises: when the states of system are not Leibniz rule,
how to deal with the stabilization problem through design of tuning functions and adap-
tive feedback control law? So far, the stabilization problem of fractional-order nonlinear
systems remains an open problem.

In this paper, we investigate the Mittag-Leffler stabilization problem of a class of
fractional-order nonlinear systems. Compared with the existing results, the main contri-
butions of this paper are as follows: (1) The backstepping design is extended to fractional-
order nonlinear systems with unknown control coefficients, and an adaptive control
scheme with tuning functions is proposed. It is proved that the stabilization problem of
fractional-order nonlinear systems can be solved by the designed control scheme. (2) The
Mittag-Leffler stabilization problem is achieved using a systematic design procedure and
without any growth restriction on nonlinearities. (3) The controller is designed to en-
sure that the pseudo-state of the fractional-order system convergence to the equilibrium.
(4) Successfully overcoming the difficulty of the fractional-order system without the Leib-
niz rule, and the tuning function is constructed to avoid overparameterization.

The remainder of this paper is organized as follows: Section 2 the problem formulation,
some necessary concepts and some necessary lemmas are given. In Section 3, as the main
part of this note, an adaptive controller and tuning functions are designed by using the
backstepping method for fractional-order nonlinear systems. In Section 4, two numerical
simulations are provided to illustrate the effectiveness of the proposed results. Finally,

Section 5 concludes this study.



Wang Advances in Difference Equations (2018) 2018:16 Page 3 of 14

2 Problem formulation and preliminary results
In this paper, we consider the stabilization problem of the following nonlinear fractional
systems:

quiZbile +9T(pi(x1,..‘,xi), i=1,...,.n—1,
(1)
D, = o) + 07 @(%1,..., ) + buPo(®),

where x = [x1,...,x,]T € R", D? is the Caputo fractional derivative of order 0 < g < 1,6 €
R? is an unknown constant parameter and b;,i = 1,2,...,n, are unknown constants, called
unknown control coefficients. « € R is the control input, ¢g, Sy and the components of ¢;,
1 < i < n are smooth nonlinear functions in R” and By(x) # 0 for all x € R".

Remark1 Itisworth pointing out that iflet the unknown constants b, =1 (i=1,...,n)and
q = 11in (1), the systems (1) reduces to the well-known parametric strict-feedback system.
Moreover, if b; =1 (i =1,...,n) and @o(x) is a constant, then system (1) will become the
parametric strict-feedback form of fractional-order nonlinear system.

Definition 1 ([40]) The fractional-order derivative D? (g > 0) of g(¢) in Caputo sense is
defined as

Ta(t) = T / t(t _g)rat g(n)(s) ds, (2)

1
(n-q)
wheren-1<g<mneN.

Remark 2 For simplicity, the symbol D7 is shorted for tCOD?, where ¢ is the time.
(1) If Cis a constant, then DIC = 0.
Similar to integer-order differentiation, fractional-order differentiation in Caputo’s sense
is a linear operation:
(2) DA(ug(t) + wh(t) = wDg(t) + wDh(2),
where © and w are real numbers.
(3) Leibniz rule:

oo

D(g0h(®) =Y

r=0

I'(g+1)
Fr+(g-r+1)

DT g(t)D" h(?).

Note that the sum is infinite and contains integrals of fractional order for r > [¢q] + 1

Remark 3 The well-known Leibniz rule D(fg) = (Df)g + f(D?g) is not satisfied for dif-

ferentiation of non-integer orders.

Lemma 1 ([13]) Let V : D — R be a continuous positive definite function defined on a
domain D C R" that contains the origin. Let B; C D for some d > 0. Then there exist class-
K functions y, and y, defined on [0,d), such that

vi(llxl) < V) < va(lixll), 3)

forall x € By. If D = R", the functions y; and y, will be defined on [0, c0).
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Lemma 2 ([7, 11] (Mittag-Leffler stability)) Let x(¢) = O be the equilibrium point of the
fractional-order system Dix = f(x,t),x € Q, where Q is neighborhood region of the origin.
Assume that there exists a fractional Lyapunov function V (t,x(t)) : [0,00) x R" — R and
class-K functions y;,i = 1,2,3 satisfying

@) ri(lxll) < V(&x0) < w2 (lIxll);
(i) DIV(tx(t) < -ys(llxl).

Then the fractional-order system is asymptotically Mittag-Leffler stable. Moreover, if Q2 =
R", the fractional-order system is globally asymptotically Mittag-Leffler stable.

Lemma 3 ([24]) Let x(t) € R be a real continuously differentiable function. Then, for any
time instant t > ty,

1

3 WDl () < x(0),, DYx(8), Yo €(0,1). (4)
Remark 4 In the case when x(£) € R”, Lemma 3 is still valid. That is, « € (0,1) and ¢ > £,
3D« (£)x(t) < x7(£)D*x(2). In addition, let x(¢) € R be a real continuously differentiable

function. Then, for any p = 2",n € N, D*x”(t) < px*~1(t)D*x(t), where 0 < @ < 1 (see [7]).

3 Backstepping design
In this section, we will give the backstepping design procedure of fractional-order systems.

Theorem 1 The fractional-order nonlinear system (1) can be asymptotically Mittag-
Leffler stable by the adaptive feedback control

~ b, Cp
U=-—— (bnlz,,l +Cnzn+ @0+ 0 @, + b" 2Dz, 5+ b" ! Dan1)~ (5)
n-1 n-1

A 1 A b; C
T -2 i—-1
ai(x1,...,%;,0) = % biazii+cizi+ 607 ¢ + b Diziy + Dz, ),
; i-1 i-1

2<i<n-1, (6)

where oel(xl,é) = —%zl - %éTgol(xl), and cy,¢y,...,c, are positive constants. 0 is the esti-
mate of the unknown parameter 0, 0 = 6 — 0 and update laws

n-1

X 1 .
D' =1, =Tzip1 + ) Tzt <qok+1 - —D* (9<pk)>, (7)
k=1 0 by

where I' = diag(p,...,pm] > 0 is the gain matrix of the adaptive law.

Proof The design procedure is recursive. Its ith-order subsystem is stabilized with respect
to a Lyapunov function V; by the design of a stabilizing function «; and a tuning function
7;. The update law for the parameter estimate 6 and the feedback control u are designed
at the final step.

Step 1: Let z; = x; and z, = %3 — a1, we rewrite D7x1 = byxy + 07 ¢1(x1) as

Dizy = by(za +ar) + 07 g1 (x1). (8)
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Choose a Lyapunov function candidate as V; = %z% + %éTl"‘lé, where 6 = 0 — 0 is the
parameter estimate error. We have

D7V, <z[bi(z, +a1)+§T¢1] +§TF_1(Dqé—tl), 9
where
71 = Lz1901(%1). (10)

To make D7V < —clzf, we would choose

w1 (x1,0) = —bil(clzl 0T (). (11)

However, we retain t; as the first tuning function and «; as the first stabilizing function.
We have

DV < -1zt + bizizy + 0T 71D - y). (12)

The second term b;z;z; in D7V; will be canceled at the next step.
Substituting (11) into (8) yields

Dz = —c1z1 + bizo + (0 — é)Tgol(xl). (13)
Step 2: Let z3 = x3 — ary, we rewrite D7xy = boxz + 07 3 (x1,%2) as

1 ~
Dizy = by(zs +az) + 0Ty + b (c1Dz1 + D1(Ogy)). (14)
1

Choose a Lyapunov function candidate as follows: V5 = V; + %z% We have

~ z ~
DV, < —a12 + o[ biz1 + ba(zz + 02) + 0T o] + b—Q[chqzl +D1(0¢1)]
1
+07171(D1 - 1y), (15)

where

zZ ~ 1 ~
Ty = F<21<P1 + 2007 — ~—2Dq(9§01)) =1 +Iz (902 - ~—Dq(9<p1)>. (16)
Gbl ebl

Then, to make D7V, < —¢12% — ¢3z3, we would choose
A 1 AT C1
oo (x1,%0,0) = 0 bi1z1+ 2z + 07 @ + b—qul . (17)
2 1

However, we retain 1, as the second tuning function and «; as the second stabilizing func-
tion. The resulting D7V, is

D1V < —12% — cozs + byzozz + 6T 7! (D"é - 7). (18)
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The third term in D7V, will be canceled at the next step.
Substituting (17) into (14) yields

~ 1 ~
Dizy = —bizy — 2z + bozs + (0 —0) Ty + b—Dq(qul). (19)
1
Step 3: Let z4 = x4 — a3, we rewrite D7x3 = baxy + 07 03(x1, %9, %3) as

1 A
qu3 = bg(Z4 + 013) + 9T§03 + b_ (leqzl + CquZz + Dq(Ggoz)) (20)
2

Choose a Lyapunov function as V3 = V; + %zg We have

DiV; < —clz% - czzg + 23 [b2z2 +b3(zq + a3) + éT(pg]

+ 129_3 (b1D7z1 + ;D% + D1(0¢y)) + 67T (D10 - 13), (21)
2
where
A 1 ~
T3 =Ty + FZ3(03 - F,:Z—SDq(Q(pz) =Ty + FZ?, ((pg - ~—Dq(9(p2)) (22)
9172 sz

Then, to make D7V3 < —c12% — ¢225 — ¢322, we would choose

N 1 N b
o3 (1, %9,%3,0) = b <b222 +e3z3+ 0 s+ b—quzl + 2—2qu2>. (23)
3 2 2

However, we retain 73 as the third tuning function and o3 as the third stabilizing function.
The resulting D?V3 is

DV3 < —a12} — 0273 — €375 + bazzza + 0 T (D16 — 13). (24)
Substituting (23) into (20) yields

~ 1 ~
Dq23 = —b222 — (€323 + b3Z4 + (9 - 9)T§03 + b—Dq(9<p2) (25)
2

Step i (i > 2): Let z;,1 = %1 — &, we rewrite D%x; = bixi + 07 ;(x1,...,%;) as

1 ~
(biaDzi_y + ci.1 D%y + DD ;1)) (26)

i-1

D7z = bi(ziy + o) + 07 i +

Choose a Lyapunov function of the form V; = V;_; + %zlz Then

i-1
) R
D1V; < - ZCka + Zi[bi—lzi—l +bi(zie1 + o) + 9<Pi]
k=1

Zi (bi—2qui—2 + Ci—quZi—l + Dq(é(pi_l)) + §TF"1 (Dqé - Tl'), (27)

+
i—-1
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where

1 ~
=71+ 1z (‘/’i % Dq(ewil)) (28)

i-1
Then, to make D7V; < - Y, _, cxzs, we would choose

bi—2

~ 1 ~
ai(%1,...,%;,0) = 5 (bilzil +cizi+0 g +
1

Ci—
DqZL',z + =l DqZ,'1> . (29)
i-1 bi—l

However, we retain t; as the ith tuning function and «; as the ith stabilizing function. The
resulting D7V is
i
D1V, < — Z CkZ,% +bizizi1 + eTr1 (Dq9 - l'i). (30)
k=1

Substituting (29) into (26) yields

~ 1 ~
Diz; = —bi1zi1 — Cizi + biziwy + (0 —0) gy + b D10 ¢;i_1). (31)

i-1

Step n: With z, = x,, — a,,_1, we rewrite D7x,, = go(x) + 07, (x) + b, Bo(x)u as

Dz, = go + QT(pn +buo(x)u + (bn—ZDan—Z +cp1 Dz, 1 + D1 (éT(pn—l))’ (32)

1
bn—l

and we now design the Lyapunov function as V,, = V},_; + %zﬁ; we have

n-1
DUV, < =Y iz + Zu[burzuor + @0 + 07 @y + by fo(x)u]
k=1
+ bz" (bu2D"2, 3 + €y 1Dz, 1 + D6 1))
n-1
+6T171 (D - 1,.1). (33)

To eliminate 6 — 6 from D1V, we choose the update law

~ 1 ~
D19 = Ty =Tp-1t an (‘pn - = Dq(e(pn—l))r (34')
n-1
we rewrite D7V, as
n-1
DV, <= az+ 0T (D - 1,). (35)
k=1
Finally, we choose
1 A b,_ Ch
U=-—-—— (b,,_lzn_l +Cpzn+ @0 + 0Ty + 22Dz, 5+ 21 qun_1>. (36)
anBO bn—l bn—l
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We have

n
DV, <Y az. (37)
k=1

Substituting (36) into (32) yields

A 1 A
Dz, = ~by 1241 — Cnzn + (0 - 9)T¢n + Dq(QT(pn—l)' (38)

n-1
According to Lemma 1, for the Lyapunov function V/,, there exist class-K functions jy; and
y2 such that y1(I[n]l) < Vu(n) < y2(llnll) where n = [z1,...,2,,0].
Unless z; = 0, we have D7V, < 0, thus there exists a class-K function y3 such that D7V, <

=ys(linlD).
According to Lemma 2, the z-system is asymptotically Mittag-Leffler stable. O

Remark 5 In this paper, we constructed the virtual controllers and tuning functions to
deal with the fractional stabilization problem, the backstepping technique has been ex-
tended to fractional-order systems. It should be noted that the Mittag-Leffler stability im-
plies asymptotic stability [11]. Therefore, the Lyapunov direct method can be applied to
obtain the asymptotical stability of the closed-loop system.

4 Simulation results
In this section, two examples are given to verify the effectiveness of the proposed scheme.

Example 1 We consider the following fractional-order nonlinear system:

Dix; =3xy + Zx%,

(39)
Dixy =u-— 2xf — 2x5 sin(xy),
where by =3, 60 =2, ¢; = 2x?, g3 = —x% — xp sin(x;), I = 1 and we choose g = 0.96.
Step 1: Let z; = x; and zy = % — &1, we rewrite D7x; = 3x; + Zx% as
Dizy =32y + 3a; + 242, (40)
choose the Lyapunov function Vi = 323 + %(é ~2)Tr-1(§ - 2). Then
D1V <z (3z2 + 3y + Zx%) + (é - 2)T(qu§ - rl), (41)
where 7; = x3. Meanwhile, we choose
o - —%zl - gxf. (42)

Then

DIV, < —ki22 + 32120 + (0 - 2)T DU — 7). (43)
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The second term 3z;z, in D7V will be canceled at the next step.
Substituting (42) into (40) yields

D7z = —kizy + 325 + (2 — O)x°. (44)

Step 2: Since z; = x5 — o1, we have
. 5 _ ki o 20 )
Dz = u — 2x7 — 2%y sin(xy) + 3 (3x2 + le) + ?xl (sz + 2x1). (45)

Choose the Lyapunov function V; = V7 + %z% Then

A

k 20
D1V, < —klzf +2 |:3zl +u- Zx% — 2x, sin(x;) + gl(3x2 + Zx%) + ?x1(3x2 + 2x%)j|

+(6 - Z)T(Dqé - rz). (46)
Then, to make D?V3 < —k;z} — koz3, we would choose
) , ki o 20 )
u = —kyzy — 3z1 + 2x7 + 2x3 sin(x) — 3 (3% + le) -3H (3x2 +247). 47)

In this simulation, k; = 3, k; = 2. The results for the initial state condition x;(0) =

1,x,(0) = -1 are given in Figures 1-3.

x1 | 4
- —x2

|
0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (seconds)

Figure 1 The state trajectories xq, X3.
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_4 | | | | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time (seconds)

Figure 2 Control input u.

0.4

0.3 i

0.25 =

0.2 h

0.05 R

O | | | | | | | | |
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Time (seconds)

Figure 3 Parameter estimate 6.

Example 2 We consider the following fractional-order nonlinear system:

Dix; =bixy + Gx%,
quz = b2x3 + 9961962, (48)

Dixs =u,

where by =by =1,0 =2, ¢1(x1) = x%, @2(x1,%2) = x147 and " = 1, we choose g = 0.96.
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Step 1: Let z; = x1 and z; = xy — a1, we rewrite D7x; = x + 2x% as
Dizi=z) + o1 + 2x% (49)

Choose the Lyapunov function V; = %zf + %(HA —-2)T(d - 2). Then

DIVy <zi(zy + o1 + éTx%) +(0 - Z)T(Dqé - xi‘), (50)
we choose

1 (%) = &3, (51)

al(xl,é) =—kyx; - éTx%y (52)

we arrive at
DV, < —klz% +2129 + (é - Z)T(Dqé - ‘L'l). (53)

The second term z1z, in D7 V] will be canceled at the next step. Notice that D7z, = D7x, —
Diqq, that is,

Dz, = x5 + 2012 + ky (%2 + 247) + D1(0743). (54)
Let z3 = x3 — a3, choose a Lyapunov function as V, = V7 + %z% Then
D1V, < —kiZ} + 2|21 + 23 + 2200000 + 0 + Ko (%2 + 242) | + (0 - 2)7 (D6 - 1), (55)

where D10 = 1, = 7, — %Dq(éTx%). Then, to make D1V, < k12?2 — kaz3 + 2223 + O -
2)T(D16 - 1,), we would choose

0(2(961,962,@) =—X1 — k2 (x2 + klxl + éx%) — 2961962 — kl (x2 + Zx%) (56)
Choose the Lyapunov candidate function V3 = V, + 3z%. Then

DiV; < —klz% - kzZ% +23 [zz + U+ Xy + Zx% + ks (xg + 2x1%9 + k1 (xz + 2x%))
+40x; (w2 + 2x7) + ki (33 + 21205 + doxy (32 + 247) ) |

+(6-2)T (D% - 13), (57)
where D10 = T3 =Ty — ;—ED‘?(QATxlxz), we choose

-2

U=-2y—Kk3zg —xy — 2x% - l<2(x3 + 2x1%9 + kq (x2 + Zx%))

—40x, (xz + Zx%) — kiks (%3 + 2x1% + 4oy (2 + 2x%)), (58)

we obtain

3
DqV3 < —Zk,-ziz. (59)

i=1
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4
x1
3T ——-x2|
x3
2 - -
/
ok i
/
\ /
-8k, i
-4 I I I I I
0 0.5 1 1.5 2 2.5 3

Time (seconds)

Figure 4 The state trajectories x1, X2, X3.

|
0.5 1 1.5 2 2.5 3
Time (seconds)

Figure 5 Control input u.

In this simulation, k; = ko = k3 = 1. The results for the initial state condition x;(0) = 1,
%(0) = -2, x3(0) = —1 are given in Figures 4-6.

5 Conclusions

The problem of Mittage-Leffler stabilization has been investigated for a class of fractional-
order nonlinear systems with the unknown control coefficients. The backstepping design
scheme is extended to fractional-order systems, and an adaptive control law is proposed
with fractional-order update laws to achieve an asymptotical Mittag-Leftler stabilization
for the close-loop system, and the tuning function is constructed to avoid overparame-
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0.25 T

0.15f 1

0.1H R

0.05 R

|
0 0.5 1 1.5 2 25 3
Time (seconds)

Figure 6 Parameter estimate 6.

terization. Finally, the effectiveness of the proposed method has been verified by some

simulation examples.
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