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Abstract

In this paper, we investigate the existence and uniqueness of solutions for a fractional
boundary value problem involving the p-Laplacian operator. Our analysis relies on
some properties of the Green function and the Guo-Krasnoselskii fixed point theorem
and the Banach contraction mapping principle. Two examples are given to illustrate
our theoretical results.

MSC: 26A33; 34A08; 76F70

Keywords: fractional boundary value problem; p-Laplacian operator; fixed point
theorem

1 Introduction

Fractional differential equations have excited, in the past decades, a considerable interest
both in mathematics and in applications. They were used in the mathematical modeling
of systems and processes occurring in many engineering and scientific disciplines; for in-
stance, see [1-7]. On the other hand, for studying the turbulent flow in a porous medium,
Leibenson [8] introduced the model of a differential equation with the p-Laplacian oper-
ator. Since then, differential equations with a p-Laplacian operator are widely applied in
different fields of physics and natural phenomena; for examples, see [9-12] and the refer-
ences therein.

The topic of fractional-order boundary value problems with the p-Laplacian operator
has been intensively studied by several researchers in the recent years. We refer the reader
to [13—17] and the references therein.

Chen et al. [18] studied the existence of solutions for the boundary value problem of the

fractional p-Laplacian equation

“Dfy (¢ (‘D x(t))) = f (¢, %(2), Dy x(t),  0<t<1,
°D§.x(0) = °Dg, x(1) = 0,

(1.1)

where 0 <, <1, 1 < + B <2, °Dg, is the Caputo fractional derivative of order «,
@p(s) = |sIP~%s, p> 1, and f : [0,1] x R? — R is a continuous function. Obviously, ¢, is
invertible, and its inverse operator is ¢, where g > 1 is a constant such that }7 + % =1.
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Arifi et al. [19] investigated the following nonlinear fractional boundary value problem
with p-Laplacian operator:

D (g, (D% u(t) + x ()@, (u(t) =0, a<t<b,
u(a) =u'(a) =u'(b) = 0, D% u(a) = D% u(b) =0,

(1.2)

where 2 <o <3,1< 8 <2,p>1, D, is the Riemann-Liouville fractional derivative of
order o, and y : [a,b] — R isa continuous function. Necessary conditions for the existence
of nontrivial solutions to (1.2) were given.

In our recent paper [20], we consider the following fractional boundary value problem
with mixed fractional derivative and p-Laplacian operator

DE.(gp(CDR () = k(Of (u(t)), a<t<b,
u'(a) = °D%, u(a) = 0, u(b) =D, u(b) =0,

(1.3)

wherel <o, B <2,p>1,and k: [a,b] - Ris a continuous function. Under some assump-
tions on the nonlinear term f, the existence of positive solutions to (1.3) was obtained, and
two Lyapunov-type inequalities were established.

Motivated by the works mentioned, in this paper, we investigate the existence of positive
solutions and the uniqueness of a solution for the following boundary value problem of
fractional differential equation with p-Laplacian operator:

(p (DG (@) +f(6,u(@) =0, 0<t<1, "

u(0) = D% u(0) =0,  DF,u(0) =Dl.u(1) =0, '
where0< 8 <1,2<a <2+p,D], and CDOﬂ+ are the Riemann-Liouville fractional derivative
and Caputo fractional derivative of orders «, 8, respectively, p> 1, and f : [a,0] x R > R
is a continuous function.

The paper is organized as follows. In Section 2, we briefly introduce some necessary
basic knowledge and definitions about fractional calculus theory. In Section 3, we write
(1.4) as an equivalent integral equation, and then, under some assumptions on the non-
linear term f, we establish three theorems on the existence of nontrivial positive solutions
and uniqueness of a solution for FBVP (1.4) by means of the Guo-Krasnoselskii fixed point
theorem and the Banach contraction mapping principle, respectively. Finally, in Section 4,
we give two examples to show the effectiveness of the results obtained.

2 Preliminaries
In this section, we introduce some concepts and results of fractional calculus. For more
details, we refer to 2, 3].

Definition 2.1 The Riemann-Liouville fractional integral operator of order o > 0 of a
function f : (0, +c0) — R is given by

o _L ! _ el
(1:0)0 = 75 [ =97 r0 ds

where I" denotes the gamma function.
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Definition 2.2 The Riemann-Liouville fractional derivative of order & > 0 of a continuous
function £ : (0, +00) — R is given by

" _ 1 odn £l
(D()*f)(t) - F(I’l _ O[) d fO (t _S)cx—n+l ds,
where n = [a] + 1.

Definition 2.3 The Caputo fractional derivative of order « > 0 of a function f : (0, +o0) —
R is given by

c 1 ! —a—14(n)
Da+ =z —— f— n—-a n d :
(D500 = g [ -9 0 ds
where n = [a] + 1.
We now state some properties of fractional operators.

Lemma 2.4 ([3]) Leta,B € R* and u € L,[0,1]. Then Igﬂlg+ u(x) = Igfﬂ almost everywhere
on [0,1].

Lemma 2.5 ([3]) Let a € R* and u € C[0,1]. Then D%, I%, u(x) = u(x).

Lemma 2.6 ([3]) If « >0, n = [a] + 1, and u € AC"(0,1], then I§.°D§, u(x) = u(x) —

—1 4k
iz ru®(0).

Lemma 2.7 ([21]) Let X be a Banach space, and let P C X be a cone. Let Q2 and Q2 be
bounded open subsets of X with 0 € Q; C Q1 C Qy, and let T: PN (Qy \ Q1) > Pbea
completely continuous operator such that

(i) | Tull = u|l for any u € PN o2y and || Tu|| < ||u|| for any u € PN 3Qy; or

(i) | Tu|l < ||ull for any u € PN 32y and || Tul| > |\u|| for any u € PN 9K2,.
Then, T has a fixed point in PN (Q \ Q1).

3 Main results
Let E = C[0, 1] be endowed with the norm ||x| = max;cjo,1) [*(2)].
We now consider the following boundary value problem:

(pp(D&u(t)) +h(t)=0, 0<t<l,

(3.1)
u(0) =D u(0)=0, Db u(0) =Dj,u(1) = 0.

Lemma 3.1 Let h € C[0,1] NL[0,1],0< B8 <1,and 2 <o <2+ B. Then u € C[0,1] is a
solution of (3.1) if and only if

u(t) = Al G(t,s)¢q(fosh(r)dt) ds, (3.2)

where G(t,s) is Green’s function given by

1 (l_s)oc—ﬁ—lta—l
— () ’
Glt,s) = I'(x) (1-s)*P-1ga-1_(s_g)2-1
() ’

IA
A N
IA
“»n
IA

(3.3)

oS O
-

IA
“n
IA
=~
IA
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Proof Integrating the first equation of (3.1) on [0, £], by the boundary condition D, u(0) =
0 we have that

<,op(D8‘+ u(t)) = gop(D8‘+ u(O)) —/0 h(s)ds = —/(; h(s)ds,

which implies that

Dy u(t) = ¢, (/0 h(s) ds).

By Lemma 2.6 we have that

u(t) = —ﬁ /0 (t- s)“_lgaq (/0 h(r)dr) ds + c1t® ™l + ct® 2 + c3%73. (3.4)

By the boundary value condition u(0) = 0 we have c3 = 0. Moreover, from Lemmas 2.4 and

2.5 we can easily obtain

cnb _ 1 ‘ _ a—p-1 $
Dy, u(t) = T _B) /0 (t-s) @q (/0 h(t)dr) ds
') papl IMN'a-1) a-p-2

TTa-pt T poD e
By (3.5) and °Df. 4(0) = 0 we have ¢, = 0. On the other hand,
0="°Df,u(1) = - F(al— 5 /01(1 —5)* Py, </Osh(r)dr> ds + Cl%’
which yields that
= 1 /1(1 —s)“”s’lgoq (/sh(t)dr) ds. (3.6)
I'(e) Jo 0

Substituting ¢; = ¢3 = 0 and (3.6) into (3.4), we can obtain that the solution of (3.1) is

u(t) = Al G(t,s)wq(fosh(r)dt) ds, (3.7)

where Green’s function G(¢,s) is as in (3.3). The proof is completed. O
Lemma 3.2 The function G(t, s) has the following properties:

(1) G(¢t,5)>0 fort,s€(0,1),

(2) Bt*ls(1 —s)* P <T(a)G(t,s) < (@ — 1)t*25(1 —5)* P for t,5 € [0,1].

Proof First, we prove that (1) holds. Since

s a-p-1 s a-1
(l—s)"‘ﬁ‘lz<1—;> z(l—;) , 0<s<t<l,



Bai Advances in Difference Equations (2018) 2018:4

Page 5 of 12
we have that
(1= )% F 1@ > (g —g)* T,
Thus, we easily obtain that G(t,s) > 0 for s, ¢ € (0, 1).
We now will prove that (2) holds. If 0 <s <t <1, then
T(@)G(t,s) = (1=8)* P — (¢ -5 <X =9)* P [t = (£ —9)*"]
=(1-9)PHa-1) t x* % dx
t-s
<(@-1)(1 -8 P2t (t-59)]
= (a —1)s(1 —5)* P12,
On the other hand, we have
[(a)G(t,s) > Bt*Ls(1 —s)* P71, (3.8)

The proof of (3.8) is the same as that of (2.6) of Lemma 2.7 in [22], and here we omit it.
When 0 <t <s<1, weget

C(a)G(t,s) = (1 —s)* P11 < (1 — )% Plspr2
< (a—1)t*2s(1 -s)* P L,
On the other hand, we have
[(a)G(t,s) = (1 —s)* Pt > grolg(1 —s)* P11,
The proof is completed.
Define the cone P C E = C[0, 1] by

P= {x e E:x(t) > th“’lllxll, forallt € [0,1]}.
o

Theorem 3.3 Let0< B <1,2<a <2+ fB,andf:[0,1] x R, — R, = [0, +00) be a con-

tinuous function. Suppose that there exist two positive constants ry > r1 > 0 such that the
following assumptions are satisfied:

(H1) f(& %) > pgp(r1) for (t,x) € [0,1] x [0,71],
(H2) f(t, %) < wpp(rs) forx € [0,1] x [0,72],

where

B [(o)297!
p‘”(ﬁmq+La—m)

and

~ I'(x)
w‘%(m—lm@+La—m)'
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Then FBVP (1.4) has at least one nontrivial positive solution u belonging to E such that

r1 < |lull < ro.

Proof From Lemma 3.1 we know that u € C[0, 1] is a solution of (1.4) if and only if « is a

solution of the integral equation

1 s
u(t) :/(; G(t,s)q)q(/o f(r,u(t)) dr) ds.

Let T': P — E be the operator defined by

1 s
Tu(t) = / G(Z,5)@, (/ f(r, u(r)) dr) ds.
0 0

For any u € P, we have by Lemma 3.2 that

1 1 s
Tu(t) > mﬂfo 151 —s)""ﬂ‘lgoq</0 f(r,u(r)) dr) ds

1 s
= it"_l /(; ﬁ(a —1)s(1 - S)O‘_’S_lgoq </0 f(r,u(t)) dr) ds

a-—1

1 s
Z%t{x—l‘/(; gg}f}G(}f,Q(pcI(/o f(r,u(r))dt) ds

1 s
> P et f G(t,s)<pq( / £z, u(x)) dr) ds
0 0

a-1 te[0,1]

B

= —— 7| Tul,
a-1

which implies that T : P — P. Using the Arzela-Ascoli theorem, we can prove that 7': P —
P is completely continuous. Let ©; = {u € P: ||u|| <r;}, i = 1,2. From (H1) and Lemmas
3.1 and 3.2 we obtain for ¢t € [%, 1] and # € PN 92 that

1 K
(Tu)(t) > min G(t,5)g, (/ f(r,u(r)) dr) ds
! 0

0 te[z,1]

1 s
> 1 min A% s(1 —s)"’ﬁlgoq</ Sz u(x)) dr) ds
0

I'(a) Jo te[3.1]
1 s
:20[%1_‘(“)/0 s(l—s)a—ﬁ—1¢q</o f(‘[,u(‘[))dl’) ds

1 s
= 2("%}‘(05)/0 s(1-9)*" g, </o‘ p(pp(rl)dr) ds

1
-3 [ -9 e ds- o

1
- z%(a) /0 (1= 5PV ds - g (p)r,

B

= WB(W La—B)-oq(p)r = |lull.
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Hence, || Tu|| > ||u|| for u € PN 3. On the other hand, from (H2) and Lemmas 3.1 and
3.2 we have

1 s
| Tue|| = tI;l[(E)l’)l(]/(.) G(t,5)pq </0 f(l', u(t)) d‘L’) ds
ta-1 ) a—p-1 ’
< trer%(z)l')l(]/o mt s(1—s) @q (/(; f(r, u(r)) dr) ds

-1 rt s
= %/0 s(1-5)* P g, </0 f(r,u(r)) dr) ds

-1 ! s

< oli(—oz) \ s(1 —s)“_ﬂ_lwq <_/0 w‘ﬂp(rz)df> ds
_ 1

_ ‘;i(—a; 519, ds g0
-1

- %mq +1,a—B)- o w)ry = ||ul

for u € P N 9K2,. Thus, by Lemma 2.7 we have that the operator T has a fixed point in

ue PN (Q\ Q) with r; < |lu|| < ry, and clearly u is a positive solution for FBVP (1.4).
The proof is completed. d

Lemma 3.4 ([12]) The p-Laplacian operator has the following properties:
(i) If1<p<2,xy>0and |x|,|y| = m>0, then

0o () = 9,0)| < (= D |x =y
(i) Ifp>2and |x|,|y| <M, then
|0p(x) = )| < (p = DM~ y).
Now we are in position to prove the uniqueness of a solution for FBVP (1.4).

Theorem 3.5 Assumethat0<f <1,2<a <2+ B,1<p<2,and the following conditions
are satisfied:

(H3) Forall r > 0, there exists a nonnegative function h, € L[0,1] with 0 < fol h(t)dt <M
(a positive constant) such that

[f(t,u)| < he(2), V(& u) € (0,1] x [-r,7];
(H4) There exists a constant k > 0 such that
[f(t, u) —f(t, V)| <klu-v|, Vtel0,1],u,velR.

If

1
O0<k< (3.9)

(@ - 1)(g - 1)MT2B(3,0 - B)’

then FBVP (1.4) has a unique solution in C[0,1].
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Proof By (H3) we have that

¢ 1 1
’/ f(s, u(s)) ds| < / [f(s, u(s)) | ds < / h.(s)ds<M, te][0,1]. (3.10)
0 0 0

By Lemmas 3.1 and 3.4(i) and by (3.10) we obtain

|(Tu)(2) - (Tv)(®)]

/01 G(t,s)<pq</:f(r,u(r))> dr - /01 G(t,s)goq(/osf(r,v(r))> ds
< /01 G(t,s) goq(/(;sf(l',u(‘[)) d‘[) —(pq(/osf(t,v(t)) dt)

1 s s
5((]—1)M‘1’_2/0 G(t,s)/(;f(r,u(r))dr—/of(r,v(r))dr

ds

ds

1 s
< (q—l)Mq’Z/ G(t,s)/0 If (v, u(t)) = f(z,v(x))|dT ds

0

1 s
< (q—l)Mq_Z/ G(t,s)/ kllu—v|dzds
0 0

1
< (61 - l)qu_ZHI/l - / (og — 1)t°‘—252(1 _ S)a—ﬁ—l ds
0

= (o - 1)(g — DKMT*t**B(3,0 - B)|lu—v||
<(-1)(q - DkMT>B(3,a - B)l|lu—v|

=Liflu—-vl,

where L1 = (o — 1)(g — 1)kM972B(3,a — B8). From condition (3.9) we know that 0 < L; < 1.
Hence, by means of the Banach contraction mapping principle we obtain that T has a
unique fixed point in E, that is, that FBVP (1.4) has a unique solution. The proof is com-
pleted. d

Theorem 3.6 Assume that 0< B <1,2<a <2+ B, and p > 2 and that (H4) and the
following condition holds:

(H5) There exist constants A >0 and 0 <8 < ‘;%2 such that

S

ft,u) = 18t°7Y,  Y(t,u) € (0,1] x R.

If
0<k ! (3.11)
<k< , .
(@ = 1)(g - DA12B3,a - B)
then FBVP (1.4) has a unique solution in C[0,1].
Proof By (H5) we have
t t
/ f(s,u)ds > / 285 Vds=rt?, V(,u) €[0,1] x R. (3.12)
0 0
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Obviously, for any u,v € E, we have |(Tu)(0) — (Tv)(0)| = 0. For any ¢ € (0, 1], by Lemmas

3.2 and 3.4(ii) and by (3.12) we get
Wq(/(; S (7, u(x)) d‘L’) —¢q</0 Sz v(x) dl’)

f o) de - / (o) dr
0 0

1
|(Tu)(®) - (T(0)| < /0 G(t.9) ds

1
<(g- 1)(kt5)q72/ G(t,s) ds
0

1 s
S(q—l)()ut‘s)q_zf G(t,s)/ k{u(t))—v(t))|drds
0

0

1
< (g~ k()" Ju-vl / (- Dt*?s*(1-9)* P ds
0

2 1

< (@~ 1)(g - Dk(A) 2 u—v| / s*(1-s)" P ds
0
= (o = 1)(q — DkAI2H0725+42B(3 oy — B)||uu — V|
< (o = 1)(q - DA BE, o = B)llu— vl
which implies that
[ Tu— Tv|| < Lollu—v|,

where Ly = (@ — 1)(g — 1)kA92B(3,a — ). By condition (3.11) we obtain that 0 < L, < 1.
Thus, T : E — E is a contraction mapping. Using the Banach contraction mapping prin-
ciple, we obtain that 7 has a unique fixed point in E. Hence, FBVP (1.4) has a unique
solution. The proof is completed. d

Similarly, we have the following:

Theorem 3.7 Assume that 0< 8 <1,2<a <2+ B, and p > 2 and that (H4) and the
following condition holds:

(H6) There exist constants ). >0 and 0 <8 < g%; such that
f(t,u) <-28871,  V(t,u) e (0,1] x R.

If k satisfies (3.11), then FBVP (1.4) has a unique solution in C[0,1].

4 Examples
In this section, we present some examples to illustrate our main results obtained in the

previous section.

Example 4.1 We consider the fractional boundary value problem

z z
|Dg, u(t)] %Ddﬂ u(t) + (2 +2)e* =0, 0<t<l,

. (4.1)
u(0) = D,u(0) =0,  DY7u(0) = °DY7u(1) = 0.
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Obviously, FBVP (4.1) can be regarded as FBVP (1.4) with p = %, o= %, B =0.7,and
ft,u) = (t2 + Z)e", Y(t,u)€[0,1] x R.

By a simple computation we obtain g = g,
r'(3)

r(Z)2s
p= g{)% —— - | = 148986, and o= (/)% %’BW

=14.169.
s 49 )
0'7'35’%) 3730

We choose 1y = % and ry = % Then we can obtain
ft,u) = (t2 + Z)e" >2> ,o(p%(rl) =1.669 for (t,u) €[0,1] x [0,r];
f(t1) = (£ +2)e" < 3¢5 <wps(r2) =7.713 for (t,1) € [0,1] x [0,7].

Hence, by Theorem 3.3, FBVP (4.1) has at least one nontrivial positive solution « in E such

1 2
that 55 < [lu|l < 3.

Example 4.2 Consider the following fractional boundary value problem:

5 5
|D§+u(t)|‘%D§+u(t) +(1+26%)arctan(3(u+1)) =0, 0<t<l, 42)

5
u(0) = D& u(0) =0, *D38u(0) = °DYfu(1) = 0.

—g,a:%,ﬁzo.&and

FBVP (4.2) can be regarded as FBVP (1.4) with p
2 2
St u) = (1+2¢*) arctan g(u +1)), V(tu)e[0,1] x R.

It is easy to see that, for any r > 0,

[f(t,w)| < h(t) for (t,u) € [0,1] x [-r,7],

where /,(t) = (1 + 2¢%) arctan(3(r + 1)). Obviously, &, € L[0,1] and fol h(s)ds < fol 21+

25%) ds = 3 := M. Moreover, we have

arctan(%(u + 1)) - arctan<§(v + 1)> ’

(1+2t2)|u—v| <2u-v| fortel0,1],u,veR.

[f(t,u) = f(t,v)] = (1 +2¢%)

=

[SSRIN V]

Let k = 2. We have

1
0ck< ST EGa—p " 2%

where g = % > 2. Thus, by Theorem 3.5, FBVP (4.2) has a unique nontrivial solution.
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5 Conclusion

In this paper, we obtain an equivalent integral equation for a class of fractional bound-
ary value problem with p-Laplacian operator. Using the properties of the corresponding
Green function and Guo-Krasnosel’skii fixed point theorem on cones, we obtain the ex-
istence of positive solutions to problem (1.4). Moreover, applying the properties of the
p-Laplacian operator and the Banach contraction mapping principle, we get some unique-
ness results of solutions. Finally, we provide two examples to illustrate the main results.
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