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where 1 <a, B <2,f,g € C([0,1] x (~00,+00), (~00,+00)),¢, ¥ € L'[0,1], a,b are
constants and D denotes the usual Riemann-Liouville fractional derivative. Based
upon a fixed point theorem of increasing ¢-(h, e)-concave operators, we establish the
existence and uniqueness of solutions for the new coupled system dependent on
two constants. And then the obtained result is well demonstrated with the aid of an
interesting example.
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1 Introduction
In this article, we study a new coupled system of fractional differential equations and con-
sider the existence and uniqueness of solutions for the system with integral boundary con-

ditions. Namely, we discuss the following problem:

D*u(t) + f(t,v(t)) =a, O<t<l,
DPv(t) + g(t,u(t) =b, O0<t<l,
w(0)=0,  u(l)= [, pOu(t)dt,
w0)=0,  v(1)= [y v dt,

(1.1)

where 1 <, 8 < 2,f,g € C([0,1] x (-00, +00), (=00, +00)),$, ¥ € L'[0,1], a,b are con-
stants and D denotes the usual Riemann-Liouville fractional derivative (see [1, 2]). A pair
of functions (¢, v) € C([0, 1]) x C([0, 1]) is called a solution of system (1.1) if it satisfies (1.1).
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We will consider system (1.1) under the case a > 0,b > 0. When a = b = 0, we can study
problem (1.1) by using the usual methods and give some results about the existence and
uniqueness of positive solutions (see [3]). However, when a,b > 0, we cannot get similar
results by using the previous methods. So system (1.1) is new, and we need to seek new
methods to discuss problem (1.1). Fortunately, we can use a recent fixed point theorem for
@-(h, e)-concave operators to resolve problem (1.1). First, we list the following hypotheses
on the functions ¢ (¢), ¥ (£):
(Q) ¢, ¥ : [0,1] = [0, +00) with ¢,y € L'[0,1] and

1 1
o1 ::/ o)L dt, oy ::/ V()P dt € (0,1);
0 0

1 1
. a-1¢1 _ — B-1(1 _
03: /0 t* (1 -1)p(t) dt, o4 /0 P (1 -0y (t)dt > 0.

A lot of boundary value problems of coupled systems involving fractional differential
equations have been investigated extensively, see the works [4—25] and the references
therein. Different boundary conditions of coupled systems can be found in the discus-
sions of some problems such as Sturm-Liouville problems and some reaction-diffusion
equations (see [26, 27]), and they have some applications in many fields such as mathe-
matical biology (see [28, 29]), natural sciences and engineering; for example, we can see
beam deformation and steady-state heat flow [30, 31] and heat equations [14, 32, 33]. So
nonlinear coupled systems subject to different boundary conditions have been paid much
attention to, and the existence or multiplicity of solutions for the systems has been given
in literature, see [4—14, 16—25] for example. The usual methods used are Schauder’s fixed
point theorem, Banach’s fixed point theorem, Guo-Krasnosel’skii’s fixed point theorem on
cone, nonlinear differentiation of Leray-Schauder type and so on. Recently, several pa-
pers [4, 8—10] considered some new coupled systems of fractional differential equations
and obtained some new results about the existence and uniqueness of solutions by using
general methods.

From literature, no papers have considered system (1.1). Inspired by the works of cou-
pled systems and recent papers [16, 34], we study the coupled system (1.1) and give the
existence and uniqueness of solutions. By using a fixed point theorem of increasing ¢-
(h, e)-concave operators, we establish the existence and uniqueness of solutions for the
coupled system dependent on two constants. Our result shows that the unique solution
exists in a product set and can be approximated by making an iterative sequence for any
initial point in the product set. So our result is an extension and improvement of the pre-

vious works.

2 Preliminaries
Lemma 2.1 (see [11]) Let fol o®)t*tdt #1 and o € C[0,1)]. Then the problem

Du(t)+o(t)=0, O<t<l,
u©0)=0,  u(l)= [y pult)dt
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has the unique solution u(t) = fol Gio(t,8)0 (s) ds, where Gy (t,8) = Goo(t, 8) + Gay (t,8) with

totfl (l—s)afl—(t—s)afl

, 0
Gao(t,5) = L o

toz—l(l_s)a—l
T

Gsu(t,s) = £)Gay(t, s) dt.

ta—l 1
— [ 9
1- [} p(t)ee dt/()
The function G(t,s) = (G14(t,5), G15(t, 5)) is the Green’s function of problem (1.1).

Lemma 2.2 (see [11]) Let fol o)t 1 dt € [0,1). Then Gyy(t,s) > 0 is continuous for all
t,s € [0,1], and G14(¢,s) >0 forall t,s € (0,1).

Lemma 2.3 (see [3]) The function Gy (t,s) satisfies

-1 ta—l 1-— o—1
L1 - (1= 9l < Glty) < L0

F(O[) W’ t,s€ [0,1]

Lemma 2.4 (see [3]) Suppose «, B € (1,2] and (Q) is satisfied. Then the functions Gi,(t, s),
Gip(t, s) satisfy

(o = 1)o3s(1 — s)* g1 (1 —s)*Tget _
(—oor@ == T@a—ay "
(B — 1)ous(1 — s)f~1¢h-1 (1 —s)B-1¢p-1 tsel0l.

G b
1-o)T(B)  ~ ¥STEl-0)

Next we present a fixed point theorem which can be easily used to study some systems
of differential equations.

Suppose (E, || - ||) is a real Banach space and it is partially ordered by a cone P C E. For any
x,y € E, x ~ y denotes that there are & > 0 and v > 0 such that ux <y < vx. Take & > 0 (i.e.,
h> 6 and h #0), we consider the set P, = {x € E | x ~ h}. Clearly, P, C P. Take another
element e € P with 0 <e <k, we define Py, = {x € E|x + e € P},}.

Definition 2.1 (see [34]) Assume that A : P, — E is an operator which satisfies: for any
x € Py.and X € (0, 1), there exists ¢(1) > A such that A(Ax + (A —1)e) > p(A)Ax + (p(A) — 1)e.
Then we call A a ¢-(h, e)-concave operator.

Lemma 2.5 (see [34]) Suppose that P is normal and A is an increasing ¢-(h, e)-concave
operator satisfying Ah € Py .. Then A has a unique fixed point x* in Py .. In addition, for
any wy € Py, constructing the sequence w, = Aw,_1,n=1,2,..., then ||w, —x*|| - 0 as

n— Q.

Given My, hy € P with hy,hy #0. Let h = (b1, h,), then h e P:= P x P. Take 6 < e; < Iy,
0 <ey <hy andlet 6 = (8,0), e = (e1,e;). Then 8 = (8,60) < (e1,e2) < (hy, o) = h. That is,
6 <e < h.If Pis normal, then P = P x P is normal (see [35]).

Lemma 2.6 (see [3]) P, = Py, X Py,.
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Lemma 2.7 Z_Jh,e =Ppie; X Ppye,-

Proof By Lemma 2.6, we obtain

Pye={(xy) €EXE| (%) +ecPy)
= {(x,y)eExE| (x+e,y+ey) €Py xth}
{(

x%,y) €EEXE|x+e ePhl,y+ezePh2} = {(x,y)eExEIxePhl,el,yePth}

= Pyey X Prysesy- O

3 Existence and uniqueness of solutions

In this section, let E = {u|u € C[0, 1]} and the norm of E is ||u| = maxc[) |u(£)]. We will
consider (1.1) in E x E. For (u,v) € E x E, let ||(&, v)|| = max{]||«||, |v||}. It is clear that (E x
E,||(u,v)|)) is a Banach space. Let P = {(&,v) € E x E|u(t) > 0,v(t) > 0},P = {u € E|u(t) >
0, € [0,1]}, then the cone P C E x E and P = P x P is normal, and the space E x E hasa
partial order: (u1,v1) < (42, v2) < u1(f) < us(t), vi(t) < vo(t),t € [0,1]. By Lemma 2.1 and
the result of [21], we can easily get the following result.

Lemma 3.1 Suppose that (Q) is satisfied and f(¢t,x),g(t,x) are continuous, then (u,v) €
E x E isasolution of (1.1) if and only if (u,v) € E x E is a solution of the following equations:

ult) = [ Gia(t,9)f (5, v(s)) ds — a f,, Gua(t,5)ds,
We) = [y Giglt,)g(s, uls)) ds — b [} Gig(t,s)ds.

For (u,v) € E x E, we define three operators A;,A; and T by

1

1
Aqu(t) =/(; Gla(t,s)f(s, v(s)) ds—a/o Giu(t,s) ds,
1 1
Ayv(t) = / Glﬂ(t,s)g(s, u(s)) ds — b/ Gip(t,s)ds,

0 0

and T(u,v)(t) = (A1u(t),A,v(t)). Then A;,Ay :E— Eand T : E x E — E x E. From
Lemma 3.1, (,v) is the solution of system (1.1) if and only if (i, v) is the fixed point of

operator 7. Let

1 1
ei(t) = a‘/o Gio(t, ) ds, ex(t) = b/(; Gip(t,s)ds, 61)

hi(8) = Myt* ™!, hy(t) = Mot? ™,

a
where Ml > m,

b
M Z mrmiay -
Theorem 3.1 Let1l<w,B <2,a>0,b>0and ey, ey, hy,hy be given as in (3.1). Assume that
f,g € C([0,1] x (00, +00), (—00, +00)) and (Q) holds. Moreover,
(H1) f:[0,1] x [—e}, +00) — (—00, +00) is increasing with respect to the second variable,
where e} = max{ey(£) : ¢t € [0,1]}; g: [0,1] X [—€}, +00) — (—00, +00) is increasing with re-

spect to the second variable, where e = max{e;(t) : t € [0,1]};
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(Hy) for A € (0,1), there exists (L) > A such that

f(tx+ (. =1)y) = p(W)f (,%), t€[0,1],x € (00, +00),y € [0,€}];

g(t, Ax+(\— l)y) > p(M)g(t,x), tel0,1],x € (-00,+00),y € [0, eﬂ;

(Hs) f(t,0) >0, g(¢,0) > 0 with f(¢£,0) £ 0,2(£,0) £ 0 for t € [0, 1].
Then:

(1) system (1.1) has a unique solution (u*,v*) in Py, where
e(t) = (el (t)’ 62(t)), h(t) = (hl (t)’ hZ(t))) te [07 1],
(2) taking any point (ug, vo) € Pj,., construct the following sequences:
1 1
Ups1(t) = / Gra(t,8)f (5, va(s)) ds — a / Gia(t,5)ds,
0 0
1 1
i) = [ Gup(elgls o) ds b [ Gup(es)as,
0 0
n=0,1,2,..., we have u,.1(t) — u*(t), vy.1(t) = v*(t) as n - oc.
Proof By Lemma 2.2, for ¢ € [0,1],
1 1
el(t):a/ Giu(t,s)ds > 0, ez(t):bf Gip(t,s)ds = 0.
0 0

From Lemma 2.4, for ¢ € [0, 1],

~ 1 1 (1 _S)a—lta—l B at® 1 1 el
a0=a || Gult9ds<a | Lo = iy J, A

B a1 ~ a - — .
" aT@ o) T@sd-oy. =M =h;
~ 1 - 1 (1 _S)ﬂ—ltﬁ—l B btﬂ_l 1 .
ez(t)—bf0 Gip(t,s)ds<b e F(ﬂ)(l_@)/o (1) ds
bth1 b

= B-1 B-1 _
S BrB) -0y TB+D)(1-0)" < MotP™' = hy(2).

Thatis, 0 <e; <h;,0<e, <hy.
In the following, we prove that T : Pj,, — E x E is a ¢-(, e)-concave operator. For (i, v) €
Pje, A €(0,1), we obtain

T(A(u, v)+ (A — l)e)(t)
= T(uw ) + (— Der, ) (0)
= T(Au +(A=Dep, Av+ (A — l)ez)(t)

= (A1(An + (A = Der), Ay (Av + (h — 1)e2) ) (2).
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We discuss A;(Au + (A — 1)eg)(t) and Ax(Av + (A — 1)ey)(t) respectively. From (H,),
Al(ku + (A= l)el)(t)
1
= / Gra(6,8)f (8, 1v(s) + (A — 1)es(s)) ds — e1(¢)
0
1
> @(A) /0 Gia(t, s)f(s, v(s)) ds — e (t)

1
= (p()»)[/o Gia(t, s)f(s, v(s)) ds — el(t)] + [(p()») - l]el(t)

= (WA u(t) + [o(1) - 1]es (8),

As(Av+ (A —1)e) ()
1

= /0 Gl,g(t,s)g(s,Au(s) +(A=1)e; (s)) ds — ex(t)
1

> (M) /0 Gip(t,9)g(s, u(s)) ds — ex(2)
1

= w(k)[ /0 Gip(t,$)g(s, u(s)) ds - ez(t)} +[0(1) = 1]ea(t)

= p(MA(1) + [0(1) - 1]e(2).

So we have

T (M, v) + (A = 1)e)(2)
> (@A) + (1) — 1]er(8), (W) Av(2) + [p(1) — 1]ea(?))
= (p(MA1u(t), e(W)A2v()) + ((0(1) = 1)er(0), (1) — 1)ea(2))
= p(W)(A1u(t), Aov(t)) + (p(0) — 1) (e1(2), e2(0))

= @MW) T (u,v)(t) + () - 1)e(t).
That is,

T (A(u,v) + (A — 1)e)
> o(W)T(w,v) + [(h) —1]e, (u,v) € Ppe, 1 €(0,1).
Hence, T is a ¢-(h, e)-concave operator.
Next we show that T : ﬁh,e — E x Eisincreasing. For (u,v) € ﬁh,e) we have (u,v) + e € Py,.
From Lemma 2.6, (4 + e1, v + e3) € Pp; X Py,. So there are A1, A, > 0 such that

ut) +e(t) = Aim(t),  v(o) +ex(t) = hoha(e), £€]0,1].

Therefore, u(t) > A1 (t) — ei(t) = —ei(t) = —e], v(t) = Aol (t) — ex(t) > —ey(t) > —€5. By

(H1) and the definitions of A1, A,, we obtain T : Fh,e — E x E is increasing.
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Now we prove that T € Py, so we need to prove Th + e € P;,. For t € [0,1],

Th(t) + e(t) = T(hy, ha)(t) + e(t) = (A1h(2), A2k (2)) + (ex(2), ex(t))
= (A1l (t) + e1(2), Aghy(2) + e(t)).

We discuss A1/ (t) + e1(t), Axha(£) + ex(2), respectively. By Lemma 2.4 and (H;), (H3),

1
A (£) + ea(6) = / Gra(t,S)f (5, ha(s)) ds
0

L =1)oss(1 - s)*!
-,

a-1 a—1
1—ol @) t f(S,MzS )ds

(¢ —1)o3

-1 ! 1
> ol [l s

(1(‘;)—3;‘3 ) / 19" f(s,0)ds,
_oa—lra-1
A+ < | %f(s M) ds
1

Y P ——— _ -1
_Ml(l—ol)r(a)hl(t)fo(l $)*" f(s, M) ds.

From (H3), (H3), one has fol(l —8)%7Yf (s, M) ds > fol 5(1-5)*"1f(s,0) ds > 0. Note that o3 <
01 <1land @ — 1 <1, we obtain

= (_i _ -1
o @ / s(1-5)""f(s5,0)ds

= 1 ' a-1
=t '_mfo (1= 5)""f (s, M) s,

and thus /1711 (t) < A1l (t) + e1(t) < Ll (¢). This shows A1/ + e € Py, . Similarly, by using
Lemma 2.4 and (H), (Hs), we also can get Ay/; + e; € Py,. Consequently, by Lemma 2.7,

Th+e= (A1h1 + e, Arhy + 62) € Ph] X th = I_)h.

Finally, by using Lemma 2.5, T has a unique fixed point (*,v*) € Pj,. In addition, for any
given (g, Vo) € Py, the sequence

(un; Vn) = (Alun—I:A2Vn—l): n= 1: 2; “ee

converges to (u*,v*) as n — 00. Therefore, system (1.1) has a unique solution (&*,v*) in
Py,; taking any point (u, vo) € Py, construct the following sequences:

1 1
o (£) = / Gralt,s)f (5 va(5)) ds — / Gralt,5)ds,
0 0

1 1
v,,+1(t)=/0 Gl,_«;(t,s)g(s,u,,(s)) ds—b/o Gip(t,s)ds,

n=0,1,2,..., we have u,,1(t) — u*(£), v, 1(t) = v*(¢) as n — oo. O
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Example 3.1 Consider the coupled system:

3,
Div(e) + (A2OVI0,,() . L )5 (M7 _3py54t5 =1, 0<t<1

3087 r(5H/7 160 ~ 2 )
D3 u(t) + (2818 (7) + ﬁ%))%(% ~2psi0 =1, 0<t<l, (3.2)

w©0)=0,  u(l)= [y tult)dt, v0)=0,  v(1)= [, tv(t)dt.

In this example, a = 3, =3,a=b=1, () =%, ¥(¢) = t and

G-

’

12809140 1 >%<147 3t> %t
X

f(t’x):( 3087 T(H) \160 4

~
o

121515 1 \3/ 98 2, 5,
.\ 98 2
)

t,x) = 0,
gt.) ( 1372 1)) \135 3

f>2:10,1] x (00, +00) — (—00, +00) are continuous and increasing with respect to the
second variable. After a simple computation, we have

2 3 4 9
o1 = —, 09 = —, o3 =—, Oy = —.
177 277 >7 63 Y770

Evidently, 01, 07 € (0, 1), 03,04 > 0. Moreover,

Gla(trs) = GZO{(trs) + GBa(trs)! Glﬁ(tys) = GZﬂ(t! S) + Ggﬁ(ti S);

1 1 1
2092 —(t=5)2
_ (3 1S =0
GaultS) =1 3y
=)
l—v(%) ) tSS,
t%(l )% (t )%
b o
_ 0 v S=h
GapB9 =1 duod
-
F(%) ) th,
¢ (1
Gsul(t,5) = ftzGZQ(t,s)dt
1—01 0
1
2 s 1
=53 {/ t2~t%(l—s)%dt+/ t2~[ti(1—s)%_(t_s)%]dt}
2I'(5) Lo g
2 [15(1 —5)2 —35(1 - )% +28(1 —5)% ~8(1-5)?]
= —§)s = -8 + —S - -8
75T (3)
and
1 1
Gap(t,s) = £Gog(t,s) dt
3/3( ) 1_0_2'/0 2,3( )
1
t3 s 1
- {/ t.t%(l—s)%dt+/ t[t%(l_s)%_(t_s)%]dt}
sI'(3) Lo ]
3¢3

- _[4(1-93 -7(1-9)3 +3(1-9)3]
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Further,

! 1 (98
el(t)zf Gla(t,s)ds=—3<—t%— ti),
0 ré\1ss

2

3

1 1 /(147 1 3 a
t) = Gq5(t,8)d. t3 — —t3 |,
es(t) fo (t,5)ds = F()(mo : )

1372
12157150 (3)’
3087
1280/140T° (%)

e} =max|e; () :£€[0,1]} =

ey = max{ez(t) :te 0, 1]} =

Take /;(¢) = Mlt%, hy(t) = Mzt%, where

M > a B 7
'TTe+)A-0) 503
b 7

M Z R D oy~ ar ()

Then
th 2, 983 49 1 7 )
el(t): Bl -5t =< =12 < =12 < Mat2 = hi(2),
r¢)\135 5t 135T(3) 45r(§) 51(3)
t5 (147 3, 147t5 9 1 7 . |
ex(t) = — 1) =< 3 < =3 < Mt3 = h(t)
r(¢)\160 g 160T(%) 40r(§) ar(%)

L

1 1 1
g(t,o)z(#%))ﬁ(%—gt)g L10 0w1thg(t0)§é0f(t0)—( ) Tk = 31)5t15 > 0 with

f(¢,0) #£ 0. In addition,

1280./140 1 \5/147 3\5
fltx) = X+ = —
3087 r'(3) 160 4

1280+/140 l"( 147 1 3 4 5
4 x+1 — 13 — —13
F(g 3087 160 4

G-

[e2(0)]®

1280/140T (%) :
———x+1
3087

1
5

3037 xeo(t) + ez(f)) ,

1215V/15T°(3) Y08 1 2 5\}
5 x+1) [ =tz -Zt2
NE) 1372 135" 3

12157151 (3) :
1372 +1> [er(0)]

1215V/15T°(3)
1372

Ui

1
5

X he()+ el(t)) .

(e
(T
(””m :
(7
(T
(T
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For A € (0,1), x € (—00,+00), y € [0, €3],

f(tax+ (L - 1)y)

1280+/1401°(3)
N 3087

" !
%{usox/ﬂF : ez(t)[“ (1_ %M + %EZ(t)}

ex(t) [Ax + (A — l)y] + 62(t)}

l
A5

© 3087

3087
1280+/1401°(3) 1280+/140T(%)
ex(t) + ( x) 3087

ex(t)y + %ez(f)} ’

1

A5

| V

1280-/140T 5
3087 G )eg(t)x+ (1 - %)eg(t) + %ez(t)}

i

=A

{ 1280-/140T (%) (t)} 3

3087 exy(t)x + ey
= M3 f(t,%) = () (%),

here ¢(1) = A3, By Theorem 3.1, system (3.2) has a unique nontrivial solution (z*,v*) in
l_)h,e, where

1 98 1 2 3 1 147 1 3 4
€(f)=(€1(t),€2(t))=(@(ﬁt % >,T%)<1—60t -2 ))
h(t) = (h(2), ha(0)) = (My£2,Myt3), ¢ € [0,1].

Taking any point (uo, v) € Py, construct the following sequences:

98

Up1(t) = 1G t,8)f (s, v,(s ds—L —t% t%
n+l() / la( )f( n( ) 1_,( ) 135 ’

2
3
1 1 /147 3 4
wdﬂiéGMMMWMmﬁ—ﬁgﬁat—zﬂ,

[SS

n=0,1,2,..., we have u,,1(£) — u*(£), v, 1(t) = v*(¢) as m — oo.

4 Conclusions

Recently, fractional coupled systems of differential equations have gained more attention
in different fields of science and engineering such as physics, control systems and dynam-
ical systems. So, for nonlinear coupled systems subject to different boundary conditions,
there are many articles studying the existence or multiplicity of solutions or positive solu-
tions. But the unique results are very rare. In this paper, we study the new coupled system
of fractional differential equations (1.1). Our method is a new fixed point theorem of in-
creasing ¢-(h, e)-concave operators. We present the existence and uniqueness of solutions
for (1.1) dependent on two constants. Our result shows that the unique solution exists in a
product set Py, = Py, ¢, X Ph, ., and can be approximated by making an iterative sequence
for any initial point in Pj,,. Finally, an interesting example is presented to demonstrate the

main result.
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