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1 Introduction
The quantum calculus, known as calculus without the consideration of limits, involves
sets of non-differentiable functions. There are many types of quantum difference opera-
tors such as the Jackson q-difference operator, the forward (delta) difference operator, the
backward (nabla) difference operator, and so on. These operators are employed in many
applications, for example, combinatorics, orthogonal polynomials, basic hypergeometric
functions, hypergeometric series, complex analysis, the calculus of variations, the theory
of relativity, quantum mechanics, and particle physics [–].

In , Hahn [] introduced the Hahn difference operator Dq,ω as follows:

Dq,ωf (t) :=
f (qt + ω) – f (t)

t(q – ) + ω
, t �= ω

 – q
.

This operator is created with a combination of two well-known operators, the forward
difference operator and the Jackson q-difference operator. We observe that

Dq,ωf (t) = �ωf (t) whenever q = ,

Dq,ωf (t) = Dqf (t) whenever ω = , and

Dq,ωf (t) = f ′(t) whenever q = ,ω → .

Particularly, the Hahn difference operator has been employed to construct families of or-
thogonal polynomials as well as to examine some approximation problems (see [–]
and the references therein).

In  Aldwoah [, ] (PhD thesis supervised by Annaby and Hamza) defined the
right inverse of Dq,ω in terms of both the Jackson q-integral containing the right inverse
of Dq [] and the Nörlund sum involving the right inverse of �ω [].
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Malinowska and Torres [, ] studied the Hahn quantum variational calculus in .
Moreover, in , Malinowska and Martins [] studied the generalized transversality
conditions for the Hahn quantum variational calculus. In the same year, Hamza et al. [–
] studied the theory of linear Hahn difference equations. They established the existence
and uniqueness results for the initial value problems for Hahn difference equations by
using the method of successive approximations. In addition, they proved Gronwall’s and
Bernoulli’s inequalities with respect to the Hahn difference operator and investigated the
mean value theorems, Leibniz’s rule and Fubini’s theorem for this calculus. For the bound-
ary value problems, in , Sitthiwirattham [] considered a nonlinear Hahn difference
equation with nonlocal boundary value conditions

D
q,ωx(t) + f

(
t, x(t), Dp,θ x(pt + θ )

)
= , t ∈ [ω, T]q,ω,

x(ω) = ϕ(x), (.)

x(T) = λx(η), η ∈ (ω, T)q,ω,

where  < q < ,  < ω < T , ω := ω
–q ,  ≤ λ < T–ω

η–ω
, p = qm, m ∈ N, θ = ω( –p

–q ), f :
[ω, T]q,ω × R × R → R is a continuous function, and ϕ : C([ω, T]q,ω,R) → R is a given
functional. Moreover, in this year , Sriphanomwan et al. [] studied a nonlocal
boundary value problem for second-order nonlinear Hahn integro-difference equation
with integral boundary condition

D
q,ωx(t) = f

(
t, x(t), Dp,θ x(pt + θ ),�p,θ x(pt + θ )

)
, t ∈ [ω, T]q,ω,

x(ω) = x(T), (.)

x(η) = μ

∫ T

ω

g(s)x(s) dq,ωs, η ∈ (ω, T)q,ω,

where  < q < ,  < ω < T , ω := ω
–q , μ

∫ T
ω

g(r) dq,ωr �= , μ ∈ R, p = qm, m ∈ N, θ = ω( –p
–q ),

f ∈ C([ω, T]q,ω × R × R × R → R), and g ∈ C([ω, T]q,ω × R
+) are given functions, and

for ϕ ∈ C([ω, T]q,ω × [ω, T]q,ω, [,∞))

Ψp,θ x(t) :=
∫ t

ω

ϕ(t, ps + θ )x(ps + θ ) dp,θ s. (.)

In particular, the fractional Hahn difference equations have not been studied. We ob-
serve that in , Čermák and Nechvátal [] introduced the fractional (q, h)-difference
operator and the fractional (q, h)-integral for q > . Čermák et al. [] studied discrete
Mittag-Leffler functions in linear fractional difference equations for q >  in . In the
same year Rahmat [, ] investigated the (q, h)-Laplace transform and some (q, h)-
analogues of integral inequalities on discrete time scales for q > . Recently Du et al. []
studied the monotonicity and convexity for nabla fractional (q, h)-difference for q > , q �= 
in . However, these operators are not satisfied with fractional Hahn operators because
fractional Hahn operators require the condition  < q < .

The gap mentioned above is the motivation for this research. The aim of this paper is
to introduce new concepts of Hahn difference operator, the fractional Hahn integral, the
fractional Hahn difference operators of Riemann-Liouville and Caputo types. We organize
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this paper as follows. In Section , some basic formulas of the Hahn difference operator
and the associated Jackson-Nörlund integral calculus are briefly reviewed. In Section ,
we present the fractional Hahn integral and develop some fundamental properties. The
fractional Hahn difference operators are presented in Sections  and .

2 Preliminary definitions and properties
The following notations, definitions, and lemmas will be used in proving the main results.
Let q ∈ (, ), ω > , ω = ω

–q , and define

[n]q,ω = [n]q :=
 – qn

 – q
= qn– + · · · + q +  and [n]q,ω! = [n]q! :=

n∏

k=

 – qk

 – q
.

The q-analogue of the power function (a – b)n
q with n ∈N := [, , , . . .] is

(a – b)
q := , (a – b)n

q :=
n–∏

k=

(
a – bqk), a, b ∈R.

The q,ω-analogue of the power function (a – b)n
q,ω with n ∈N := [, , , . . .] is

(a – b)
q,ω := , (a – b)n

q,ω :=
n–∏

k=

[
a –

(
bqk + ω[k]q

)]
, a, b ∈R.

More generally, if α ∈ R, we have

(a – b)αq = aα

∞∏

n=

 – ( b
a )qn

 – ( b
a )qα+n

, a �= ,

(a – b)αq,ω = (a – ω)α
∞∏

n=

 – ( b–ω
a–ω

)qn

 – ( b–ω
a–ω

)qα+n
=

(
(a – ω) – (b – ω)

)α

q , a �= ω.

Note that aα
q = aα and (a – ω)αq,ω = (a – ω)α . We use the notation ()αq = (ω)αq,ω =  for

α > . For α,β ,γ ,λ ∈R, we have
(A) (λβ – γ λ)αq = γ α(β – λ)αq ,
(A) (β – γ )

α+γ

q,ω = (β – γ )αq,ω(β – qαωλ)
γ

q,ω ,
(A) (t – s)αq,ω = , t ≥ s, α /∈N, for t, s ∈ IT

q,ω := {qkT + ω[k]q : k ∈N}.
The q-gamma and q-beta functions are defined by


q(x) :=
( – q)x–

q

( – q)x– , x ∈R \ {, –, –, . . .},

Bq(x, s) :=
∫ 


tx–( – qt)s–

q dqt

= ( – q)qn
∞∑

n=

(
qn)α–( – qn+)β–

q =

q(x)
q(s)

q(x + s)

,

respectively.
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The q,ω-forward jump operator, q,ω-backward jump operator, and q,ω-forward grain-
iness function are defined by

σq,ω(t) := qt + ω, ρq,ω(t) :=
t – ω

q
, and

μq,ω(t) := t(q – ) + ω, respectively.

Definition . For q ∈ (, ), ω > , and f defined on an interval IT
q,ω ⊆R containing ω :=

ω
–q , the Hahn difference of f is defined by

Dq,ωf (t) :=
f (σq,ω(t)) – f (t)

μq,ω(t)
for t ∈ IT

q,ω{ω},

and Dq,ωf (ω) = f ′(ω), provided that f is differentiable at ω. We call Dq,ωf the q,ω-
derivative of f and say that f is q,ω-differentiable on IT

q,ω .

Lemma . ([]) Let f , g be q,ω-differentiable on IT
q,ω . The Hahn difference operator has

the following properties:
(a) Dq,ω[f (t) + g(t)] = Dq,ωf (t) + Dq,ωg(t);
(b) Dq,ω[αf (t)] = αDq,ωf (t) for α ∈R;
(c) Dq,ω[f (t)g(t)] = f (t)Dq,ωg(t) + g(σq,ω)Dq,ωf (t);
(d) Dq,ω[ f (t)

g(t) ] = g(t)Dq,ω f (t)–f (t)Dq,ωg(t)
g(t)g(σq,ω) for g(t)g(σq,ω) �= .

Lemma . Let t ∈ IT
q,ω , q ∈ (, ), ω > , and α,β ∈R. Then the following statements are

true:
(a) Dq,ω(t – β)αq,ω = [α]q(ρq,ω(t) – β)α–

q,ω ;
(b) Dq,ω(β – t)αq,ω = –[α]q(β – t)α–

q,ω .

Proof Let t̂ := t( – q) – ω, β̂ := β( – q) – ω. Since

Dq,ωf (t) =
f (σq,ω(t)) – f (t)

μq,ω(t)
=

f (ρq,ω(t)) – f (t)
( 

q – )t – ω
q

,

we have

Dq,ω(t – β)αq,ω = Dq,ω

[
(t – ω)α

∏∞
k=( – β–ω

t–ω
qk)

∏∞
k=( – β–ω

t–ω
qk+α)

]

=
q
t̂

(
t̂

 – q

)α[ ∏∞
k=( – β̂

t̂ qk+)

qα
∏∞

k=( – β̂

t̂ qk+α+)
–

∏∞
k=( – β̂

t̂ qk)
∏∞

k=( – β̂

t̂ qk+α)

]

= q
(

t̂
 – q

)α
∏∞

k=( – β̂

t̂ qk+)
∏∞

k=( – β̂

t̂ qk+α)

[ ( – β̂

t̂ qα) – qα( – β̂

t̂ )
t̂

]

=
(

t̂
q( – q)

)α– ∏∞
k=( – β̂

t̂ qk+)
∏∞

k=( – β̂

t̂ qk+α)

[
 – qα

 – q

]
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=
(
ρq,ω(t) – ω

)α–

∏∞
k=( – β–ω

ρq,ω(t)–ω
qk)

∏∞
k=( – β–ω

ρq,ω(t)–ω
qk+α–)

[
 – qα

 – q

]

= [α]q
(
ρq,ω(t) – β

)α–
q,ω .

So, (a) holds. Proceeding similarly as above, we find that (b) holds. �

Letting a, b ∈ I ⊆ R with a < ω < b and [k]q = –qk

–q , k ∈ N := N ∪ {}, we define the
q,ω-interval by

[a, b]q,ω :=
{

qka + ω[k]q : k ∈N
} ∪ {

qkb + ω[k]q : k ∈ N
} ∪ {ω}

= [a,ω]q,ω ∪ [ω, b]q,ω

= (a, b)q,ω ∪ {a, b} =
[
a, b)q,ω ∪ {b} = (a, b

]
q,ω ∪ {a}.

Observe that, for each s ∈ [a, b]q,ω , the sequence {σ k
q,ω(s)}∞k= = {qks +ω[k]q}∞k= is uniformly

convergent to ω.
Also we define the forward jump operator σ k

q,ω(t) := qkt + ω[k]q and the backward jump
operator ρk

q,ω(t) := t–ω[k]q
qk for k ∈N.

Definition . Let I be any closed interval of R containing a, b, and ω. Assuming that
f : I →R is a given function, we define q,ω-integral of f from a to b by

∫ b

a
f (t) dq,ωt :=

∫ b

ω

f (t) dq,ωt –
∫ a

ω

f (t) dq,ωt,

where

∫ x

ω

f (t) dq,ωt :=
[
x( – q) – ω

] ∞∑

k=

qkf
(
xqk + ω[k]q

)
, x ∈ I,

provided that the series converges at x = a and x = b. f is called q,ω-integrable on [a, b], and
the sum to the right-hand side of the above equation will be called the Jackson-Nörlund
sum.

We note that:
(i) The actual domain of function f is defined on [a, b]q,ω ⊂ I .

(ii) For each x ∈ [a, b]q,ω , we have limk→∞ σ k
q,ω(x) = ω. It implies that

∫ x

ω

f (t) dq,ωt =
ρq,ω(ω)∑

s=x

[
s( – q) – ω

]
f (s).

Lemma . ([]) Let q ∈ (, ), ω > , a, b ∈ IT
q,ω , and f , g be q,ω-integrable on IT

q,ω . Then
the following formulas hold:

(a)
∫ a

a f (t) dq,ωt = ;
(b)

∫ b
a αf (t) dq,ωt = α

∫ b
a f (t) dq,ωt, α ∈R;

(c)
∫ b

a f (t) dq,ωt = –
∫ a

b f (t) dq,ωt;
(d)

∫ b
a f (t) dq,ωt =

∫ b
c f (t) dq,ωt +

∫ c
a f (t) dq,ωt, c ∈ IT

q,ω , a < c < b;
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(e)
∫ b

a [f (t) + g(t)] dq,ωt =
∫ b

a f (t) dq,ωt +
∫ b

a g(t) dq,ωt;
(f )

∫ b
a [f (t)Dq,ωg(t)] dq,ωt = [f (t)g(t)]b

a –
∫ b

a [g(σq,ω(t))Dq,ωf (t)] dq,ωt.

We next introduce the fundamental theorem and Leibniz formula of Hahn calculus.

Lemma . (Fundamental theorem of Hahn calculus []) Let f : I →R be continuous at
ω. Define

F(x) :=
∫ x

ω

f (t) dq,ωt, x ∈ I.

Then F is continuous at ω. Furthermore, Dq,ωF(x) exists for every x ∈ I and

Dq,ωF(x) = f (x).

Conversely,

∫ b

a
Dq,ωf (t) dq,ωt = f (b) – f (a) for all a, b ∈ I.

Lemma . (Leibniz formula of Hahn calculus []) Let f : IT
q,ω × IT

q,ω →R. Then

Dq,ω

[∫ t

ω

f (t, s) dq,ωs
]

=
∫ t

ω
tDq,ωf (t, s) dq,ωs + f

(
σq,ω(t), t

)
,

where tDq,ω is Hahn difference with respect to t.

Next, we give some auxiliary lemmas used for simplifying calculations.

Lemma . ([]) Let q ∈ (, ), ω >  and f : I →R be continuous at ω. Then

∫ t

ω

∫ r

ω

f (s) dq,ωs dq,ωr =
∫ t

ω

∫ t

qs+ω

f (s) dq,ωr dq,ωs.

Lemma . ([]) Let q ∈ (, ) and ω > . Then

∫ t

ω

dq,ωs = t – ω and
∫ t

ω

[
t – (qs + ω)

]
dq,ωs =

(t – ω)

 + q
.

3 Fractional Hahn integral
Now, we introduce fractional Hahn integral.

Definition . For α,ω > , q ∈ (, ) and f defined on [ω, T]q,ω , the fractional Hahn
integral is defined by

Iα
q,ωf (t) :=



q(α)

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω f (s) dq,ωs

=
[t( – q) – ω]


q(α)

∞∑

n=

qn(t – σ n+
q,ω (t)

)α–
q,ω f

(
σ n

q,ω(t)
)
,

and (I
q,ωf )(t) = f (t).
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Since ( – q)t – ω = ( – q)(t – ω), associated with (A), we have

(
t – σ n+

q,ω (t)
)α–

q,ω =
(
(t – ω) –

(
σ n+

q,ω (t) – ω
))α–

q

=
(
(t – ω) – qn+(t – ω)

)α–
q

= (t – ω)α–( – qn+)α–
q .

It implies that

Iα
q,ωf (t) =

( – q)(t – ω)α


q(α)

∞∑

n=

qn( – qn+)α–
q f

(
σ n

q,ω(t)
)
.

Next, we provide some auxiliary lemmas for simplifying calculations.

Lemma . Let α,β > , p, q ∈ (, ), and ω > . Then

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω (s – ω)

β

q,ω dq,ωs = (t – ω)α+βBq(β + ,α),

∫ t

ω

∫ x

ω

(
t – σp,ω(x)

)α–
p,ω

(
x – σq,ω(s)

)β–
q,ω dq,ωs dp,ωx =

(t – ω)α+β

[β]q
Bp(β + ,α).

Proof From the definition of q,ω-analogue of the power function and Definition ., we
obtain

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω (s – ω)

β

q,ω dq,ωs

= (t – ω)α( – q)
∞∑

n=

qn( – qn+)α–
q

(
qn(t – ω)

)β

= (t – ω)α+β ( – q)
∞∑

n=

qn( – qn+)α–
q

(
qn)β

= (t – ω)α+βBq(β + ,α),

and

∫ t

ω

∫ x

ω

(
t – σp,ω(x)

)α–
p,ω

(
x – σq,ω(s)

)β–
q,ω dq,ωs dp,ωx

=
∫ t

ω

(
t – σp,ω(x)

)α–
p,ω

[∫ x

ω

(
x – σq,ω(s)

)β–
q,ω dq,ωs

]
dp,ωx

=


[β]q

∫ t

ω

(
t – σp,ω(x)

)α–
p,ω (x – ω)β dp,ωx

=
(t – ω)α+β

[β]q
Bp(β + ,α). �

In the next theorems we introduce the properties of fractional Hahn integral as the fol-
lowing theorem.
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Theorem . For f : IT
q,ω →R, α > , q ∈ (, ), ω > , and a ∈ IT

q,ω ,

Iα
q,ωf (t) = Iα+

q,ω
[
Dq,ωf (t)

]
+

f (ω)

q(α + )

(t – ω)α .

Proof Using Lemma .(b) and Lemma ., we obtain

Iα
q,ωf (t) = –


[α]q
q(α)

∫ t

a
Dq,ω(t – s)αq,ωf (s) dq,ωs

=



q(α + )

[
(t – ω)αq,ωf (ω) +

∫ t

a
(t – σq,ω)αq,ωDq,ωf (s) dq,ωs

]

= Iα+
q,ω

[
Dq,ωf (t)

]
+

f (ω)

q(α + )

(t – ω)αq,ω

= Iα+
q,ω

[
Dq,ωf (t)

]
+

f (ω)

q(α + )

(t – ω)α . �

Theorem . For f : IT
q,ω →R, α,β > , q ∈ (, ), ω > , and a ∈ IT

q,ω ,

∫ a

ω

(
t – σq,ω(s)

)β–
q,ω Iα

q,ωf (t) dq,ωs = .

Proof For n ∈N,

Iα
q,ωf

(
σ n

q,ω(a)
)

=



q(α)

∫ σn
q,ω(a)

ω

(
σ n

q,ω(a) – σq,ω(s)
)α–

q,ω f (s) dq,ωs

=
[σ n

q,ω(a)( – q) – ω]

q(α)

∞∑

k=

qk(σ n
q,ω(a) – σ n+k

q,ω (a)
)α–

q,ω f
(
σ n+k

q,ω (a)
)
.

Employing (A) implies that (σ n
q,ω(a) – σ n+k

q,ω (a))α–
q,ω = . Thus,

Iα
q,ωf

(
σ n

q,ω(a)
)

= . (.)

Finally, using Definition ., we have

∫ a

ω

(
t – σq,ω(s)

)β–
q,ω Iα

q,ωf (t) dq,ωs

=
[
( – q)a – ω

] ∞∑

k=

qk(t – σ k+
q,ω (a)

)β–
q,ω

[
Iα

q,ωf
(
σ k

q,ω(a)
)]

= . �

Theorem . For f : IT
q,ω →R, α,β > , q ∈ (, ), ω > , and a ∈ IT

q,ω ,

Iα
q,ω

[
Iβ

q,ωf (t)
]

= Iβ
q,ω

[
Iα

q,ωf (t)
]

= Iα+β
q,ω f (t).
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Proof For t ∈ IT
q,ω ,

Iα
q,ωIβ

q,ωf (t) =



q(α)
q(β)

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω I

β
q,ωf (s) dq,ωs

=



q(α)
q(β)

∫ t

ω

∫ s

ω

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω f (x) dq,ωx dq,ωs

=



q(α)
q(β)

∫ t

ω

[∫ t

σq,ω(x)

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω dq,ωs

]
f (x) dq,ωx

=



q(α)
q(β)

{∫ t

ω

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω f (x) dq,ωs dq,ωx

–
∫ t

ω

∫ σq,ω(x)

ω

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω f (x) dq,ωs dq,ωx

}
.

From Theorem ., we have

∫ t

ω

∫ σq,ω(x)

ω

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω f (x) dq,ωs dq,ωx = .

Therefore,

Iα
q,ωIβ

q,ωf (t) =



q(α)
q(β)

∫ t

ω

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω f (x) dq,ωs dq,ωx.

Similarly, we have Iα
q,ωI

β
q,ωf (t) = Iβ

q,ωIα
q,ωf (t).

Next, we show that Iα
q,ωI

β
q,ωf (t) = Iα+β

q,ω f (t),

Iα
q,ωIβ

q,ωf (t) =



q(α)
q(β)

∫ t

ω

[∫ t

σq,ω(x)

(
t – σq,ω(s)

)α–
q,ω

(
s – σq,ω(x)

)β–
q,ω dq,ωs

]
f (x) dq,ωx

=



q(α)
q(β)

∫ t

ω

[
Iα

q,ω
(
t – σq,ω(x)

)β–
q,ω

]
f (x) dq,ωx

=



q(β)

∫ t

ω


q(β)

q(α + β)

(
t – σq,ω(x)

)α+β–
q,ω f (x) dq,ωx = Iα+β

q,ω f (t). �

Theorem . For f : IT
q,ω →R, α,ω > , and q ∈ (, ),

Iα
q,ω

[
Dq,ωf (t)

]
= Dq,ω

[
Iα

q,ωf (t)
]

–
(t – ω)α–


q(α)
f (ω).

Proof Using Lemma .(c) and Lemma .(b), we have

(
t – σq,ω(s)

)α–
q,ω Dq,ωf (s) = [α – ]q

(
t – σq,ω(s)

)α–
q,ω f (s) + sDq,ω

[
(t – s)α–

q,ω f (s)
]
.

So, we obtain

Iα
q,ωDq,ωf (t) =



q(α)

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω

[
Dq,ωf (s)

]
dq,ωs

=
[α – ]q


q(α)

∫ t

ω

(
t – σq,ω(s)

)α–
q,ω f (s) dq,ωs +



q(α)

[
(t – s)α–

q,ω f (s)
]s=t

s=ω
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= Dq,ω
[
Iα

q,ωf (t)
]

–
(t – ω)α–

q,ω


q(α)
f (ω)

= Dq,ω
[
Iα

q,ωf (t)
]

–
(t – ω)α–


q(α)
f (ω). �

Theorem . For f : IT
q,ω → R, α,ω > , q ∈ (, ), and p ∈N,

Iα
q,ω

[
Dp

q,ωf (t)
]

= Dp
q,ω

[
Iα

q,ωf (t)
]

–
p–∑

k=

(t – ω)α–p+k


q(α – p + k + )
[
Dk

q,ωf (ω)
]
.

Proof Substituting f as Dq,ωf into Theorem ., we have

Iα
q,ω

[
D

q,ωf (t)
]

= Dq,ω
[
Iα

q,ωDq,ωf (t)
]

–
(t – ω)α–


q(α)
[
Dq,ωf (ω)

]

= Dq,ω

[
Dq,ω

[
Iα

q,ωf (t)
]

–
(t – ω)α–


q(α)
f (ω)

]

–
(t – ω)α–


q(α)
[
Dq,ωf (ω)

]

= D
q,ω

[
Iα

q,ωf (t)
]

–
∑

k=

(t – ω)α–+k


q(α + k – )
[
Dk

q,ωf (ω)
]
.

Repeating the same procedure as above p –  times, we obtain

Iα
q,ω

[
Dp

q,ωf (t)
]

= Dp
q,ω

[
Iα

q,ωf (t)
]

–
p–∑

k=

(t – ω)α–p+k


q(α – p + k + )
[
Dk

q,ωf (ω)
]
. �

4 Fractional Hahn difference operator of Riemann-Liouville type
In this section, we introduce a fractional Hahn difference operator of Riemann-Liouville
type.

Definition . For α,ω > , q ∈ (, ), and f defined on [ω, T]q,ω , the fractional Hahn
difference operator of Riemann-Liouville type of order α is defined by

Dα
q,ωf (t) :=

(
DN

q,ωIN–α
q,ω f

)
(t)

=



q(–α)

∫ t

ω

(
t – σq,ω(s)

)–α–
q,ω f (s) dq,ωs,

and D
q,ωf (t) = f (t), where N –  < α < N , N ∈N.

Theorem . For α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

Dα
q,ωf (t) =

[( – q)t – ω]

q(–α)

∞∑

k=

qk(t – σ k+
q,ω (t)

)–α–
q,ω f

(
σ k

q,ω(t)
)

=
( – q)(t – ω)–α


q(–α)

∞∑

k=

qk( – qk+)–α–
q,ω f

(
σ k

q,ω(t)
)
.
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Proof For some N –  < α < N , N ∈ N, by using Definition . and Lemma ., we have

Dα
q,ωf (t) = DN

q,ωIN–α
q,ω f (t) = DN–

q,ω Dq,ωIN–α
q,ω f (t)

= DN–
q,ω

{
Dq,ω

[



q(N – α)

∫ t

ω

(
t – σq,ω(s)

)N–α–
q,ω f (s) dq,ωs

]}

= DN–
q,ω

{



q(N – α – )

∫ t

ω

(
t – σq,ω(s)

)N–α–
q,ω f (s) dq,ωs

+



q(N – α)
(
σq,ω(t) – σq,ω(t)

)N–α–
q,ω f (t)

}

= DN–
q,ω

{



q(N – α – )

∫ t

ω

(
t – σq,ω(s)

)N–α–
q,ω f (s) dq,ωs

}
.

Repeating N –  times, we obtain

Dα
q,ωf (t) = DN–N

q,ω

{



q(–α)

∫ t

ω

(
t – σq,ω(s)

)–α–
q,ω f (s) dq,ωs

+



q( – α)
(–α – )–α

q,ωf (t + α + )
}

=



q(–α)

∫ t

ω

(
t – σq,ω(s)

)–α–
q,ω f (s) dq,ωs

=
[( – q)t – ω]


q(–α)

∞∑

k=

qk(t – σ k+
q,ω (t)

)–α–
q,ω f

(
σ k

q,ω(t)
)

=
( – q)(t – ω)–α


q(–α)

∞∑

k=

qk( – qk+)–α–
q,ω f

(
σ k

q,ω(t)
)
. �

In the following theorem, we introduce the properties of fractional Hahn difference op-
erator of Riemann-Liouville type.

Theorem . For α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

Dα
q,ωIα

q,ωf (t) = f (t).

Proof For some N –  < α < N , N ∈ N,

Dα
q,ωIα

q,ωf (t) = DN
q,ωIN–α

q,ω Iα
q,ωf (t)

=
[
DN

q,ωIα
q,ω

](
IN–α

q,ω f (t)
)

= DN
q,ωIN

q,ωf (t) = f (t). �

Theorem . For α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

Iα
q,ωDα

q,ωf (t) = f (t) –
N–∑

k=

(t – ω)α–N+k


q(α – N + k + )
[
Dα–N+k

q,ω f (ω)
]
,

where N –  < α < N , N ∈N.
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Proof From Definition ., we have

Iα
q,ωDα

q,ωf (t) = Iα
q,ω

[
DN

q,ωIN–α
q,ω f (t)

]
= Iα

q,ωDN
q,ω

[
IN–α

q,ω f (t)
]
.

Using Theorem ., we obtain

Iα
q,ωDα

q,ωf (t) = DN
q,ω

[
Iα

q,ωIN–α
q,ω f (t)

]
–

N–∑

k=

(t – ω)α–N+k


q(α – N + k + )
Dk

q,ω
[
IN–α

q,ω f (ω)
]

= DN
q,ω

[
IN

q,ωf (t)
]

–
N–∑

k=

(t – ω)α–N+k


q(α – N + k + )
[
Dk–(N–α)

q,ω f (ω)
]

= f (t) –
N–∑

k=

(t – ω)α–N+k


q(α – N + k + )
[
Dα–N+k

q,ω f (ω)
]
. �

Corollary . Let α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

Iα
q,ωDα

q,ωf (t) = f (t) + C(t – ω)α– + · · · + CN (t – ω)α–N

for some Ci ∈R, i = N,N and N –  < α < N , N ∈N.

5 Fractional Hahn difference operator of Caputo type
Now, we introduce a fractional Hahn difference operator of Caputo type.

Definition . For α,ω > , q ∈ (, ), and f defined on [ω, T]q,ω , the fractional Hahn
difference operator of Caputo type of order α is defined by

CDα
q,ωf (t) :=

(
IN–α

q,ω DN
q,ωf

)
(t)

=



q(N – α)

∫ t

ω

(
t – σq,ω(s)

)N–α–
q,ω DN

q,ωf (s) dq,ωs,

and CD
q,ωf (t) = f (t), where N –  < α < N , N ∈ N.

Theorem . For α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

CDα
q,ωf (t) =

[( – q)t – ω]

q(N – α)

∞∑

k=

qk(t – σ k+
q,ω (t)

)N–α–
q,ω DN

q,ωf
(
σ k

q,ω(t)
)

=
( – q)(t – ω)N–α


q(N – α)

∞∑

k=

qk( – qk+)N–α–
q,ω DN

q,ωf
(
σ k

q,ω(t)
)
,

where N –  < α < N , N ∈N.
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Proof For t ∈ IT
q,ω , by Definition ., we have

CDα
q,ωf (t) = IN–α

q,ω DN
q,ωf (t) =



q(N – α)

∫ t

ω

(
t – σq,ω(s)

)N–α–
q,ω DN

q,ωf (s) dq,ωs

=
[( – q)t – ω]

q(N – α)

∞∑

k=

qk(t – σ k+
q,ω (t)

)N–α–
q,ω DN

q,ωf
(
σ k

q,ω(t)
)

=
( – q)(t – ω)N–α


q(N – α)

∞∑

k=

qk( – qk+)N–α–
q,ω DN

q,ωf
(
σ k

q,ω(t)
)
. �

In the following theorem, we introduce the properties of fractional Hahn difference op-
erator of Caputo type.

Theorem . For α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

CDα
q,ωIα

q,ωf (t) = f (t).

Proof For some N –  < α < N , N ∈ N, under Definition . and Theorem ., we have

CDα
q,ωIα

q,ωf (t) = IN–α
q,ω DN

q,ωIα
q,ωf (t) = IN–α

q,ω DN–α
q,ω f (t)

= f (t) –
N–∑

k=

(t – ω)k–α


q(k – α + )
[
Dk

q,ωIα
q,ωf (ω)

]
.

From (.), we have

N–∑

k=

(t – ω)k–α


q(k – α + )
[
Dk

q,ωIα
q,ωf (ω)

]
= .

It implies that

CDα
q,ωIα

q,ωf (t) = f (t). �

Theorem . For α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

Iα
q,ω

CDα
q,ωf (t) = f (t) –

N–∑

k=

(t – ω)k


q(k + )
[
Dk

q,ωf (ω)
]
,

where N –  < α < N , N ∈N.

Proof From Definition . and Theorem ., we have

Iα
q,ω

CDα
q,ωf (t) = Iα

q,ω
[
IN–α

q,ω DN
q,ωf (t)

]
= IN

q,ωDN
q,ωf (t)

= f (t) –
N–∑

k=

(t – ω)k


q(k + )
[
Dk

q,ωf (ω)
]
. �
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Corollary . Let α > , q ∈ (, ), ω > , and f : IT
q,ω →R,

Iα
q,ω

CDα
q,ωf (t) = f (t) + C + C(t – ω) + · · · + CN–(t – ω)N–

for some Ci ∈R, i = N,N–, and N –  < α < N , N ∈N.

6 Conclusions
In this paper, we have introduced a fractional Hahn integral, Riemann-Liouville and Ca-
puto fractional Hahn difference operators. Many properties of these fractional Hahn oper-
ators have been proved. This work is certainly not complete and should be a starting point
of many other works. For example, in future works, one could define the Laplace trans-
form for Hahn calculus. Also, another work will be to find the Hahn-convolution product
and compute its Hahn-Laplace transform, so we could be able to solve many more Hahn
difference equations.
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