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Abstract

We investigate a finite-time synchronization problem of hybrid-coupled delayed
dynamical network via pinning control. According to linear feedback principle and
finite-time control theory, the finite-time synchronization can be achieved by pinning
control with suitable continuous finite-time controller. Some sufficient conditions are
given for finite-time synchronization of undirected and directed complex network by
applying finite-time stability lemma. Numerical simulations are finally presented to
demonstrate the effectiveness of the theoretical results.
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1 Introduction

Complex networks are commendably in a position to describe many complex models of
connection by natural science, social science, management science, engineering technol-
ogy, and other fields. It depends on mathematics, statistical physics, computer, and other
science as tools and aims at complex systems. Therefore, complex networks are an inter-
discipline that develops rapidly in the 21st century [1]. In the past decades, with the gradual
deepening research of the theory and application of complex networks, people start trying
to investigate different large complex systems in the real world by this novel theory tools
[1-3], such as Internet, ecological systems, biological neural networks, social networks,
and world wide web. Synchronization is a kind of phenomena that exists extensively in
the nature and human society. In the meantime, it is one of dynamic behaviors of com-
plex networks. Nowadays, synchronization of complex networks has been an significant
research orientation in the network science [2].

In recent years, the synchronization problem of complex networks has attracted more
and more attention from different areas, such as mathematics, physical science, commu-
nication, engineering, and so on. There are some control schemes to accomplish the syn-
chronization of a complex network, such as pinning control [4—7], adaptive control [8, 9],
impulsive control [10, 11], and the like. Pinning control is one of the effective methods in
the synchronization control of a complex network, and this way is simple, practical, and
economic. Because pinning controllers are applied to merely need a small part of nodes to
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drive the system in order to achieve the synchronization of complex network, and it is im-
possible to achieve synchronization by controlling all nodes in the reality. In the pinning
control of a complex network, it is common knowledge that one of the most challenging
problems is how to select pinned nodes to guarantee the convergence of the pinning pro-
cess. In [5], the authors have proved that a class of linear coupled complex networks can
achieve synchronization when the coupling strength is sufficiently large by pinning a part
of nodes.

As everyone knows, time delay is a very common phenomenon in real complex systems.
On account of the speeds of transmission, spreading, and traffic congestion, a signal trav-
eling through a complex network is often united with time delay. That is, there is some
information communication of nodes not only at time ¢ but also at time ¢ — t. In realistic
situations, moreover, there exists much more complex and uncertain information com-
munication in complex networks, and time delay is not simple just like x;(¢ — 7) but much
more like x;(t — 71(2)), x:(t — 72(¢)), and x;(t — 73(¢)). They are called multitime delay and
time-varying delay. Consequently, it is necessary to investigate the influence of time delay
on the synchronization of a complex network. In some of the previous literature, such as
Refs. [5-7, 10, 12], they established some complex models with either no time delay or
only single time delay x;(¢ — ), which is significantly different from complex systems of
real world.

Throughout this paper, the network model comes from [4], where pinning synchroniza-
tion of directed delayed dynamical networks via intermittent control was investigated.
There are two types of time delay, coupling delay and internal delay. Furthermore, cou-
pling delay is caused by exchange of information between nodes, and internal delay occurs
inside the system. In addition, the coupling terms are including transmission delay and
self-feedback delay. To our best knowledge, delay is likely to influence the own state of a
node and neighboring state. In realistic situations, the transmission delay is different from
the self-feedback delay. In [4], the coupling term is written as I"(x;(t — 7(¢)) — x;(t — o' (2))).
Therefore, both the coupling and internal delays should be taken into account in a realis-
tic system of complex network. However, the synchronization of a complex network with
time delay is often achieved for finite time [10, 11, 13—17] in practical applications. In other
words, people are looking forward to achieving the synchronization of a complex network
as fast as possible in reality, and the finite-time synchronization means the improved con-
vergence rate in a complex network. It is significant to investigate the finite-time synchro-
nization of a complex network in practice. Nevertheless, in [4], the asymptotic stability
or exponential stability of the synchronization error is just investigated. Hence, the main
purpose of this paper is to achieve the finite-time synchronization of a complex network
with multitime delay and time-varying delay by pinning control. Furthermore, in the pa-
per, the finite-time synchronization problem is described from two aspects, undirected
network [18] and directed network [4, 19].

Motivated by the aforementioned discussions, the main objective of this paper is to in-
vestigate the finite-time synchronization problem of hybrid-coupled complex dynamical
networks with different feedback delays and internal delays via using pinning control. By
adding finite-time pinning controllers to partial nodes and building a novel differential in-
equality, some sufficient conditions are derived to ensure the finite-time synchronization

of complex dynamical networks. The minimal number of pinned nodes can be identified
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from the proposed conditions. Numerical simulations are described to display the effec-
tiveness of the theoretical results.

The paper is structured as follows. Section 2 provides some mathematical preliminaries
and formulates a model with a finite-time synchronization of a delayed complex network.
In Section 3, we give some sufficient finite-time synchronization conditions and propose
pinned-node schemes that include undirected network and directed network. Numerical
simulations are given in Section 4 to verify the effectiveness of the theoretical results.
Finally, the paper is concluded in Section 5.

2 Problem description
In this section, we consider a complex network consisting of N nodes with each being an
n-dimensional dynamical system. The complex network is described by

N
X;(t) :f(t, xi(t),xi(t - rl(t))) +cC Z bg-I‘(x,'(t) - xi(t))

j=1j#i
N
teo Y BT (it — 1a®) — wi(t - 75(8))), 2.1)
J=Lj#i

where i = 1,2,...,N, x;(t) = (x1(2),%2(8),...,%in ()T € R” is the state vector of node i,
f:RxR" x R” — R" is a continuous vector-valued function controlling the dynamics
of isolated nodes, the time-varying delays t1(¢), t2(¢), and t3(¢) are bounded by known
constants, that is, 0 < 71(¢) < 11, 0 < 15(¢) < 19, and 0 < 173(¢) < 13, in which 7,(¢) denotes
the internal delay occurring inside the nodes, 7,(f) represents the transmission delay for
signal sent from node j to node i, and t3(¢) is the self-feedback delay. The positive constants
c and ¢, are the coupling strengths, I' = (yj})ux, and I'; = ()/i}),,X . are the inner connect-
ing matrices, and B® = (h?j) Nxn and B! = (b}j) nx are the outer coupling matrices between
the nodes. The most difference between undirected and directed networks is their outer
coupling matrices.

In the undirected network, the outer coupling matrices are defined to satisfy the follow-
ing conditions:

If there exists a connection between nodes i and j, then bg- = bllfl. > 0, and otherwise bf; =
b}]fi =0 (i #j), k = 0,1. Moreover, b, = — D1 bf/, k=0,1

In the directed network, the outer coupling matrices are defined to satisfy the following
conditions:

bi=0, i#j,  bi=-> b, k=01

ij i
j=Lji

Based on the above two conditions, we can rewrite the network model (2.1) as follows:

N N
(t) = f(t,2:(8) x:(t - (®)) + ¢ > BITx;(t) + ¢ Y bTeagi(t — 7a(t))

Jj=1 Jj=1

— b (xi(t - w2(8) — %t - 3())),  i=12,...,N. (2.2)

Therefore, the finite-time synchronization problem of the complex network (2.2) is de-
scribed as follows.
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There exists a time t* > 0 such that, for all i,j and ¢ > ¢*, we have |x;(¢) —s(¢)]| = 0
i=1,2,...,N. Here, s(£) may be an equilibrium point, a periodic orbit, or a chaotic or-
bit. Then, the network (2.2) reaches complete synchronization in finite time, and we have

the following synchronized state equation:
5(t) :f(t,s(t),s(t - Tl(t))) - cfb}iF, (s(t - ‘L'z(t)) - s(t - ‘Eg(t))), i=1,2,...,N. (2.3)

Obviously, the synchronized state s(¢) is uniform. Hence, to achieve the complete syn-
chronization of network (2.2) in finite-time, let b}, = b}, = - -+ = b}, = —a < 0. Under this

condition, the synchronized state equation (2.3) can be written as

5(t) :f(t,s(t),s(t - 'Cl(t))) +ac. T, (s(t - 'Cg(t)) - s(t - Tg(t))). (2.4)

In this paper, to achieve synchronization in finite time, we take advantage of the scheme
of pinning control [15, 19-21], finite-time controllers u;(¢), and synchronized solution s(z)

of complex network (2.2), that is,
lim |;(£) - s(8)|| =0, i=1,2,...,N. (2.5)
t—>t*

To reach the control target, some controllers are added to partial nodes of network (2.2).
Without loss of generality, let the first / (1 </ < N) nodes to be selected and pinned. Then

we have the following controlled delayed network:

xi(t) =f(t»xi( ), %i(t = 11(2))) + ac. Tr (xi(t — 72 (2)) — xi(t — 73(2)))

tC2 - 1 1;Fx1(t +Cr Z, -1 ,,F xj(t — () +u(t), 1<i<l,
xi(2) =f(¢, xi(t) xi(t — 7 (2)) + ac Tr (xi(£ = 12(2)) — %:(¢ — 73(2)))

+e YN BT () e YN, BTyt~ o(8), [+1<i<N,

(2.6)

where u;(t) are controllers defined as follows:
%
ei(t)
u;(t) = —die;(t) — k' | k / s)el ds| ——
( Z lle()”
1
> et)
- k' sign(e;(t)) — k' | ks / el (s)e;(s) ds l
Z lle()II?

/ % ei(t) .
_k(/@,Z/ e} (s)e;(s) s) e 1<i<l| (2.7)

where, d; > 0 is a positive constant called the control gain, k', ki, k», and k3 are positive
constants. Let e;(t) = x;(£) — s(t), 1 < i < N, be synchronization errors. Let B = (B® +

B°T)/2, where B® is a modified matrix of B° via replacing the diagonal elements 59 by

(omin/ po)bg; here ppmin is the minimum eigenvalue of the matrix (I'+ " 2. By Iy we denote

the n-dimensional identity matrix. Assume that pmin > 0 and ||I"|| = po > 0. On the basis
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of the control laws (2.7), the error system is governed as follows:

6i(t) = F (6, %1567, 5) + ac, T et - 1o(8)) - exlt — 75 (8)) + ¢ N, bOTe(2)
+e¢ Z/ 1 Ul" ei(t —n(0) +ui(t), 1<i<l, 08)
&i(t) = f(¢, X, 8,%,,8%) + ac. Tr(e(t — 12(2)) — e(t — 13(2))) + ¢ WoTei(t

11 ij l
te Y BTt — (b)), [+1<i<N,

where f(,x:,5,%]",5™) = f (£, %:(8), %:(t — 71(£))) = f (&, 5(2), 5(¢ = 1 (2))).
The following assumptions and lemmas are needed to derive our main results.

Assumption 1 ([6]) The vector-valued function f (¢, x;(£), x;(t — 71(£))) satisfies the uniform
semi-Lipschitz condition with respect time ¢, that is, for any x(¢), y(t) € R", there exist
positive constants L; > 0 and L, > 0 such that

() - y®)" (F (6,20, x(t - 1 (8)) —f (8. 3(8), 5(¢ - 1 (2))))
< Ly (x(8) - y(0)) " (x(8) = 9(8)) + Lo (x(t — 11 (8)) = y(¢ - m(®))) "
X (x(t - ‘L’l(t)) —y(t - tl(t))). (2.9)

Assumption 2 The time-varying delays 7;(¢) (i = 1,2, 3) are differentiable functions, and
0 < 7;(¢) < ¥; <1, where ¥; (i = 1,2, 3) are constants.

Lemmal ([4]) IfY and Z are real matrices of appropriate dimensions, then there exists a
positive constant & > 0 such that

1
YTZ+ZTYy <eYTY + gZTZ. (2.10)
N-1
—_——
Lemma 2 ([1]) Assume that Q = (q;)nxn is symmetric. Let D = diag(d,,...,d;,0,...,0),
Q-D-= (E DQS) and d = miny<;{d;}, where 1 <l <N, d; >0, i=1,...,1, Q is the minor

matrix of Q by removing its first [ (1 <[ < N) row-column pairs, E and S are matrices of
appropriate dimensions, D = diag(dy,...,d)). If d > hma(E — SQ;'ST), then Q = D < 0 is
equivalent to Q; < 0.

Lemma 3 ([10]) For x1,x5,...,x, € R",

el + llwall + -+ llnll = \/||9€1||2 Sl oY R P (2.11)

Lemma 4 ([11, 15, 16]) Suppose that a continuous and positive definite function V(t) sat-
isfies the inequality

V() <-pVi@), Vixto,  V(k)=0, (2.12)
wherep > 0 and 0 < & < 1are two constants. For any given time ty, V (t) satisfies the following

inequality: VI75(t) < V75 (ty) — p(1 =€)t —to), to <t < t;, and V(t) = 0 for all t > t; with
t given by i = to + V5 (t0)/[p(1 - €)].
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3 Main results
3.1 Finite-time synchronization problem of undirected network
Theorem 1 Suppose that Assumption 1 holds. Suppose that there exist positive constants
S1, 2, 63, @, and d;, i = ., 1, such that
1) p+q)y+ c,ooB0 -D<0,
2) Ly~ 1k <0,

Amax(TIT _
(3) ac,%+é—%/@<0,

Amax(Ts T 1-
(4) acr% - %kg <0,

(5) & =to+ R Vi),
where V(to)—12,1 el (to)ei(to) + 3k Yty [0 ooy € (S)ei(s) ds+ Sha DL [0 el (s) x

e(s)ds + k3 fo T(s)el(s) ds, e;(to) and t;(ty) (i = 1,2,3) are initial conditions
i= 1

to-13(to)

ofe, t) and 7(t), p = Ly + ac. %+ + ac; ¢ + L dmax(B' B ) Amax (T T'}), D = diag(dy, ..

N ) .
0,...,0), and q = le + 5k + ikg. Then the complex network (2.6) can achieve synchro-

nization in finite-time t < t}.

Proof Construct a Lyapunov-Krasovskii functional as follows:

V(t) = ZeT(t e;(t) + kl Z/ s)e;(s)ds

‘L'l(t
N
+ /QZ/ s)ds + kSZ/: " eiT(s)ei(s) ds. (3.1)
i=1 -

Taking the derivative of V(¢) with respect to time ¢ along the solution of network (2.6), we

obtain
ZeT(t |: t Xi,8,%;", 8" ) +ac. I'; (e,»(t - rz(t)) - ei(t - 'L'g(t)))

+ ch Tei(t) + ¢ Zbllf e} z(t)) + ui(t)]
j=1

_1-%()

N N
b Y2 (- n®)eile—n®) + 2k Y el @
i=1 i=1

1_’2 kZZe (¢ w(0)ei(t - 1)) + nge (t)ei(t)
-5, & 1
_ 23 ks ;e?(t ~n(0)ei(t ~5(0) + ks ;e?(r)e,-(t). (3.2)

Using Assumption 1, we have

ZeT(t t,%:,8,%;, 87 <LIZe (t)e;(t) +L22e t 7 ( ))e,'(t—tl(t)). (3.3)

i=1
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Then we get

N N N
V(e) <Ly e (et) + Ly Y el (t-n(t))ei(t—nu(t) +ac. Y ef () cei(t - Ta(t))

i=1 i=1 i=1
N N N
—ac. Y e (OTce;(t-13(t) +cy_ > ble lT(t)Fe](t)+chLmelneT(t)ei(t)
i=1 i=1 j=1,j#i i=1
N
+chZbl1“T Fe,t—rz +ZelT(tul + kIZe
i=1 j=1

1= T (t)

N
kY el (t-n®)e(t - n(r)
i=1

1-

®, v
ky Y el (t-a(®))es(t — Ta(t))

i=1
1 1 &
T T
+ 5/<2 ?:1 e; (tei(t) + Eks ?:1 e; (t)e(t)

_1-13(2)

N
ks > el (t-a(0)ei(t — (1)) (3.4)

i=1

From Lemma 1 and the property of the Kronecker product of the matrices we derive the
following inequalities:

N
ac, Z el (OT et — 1a(2))

i-1
_ac |:gIZeT(t)el(t)+ —Ze (t- @) Tet - ‘L'z(t)):|
i=1 i=1
<ac,>— ZeT(t)el(t +ac, M Ze (t— (D) ei(t — 12(2)), (3.5)

i=1

N
—ac, Z eiT(t)F,ei(t - rg(t))

i=1

L % [5226 t)e,(t)+—Ze (t—3()) I Teei(t - Tg(t)):|

i=1

<ac,>=— Z eT(t)e,(t) +ac; M Z e; t - Tg(t))el (t ‘Eg(t)) (3.6)

52 i=1

N N
ZZble (DT e t—'L'z(t))

i=1 j=1

= eT(t)(B1 ® F,)e(t - rz(t))

~.

<3| 0@E" ST IO+ L= 0Ny o el =50
3
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N
< (BB s (0TT) 3 e et
i=1

N
el (t—1a2(t))es(t — 0a(t) (3.7)
2l )

i=1

5 \
)

Substituting (3.5)-(3.7) into (3.4) gives

N N
V() <L) el ety + Ly Y el (t—mi(t))ei(t - ()

i=1 i=1
Amax(r;rrr) T
e > el (t-n®)e(t - o) +ac. > Ze (t)ei(t)
i=1
al P (TFT) <
+ac; — Z t)el t) +a T 12:1: el«T (t - TB(t))ei(t — T3 (t))
N N
rey Z Soolle" @) )] +czb,,pmmeT(t)e,(t)
i=1 j=1 i=1
N
+ 2 h (BB A (I T le el (Dei(t)

N
Z (t-(t))e(t - ()
i=1

1 ‘L’l (t

que (t-u®)e(t - u@®)

1-%()

ko Z ef (t - (1)) es(t - T2(t))

I Ts(t)ksze t—13(0))ei(t — 13(0)) +quT(t)el(t)
i=1
—k’ieT(t) de;(t) +si n(e»(t))+ k i/t el (s)e;(s) ds % ei(t)
e - e 1,~=1 a@ lle(®)II”

T @
(’QZ/W (s)e‘(s)ds> (o)

Toe(ads) @
(/@,Z /t . (s)el(s)ds) ||e(t)||2:|' (3.8)

Letting e(t) = (e] (¢),el(?),..., e}\",(t))T, we obtain

N
T(t)e(t) = Z [E6) % ;eiT(t)ei(t) = V(). (3.9)
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Then, from (3.8) we have

V() < Lie" ()e(t) + Lye” (t - tl(t))e(t - rl(t)) + ac, %eT(t)e(t)
+ acr 2( o) r (t - ‘L'z(l'))e(t - Tz(t)) + dc; %eT(t)e(t)

( F ) T T (.\ DO
27 (t T3 (t)) (t— tg(t)) +cpoe (£)B e(t)

T

+ —)»max (BlBlT)Amax(F, FTT)eT(t)e(t) + LeT (t - rz(t))e(t - Tg(t))

S3

2 263
1-7%1() 1-1(2)
2 2

kie' (£ - r(0)e(t - n(?)) - ko' (t - Ta(t))e(t - 1a(2))

_1-13(2)

kse' (t —3(0))e(t — t3(2)) + q i e/ (t)ei(t) — De" (t)e(t)
1

3 ZeT(t) [slgn elt)) + (klZ/z y el (s)e;(s) d. )iﬁ

(b§:L¥2 T@”wdaénzg%

<k3 Z/t iy ”IS>é ||:Eg7|2}’ 10

According to Theorem 1, Assumption 2, and Lemma 3, it follows from (3.10) that

V() < (p+ cpoB° +q - D)e" (t)e(t) + (Lz ! _2% kl)eT (t—n(®)e(t - n(®)

T
+ (ac,M + 1 1= /(2>6T (t—n®)e(t - na(t)

21 263 2
ax FTFT -
+ (ﬂCr AT Ts) 1= ¥ k3) e’ (t-3(0)e(t - w(2))
2g2 2

/ . : ei(t)
iy 2 Ze () |:51gn e;( t) <k12:/t_r1 i (5)ei(s) ) lle(®)||>

: e;(t)
(kZZ/t a0 O S) le(o)|”

0!
("321 o0 (S)e"(s)ds> (o) }

< k’ZeT(t) |:51gn el(t) (lq Z/ e; T(s)e;(s) ds)

e
(kzzft DA ) eI

ei(t)
e(®)|?

1
2
l
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1

N 2
t T ’ e;(t)
' <k3 21: /t_zgm @ el ds) le(o) ||2}
<-K Z |:( Z/ e/ (s)ei(s) ds)
i=1 u(®)
N 3
X T (s)ei(s) d
+ ((2 ;/t_zz(t) e; (s)e;(s) s)
N 7
k T(s)ei(s)d 0
+ ( 3;‘[_13(”@[ (s)e;i(s) s) + ||e( )H:|
< -k Z He, H -k <k1 Z/ e} (s)ei(s s)
_ k' (kz Z / e} (s)ei(s) ds)
N N
Ky <k3 3 / el (s)e;(s) ds>
i=1 i=1 Jt=13(0)
<2 k’( Ze (t)+ = /(1 Z / e} (s)ei(s)d

[T

1
2

+ kZZ/ T(s Yei(s) ds + ng/

= V2K V(D). (3.11)

e; T(s)e;(s) ds)

3(t)

According to Lemma 4, the complex network (2.1) can achieve synchronization in finite

time
2
E<to+ k£ V(). (312)
Therefore, the proof is completed. d

Remark 1 Let Q = (p + q)In + cpoB°, (p + @)In + cpoB° —~D=Q—-D = (E b S) and d =
min;<;</{d;}, where Q; is the minor matrix of Q by removing its first / (1 < l < N) row-
column pairs, E and S are matrices of appropriate dimensions, and D = diag(d,, ..., d;). By
Lemma 2 we know that Q—D < 0 is equivalent to Q; < 0 and that d > Ayax (E — SQl‘lST). Ifd
can be sufficiently large (let d; > Amax (E — SQ;'ST),i=1,...,1), then Q- D < 0 is equivalent
to Q; <0, where Q=+ q)In_; + cpoB? with E? the minor matrix of B° by removing its
first [ (1 < < N) row-column pairs.

Corollary 1 We discuss about how to select pinned nodes and how many nodes are pinned
at least in an undirected network. Let C = Q—D = (p + q)Inx + cpminB® - D, C = (Cy)nxn-

Letg; = Z} Vi bg be the total weights between node i and all other nodes, where g; denotes
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the degree of node i. To satisfy C = Q — D < 0, the necessary conditions are as follows:

Ci=p+q)—comingi —d; <0, 1<i<]|
(3.13)
Ci=p+q)—comingi<0, [+1<i<N.

From (3.11) we can see that, for the nodes without pinning controllers. it is necessary
to make their degrees g; > %. When the coupling strength c is very large, the pinning
condition is easily to be arrived. In other words, the degree of each node satisfies C < 0
[6]. But, if ¢ is not very large, then the nodes with low degrees should be controlled by
controllers. As we all know, the nodes with low degrees receive a little information from
other nodes, which need to be synchronized by controllers because of the nonlinearity of
single node. Similarly, the nodes with high degrees receive more information from other
nodes, that is, controlling one node with high degrees is equivalent to controlling some
or dozens of nodes. Therefore, we should choose two kinds of nodes with low and high
degrees in the undirected network. Firstly, we rearrange the nodes by size of degree in
descending order. Then, we select pinned nodes from both sides to the middle. In this
way, the nodes with low and high degrees can be taken into consideration.

According to Remark 1, for the sake of achieving the synchronization in finite-time, the
condition Q — D < 0 needs to be satisfied, and when d is sufficiently large, Q — D < 0 is
equivalent to Q; < 0, that is, (p + q)Iy_; + chB? < 0. We can certainly assume that at least
lp nodes need to be pinned so as to accomplish condition Q; < 0, where /; pinned-nodes
satisfy

2 > _M B _M,

)\max (B?o—l) = 00 and )\max (B?O) < 0

(3.14)

where 1 < /y < /. We project to select / nodes and rearrange nodes of the complex network.
Next, the value of AmaX(B?) is calculated, and when [ = [y — 1 and [/ = [, satisfy (3.14), the
number of pinned nodes is presented, that is, at least [/ = .

3.2 Finite-time synchronization problem of directed network
Theorem 2 Suppose that Assumption 1 holds. Suppose that there exist positive constants
S1, S S @ and d;, i =1,...,1, such that

1) (p+q)y +cpoB* -D <0,

2) Ly- 1k <0,

)Lmax(r‘;rr‘r) 1 1-yro
(3) ac, e + 35~ 2 ky <0,

Amax (DX 7 -

(4) acr% - %kg <0,
1

(5) £ = to+ 2V (1),

Theorem 2 is similar to Theorem 1, except condition (1). To construct symmetrical outer
coupling matrices, we change the outer coupling matrix B} by E?S. The proving process
of a directed network is similar to that of an undirected network. Thus we omit it here.
According to Lemma 4, the complex network (2.1) can achieve the synchronization in
finite time

2
E<E =ty + %V%(to). (3.15)

Page 11 of 16
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Corollary 2 Comparing a directed network with an undirected network, the difference is
in selection of pinned nodes. For a directed network, the degrees of one node are divided into
two classes, out-degree and in-degree. Out-degree denotes that the quantity of a node point
to other nodes, and in-degree represents that the quantity of other nodes points to the node.
In this paper, let Deg (i) and Deg, (i) denote, respectively, the in-degree and out-degree of
node i, that is, Deg, (i) = Zﬁl i bj and Deg, (i) = Z]A:[l i by The difference between out-
degree and in-degree is called the degree-difference of nodes expressed by Deg(i). Hence,

Degdiﬁ(i) = Degout(i) - Degm(l)

The pinned-nodes are selected in terms of the degree-difference of nodes. Rearrange
the nodes in descending order according to their degree-differences and the nodes with
same degree-differences rearrange in descending order according to their out-degrees.

For achieving the synchronization of a complex network in finite time, how many nodes
need to be pinned at least? The method is similar to that for undirected networks. That
is, condition Q — D < 0 needs to be satisfied, and when d is sufficiently large, Q — D < 0 is
equivalent to Q; < 0, right now, Q; = (p + q)In_; + c,oOB?s. Namely, (p + a1)In_; + chB?S <0.
We assume that the number of at least /; nodes need to be pinned so that accomplish

condition Q; < 0, where [ satisfies

and e (BY) < - w+q) (3.16)

cpPo €Po

h(BY ) = -2+

4 Numerical simulations
In this section, some numerical simulations are given to demonstrate the effectiveness
of the theoretical results for the finite-time synchronization. In the first place, a delayed

neural network is selected as the isolated node in complex network (2.1):
x(t) :f(t,x(t),x(t - Tl(t))) = Ax(t) + C1g1 (?C(t)) + C2g2 (x(t - Tl)). (41)

Let x(t) = (x1(t), %2(£))T € R?, g1(x) = g2(x) = (tanh(x;), tanh(x,))T, 7; = 1, and

-1 0 3 -0.2 -2 -01
A= , C = , G = .
0 -1 -4.5 5.5 -03 -5

Figure 1 shows that system (4.1) is chaotic.

Then, based on (2.4), the controlled synchronization state equation is described by
5(2) = As(2) + Cigi (s(2)) + Cogo (s(t — 11)) + ac. T (s(t — 72 () — s( — 73(2))). (4.2)

Next, we consider an undirected network consisting of 100 nodes, and the model is de-

scribed by
xi(t) = Ax(t) + Cig1 (%(0)) + Cogo (%(¢ — 71)) + ac. T (i(¢ — 72(2)) — x:(2 — 73(2)))

N N
+eY BTx(t) +c Y bplexi(t - (), i=1,2,...,100, (4.3)

j-1 j-1
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Figure 1 The chaotic state of system (4.1) with initial conditions x;(t) = 0.3 and x,(t) = 0.8, where
7 €[-1,0].

7l'max ( BUI)

i i i i i i i
5 10 15 20 25 30 35 40 45 50
The number of pinned nodes(l)

35 A
0

Figure 2 The relationship between the number of pinned-nodes and maximum eigenvalues.

where, T' = diag(1.1,1), T, = diag(1,1), ¢ = 10, ¢; = 1, 1a(¢) = €'/(1 + €’), and ©r3(¢) =
0.03|cos(t)|. According to the BA model [22], we can know that the coupling matrix B is
generated by the undirected network. Let N = 100 and B' = 0.10B°, where B° = (Z)g)NX N=
(bg/ (ijl,j 4i bg))N>< ~- Next, by Corollary 1, selecting some parameters values, we can ob-
tain Amgx (BY) < —1.1861.

We make use of the pinned-nodes selection method in the complex network (2.8), rear-
range the network nodes, and choose / from 1 to 50. Then, depict Amax(fi’?) in Figure 2.
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Figure 3 The curves of complex network synchronization errors.

From Figure 2 it is clear that the values of Amax(f%?) decrease along as the number of
pinned-nodes [ increases. Especially, when [ = 10 and [/ = 11, we get Amax(ﬁgo) =-1.1688
and )Lmax(éfl = —1.3459. Hence, we need only select the first [y = 11 rearranged nodes of
network (4.3) as pinned nodes for the synchronization of complex network in finite-time.
As shown in Figure 3, the synchronization errors e;(¢) (1 <i <100) tend to synchronize
in finite time. Furthermore, the picture of the synchronization errors e;(¢) in the directed
network is similar to that of the undirected network and is omitted.

5 Conclusion

In this paper, we have investigated the finite-time synchronization problem of a delayed
complex dynamical network via pinning control. This network model has two types of
time-delays, internal delay and coupling delay, which make this network model closer to
reality. Continuous nonsmooth control protocols are proposed from two aspects, an undi-
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rected network and a directed network. Sufficient conditions are given for the finite-time
synchronization of a complex network by finite-time stability theory. Moreover, we have
separately formulated the pinned-nodes schemes from undirected and directed networks.

The most significant aspect of the finite-time synchronization of complex networks is
certainly the application value, that is to say, the synchronization system can be applied to
various fields, such as cryptography communications, laser system, nervous system, traf-
fic networks, internet, superconducting materials, and so on. The synchronization system
is able to satisfied the exacting requirements of these applications on precision, velocity,
quality, and costing. Finally, the numerical simulations have clearly verified the effective-
ness of the developed pinning control to the finite-time synchronization of hybrid-coupled
delayed dynamical networks.
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