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Abstract
We prove that if g(2) is a finite-order transcendental meromorphic solution of

(A9(2)) = ADgD)gz + ¢) + B(@),

where A(z) and B(z) are polynomials such that deg A(z) > 0, then

1 fp(g):max{k(g),/\(é)}.
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1 Introduction
Steinmetz [1] and Bank and Kaufman [2] proved that the equation

(g/)” = R(Z,g)

can be reduced into a list of six simple differential equations by a suitable M&bius trans-

formation with polynomial coefficients, which include

@) =p@(2-9(2)E-2)g-n, 1.1)

where ¢, n are constant, and p(z), g(z) are rational functions. Let g(z) € C. Then equation

(1.1) can be transformed into

(&) =P@)(g*-1).

Ishizaki and Korhonen [3] investigated meromorphic solutions of

(0g(2)" = P(2)(g(2)g(z + 1) - Q(z)). (1.2)
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They proved that equation (1.2) possesses a continuous limit to the equation

which extends to solutions in certain cases.

We assume that the reader is familiar with the basic notions of Nevanlinna theory (see,
e.g., [4, 5]). Of late, several scholars [3, 6—14] studied the properties of finite-order mero-
morphic solutions of algebraic difference equations and obtained many interesting results.

For the special case of (1.2), Whittaker [15] has shown that the equation

g(z+1) = q(2)g(2),

where ¢(z) is a meromorphic function of finite order p(g), has a meromorphic solution g
such that p(g) < p(g) < p(g) + 1. Here p(g) denotes the order of growth of the meromor-
phic function g(z).

Chen [7] has extended this above result and proved that the Pielou logistic equation

R(2)g(2)

$Er D = ey Q@

where R(z), P(z), and Q(z) are polynomials with P(z)R(z)Q(z) # 0, has a finite-order tran-
scendental meromorphic solution g such that 1 < p(g).

Replacing g(z + 1) with Ag(z), Ishizaki [10] was concerned with the growth and value
distributions of transcendental meromorphic solutions of the algebraic difference equa-

tion
(8g(2)” = P(2)g(2).

In 2014, Liu [12] considered the Nevanlinna growth of an equation related to (1.2). It is
interesting to consider some properties of (1.2), and our results will be stated in Section 2.

2 Main results
Theorem 2.1 Let ¢ € C\ {0}, and let A(z) and B(z) be polynomials such that deg A(z) > 0.
If g(2) is a finite-order transcendental meromorphic solution of

(£g(2)” = AR)g(2)g(z + ©) + B(z), 1)

then
1< (g) :maX{k(g),k(§>}~

Remark It is a curious problem to construct a transcendental meromorphic solution of
(2.1) for the case deg A > 0.

Theorem 2.2 Let c € C\ {0}, and let E(z) = %;) be an irreducible rational function, where
D(z) and F(z) are polynomials with deg D(z) = d and deg F(z) = f. If the equation

(0:8(2)* = g(@2)g(z + ) + E(2) (2.2)
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has a rational solution

_H(z) B Lz"+ -+l
CK(z2) gzt 4+ my)

g(2)

where I, (#0),...,lo,mi (#0),...,mq are constants, deg H(z) = h, and deg K(z) = k.
(i) Ifd = f and d —f is zero or an even number, then

_d-f
-1

h-k

(i) ifd<f, then h—k="“L.

Further, Example 2.3 shows that there exist rational solutions satisfying Theorem 2.2(i),
and Example 2.4 shows that there exist rational solutions satisfying Theorem 2.2(ii).

Example 2.3 The equation

(g(z +¢) —g(z))2 =gz+0)gl)+ P -2 —(d+c)z—2c—4

has a rational solution g(z) =z + 2, whered =2, f=0,and h—k=1= %.
Example 2.4 The equation
—z(z+c)
(glz+0)-g(2) =gle +O)gle) + —5— "
Z22(z+¢)
has a rational solution g(z) = %, whered=2,f=4,andh—-k=-1= %.

3 Proof of Theorem 2.1
Lemma 3.1 ([11]) Let w(z) be a transcendental meromorphic solution of finite order of the
difference equation

P(z,w) =0,

where P(z,w) is a difference polynomial in w(z) and its shift. If P(z, a) # 0 for a slowly mov-
ing target function a, that is, T(r,a) = S(r,w), then

m(r, 1 ):S(r,w).
w—a

The following result obtained by Chiang and Feng [16] and Halburd and Korhonen [9,
17] independently. We state here the form stated in [16, Theorem 8.2(b)].

Lemma 3.2 ([16]) Let c1, ¢z be two arbitrary complex numbers, and let w(z) be a mero-
morphic function of finite order p. Let ¢ > 0 be given. Then there exists a subset E C (1, 00)
of finite logarithmic measure such that, for all |z| =r ¢ EU [0,1], we have

exp(_r(p—lw)) < ‘
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Firstly, we prove that p(g) = p > 1. We consider the following two cases separately.
Case 1.1. If g(z) has infinitely many poles, we can pick a pole zy of g(z) such that g(zo) =
oo™, where w > 1, then we deduce by (2.1) that g(z¢ + ¢) = 00™, where m; > m. Substituting

zo + ¢ for z into (2.1), we have
(gz+2¢c) —glz + c))2 =A(z + c)g(z + 2¢)g(z + ¢) + B(z + c). (3.1)

Then (3.1) implies that zy + 2c is a pole of g of multiplicity 7, > m; > 7.
Since g(z) has infinitely many poles, following the previous steps, we pick a pole zy of

g(z) such that

8(zo + nc) = f(§,) = 00™,

where 7, > 7 for all # € N°. Hence, we can choose a sequence {&, = zo + nc,n € N°} of
poles of g(z), the multiplicity of which is w, > 7, so we obtain A( é) > 1, and therefore
p@= 1) = 1.

Case 1.2. If g(z) is a transcendental meromorphic function with finitely many poles, then

we can rewrite g(z) as

ﬂ@=§g, (3.2)

where g1(z) is a transcendental entire function, and P(z) is a polynomial. Substituting (3.2)

into (2.1), we have

az+o a@\ , al+dak)
(Fera-50) ~40hera by 2o 3
By computing (3.3) we have
Pz) g(z+c) Plz+c) glz) B(2)P(2)P(z + c)
Perd o | P@ o O a@aGro Gy

We prove that p(g) = p(g1) = p > 1. Suppose, on the contrary to the assertion, that p(g) =
p(@1) = p <1. Forany given e (0 < ¢ < 1_pT(gl)), by Lemma 3.2 we obtain

ga(z+¢)
&i(2)
2(2)

a(z+c)

< exp(r*®)1¢) = exp(o(1)),

(3.5)

< exp(r"®@71¢) = exp(o(1))
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outside a finite logarithmic measure E. As z; satisfies |gi(zx)| = M(rv,£1), |zx| = rx € E,
rx — 00, we deduce by (3.4) and (3.5) that

Pla) gilac+c) Placte) gz  BlaPlao)Plac+c)

[Az0] - ‘P(zk v0 @@ | PE) ard  am o
| P @iz +e) ’P(Zk +¢) gilz)
TPz + o) @lzk) P(zi) @iz +¢)
’B(Zk)P(Zk)P(Zk +¢) g@lz) 2
M(ri, g1)? &z +¢)
<M,

where M is some finite constant, a contradiction, since degA(z) > 0. Hence we have

pg) > 1.
Next, we prove that max{A(g), )»(é)} = p(g). If B(z) # 0, then we set

P(z,9) = (g(z + ©) - 2(2))’ - A(2D)g(z + ©)g(2) — B(2).

Since P(z,0) = —B(z) # 0, by Lemma 3.1 we deduce that

N(r, élf) =T(r,g) +S(r.f).

Hence A(g) = p(g).
If B(z) = 0, then (2.1) can be reduced to

(glz+0) —g(z))2 = A(2)g(z + ¢)g(2).

Next, we prove that max{A(g), A( é)} = p(g). Suppose, on the contrary to the assertion, that
max{A(g), A( é)} =« < p(g). We next divide the proof into the following two cases.
Case 1. Suppose that p(g) = 1. Then we obtain

g(2) = m(z) exp®*?, (3.6)

where g # 0 and p are constants, and m(z) is a meromorphic function such that p(m) =
a < 1. Substituting (3.6) into (2.1), we obtain

(m(z +¢) expT@ P _p(z) exp®H? )2 = A(2)m(z + ¢) expT@I? y(z) expT*? . (3.7)
By computing (3.7) we obtain
m*(z + c) exp®*¥ exp*® +m?(z) exp* exp*#*
= (A (z) + Z)m(z)m(z +¢) exp?®? exp’®, (3.8)
that is,
(A (2) + 2) exp?et? exp?¥* = miz + o) expiet exp’® + exp? exp?# . (3.9)

m(z) m(z +¢)
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By Lemma 3.2 we obtain

‘ mr(;(:)C) < exp(r’71) = exp(o(1)), (3.10)
‘ mr(z(j)c) <exp(r’"71*%) = exp(o(1))

outside a finite logarithmic measure. By (3.9) and (3.10), as |z| — 0o, we obtain

WI(Z + C) 2qc+2p + exp2p

|(A(z) +2) expt? | = ‘ exp

m(z) m(z + ¢)

exp?

m(z +¢)
< ’7 exp1et? | 4 <M

m(z)

‘ m(z)
m(z + c)

outside a finite logarithmic measure, where M; is a finite constant. This is impossible,
since deg A(z) > 0.
Case 2. Suppose that p(g) > 1. Then

g(2) = m(z) exp'®@, (3.11)

where [(z) is a polynomial such that p(g) = deg(z) > 1, and m(z) is a meromorphic function
such that p(m) < p(g). Substituting (3.11) into (2.1), we obtain

zZ+cC,

(m(z +¢) exp™@9 —m(z) expl(z))2 = A(2)m(z + ¢) exp™@) m(z) exp'®@ . (3.12)

Let
I(2) = ped* + peaad™ + -+ + prz + po,
where py # 0. Then

l(z+c¢c)= pkzk + (ckpi +pk_1)zk_1 + Q(z2), (3.13)

Iz +c) - U(z) = (ckpi)Z" ™ + Qu(2), (3.14)

where Q(z) and Q;(z) are polynomials of degree at most k — 2. Equalities (3.12) and (3.14)
imply that

ckprzL+Q1(2)

2kpi12Q1@) g2 () = (A(®) +2)m(z + c)m(z) exp )

m?(z + c) exp

that is,

2kp112Q1) | _ | m*(z) m(z
" |_‘ mz(z+c)+(A() 2)m(z+c)

+ (A(Z) + 2) M exkakakil*Ql(z) .
m(z + ¢)

expePrd Qi@

| exp

2
< ’ m(z) (3.15)

m2(z +c)
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By Lemma 3.2 we obtain

‘ m(z)

m(z + c)

< exp(r’"1¥) (3.16)

outside a possible set of finite logarithmic measure E. As |z| =r ¢ EU [0,1], and r — o0,
we deduce by (3.15) and (3.16) that

k-1
|exp2ckpkz +2Q1(2) |

< exp(2r* 7€) 4 | M exp (r 07 1E) exprid Q@ |, (3.17)

where M is a positive constant.
We can find a sequence {zz} (|zx| — 00) such that |zx| = rx ¢ E U [0,1], and Cpkzl,i‘l =
|cpk|r,’§‘1 as rp — 00. We obtain

,expkkpkzi-luomzm |= explepclri |expQ@ | > exp 2kl (3.18)

By (3.17) and (3.18), for any given ¢ (0 < & < W), we obtain

3 k-1 -1 -1 k-1 6 k-1
exp2Kleprne < exp(ZrIf(m) )+ exp(r,f(w ) exp®Ki T < exp5k|6p’<|’f< ,

which is impossible. Hence we proved that max{k(g),k(é)} = p(g). Theorem 2.1 is thus
proved.

4 Proof of Theorem 2.2
Suppose that (2.2) has a rational solution g(z) and has poles /y, 5, ..., ;. Hence g(z) can be
represented as

K tls t;
[ LA —" :|+bo+b1z+-~~+b,z’, (4.1)
-1 (@=4)

@)= 1D
9% Ko ~ (z-1)

J

where by, ...,b,, bis;» - --» b are constants.
(i) If d > f and d — f is an even number, then (2.2) and (4.1) imply that

(H(z +¢) H(z))2 H(z+c¢)H(z) D) 2)
Kiz+c) K(z)) K@+ K(z) F(z) '
Let deg H(z) = h and deg K(z) = k. Suppose % < k. Then
H(z+c¢) . H(2)
im0 " Mrn (43)

From (4.2) with (4.3) we obtain

— 0.

%_(H(z+c) H(z))2 H(z+c) H(z)
F(z) \Kiz+c¢ K@) Kiz+co Kk
(2)

This is impossible, since % — 00 asz — oQ.

Page 7 of 10
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Suppose & = k. Then

H(z+c¢) ~ H(z) ~
M Kevo P Mk TP (44)

where 8 € C\ {0}. Relations (4.2) and (4.4) yield that

H(z+c) H(z)

_ - _/32
F(z) K(z+c¢) K(2) ’

D(z) (H(z+ ¢) H(z))2
Fz) K(z+c¢) - K(z)

a contradiction, since Diz)

As z — 00, we have

Flo — 00 asz— oo. Hence, we obtain that # > k. So b, #0 (r > 1).
g(@) = b2 (1+0(1)),

D(z) _ f
% = (XZd (1 + 0(1)),

gz +c)=b,2(1+0(1)),

(4.5)
where a € C\ {0}. As z— 00, by (4.2) and (4.5) we can deduce
-b227 (L +0(1)) = az7 (1 + 0(1)). (4.6)
Relation (4.6) implies that
h-k=r= ?

If d = f, then, as z — 0o, we obtain

D(z)
% = ot(l + 0(1)),

where o € C\ {0}. If & < k, then using the similar method as before, we can obtain a con-
tradiction. If & > k, then b, # 0 (r > 1). By (4.2), as z — 00, we obtain

-b227 (1 +0(1)) = az*7 (1 + 0(1)) = a (1 + o(1)),

(4.7)
a contradiction. Hence % = k, that is,

(ii) We next consider the case d < f. Suppose that & > k. Then b, # 0 (r > 1). Using the
similar method as before, as z — 00, by (4.2) we obtain that

3b322’ (1 + 0(1)) =0,

a contradiction.

If i1 = k, then using the similar method as before, we obtain

H(z+c) H(2)

D(z) (H(z+c) H()\? 2
( )_1<(z+c)1<(z)_”3 70 asz— oo,

F(z) \K(iz+c) K
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which is a contradiction, since %;) — 0 as z — oo. Hence % < k. Substituting g(z) = z—g
into (2.2), we have
F(2)H(z + ¢)K*(2) - 3F(2)H(2)H (z + ¢)K(2)K (z + ¢) + F(2)H*(2)K*(z + c)
= D(2)K*(2)K*(z + ©). (4.8)

Since

deg(F(2)H?(z + 0)K*(2) - 3F(2)H(2)H (z + ¢)K (2)K (z + ¢) + F(2) H?(2)K*(z + ¢))
=f+2h+2k,

deg (D(z)K 22K (z + c)) =d + 4k.

From this and from (4.8) we have

_d-f
==L

h-k
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