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Abstract

In this paper, we propose two generalized non-polynomial cubic spline schemes
using a variable mesh to solve the system of non-linear singular two point boundary
value problems. Theoretical analysis proves that the proposed methods have second-
and third-order convergence. Both methods are applicable to singular boundary
value problems. Numerical results are also provided to show the accuracy and
efficiency of the proposed methods.
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1 Introduction
In this paper, we study two effective numerical techniques using a non-polynomial cubic
spline based on a variable mesh to solve system of M non-linear singular boundary value

problems (BVPs) of the following type:
Y = FO(x,y®, 0,y 00y 00y, a<x<b, 1)

subject to boundary conditions

‘ . oy @2y
(i) —A. (i) _R. (i) _ (i) _ P
Yy a)=A; ¥ (b)=B;, wherey! = . Var = I ,i=1,2,3,...,M. (2)

We assume that, for —co <a <x < b < 00 and —oo <y, yg) < 00, where y® = y(x), y,(f) =
yg) (x), we have

() FD(x,y®,y@, .0 y0n0 0 @ 00y is continuous;

.. (i) (i) . .
(i) 22 and £+ exist and are continuous;
ayl) Byg)

ey 9F® 9f® .. ..
(iii) 9EY - 0 and |"Ff | < C, for some positive constant C and i,j=1,2,3,...,M.
2y 0

These conditions as proved by Keller [1] ensure us of the existence of a unique solution of

the above system of boundary value problem (1)-(2).
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In the present paper, we have derived generalized non-polynomial cubic spline schemes
of second- and third-order using a variable mesh for solving system of two point boundary
value problems (1)-(2). Such systems effectively decompose several higher-order problems
into second-order boundary value problems; thus solving them efficiently. These higher-
order problems are used to model various phenomena in the field of astrophysics, as-
tronomy, hydrodynamics, beam and wave theory [2—6]. For these boundary value prob-
lems, Aftabizadeh [7], Zill [8], Regan [9] and Agarwal [10] have obtained the existence and
uniqueness of the solutions.

Many authors have developed efficient numerical schemes to solve boundary value
problems and splines have been rigourously used to approximate the solution of such
problems. To name a few, Mohanty et al. [11-13] developed AGE, cubic spline TAGE,
Newton-TAGE iteration methods using a finite difference and cubic spline method based
on uniform and non-uniform mesh, respectively, to solve non-linear singular two point
boundary value problems. Even singularly perturbed boundary value problems with or
without first derivative terms are solved. Kadalbajoo et al. [14] developed a third-order
variable-mesh cubic spline method; Mohanty et al. used a spline in compression [15, 16],
a spline in tension [17, 18], and the cubic spline TAGE method [19]. Wazwaz [20] de-
veloped modified Adomian decomposition method to solve linear and non-linear fourth-
order boundary value problems, Akram and Siddiqi [21] used the second-order convergent
non-polynomial spline method to solve sixth-order linear special case boundary value
problems. Talwar and Mohanty [22] developed a finite-difference method for the solu-
tion of a fourth-order ordinary differential equation. Twizell and Boutayeb [23] devel-
oped finite-difference methods for solving eighth-order boundary value problems. Akram
and Rehman [24] solved eighth-order boundary value problems using the kernel space
method. Siddiqi and Akram [25, 26] solved sixth- and eighth-order boundary value prob-
lems using a non-polynomial and septic spline. Liu and Wu [27] used a generalized dif-
ferential quadrature rule to solve a special case of eighth-order boundary value problems.
Also a variable mesh has been extensively used by many authors. Numerical simulations
with high-order compact difference schemes depict more accurate solution values on vari-
able meshes as compared to some high-order compact scheme on a uniform mesh net-
work. This happens because the truncation error in a finite-difference approximation de-
pends upon the derivative of the variable as well as mesh spacing. Therefore, to attain
uniformly distributed truncation errors, it is essential to employ non-uniform meshes,
i.e., finer meshes in the region for largely deviated derivatives and coarse meshes for a
smooth function. In this manner, the error disperses almost uniformly over the domain of
integration and renders an accurate solution to a greater extent [28]. Such ongoing work
motivated us to develop an efficient non-polynomial cubic spline scheme to solve the sys-
tem of non-linear singular boundary value problems using a variable mesh.

Presently, once the proposed method decomposes the higher-order boundary value
problem into a system of second-order boundary value problems (1), the boundary con-
ditions are also accordingly modified. As the boundary conditions are incorporated, we
get a block tri-diagonal Jacobian from the system of discretized second-order boundary
value problems. We implemented the method on non-linear as well as linear problems.
In the case of a linear boundary value problem, we get a linear system of coupled dif-

ference equations, which are solved by a block Gauss elimination method and the non-
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linear system of coupled difference equations are solved by using the block Newton’s
method.

The sections of this paper are organized as follows. In Section 2, we give details of deriva-
tion of the scheme using a second-order singular linear boundary value problem and, in
Section 3, we provide a generalization of the scheme. In Section 4, we present the appli-
cation of the proposed schemes to a fourth- and sixth-order singular BVP. In Section 5,
we discuss a convergence analysis and in Section 6, we provide numerical illustrations
to demonstrate the accuracy of the proposed schemes. Finally in Section 7, we provide

concluding remarks.

2 Derivation of the schemes

We consider a scalar second-order non-linear boundary value problem of the following

type:
Yex = F(x,9,75), such that y(a) = A,y(b) = B. 3)

Firstly, we discretize the solution region [a,b] such that a = xp <% <x3 <--- <xy_1 <

. . . hj,
xn =b.Lethj =x;—x;_1,j=1,2,3,...,N, be the mesh size and the mesh ratiobe o = ;“1 >0,
7

j=12,3,...,N —1. When o = 1, the mesh reduces to a uniform mesh, i.e., /1,1 = h; = h.
Also, assume y; and Y to be the approximate and exact solution of (3) at the grid points x;,
j=1,2,...,N. Then the interpolating non-polynomial cubic spline approximation function

can be defined as

Sx) =a; + bj(x—x) + ¢ sin(k(x - xj)) +d; cos(k(x - xj)),

k>0,x.1 <x<x,j=1,2,3,...,N, (4)

which satisfies the following conditions:
(i) S(x) coincides with a cubic polynomial in [xj_1,%;],j=1,2,3,...,N.
(ii) S(x) € C?[a,b)].
(iii) S(x) = y(x)), Sxxl.(xj) =F, Sxxj(xji%) = Fji% forj=1,2,3,...,N.
Using the definition of spline (4) and conditions (i) and (iii) we get the following values for

aj, bj, ¢, d; and approximations:

b=y % by y;‘+1hj— /3 5;(12;j1‘"/’ 5)
G = —g and d;= Fj_c:;(s/::é;(;l;jﬂf (6)
Se(x) = yjzj:l I hja(aF; + BiFj), (7)
Suli) =2 _h/y"‘l ~ (Y E; + BoF0) ®)
S(xy) = Vs + yj(6j2,34 i —yj,1<7j2/34 — hja(aBsFja — yPaFin), 9)

hjo;
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where
-1 i1 -1 9:
= — 1 _ ] , - 1 _ _1 ’ 10
o 9}31 ( sin Qjﬂ) 14 0j2 < <in 9]-) (10)
1 cotdq 1 cot 6
ﬂl:_(l_ ; ) ﬁ2=_(1_ ) (11)
9}%1 9j+1 01,2 9].
B2 B
=—, =—, 0. = kh; d — ). 12
Ps (O'j,31 + B2) Ba (U}ﬂl +B2) j=Knj and Yj y(xl) (12)

Now, by the continuity conditions of first derivative, i.e., (ii), we get the following scheme:
Y1 — L+ 0))y; + 0311 = hihjsa (0j0Fju + (081 + Bo)F; + v Fi) + Tj(hy)). (13)

We observe, as 6; — 0, (&, B1, B2, V) = (é, %, %, é), scheme (13) reduces into the standard

variable-mesh cubic spline scheme

o (o;+1) 1
yj+1 - (1 + O’/)_j// + ij/—l = ]’l}'h]q.l |:g]F/+1 + ]TF/ + g 1‘_1]. (14)

Now, we consider the following approximations evaluated at the grid points x;, j =

1,2,3,...,N-1:
sj=0j(0; +1), (15)
) (1+20))y50 — (1 +0))%y; + 07951
yx/-+1 = h ’ (16)
S
(14 0)% - 02 + gy
yxj,l _ ] ] h/ ] ]7/7] , (17)
8
_ Y+ (of -1y -0ty
Yy = — —, (18)
jSj
Fiyi = F(41,Yjs15 Va0 )» (19)
Fii=F (-1 Yj-1> Y1 )s (20)
I_:j :F(x/,yj,jlx/,), (21)
J:’x/-+1 = yj: e/ hjs(aEj + BiEja), (22)
j+1
N o
yxj,l = h'l - h]()’E + ﬁZP']'—l)’ (23)
j
- YB3+ (07 Ba — B3) = ¥j-107Ba - -
Vx; = ! T Y S Rt hj(aBsFia — yPaFi1), (24)
jOj
F}‘H = F(xj+1¢yj+l:_):/x/+1)r (25)
EF,=F (xj—1;yj—1;3:’x/_1 ) (26)

E = F(x951)- (27)
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Simplifying (10)-(12) and the approximations (16)-(27), forj=1,2,3,...,N we get

1
=+ O(hf) =y, (28)
1 2
,31 = g + O(h]) = ,32, (29)
- L o, 3
V= Yy + gajhjyxxxi +O(R), (30)
_ 1
Vajr = Y1 — gaj(l + aj)hjzyxxx/ + O(hf), (31)
_ 1
Vi1 = V1 = (L4 )Y + O(h)), (32)
- 1
i =Fa - oyl + O} Y, G + O(1Y), (33)
_ 1
F1=F - E(l + aj)hfyxxij + O(hf), (34)
- 1
F=F+ gajhjzyme + O(h?), (35)
Y =3 + O), (36)
J:’x,'ﬂ =Jxjm t O(h?)’ (37)
- o), a9
Eip1=Fiy + O(h?), (39)
oF
where G = . (40)
Y,

Now, using (30)-(39) we generate a family of variable-mesh non-polynomial cubic spline
schemes of second- and third-order for different values of P;, R; and Q; in the following
scheme:

Vi1 = (L +0)y; + 0yy51 = hihja (PiFja + QiF; + RiFj1) + T(hy).

(I) Second-order scheme. For P; = oja, Q; = (081 + B2), R; = y, the local truncation
error T} is O(h;*), thus leading to a second-order method. §; satisfies the consistency
condition tan(%) + (%) = (%) and this equation has an infinite number of roots.
We can use the smallest positive non-zero root of the equation as the value of 6; i.e.,
kh; = 8.986818916.

(II) Third-order scheme. Again, for the following values of P;, R; and Q;, we get the
second scheme:
.=(Oi2+ai_1) 4=(o,~+1)(o].2+3o,-+1) R»:Gj(lﬂyj_UjZ) (1)
! 12 ! 12 ’ ! 12 '

Also, using (38)-(39) we can easily prove that T} = O(h?) and the local truncation
error in the case of the second discretization scheme with uniform mesh is O(%°).
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Note that the coefficients P;, Q;, R; are positive if («/§T—1) <oj< f” , thus satisfying
condition of convergence of the scheme [29].

3 Generalization of the schemes

We generalize our method for the solution of the system of M non-linear boundary value
problems (1). At the grid point 5, j = 1,2,...,N — 1, we use the following approximations
and schemes:

SO (x) = aj + bj(x — %)) + ¢j sin(k(x — xj)) +djcos(k(x - x7)), (42)

k>0,x. <x<x;,j=1,2,3,...,N.

sj=oj(o; +1), (43)
Lo W2 - L0y v ol (44)
yx,url hjsj ’
9 —y](.:)l +(1+ (7/)2),1(}) -oj(2+ a,)yf’fl (45)
yxl‘,l - hSl 4
(@) +(O‘2—1) ) _ 5240
S0) _ yj+1 j y/ y] 1 (46)
K hys; ’
EO = FO(x,,50,92, 90,y 50,59, 50, 500), (47)
() (i)
=(; y 1 _y'
0 B G R, -
j+1
(@) ()
=(; y _y’—l (i (i
W= (v E + B, (49)
j
() (i, 2 @) 2
=(; y/‘+1/33 ) (U/ Ba— P3) —Yj-10; .3 0
¥ = o, By (@BsEfh — yBaED), (50)
Fi) = F‘”(xmyi“,yi”,‘..,yi")w-,yr LD 0L, (51)
P = @+ o)y + oy = Bl (ojeFD + (o3B1+ BE” + v D)) + Ti(hy), (52)
and also
W= W o + oy = Wy (BED + QF” + RED) + Ty(hy), (53)
where
(i) (i) (@) () (i)
N Vo =y F.’ —F;
() j j+l 7 j+l j
R b = + R 54
G e Tl K*h; G4
jad F? cos(khj) — F
j j j+1
P d d=-1—— " " 55
97T T T R sinGy) 59)
-1 9j+1 -1 9]'
“= 62 <l_sin9~ >' yzﬁ(l_sinet ’ (56)
j+1 j+1 j J
1 cotfiy 1 cot0;
/31 vl (1——}+); /32: _2(1_ 1)7 (57)
9]+1 97+1 9] 9]
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Ba B .
_ . P g _kn and rejj+1, 58
A (o;B1 + B2) & (o;B1 + B2) ! ’ & (58)
o +0-1 oi+1)(0?+30;+1 oil+o,—0?
po o, e el gremo)
12 12 12

4 Application to fourth-order singular boundary value problem

We consider a linear fourth-order singular boundary value problem:

d*y dy d’y d’y
_F ) ) ) )
(xy dx dx* dx®

4y .- ___>, 0<x<bh, (60)
X

2

d d?
subjectto  ¥(0) = 4, y(b) = By, d—xzy(O) =A,, e ——y(b) =By, (61)

where F(x, y, % ng’ Z—xg) a(x) ng +b(x ) I+ c(x)% +d(x)y(x) +g(x); A1, As, By, By are real

constants and at least one of the coefficients a(x), b(x), c(x), d(x) or g(x) may be singular at
x = 0. We may rewrite the problem (60)-(61) as a system of second-order boundary value

problems:

— = = z(x), (62)
dz dy
— =a(x)— + b(x)z(x) + c(x)— + d(x)y(x) + g(x), (63)
x dx
subject to
¥(0) = Ay, z(0) = Ay, y(b) = By, z(b) = B. (64)

Applying the difference scheme (52) to the coupled second-order boundary value problem
(62)-(63), we obtain the following difference scheme:

0j¥j-1 = (L +07)y; + ¥js1 = hihja (Pzjan + Qizj + Rjzj1), (65)
0121 — (1 + 0))zj + Zjs1 = Wiy [Pi(@jnZag,, + bjnnZinn + Gadg,y + djuryjon +&i1)
+ Q(ajzy; + byzj + ¢jyx; + djyj + &)
+ Rj(ﬂj—léxj_l + b,»_lz,'_l + Cj_l_)_/xj_l + dj—lyj—l +g1'_1)], (66)
where P; = oja, Q; = (0jf1 + B2), Rj = y and j =1,2,...,N — 1. The boundary value problem

has a singularity at some x = 0 and hence, the scheme fails at j = 1. Therefore, we define

the following approximations around the jth node to evade the singularity:

a}“_l =a;— hj“xj + O(l’l}z); (67)

ﬂ;;_l =a; + Ujhjaxj + O(hlz), (68)
)

) = @) = Wty + = + o(r}), (69)
(o))

ary = aj+ ojhja, + ]—zlﬂxx,- + O(hf). (70)
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Similar relations for bj.1, ¢j+1, dj+1, g+1 can also be defined. Now, using equations (67)-(68)
in (65)-(66) we get
0j¥j-1 — (L + 0))y; + yjn1 = Wihja (Pizja + Qjzj + Rizj1), )
0jzi.1 — (1+0))zj + zj,1 = hjhj+1[ ( A1 %y, + b; j41%j+1 T € +13_’x/+1 + d+13’1+1 +g]+1)
+ Q(ajzy; + byzj + ¢jyx; + dyyj + &)
+R(1lzx]1+b 121 Gy T Ay + g )] (72)
forj=1,...,N -1

Finally, substituting (44)-(46) in (71)-(72), we obtain the vector difference equation of
boundary value problem (60)-(61) as follows:

subj'  sub;® | |y diagi' diag® | | ; sup/'  sup” | [y | | &)
sub?  sub?? | | 2 T diae?  diao?? T 21 2 PR
r 7 -1 g iag; zZ sup;~  sup; Zj1 ®;

where
sub}1 = —0j, sub}2 = h}-zo,»P,,
¢, (Pio? + Rioj(2 + 07))
sub?! = 9 [(B, ~ Q) ~ Riy2 + o) +h2[ Ak M +R'ard:|
j ( 1)[ J J J ] (1 + O_]) 727

+ h?(—(fjdijj),

hia
subj” = —o; + (a,-]+]1) [(B - Q) ~ Rioy(2 + 07)]
a,.(Pio? + Rioi(2 + o;
o[ 45(Bo; + Ryojl ’))+R;Ujb/
J (1 + O’I‘)

+ h?(—(fjbij/),

hoi(o; +1)
diag)' = (L+ o), diag)® = T—F—,

dlag] m[( —-Pj+R)(1 + a,) + Qj(aj2 — 1)] + hjz[cxj(—Pjaj -R)1+0)+ Qja/d,»],

h;
oraD) TP R0 + Qo] - 1)]
+ 12 [ay(~Pjoy - R)(1+ ) + Qojby],

1 _ 12 _32p
sup;” = -1, sup;” = ;i R;,

sup;' = (h )[P(2q+1) R+ Q]

2 Cx/(P](l + 20’1)0’] + Rj)
J (1 + Uj)

+ P]O']d]:| + h13 (O-/deiRj)’

sup]zzz_1+(h 1)[P(2o,+1) R +Q)
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[zzx (P;(1 + 205)0; + R))

3(~2
(1 N o-] + P]O'lb]:| + hj (Gj bx,'Pj)’

¢; =0, & =—I;[0j(P; + Q + R)g + hjoj(Pjo; — R))gy |- (73)

Similarly, using (43)-(51) and (69)-(70) up to O(hl.5) terms in scheme (53) we get the
second difference scheme of higher order.

4.1 Application to sixth-order singular boundary value problem
Let us consider alinear singular sixth-order boundary value problem of the following form:

d° d° d*
T3 al) T3 + b0 T
a3 d2
+clx )dxz td) -3 (x)— +f(x)y(x) +g(x), O<x=<b, (74)
subject to boundary conditions:
d? d*
)’(0) = Al, —23’(0) = AZ, —43/(0) = A3,
dx dx
(75)
2 4
y(b) = By, ﬁy(b) =By, @y(b) = B;,

where Ay, A, As, By, By, Bs are real constants and any one of the coefficients a(x), b(x),
c(x), d(x), e(x), f (x) or g(x) may be singular at x = 0. We may rewrite the problem (74)-(75)
as a system of second-order boundary value problems:
2
) 76)
d’z
dx?
d*v
dx?

= v(x), (77)

= a(x)ﬂ + b(x)v(x) + c(x)% +d(x)z(x) + e(x)ﬂ +f(x)yx) + g(x), (78)
dx dx dx

subject to

)’(O) = Al: Z(O) :Az, V(O) = AS;
y()=Bi,  z(b)=B,,  v(b)=

(79)

Applying the difference scheme (52) to the coupled second-order boundary value problem
(76)-(78), we obtain the following difference scheme:

0yj-1 = (L+0))y; + i1 = Bk (Pizjn + Qjz; + Rizja), (80)
0jzi-1 — (1 + 0))zj + zjs1 = Bl (Pjvia + Qi + Rivj1), (81)
ovj1 — (1+ 0))v; + Vi1 = Wi [P(@ja Vs, + Bjaavjn + 12y

+djnZia + €Yy, + Y t &)

+ Qilavy, + by + ¢jzy, + djzj + €y, + [ + &)
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+ R,(aj_lfzx,.fl +bi v+ Cjm1Zx;
+dji1zj1 + €Yy, + iy +gi1)]s (82)
where Pj, Q;, R; are defined in Section 2. The boundary value problem has a singularity at
x = 0. Therefore, as in Section 4 we use the approximation (67)-(68) in (80)-(82) and we
get
0¥j-1 — 1+ 0))y; + Yjr1 = Wik (Pizj + Qjzj + Rizj1), (83)
0jzi-1 — (1 + 0))zj + zj41 = Bl (Pjvja + Qv + Rivj1), (84)
opvjoa = L+ ), + Vi = Bl [P(@, 1 Vs, + By Vi + 2y
+ A1z + €,V +fdn +g;+1)
+ Qj(ajf/xi +bjv; + CiZx; + dizj + €i¥x; +fy; +8)
+R; ( 1 Va t b}’-k_lv,»_l + c;‘_léxj_l
+dzi e Yy, +fiyn +gf_1)]. (85)

Finally, substituting (43)-(47) in (83)-(85), we obtain the vector difference equation of
boundary value problem (74) as follows:

11 12 13 ‘ ool g 120 ga 13 ,
sub;" sub;” sub; Yj-1 diag;" diag;" diag; Yj
21 22 23 o2l 4ia 022 gi0 23 )
subé sub;”  sub; zjq | + | diag’”  diag; dlagé i zZj
1 32 33 , 003l 3032 ‘
sub;”  sub”  sub; Vi diag;” diag;” diag; vj
11 12 13 1
sup;”  sup;®  sup; Vil ®;
21 22 23 2
+ | sup;” sup;”®  sup; Zia | =& | (86)
31 32 33 3
sup;”  sup;’”  sup; Vi1 ®;
where
sub;! = —oj, sub;” = W oiR;, sub® =0,
21 _ 22 23 _ 12 1
sub:” =0, sub;” = —0j, sub;” = hjo;R;,
sub}?>1 =Cs, sub;’ = B3, sub;’3 =-0;+ A3,
. ) hzﬂ'(a"fl) .
diagl = (1+0),  diagl*= 2" —,  diag]®=
R

diagf1 =0, diagj22 =(1+o0), diagj23 e

diag?1 =C,, diagj32 =B,, diag;?'3 =1+0j+A,,

11 12 _ 72 2 13
sup;” = -1, sup;® = hjo; P, sup;” =
sup?! =0, sup?? = -1, sup?® = Ito Py,
sup;’1 =(C, supj32 =B, sup1.33 =-1+A4,,

W
Al = —";ll (ajza(l +20j) + 0j(0jp1 + P2) — a,y) + h2( (o a(l+20)) + a,y) + 0] ab)
j

v
S
Ay xx
+h3(25 (o a(l+20)) —ojy) +0; osz/) +h ( /> (87)



Mohanty et al. Advances in Difference Equations (2017) 2017:327 Page 11 of 23

h-a,

Ay = L2 s (-ofa(+0)* + 0j(0jB1 + B2) (0 — 1) + oy (1 + 5))%)

ay(1+ o))’ (1 + a,)2

(-o’a —ajy) + oj(0jBL + Ba)b )

(axx,(l + G,)2 . )>

a] a+yo; (88)

hja Ay
A3=T(o4a o} (01 + o) - ofy(zwj))+hf<?x;<0j5a+<7j2y<2+f’f’)“’”’”>

bxx j

axx
+ h3( 25’ (060! 0 Py (2+ G/)) _ijbxj) + h,4 <U,20!T); (89)

hic C
B = % (071 +20)) + 0j(0;B1 + Bo) — 0jy) + h2< < (07al+20) + 0j) + 0] Oéd)
J U

Ay,
3
+ i ( %, (a a(l+20) —ojy) +0; adx]> +h <cr] o 2’), (90)
hjcj
By = S/( o 2a(1+ ) +c7](a,/31+/32)(0 -1) +o;y(1 + o)) )
j
2 C"/(1+Gi)2 3
h; <T(_Gj o - ojy) +0j(0jp1 + ,BZ)dj)
j
Ca: (1 + 07)?
+ i (% (ofta + 7,01,)>, (91)
j
hic Ay,
B3 = g}’ (a] o -0; (a}ﬂl +p2) —o; 2y (2 +a])) + hf(;/’(afa +aj2y(2 + aj)) —a/ydj)
bxx'
+h3<25 (0605 o y(2+a,)) —ojydx]) +hf(0j2(x 2’), (92)
hee ex
C = é](o a(1+20)) + 0j(0;B1 + B2) — 0j7) +h2(?’(a a(l+20)) +0jy) +0; ozf)
j
€y f;cx
+h3<25 (0/'a(1+20)) —ajy) +0; Olfx,) +h4<a ot—’) (93)
hie;
C, = %(—01.205(1 +07)* + 0j(0;B1 + /32)(0/2 -1) + o5 (1 +0))%)
j
ex.(1+0;)?
h}z( j < ] (—O}BQ—O}y)+Gi(07'BI+ﬁ2)j§>
j
e, (1 + 07)2
(2 ofa o)) o1)
j
hje;
Cs = S]l (0]401 o; 20181+ B2) — szy(2 +0))) + hZ(?’(U o +0; (2 +0))) —cr,yﬁ)
i 9 (o8 2 h} 20 95
+ zs(oa oy( +0j)) - oty | + oa7 (95)

¢-0 -0
G (96)
qﬁ/ -h O'1|:(O'10l +(ojB1+B2)+V)g +hy (o a-y)gy +h (o a+y) 2}].
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5 Convergence analysis
We provide the vector convergence analysis for M = 2, i.e., a fourth-order non-linear
singular boundary value problem (60)-(61). We apply the difference scheme (53) to the

boundary value problem and obtain the following difference scheme:

0Yj-1— (1 + O’)y] + Y1 = h]2 [1)]’2]’+1 + Q,-Z- + Rjéj—l] + T1 (h/), (97)
0z —(1+0)zj+2j,1 = hf [PiEj1 + QE; + RiF; 4] + Ta(h)), (98)
where
:(01.2‘”71'_1) ':(071'-}'1)(0'}‘24-30'}""1) :ai(1+(7j—(7j2)
/ 12 ’ / 12 ’ / 12 ’

Now, let ¥ = 51,52, ...,9n-1)7, Z = (21,22, ..., 2n-1)T represent the exact solutions and y =
01,925+ yN,l)T and z = (z1,2,...,2nv-1)" be the approximate solutions. Then we define
the error as ¥ —y = (e1,€21,...,en-11)’ and 2 —z = (e12,€29,...,en-12)" . Next, we define

the following approximation:

i1 = Bt + €:211Glay + Oy — Vg VHay + €12 Viey + @y — 2y Wiy, (99)
Eil = F}'ﬂ + ejilrlszil + @x/‘il _):lxjil )1—1]2:|:1 + €12 Vﬁtl + (zx/il - Exjil)‘vj%tl’ (100)
_j = F} + €1 G]l + ()i/x/ _5136/)1—[]'1 + €2 ‘//’2 + (%x, - Exj)vyl’z, (101)
;}‘ = F}il + ej,lG} + Glxj _}:/xl)l_[]l + €2 ‘/}2 + (;x, - zxj)VVjZ! (102)

where
oF oF oF oF
G=— H=—r V=— W=— (103)
Yy 0Yx, 0z, 0zZy,
dF OF OF dF
G*=—, H*’=—1 V=—, W!=—, r=jj*l (104)
ayr Y, 9z 92y,

Further, a singularity is at x = 0. Therefore, we may define G]’»‘ﬂ, k =1,2, as the following
approximation. Moreover, similar approximations can be also defined for H}‘il, V}’;l and
Wjﬁﬂ, k =1,2. We have

(Bjo)?
G}y =G +hjoGy + ’2 Gusfs (105)
K2
Gl y =Gl -G, + E’Gxx]’f. (106)

Thus, as we use the approximations (44)-(47), (105)-(106) in equations (97)-(98), we get

the error equation in matrix form as follows:

LE + T(h) =0, (107)

Page 12 of 23
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where E = ((e;1,€12), (€21,€22),-..,(en—1,1,en- 12))T T(h) = (T1(m), To(hn)), (T1(h2),
To(h3)), ..., (Ti(hn-a), To(hin-1))T, and L = (Lk,) denote the block tri-diagonal matrix.

The block elements of L are as follows:

L= l+o hIZQ] ) I = -1 hjzpj ) L. L= —0 hIZR/ )
&« Bl l+o0 + Bg & Cl -1+ C2 & Al —0 + A2

Ay = hj(-RH} - Qo fsH}) + (R,H,f]_ +R,G?)
n &HZ - RG> h4 (108)

+ j ] ] % xx,

Ay = (R W} — Qo puW}) + (R, Wj’, +R;V})
R,
+h? <5’ W, —RiVy — RipoH} + Q,omny)
it (B2 Rip,H? (109)
j 9 P24 )

2

—DP;H- 28, —
Blzh,-( ;’ +R,11].2+Q,@1@2>

—P.o +R:
+ 17 (-PH; - RHy + QG)) + (%Hﬁx,) (110)
5w} 2By B
] 3
Bz:h’( o +R1Wi2+Q/T 1>+h2( W — W+ QVY)
—Pio + R;
(G ) et -8 B et ), an

P,
C =k ( i Q’ﬂ3H2) + 12 (PH,, + P,GY)

Ha%x‘ P]'UZG?M
eitpo (e ) et (Z5 ), (112)

cz;-h(P+Q’ﬂ3 ) 12 (P, Wy, + P,V?)

2

3 W’”‘i 2 2 2
+ 1| Pio 5 + Vx/, - QoafsH; + aﬁIPijj

Pio?V2,
+ by (T’ + P,ozﬁngj ) (113)

Further, for some Kj, K3 > 0, we assume

K= max(|G/2 ,

5 :!Hi
s (W

e b 1L [)s (114)

W2

xx, XXj |)

K, = max(| \/].2 R

(115)
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Then, using /.1 /;;-1 and (114)-(115), we get

1+ hIZP,,
lsuplloe < max 31+ by ((F22) + 20y + 1220 + hfﬁmm + 1K)
+ th(|Pj/31 - Qojafal + ijf,'2/31)|1(1|,
o+ IR,
Isubj lloo = max § o+ (R, + Qorpa) + 2R, + w25+ B (K| + [Ka )
+ hf(|le32 - QojyBal + Rif2) K.

Thus for sufficiently small /;, we get || sub; | < o and | sup; [l < 1. Hence, L is irre-
ducible. Next we prove that L is monotone. We let the sum of the elements of the kth row
of L be SUMy. Then

2
SUM =0 + é(pj +Q), k=1, (116)

SUM = o + yri; + 17 (P + Q)(G] + V) = R(H + W) + O(K}), k=2,  (117)

SUMy = /(P + Qj + R), k=3,5,...,N -4, (118)
SUM =12 (P + Q + R)(G} + V), k=4,6,...,N -3, 119)
SUM; =1+/(Ri+Q), k=N-2, (120)

SUMk =1+ h,'((rg,j) + ]’l}((R} + Q/) (GIZ + ‘/]2)

- Pi(H; + Wg))) + O(h)), k=N-1, (121)
where

r; =R+ Qj0l34)(H,»2 + VV]»Z),

122)
-P; - QB3 (
ry; = 4(1‘1/2 + VVIZ)
o
Now, using (114)-(115), we have
Pi+Qips
Il < |+ QoBa)|(IKil +1Kal),  Irogl = | 2—22{(IKal + Ka)). (123)

Finally, for sufficiently small /z; and (116)-(121), we can easily prove that L is monotone.
Therefore, L™ exists and L™! > 0. Hence by (107) we have

IEN= |27 1T (124)
Now for sufficiently small /z; and by (116)-(121) we can say that

h,2(P + Q)7 k= 1,

SUMk >
B(P+ QUK +|Ka), k=2,

(125)
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B (P+Q+R), k=3,5,...,N — 4,
SUM;>1{ "’
B (P+Q+R(IK | +Kzl), k=4,6,...,N-3,
(R +Q), k=N-2,
SUMk> ]( Q)

B((R+ QK| +1Kz]), k=N-1.
Since o # 0 we can say that

SUM; > max[hf(P + Q),hf((P +Q)(IKi| + 1K2l))]
=B ((P+ QK| +1Ks)), fork=1,2,
SUM; > max[/} (P + Q + R), 15} (P + Q + R)(IKy| + |Ka])]
=P+ Q+R)(Ki| +|K;l), fork=3,4,...,N-3,
SUM; > max [ (R + Q), 7 (R + Q)(IKi| + |K3) ]

=1 ((R+ QK| +|Kal)), fork=N-2,N-1.

Let L;; be the (i, k)th element of L™, then by the theory of matrices [30] for i = 1,2, ...

1
SUM;

-1
Lij =

By using (128)-(130), we have

N S -
1 (P+QIKy +1K2 D)’ k=12,
1 1
SUM; =\ BerQeRK K )’ k=345...,N-3,

S N “N-2,N-
R R+ QK1 [+1K2) k=N-2,N-1

Now let us define

N-1 N-1
|3kl = lglf%_l;ILZil and ||| = mNZ |73,

Page 15 of 23

(126)

(127)

(128)

(129)

(132)

(133)

Therefore, as discussed in Section 2 in scheme (53), T(/;) = O(hf) and using (124), (131)-

(133) we get

1 1 1 1 o
V= i 16 [(P+ Q" ®PrQrR T ®e Q)}O(h’) =0

(134)

Hence, the third-order vector convergence of scheme (53) follows. Along similar lines, we

can prove the second-order vector convergence of scheme (52) for a system of second-

order boundary value problems (1).

Theorem 1 The scheme (53) for the numerical solution of system of non-linear singular

boundary value problem (1) with sufficiently small hj and o #1 has third-order convergence

under appropriate conditions.
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6 Numerical illustration

To illustrate the comparative performance of our method with existing methods, we solved
the following eight problems. The root mean square errors (RMSs) in the case of a vari-
able mesh, the maximum absolute error (MA) and the relative error (RE) for a uniform
mesh are tabulated in Tables 1-8. Let /1; = ([(:;\,_li), o #1. Therefore, the rest of the /; can be

obtained: /j,, = ok, j =1,...,N — 1. In the case of the presence of a boundary layer near

the left or right end of the domain, take

o-1

PR e o>1

1 1-o 1
o~ o<l

This ensures the presence of mesh points in the boundary layer region near the left or right
end of the interval. The linear system of difference equations have been solved by the block
Gauss elimination method and the non-linear system of difference equations by the block
Newton’s method in which we have considered y, = 0 as the initial approximation. Also,
without loss of generality, throughout we will use 6., = 6; = 6. This does not affect the

accuracy of the scheme. All calculations have been done in Matlab 07.

Table 1 Example 6.1

N RMS error MA error
O(hl?) method O(hl.3) method 0O(h*) method Ramadan [31]
8 3.6416e-03 2.5016e-05 2.0053e-06 3.010 e-05
16 1.4662e-03 5.5065e-06 1.2888e-07 1.8318 e-06
32 8.1036e-04 2.2304e-06 8.1743e-09 1.1179e-07

Table 2 Example 6.2

N RMS error MA error
O(hl.z) method O(h].3) method 0(h*) method Akram et al. [21] Siddiqi et al. [32]
8 3.6473e-03 2.4393e-05 1.9706e-06 1.5379 e-06 8.1514e-05
16 1.4829e-03 5.3686e-06 1.2665e-07 1.9790 e-07 2.1052 e-05
32 8.2427e-04 2.1736e-06 8.0345e-09 4.0596 e-08 53084 e-06

Table 3 Example 6.3

N RMS error MA error
O(hjz) method O(hj3) method x 0(h*) method Wazwaz [20]
8 2.3784e-05 1.3919e-07 0.2 5.95e-09 1.3e-08
16 1.0736e-05 3.1300e-08 04 8.06 e-09 2.3e-08
32 6.2320e-06 1.2854e-08 0.6 7.26e-09 24e-08
64 4.2796e-06 8.0985e-09 0.8 4.34e-09 1.7e-08

Table 4 Example 6.4

N RMS error MA error
O(hl?) method O(hl.3) method 0(h®) method Arshad et al. [33]
8 2.6861e-04 2.0392e-06 1.9385e-07 7.02e-06
16 9.2450e-05 4.6577e-07 1.2204e-08 4.35e-06

32 5.2686e-05 2.2137e-07 7.6317e-10 7.87e-07
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Table 5 Example 6.5

N RMS error RE error
O(hl?) method O(hl.3) method x 0(h?*) method Fazhan et al. [34]
40 9.6364e-02 8.3838e-03 0.40 2.9483e-05 7.5000e-04
80 6.8221e-02 5.9544e-03 0.56 2.9671e-05 7.5000e-04
160 4.8385e-02 4.2234e-03 0.72 2.9898e-05 7.2000e-04

Table 6 Example 6.6

N RMS error MA error
O(h]?) method O(hjs) method 0(h?*) method coc*
8 9.9887e-05 1.3841e-05 3.0756e-05 -
16 6.1365e-05 1.7426e-06 1.8795e-06 40324
32 4.3896e-05 5.1946e-07 1.1320e-07 4.0534
64 3.1303e-05 3.1459e-07 6.8994e-09 4.0362

Table 7 Example 6.7

N RMS error MA error
O(hl?) method O(hjs) method O(h*) method coc*
8 3.4729e-04 1.0887e-05 2.4630e-05 -
16 2.3177e-05 2.9061e-06 1.8929e-06 3.7017
32 3.8023e-05 1.4735e-06 1.3820e-07 3.7757
64 4.1196e-05 1.2815e-06 9.9099e-09 3.8018

Table 8 Example 6.8

N RMS error MA error
O(hf) method O(hl.3) method 0O(h*) method coc*
8 2.8679e-03 1.8940e-05 2.5391e-06 -
16 1.1316e-03 3.3587e-06 1.6213e-07 39691
32 7.0535e-04 1.3791e-06 1.0187e-08 3.9923
64 6.4066e-04 1.1509e-06 6.3748e-10 3.9982

Example 6.1 Consider the fourth-order linear boundary value problem of the form [31]

d*y .
—(x) — y(x) = —8xcos(x) —12sin(x), 0<x <1,
dx*

d? d?
¥(0) = (1) =0, d—xzy(o) =0, d—xzy(l) =2sin(1) + 4 cos(l).

The exact solution is given by y(x) = (x* — 1) sin(x). The RMS errors for a fixed value
o =0.9 and MA error for o =1 are tabulated in Table 1. The graph of the exact solution
versus the approximate solution using the fourth-order method for N = 32 is given by

Figure 1.

Example 6.2 We consider the sixth-order linear boundary value problem [21, 32]

6
(;—xﬁ + 1))’(96) =6(2xcos(x) +5sin(x)), 0<x<1,

d? d? .
¥(0) =y(1) =0, ﬁy(O) =0, ﬁy(l) =2sin(1) + 4 cos(1),



Mohanty et al. Advances in Difference Equations (2017) 2017:327 Page 18 of 23

Figure 1 Graph of the exact solution 0.05

y(x) = (x? - 1) sin(x) versus the approximate o '

solution in fourth-order uniform mesh method \
for N=32 and ¢ = 1 for Example 6.1. 0051 %

-0.15
-0.2
-0.25
-0.3
-0.35
04 ‘ ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 12 14
Figure 2 Graph of the exact solution o ‘ ‘
y(x) = (x2 - 1) sin(x) versus the approximate
solution in fourth-order uniform mesh method 008
for N=32 and ¢ = 1 for Example 6.2. o1l
-0.15
-0.2
-0.251
-0.3F
-0.35} —aee
-04 . . . .
0 0.2 0.4 0.6 0.8 1
d* d* )
(0) =0, (1) = —12sin(1) — 8 cos(1).

ax*” "’

The exact solution is given by y(x) = (x> —1) sin(x). The RMS errors for a fixed value o = 0.9
and MA error for o =1 are tabulated in Table 2. The graph of the exact solution versus the

approximate solution using the fourth-order method for N = 32 is given by Figure 2.

Example 6.3 Consider the fourth-order non-linear boundary value problem [20]:

dty
ﬁ(x) =-6 exp(—4y(x)), 0<x<4d-—e
X
d? 1 d?
0)=1, 4-e)=In(4), ——y0)=-—, T yd-e)=——.
»0) Wa-o=In),  Toy0)=-5,  Toyd-g -

The exact solution is given by y(x) = In(e + x). The RMS errors for a fixed value ¢ = 0.9
and MA error for o =1 are tabulated in Table 3. The graph of the exact solution versus the

approximate solution using the fourth-order method for N = 64 is given by Figure 3.

Example 6.4 Consider the sixth-order non-linear boundary value problem [33]:

Oy
Ix6 exp(-x)y’, 0<x<1,
4 2 4

d? d d d
¥(0) = d_ny(O) = @y(o) =1, y() = Ey(l) = @y(l) =e.
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Figure 3 Graph of the exact solution

y(x) = In(e + x) versus the approximate solution
L EXACT SOLN

in fourth-order uniform mesh method for N =64 135
and ¢ = 1 for Example 6.3.

Figure 4 Graph of the exact solution 08 ‘ ‘
y(x) = exp(x) versus the approximate solution in
fourth-order uniform mesh method for N = 32 28y
and o = 1 for Example 6.4. 241
221
Al
181
16 5,;/"‘
141 5,455"‘
120 e -
10“ 0‘.2 0.‘4 0.‘6 018 1

The exact solution is given by y(x) = exp(x). The RMS errors for a fixed value o = 0.9
and MA error for o =1 are tabulated in Table 4. The graph of the exact solution versus
the approximate solution using the fourth-order method for N = 32 is given by Figure 4.

Example 6.5 Consider a sixth-order singular boundary value problem of the form [34]:

d® d° d* d?
15x(1 _x)d_x); + xd_x?; + (25 + exp(Zx))d—xZ + (5 + exp(x))d—x)z/ +xy=f(x), O<x<l,
2 2 4 4

d
0)=y(1)=0, —9(0) = —y(1) =0, —9(0) = —y(1) =0,
¥(0) =y(1) dxzy( ) dxzy( ) g »(0) dx4y( )
where
f(x) =m*xcos(mx) + (—(5 + exp(x)) > + (25 + exp(2x)) 7w * + & + 157 (x — 1)) sin(rx).
The exact solution is given by y(x) = sin(zx). The RMS errors for a fixed value o = 0.9

and RE error for o =1 are tabulated in Table 5. The graph of the exact solution versus the
approximate solution using the fourth-order method for N = 160 is given by Figure 5.

Example 6.6 Consider a fourth-order non-linear singular boundary value problem of the
form

d* 4 48
( )y:yZ L) (xsin(2x) —4), O<x<l.
X

—_— + —_—
dx*  xdx®

Page 19 of 23
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Figure 5 Graph of the exact solution 1

=ei i ion i < APPROXSOIN| "
y(x) = sin(r x) versus the approximate solution in 0_97,,

fourth-order uniform mesh method for N = 160

and o = 1 for Example 6.5. o8y

0.7
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0.4r
0.3r
021 n’/

01r ¢

Figure 6 Graph of the exact solution 09 ‘ ‘
y(x) = sin(x) versus the approximate solution in
fourth-order uniform mesh method for N = 64 o8y
and o = 1 for Example 6.6. 07}
0.6
05
041
0.3
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0.1F
o ‘
0 0.2 0.4 0.6 0.8 1

The exact solution is given by y(x) = sin(x). The boundary conditions are obtained from the
exact solution by a test procedure. The RMS errors for a fixed value o = 0.9 and MA error
for o =1 are tabulated in Table 6. The graph of the exact solution versus the approximate

solution using the fourth-order method for N = 64 is given by Figure 6.

Example 6.7 We consider a sixth-order non-linear singular boundary value problem of
the form

(dG 6 d° ) x(1+x>
——+2)y=¢+6e" — ), O<x<l.

— 4+
dx®  x dx® x

The exact solution is given by y(x) = exp(x). The boundary conditions are obtained from
the exact solution by a test procedure. The RMS errors for a fixed value o = 0.9 and MA
error for o =1 are tabulated in Table 7. The graph of the exact solution versus the approx-
imate solution using the fourth-order method for N = 64 is given by Figure 7.

Example 6.8 We consider a system of second-order boundary value problem of the form:

d? dz d
d_x}; :y% +zd—i: +f(x), 0=<x<],
d*z  dz d

Y +g(x).

a? " “ax " Vdx

The exact solution is given by y(x) = sinh(x), z(x) = cosh(x). The boundary conditions are
obtained from the exact solution by a test procedure. The RMS errors for a fixed value

Page 20 of 23
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Figure 7 Graph of the exact solution 28 i .
y(x) = exp(x) versus the approximate solution in as 7
fourth-order uniform mesh method for N = 64 ’
and ¢ = 1 for Example 6.7. 241
221
A
181
161
1.4
121
1l ‘ ‘ ‘ ‘
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Figure 8 Graph of the exact solution

y(x) = sinh(x) versus the approximate solution in
EXACT SOLN

fourth-order uniform mesh method for N = 64 12f
and o = 1 for Example 6.8.

0.8

06

041

02r

o = 0.9 and MA error for o =1 are tabulated in Table 8. The graph of the exact solution
versus the approximate solution using the fourth-order method for N = 64 is given by

Figure 8.

7 Conclusion

We derived second- as well as third-order variable-mesh schemes for solving linear, non-
linear even-order cases and systems of second-order boundary value problems. Although,
in this paper, only fourth-order and sixth-order non-linear and linear singular boundary
value problems are considered, the method is general enough to implement in the case of
higher even-order linear and non-linear singular boundary value problems.

Tables 1-4 shows the presence of refinement in results when compared with other lin-
ear and non-linear boundary value problems solved by computational methods using the
quintic non-polynomial spline, a septic non-polynomial and a parametric spline, a sex-
tic spline, and a modified Adomian decomposition method. In Table 5 results have been
compared with solutions derived analytically by reproducing kernel method [34]. Com-
putationally our methods seem to be more viable due to the usage of only three grid points
at a time which leads to solving of a tri-diagonal matrix. However, in the case of the quin-
tic, the sextic and septic splines a higher number of grid points are required, which re-
sults in pentadiagonal or septadiagonal matrices. Also, in the end we have solved fourth-
and sixth-order non-linear singular and a system of second-order boundary value prob-
lems. As per the literature available, such a class of boundary value problems has not been
solved so far. Therefore, due to the unavailability of any prior results we were unable to
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present a comparative study. Hence we have compared our own results in Table 6, 7, 8 and
have also provided the computational order of convergence (COC*) for the uniform mesh
method. Our methods are also applicable to problems in cartesian as well as polar coor-
dinates with minor modifications and even higher-order singularly perturbed boundary
value problems can be solved easily due to the use of a variable mesh.
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