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1 Introduction

In recent years, fractional calculus theory has become a popular area of investigation in
view of its widespread applications. Furthermore, fractional differential equation, as a
branch of fractional calculus, has been a hot area of research of differential equation with
not only numerous theoretical developments, but also countless applications to practi-
cal problems. For example, in order to describe certain problems raised in science and
engineering, the fractional differential equation is superior to the classical integer one,
especially in the fields of biology, physics, mechanics, ecological engineering, finance and
other fields which propose the process of memory and genetic properties. For more details
about fractional differential equations, one can see [1-4].

In the past few years, fractional differential equations have attracted a considerable at-
tention because of their extensive applications in realistic modeling. Consequently, a va-
riety of excellent results on fractional boundary value problems (abbreviated BVPs) with
resonant conditions have been achieved. For instance, we recommend [5-13] to the read-
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ers and the references therein. It is worth mentioning that Bai [7] studied a type of frac-

tional differential equations with m-points boundary conditions (abbreviated BCs)

D&, u(t) =f(t,u(t), D2 u(t)) + e(t), te(0,1),

(1.1)

Bru®)lieo =0, u(l) = Y2757 B,
where 1 < @ < 2. The existence of nontrivial solutions was established by using coincidence
degree theory. Applying the same method, Kosmatov [10] investigated the fractional order

three points BVP with resonant case

D, u(t) = f(t,u(t), Di u(t)) + et), ae.te(0,1), (1.2)
DE2u(0) =0, ) = u(l) ’

wherel<a <2,0<&<1.

Although the study of fractional BVPs at resonance has acquired fruitful achievements,
it should be noted that such problems with Riemann-Stieltjes integrals are very scarce,
so it is worthy of further explorations. Riemann-Stieltjes integral has been considered as
both multipoint and integral in a single framework, which is more common, see the rel-
evant works due to Ahmad et al. [14-16]. For more details on Riemann-Stieltjes integral
and its significance, we refer the reader to the papers by Webb and Infante [17-19] and
their other related works. Inspired greatly by the excellent literature mentioned above, in
[20], we investigated a fractional differential equation D§, u(¢) = f(¢, u(¢)) with Riemann-
Stieltjes integral u(0) = u/(0) = 0, D, u(1) = [, Dj, u(t) dA(t). By utilizing the monotone it-
erative method, the sufficient conditions which guarantee the existence of solutions were
established. Promoted by [7] and [10], we would change the problem in [20] to make it
more complicated so that it could describe more general practical engineering problems.

Therefore, we will discuss the following BVP at resonance:

Df, u(t) = f(t, u(t), DG u(t), DG *u(®),  t € (0,1), L3
Brew(0)=uw(0)=0,  Dfu(l) = [} D5 u(t)dA(), '
among them, o, B are real numbers with2 <« <3,0 < 8 <1, D§, and I§, are the Riemann-
Liouville differentiation and integration criteria, respectively. f : [0,1] x R® — R satisfies
the Carathéodory conditions, fol Dg+u(t) dA(t) is a Riemann-Stieltjes integral that satisfies
fol t*P1dA(t) = 1. We wish to pursue some new existence results in this paper by means
of the coincidence degree theory of Mawhin. The consequences are fresh and BVP (1.3) is
too, so far as we are concerned with researching it for the first time.
For the sake of readers, we will concisely list some necessary symbols now.
Have Y, Z to be real Banach spaces and L : dom(L) C Y — Z be a Fredholm mapping

satisfied with index zero. Define P: Y — Y, Q: Z — Z to be continuous projectors with

Im(P) = Ker(L); Ker(Q) = Im(L);

X = Ker(L) @ Ker(P); Z =Im(L) ® Im(Q),
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and the isomorphism
L|dom(L)ﬂKer(P) : dOIl’l(L) N Ker(P) g Im(L)

is reversible. The reversibility of L|qom(z)nker(p) is denoted by Kp : Im(L) — dom(L) NKer(P).
Let ©2 be an open bounded subset of Y so that dom(L) N  # @J. The mapping N: Y — Z
is called L-compact on € if QN(Q) and Kp(I — Q) : © — Y are continuous and compact
on Q.

The proof of our major results will be shown by employing the coincidence degree the-
ory of Mawhin [21], which plays an extremely important role in investigating the existence
of various types of resonant problems. Now, we present it here.

Theorem 1.1 ([21]) Let L be a Fredholm operator of index zero and N be L-compact on
the set Q2. Suppose that the following three conditions are satisfied:
(i) Lx # ANx for each (x,1) € [(dom(L)\ Ker(L)) N 9€2] x (0,1);
(i) Nx ¢ Im(L) for each x € Ker(L) N 9L;
(iif) deg(JQN |ker(z), Ker(L) N 2,0) #0, where Q: Z — Z is a projection as above with
Im(L) = Ker(Q) and J : TIm(Q) — Ker(L) is any isomorphism.
Then the operator equation Lx = Nx has at least one solution in dom(L) N Q.

The remainder of the thesis is organized as follows. Firstly, we list several necessary def-
initions and lemmas. Secondly, we obtain the solvability for BVP (1.3). Finally, an example

is also given to elucidate the major results.

2 Preliminary lemmas

Let C[0,1] and L![0,1] be matched with |||« = maxc[o1] |u(t)| and ||u||; = fol |u(t)| dt as
their own norms, respectively. Then they are both Banach spaces. For any # € N, have
AC"[0,1] to be the space consisting of all functions u(£) with continuous derivatives until
n —1 order on a closed interval [0,1] such that #”~1(¢) is absolutely continuous, which we
denote

AC"[0,1] = {u | [0,1] — R and D" !u(t) is absolutely continuous in [0, 1]}.

Lemma 2.1 ([20]) Assume that the function y € C(0,1) N L'[0,1] and a, B are positive
constants satisfying o — > 0. Then

Db, 18, y() = I ().

Now, we present some conclusions owing to Bai [7], which are basal throughout the

paper.

Definition 2.2 ([7]) Given u >0 and N =[] + 1, define a linear space as
C*0,1] = {u | u(t) = I () + Cot" " + Cot" ™ + -+ Cyat "NV, € (0,11},

where C;eR,i=1,2,...,N - 1.
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Remark 2.3 ([7]) Built upon functional analysis theory, it follows that C#[0,1] is a Banach

space endowed with [|u(2)||cr = |Dy, ulloo + -+ + ||Dg;(N_l)u||Oo + || #t]| oo @s its norm.

Lemma 2.4 ([7]) F € C*[0,1] is sequentially compact when it satisfies the characteristics
of uniform boundedness and equicontinuity. Here, uniformly bounded connotes that there
exists M > 0 such that, for every x € F,

= | D] o+ + DN x|+ oo < M,

J+(0)

cr
and equicontinuous connotes that for any € > 0, there always exists § > 0 so that
|x(t1) - x(t2)| <é& (th, th € [0, 1], |t1 - t2| <§,Vx e F)
and
D x(t) - D§'x(t)| <& (Y, b2 €[0,1), 16 — 2] < 8,Vx € F,i €0,1,...,N - 1).
3 Main results
Suppose that the following assumptions hold throughout this paper:
(a) 2<a <3,0< B <1 are real numbers;
(b) [yt P dA®) =1.
Let Z = L'[0,1] endued with ||z||; = fol |z(¢)| dt as its norm. Y can be expressed as
Y = C*7M0,1] = {u(e) | u(t) = 1§ u(t), u € C[0,1],¢ € [0,1]}
and equipped with the weighted norm |u| = D3 ulloe + D22t + ||tt]l0o, Where
ll24lloo == supgz<y [u(D)].
Define L : dom(L) N Z to be the linear operator by
Lu=Dj,u(t), wuedom(L), (3.1)
and in which
dom(L) = {u e C*1o,1] ‘ Dj,ue C[O,l],]g:"‘u(O) =0,4(0) =0,
1
DE u() = / D&u(t)dA(t)}.
0
Define the operator N : Y — Z by the formula
Nu(t) = f (¢, u(t), D u(t), DE2u(t)), te[0,1].

Thus BVP (1.3) transforms to an equivalent operator equation

Lu = Nu.
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Denote

tl-8)]9 P l-(t-95)*F1, 0<s<t<l,
Gltos) = [t(1-5)] (t-s) <s<t<
[t(1 = s)]* AL, 0<t<s<l.

Lemma 3.1 Let L be delimitated as formula (3.1), then we obtain
Ker(L) = {u lu=ct*ce R} (3.2)

and

1 1
Im(L) = { yez ‘ /0 ( /0 G(t,5)y(s) ds) dA(t) = 0}. (3.3)

Proof Direct calculation shows that DJ, u(£) = 0 has the solution as
M(t) = Clta_l + C2t°‘_2 + Cgta_g.
Due to the BCs Ig:o‘u(O) = u/(0) = 0, we get C; = C3 = 0. Moreover, Dg+u(1) =

fol DE u(s) dA(s) together with fol t*PLdA(t) = 1 yields that (3.2) is satisfied.
Lety € Z and

u(t) = -1y, y(t) + Cyt* .
In line with Lemma 2.1, we receive

o o _ Cl'(e) , 4
Dg+u(t) = —10+'By(t) + Cng+t 1= —Ig+ﬁy(t) + F(T—ﬁ)t p 1.

Substituting the conditions Dg+u(1) = fol Dg+u(t) dA(t) and fol PLdA(r) =1,

1 1/ pt
_ o-p-1 — _ e-p-1
/0 1-59) y(s)ds /(; ( /0 (t—s) y(s)ds) dA(t)

is available, then we have evidently that

1/ pl 1/ pt
/ (/ A1 - S)“_ﬂ_ly(s) ds) dA(t) — / </ (t - S)“_ﬁ‘ly(s) ds) dA(t) = 0.
0o \Jo o \Jo

Consequently, we arrive at (3.3).
Let u(t) = I§, y(t), then u € dom(L) and D, u(t) = y(t). Therefore, y € Im(L). a

Lemma 3.2 The mapping L :dom(L) NY — Z is an index zero Fredholm operator.

Proof Define a subsidiary operator Q : Z — R by

(2 = 1 1 d d
= G S S S A t 5 3.4
g ftl)(f()l G(t7s) dS) dl‘(t) /l) </(; (t )y( ) ) ( ) ( )
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then

Q%y = Q(Qy)

= /01</01 G(t,s) ds) dA(z)

1 2 1
" <fol(fol G(t,5)ds) dA(t)> /0 </0 Gt 5)y(s) dS> dA(t)
=Q

the above formula shows that Q: Z — Z is an idempotent mapping.

Observing that ¥ € Im(L), we can get Qy = 0, and then y € Ker(L). Otherwise, if y €
Ker(Q), we may get that Qy = 0, i.e., y € Im(L). So, Ker(Q) = Im(L).

Denote y € Z in the way of y = (y — Qy) + Qy so that y € Z, Qy € Im(L) = Ker(Q) and
Qy € Im(Q). Thereby, Z = Im(L) + Im(Q). In addition, make yo € Im(L) N Im(Q) and sup-
pose that yo(s) = c is not identically zero on [0,1]. Afterwards, because of y, € Im(L), we
get Q(yo) = Q(c) = ¢Q(1) = 0 by (3.4) and then derive ¢ = 0, which is contradictory. Where-
upon, Im(L) NIm(Q) = 0; thus Z = Im(L) & Im(Q). Note that dim Ker(L) =1 = codim Im(L),
that is, L is a Fredholm operator of index zero. O

Make P:Y — Y be defined by

Pu(t) = ﬁDg:lu(O)t"“l.

Minding that P is a linear continuous mapping and Ker(P) = {# € Y | u = D%;'u(0) = 0}, it
is easy to get the fact Y = Ker(L) & Ker(P).
Delimitating Kp : Im(L) — dom(L) N Ker(P) by

Kpg(t) =17, g(¢).
In fact, for g € Im(L), (LKp)g = g. At the same time, if # € dom(L) N Ker(P), then
(KpLg)(t) = I§, D%, g(t) = g(t) + Crt*™ + Cot* ™% + C3t*73,

and based on the BCs of BVP (1.3), we can get that C; = C5 = 0. On the basis of the fact
that ¢ € dom(L), we derive

Df; [KeLg(0)] = D u(0) + DG e,

which shows that C; = 0. Hence Kp = (L|dom)nKer())

Lemma 3.3 Letn = % + l"(a;-*-l) Then

IKpyll < nllylx

forany y € Im(L).
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Proof For each y € Im(L) and ¢ € [0,1], there is

IKpyll = |15y

| = D515y

oo * P57 5y

|oo + ||Ig+y |oo

= [5e] + Mor ] o+ 126-7]
2 o

¢
t JE—
Q) Iyl + ellylla + Fa+1) 1yl

(21
e .
=2 T+ )M O

Lemma 3.4 Assume that f : [0,1] x R® — R meeting the Carathéodory conditions, then

=

Kp(I - Q)N :Y — Y is a completely continuous operator.

Proof It is manifested that Kp is compact by way of Remark 2.3 and Lemma 2.4. Due to
the continuity of Kp, I — Q and the boundedness of N, the conclusion can be made that
this lemma holds. d

Theorem 3.5 Letf :[0,1] x R® — R meeting the Carathéodory conditions. We impose the
following conditions:

(Hh) There exist four functions a, b, ¢, r which are continuous on [0,1] such that for all
(x,9,2) € R3,

f (&:x,9,2)| < a(®)|x] + b(t)|y| + c(t)lz] + (1), ¢ €[0,1];

(Hy) There exists a constant M > 0 such that for u € dom(L), if |D u(t)| > M for all t €
[0,1], then

1/ pl
/ (/ G(t, s)f(s, u(s),D‘é‘:lu(s),ngzu(s)) ds) dA(t) # 0;
o \Jo

(Hs) There exists M* > 0 such that for any ¢ € R, if |c| > M*, afterwards either

1, p1
c/ (/ G(t,s)f(s, es® 7L el (@), cl"(a)) ds) dA(t) < 0;
o \Jo

orelse

1/ pl
c/ (/ G(t,s)f(s, cs“_l,cF(oe)s,cF(a)) ds) dA(t) > 0;
0o \Jo

(Hy) 0<nm <1, where n; = fol la(t)| ds + fol |b(t)| ds + fol lc(t)| ds.

If hypotheses (H1)-(Ha) are satisfied, then BVP (1.3) has at least one solution in dom(L).

Proof Denote 1 = fol |r(s)| ds.

Now, the proof will be divided into four steps.

The first step: Deploy €2; = {u € dom(L) Ker(L) | Lu = ANu, 1 € [0,1]} and prove £; to be
a bounded set. Taking u € €, then u € dom(L) Ker(L) and Lu = ANu, so > #0 and Nu €
Im(L) = Ker(Q) C Z. Accordingly, Q(Nu) = 6. From (H3), we have that |[DZ;'u(0)| < M.
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Furthermore, for u € Q;, we may arrive at

e
1
- i gy D 0 |t 6 e
1 a—2[ Ho-1 a—1
(P<lt<1 F( )D0+ [D0+ (O)t ]
< (L +2)|D0‘1u(0)| < (L +2)M
*\T@) 5 4O = | 7
and
| (1 = Pyu|| = | KpL(I = Pyus|| < || LU = Pyue]|, = nllLully < 1[N 1. (3.5)

It can be seen based on the above discussion that

lull = [l = Pu + Pull < | Pull + || (I - P)u| < (T +2>M+ nlINu;.

Under conditions (H;) and (Hy), for each u € 4, there is
1 1
[|Nu|1 =/ ‘(Nu)(s)!ds:/f(s,u(s),Dgzlu(s),Dgzzu(s))ds
0 0
1
5/ |¢z(t)|~|u(s)|ds+/ |b(t)} |D u(s)|ds
/|c(t)| Dg+2u(s)|ds+/| s)!ds
o—1
§||u||oo/0 (o) ds + | DS uHDO/(; 1b(0)| ds
1 1
o—2
+ | u||oo/0 |c(t)|ds+/0 Ir(s)| ds

1 1
< ||u||/0 |a<r)|ds+||u||f0 1b(6)| ds

1 1

+ ||u||/ |c(t)‘ds+/ ‘r(s)‘ds. (3.6)

0 0
Then, in view of hypothesis (H;) and the previous formulas (3.5) and (3.6), we may obtain
that
(77 + 2M + 1y
lull < =
—nm

which implies that €; is bounded.
The second step: Let 25 = {u € Ker(L) | Nu € Im(L)}. As for u € Q,, whereat u € Ker(L) =
{uedom(L) | u=ct*',ceR,te[0,1]} and Nu € Im(L), therefore

/1</1H(t,s)f(s, u(s),D%‘;lu(s)) ds,Dgzzu(s)) dA(t)=0
o \Jo

It follows from (H,) that |¢| < < j» SO Q, is bounded in Y.
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The third step: Deploy Qg) ={ueKer(l)| (-1)Au+ (1 -A1)JQNu=0,1€[0,1]},i=1,2,
we figure out J : Im(Q) — Ker(L) is a linear isomorphism operator given by J(c) = c£*~L.
For every u(t) € 9(31)’ then u(t) = ct*,

et t=(1 - )t /1</1 G(t,s)f(s, cs“_l,cF(a)s,cF(a)) ds) dA(t),
0o \Jo

SO

rt=(1- )\)C./l (/1 G(t,s)f(s, es* L, el (a)s, cF(a)) ds) dA(t).
o \Jo

When A =1, ¢ = 0 is available. Elsewise, if |c| > M*, on the basis of the initial part of con-
dition (H3), we obtain

1/ p1
c/ (/ G(t,s)f(s, cs"“l,cl"(oz)s,cr’(ot)) ds) dA(t) <0,
0o \Jo

which contradicts Ac? > 0. Thus this means we have verified that Qg) ce{uecKer(l)|ue
ct*7L, |c| < M*} is a bounded set in Y.

Analogous to the above discussion, we may arrive at Q:(f) is bounded too.

The last step: Set 2 to be an open bounded set in Y so that 2 D €2; U Q, U Q(Si), i=1,2,
and prove that

deg(]QNh(er(L)y KGI‘(L) ne, 9) 7!0.

The operator N is L-compact on  according to the conclusion that QN(2) is bounded
and Kp(I — Q)N : Y — Y is completely continuous. Thus, with the first two steps, we may
obtain
(i) Lx # ANx for every (x,A) € [(dom(L) Ker(L)) N 9L2] x (0,1);
(i) Nx ¢ Im(L) for every x € Ker(L) N 2.
Define H(u,A) = (=1)'AZu + (1 = A)JQNu, i = 1,2, in which [ is the identity mapping in X.
In line with the discussions in the third step, we know that

H(u,A) #0, foranyu e Ker(L)N o<,

and then, for i = 1,2, utilizing the degree property of invariance under a homotopy, we can
arrive at

deg (JQN |ker(z), Ker(L) N 2,6) = deg(H(-,0),Ker(L) N Q,6)
= deg(H(-,l),Ker(L) N Q,G)
= deg((-1)'I, Ker(L) N ©,6)
= (-1)' 40,
which certifies condition (iii) of Theorem 1.1.

In sum, all hypotheses of Theorem 1.1 are met. Thereby, BVP (1.3) has at least one solu-
tion in dom(L) N Q. O
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4 Example
In this section, an example is given to elucidate the accuracy of the main results.
Consider the BVP

D2 u(t) = £ (&, u(®), DL u(®), DL ut)), ¢ e (0,1),

1 1 ! (4.1)
12.u(0) = u'(0) = 0, Dg,u(1) = [y Dg,u(t) dA(2),

5 1
where o = 5 B= E,A(t) =t,and

e Ml

ft,x,9,2) = a(t) _51;1x + b(t) - + g +y(@), (2 €R,
and
1 1 1 )
_ , - - - : 1].
a(t) o b(t) To7 c(t) o y(t) =cos”t, te€]0,1]

3

Condition (H;) holds obviously. We choose M = 2 and assume |D§, u| > M holds for any
3

t € [0,1]. On the one hand, if Dg, u(¢) > M holds for any ¢ € [0,1], then

(6 u(t),Di (@), DEu(e) = Y1 50,

SO
1 1 3 1
/ ( / (1 = s)f (£, u(8), D, u(t), D§, u(t)) ds) dt
0 0
1 t 3 1
- / ( f (t — 8)f (¢, u(t), DG, u(t), D3, u(t)) ds) dt
0 0

1 1 3 1
> / ( / (((1 = 5) = (t = 5))f (¢, u(t), D3, u(t), D, u(t)) ds) dt
0 0

M-1

>
- 24

> 0.

3
On the other hand, if D, u(¢) < —M holds for any ¢ € [0,1], then

F(6yut), Dy, ule), D, u(t)) <1- M <0,

SO
1 1 3 1
/ (/ (1 - s)f (£, u(e), D, u(t), D§, u(t)) ds) dt
0 0
B / 1( / (¢ = 5)f (& (), D3, u(®), D2, u(®) ds) dt
0 0

1 1 3 1
< /0 ( /0 (1 - s)f (t, u(t), Dg, u(t), Dg, u(t)) ds) dt

1, pl
<(1—M)/0 <f0 t(l—s)ds)dt<0.
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Thus, condition (H;) is established. Again, taking M* = 2, for any ¢ € R, if |c| > M*, we

([0 leror (o)) )
(oot Qe )]

So, condition (H3) is established. Consequently, by Theorem 3.5, BVP (4.1) has at least one
positive solution.

have
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