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1 Introduction

The Sturm-Liouville problem (SLP) is a famous boundary value problem which is widely
studied in pure and applied mathematics, physics, and other branches of science and en-
gineering. However, many physical phenomena can be accurately described by differen-
tial equations with non-integer derivatives (for more details, see [1-3]). Consequently,
researchers have become more interested in formulating the notion of a fractional Sturm-
Liouville Problem (FSLP).

In [4-7], the authors defined fractional Sturm-Liouville operators (FSLOs) in different
types of fractional operators. Klimek and Agrawal [4] introduced two types of FSLOs, in-
cluding the composition of right-sided Caputo and left-sided Riemann-Liouville deriva-
tives and the composition of right-sided Caputo and left-sided Riemann-Liouville deriva-
tives. In addition, in the subsequent article [5], they presented not only eigenproperties of
the FSLOs, but they also derived the explicit eigenfunctions and the corresponding eigen-
values. Concurrently, Zayernouri and Karniadakis [6] considered different FSLOs, one
involving the composition of right-sided Riemann-Liouville and left-sided Caputo deriva-
tives and the other one involving the composition of left-sided Riemann-Liouville and
right-sided Caputo derivatives. In particular, they also obtained the analytical eigensolu-
tions to the FSLPs and demonstrated the orthogonal completeness of the corresponding
system of eigenfunctions. From a complementary point of view, it is known that a certain
boundary value problem can be solved using a particular type of integral transform hav-
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ing an appropriate kernel. Recently, Ansari [8] introduced the fractional Sturm-Liouville
transforms in which the kernels are the normalized eigenfunctions of the associated FSLPs
on finite intervals. Bas and Metin [9] introduced the FSLO which has Coulomb potential.
In [10], Bas presented the singular SLP related to the Bessel operator and investigated
the properties of the eigenvalue and eigenfunctions. Also, Bas et al. [11] introduced frac-
tional solutions of the non-homogeneous and homogeneous Bessel equation by using an
N-fractional calculus operator. Zhang and Yi [12] presented eigensolutions to the time-
fractional sub-diffusion equations on fractals.

In most studies, the authors considered FSLPs on a bounded domain and the corre-
sponding FSLOs which do not include the classical Sturm-Liouville Operators (SLOs)
with integer order. Rivero et al. [7] proposed new classes of FSLOs in which the clas-
sical SLOs with integer order are included. Recently, Khosravian-Arab ez al. [13] intro-
duced FSLOs comprising infinite right-sided Riemann-Liouville and left-sided Riemann-
Liouville derivatives and formulated two classes of FSLPs on the half-line. Analogous to
the studies of Klimek and Agrawal [4] and Zayernouri and Karniadakis [6], they derive
an explicit form for the eigenfunctions as the generalized associated Laguerre functions
and analyze some properties of the eigensolutions. In order to develop the spectral the-
ory or the numerical approximation for the FSLP, a self-adjoint operator plays a crucial
role. However, the FSLOs comprising infinite right-sided Riemann-Liouville and left-sided
Riemann-Liouville derivatives in [13] are not self-adjoint.

In this study, we propose four types of FSLOs, which include the composition of Ca-
puto and Riemann-Liouville derivatives and are self-adjoint. In particular, the purpose of
this paper is threefold. The first purpose is to consider FSLPs on the unbounded inter-
val [0, 00). We establish four classes of FSLPs and investigate the eigenfunctions and the
eigenvalues associated to those fractional operators. Also, we show that the correspond-
ing eigenfunctions form an orthogonal basis for the weighted Hilbert space of square-
integrable functions. The second one is to analyze the approximation properties by the
generalized Laguerre function. With the objective of applying the FSLPs to fractional par-
tial differential equations, in the third part, we introduce the generalized Laguerre trans-
form and demonstrate its basic properties. Finally, we show that the generalized Laguerre
transform can be effectively used to solve the semi-infinite space-fractional heat equation.

2 Preliminary
We start with some definitions of fractional integrals and derivatives and present an aux-

iliary lemma.

Definition 2.1 The left-sided Riemann-Liouville fractional integral with order o > 0 of
the function f is given by

alif (%) = ﬁ / x-9)""f@)dy, x>a. a)

The right-sided Riemann-Liouville fractional integral with order & > 0 of the function f is
given by

1

b
oLy f(x) = @) / (y-x)""f()dy, x<b. )
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Definition 2.2 For a given real number « € (1 — 1, n) with n € N, the left- and right-sided
Riemann-Liouville fractional derivatives with order « > 0 of the function f are given by

EDEf(x) = DLl f (), x> a, 3)
EDRF() = (—1)'D"Ipf (5),  x<b, @)

no_ d"
where D =S

Analogously, by commuting the derivative and fractional integral operators in (3) and
(4), we define the left- and right-sided Caputo fractional derivatives in the following.

Definition 2.3 For a given real number o € (1 — 1, n) with n € N, the left- and right-sided
Caputo derivatives with order « > 0 of the function f are given by

Dof(x) = JI°D'f(x), x>a, (5)
DYf(x) = I} “D"f(x), x<b. (6)

Definition 2.4 The infinite right-sided Riemann-Liouville fractional integral of order o >
0 of the function f on the half-line is defined by

I f () = ﬁ / (=2 0) . @)

Definition 2.5 Leta € (n—1,n) with # € N. Then the infinite left-sided Riemann-Liouville
and Caputo fractional derivatives of order « of the function f on the half-line are defined
by
DS () = (~1)" D" L5 (5), 8)
D5f (%) = oI55 D"f (). ©)

We have the following relationship between the Riemann-Liouville fractional derivative
and the Caputo fractional derivative, which will be used later:

o o O ®)
2 J(x)=§DJ(x)+kZZO:FU<_—OH1)f (0), (10)

forx>0and @ € (n-1,n).
The following lemma exhibits the equations which are similar to the equations of inte-
gration by parts.

Lemma 2.6 For a € (0,1), the operators RD% , §D%, D% , and ¥D% satisfy the following

o0’ 0%’ x 00

integration by parts equations:
/ Fx) RD% g(x) e = f ) D2 () e — (), [ (0) [, (1)
0 0

/0 ) D gw)dx = (o @), - /0 ) DEf () di. (12)
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Proof By definition,

o0 o0 d
/(; f(x) 5D g(x) dx = —/0 f(x)% (x];ag(x)) dx

Using the integration by parts equation gives

/ S DA gw) =g+ [ gl d

00 1
AL s [ S0 [ O-0 ey

By reversing the order of integration, we get

[ s g s - ey o [ e0) [ - aray
o0 1 ,
AL g [ SO0V
-, + [ 0D O)

which proves (11).
Equality (12) can be proved similarly. Again, by definition,

o0 X d
| ewiprrmds= [ g0 o) s
0 0 X
Applying the integration by parts equation and reversing the order of integration yields

/o @) EDEf () dx = (ol f @) - /0 ¢ ol f () dx

1 X , X _a
gl “e)s - i [ 0 [ ) sO)dyas

. 1 00 00 , »
~ gl ey - i | S0) [ ¢y dndy

= g@)ol,g)[y - /O F0)sDeg () dy. O

3 Singular fractional Sturm-Liouville problems
In this section, we introduce four types of non-local differential operators comprising the

puth-order Caputo fractional derivative and the uth-order Riemann-Liouville fractional
derivatives for u € (0,1). LY : D; — D; is defined by

Ly = D% [ Rf; )]+ 2P x)f 0 <x<00, (13)
L = §D4 ) S 0] + A0f () (), 0 =< 00, 14)
LY = 5D% [ps(x) § CD“( )]+ 1P @)fx), 0<x<oo, (15)
Ly = 504 [pa) DL ()] + 10 (0)f (%), 0 <x <00, (16)
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where p;, wﬁ"), i=1,...,4 are real valued continuous functions on [0, 00), and

o+pu—1

Di=1u:ulx)=x vix),ve Li(” (0, 00), u satisfies the below condition (18)},
w

>,
S
I
S
N
P
x
<
I
WI
®
<
=
x
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<
m
h
S N
&S
=
e
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wn
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=

In this study, we consider four classes of singular fractional SLPs (SFSLPs):

SFSLPL: DX [p1(x) §DLf ()] + AP (%)f (%) =0, 0 <x <00, 17)
subject to

Pl )|, =0,

(18)
lim pi(x)ol, " f (%) =0,
SFSLP2: gDﬁj [pg (€9) ﬁD’;of(x)] + )\a)l(f)(x)f(x) =0, 0<x<oo, (19)
subject to
P I f ()], =0,
(20)
lim DI f(x) =0,
SFSLP3:  *DI [p3(x) SDLf (x)] + P (0)f (%) =0, 0 <x <00, (21)
subject to
f(o) = 01
(22)
Tim (I3 [pa(@) D% f(@)] = 0,
SFSLP4: (D! [pa(x) DX f ()] + AP (x)f () =0, 0 <x<o0, (23)
subject to
ofy *[pa(x) DL F®)] |,y = 0
(24)

lim f(x) = 0.

In the following theorem, we present the self-adjointness of FSLOs defined in (13), (14),
(15), and (16).

Theorem 3.1 The FSLOs L defined in (13), (14), (15), and (16) are self-adjoint on D;,
i=1,...,4.

Proof First, let f and g be arbitrary real valued functions satisfying boundary conditions
(18). Then we have

(LLf,g) {f, Li'g) = /0 DI [y () RDF (o) g () bt — /0 FD 1) RV g )] di.
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Using the integration by parts (12) and applying the boundary conditions (18), we get
(LL1.)~ [ L) = DAl gy - [ p DL fDlgte)
0
[pl ()DL @)Ly " f ()| — / Pr®)§DY g()§DLS (x) dx}
0
=0.

Second, let f and g be arbitrary real valued functions satisfying boundary conditions (20).
Then we have

(Lyf.g)-(f.Lyg) = _/0 ) oD% [p2(x) DA f ()] (x) dx — _/0 Dof (@)D [p2(%) Dl g(x)] dax
Using the integration by parts (11) and applying the boundary conditions (20), we get
(L47.6] -1/ LAg) = [ oo DA DA g0 i+ paa)DA ). )
- [ /0 N P2(x)SD% g()RDL f (%) dx + s ()DL g (). I3 ()] }
=0.

Third, let f and g be arbitrary real valued functions satisfying boundary conditions (22).
Then we have

(LEf.8) - (f, ng>=/0 DL [p3(x) GDLf ()] g (x) dax — /0 F@)EDIL [ps(x) §D! g (x)] dx

Using the integration by parts (11) and applying the boundary conditions (22), we get
(Lsf.g) - {f Lg) = / p3(®)GDLf (x)GDY g(x) dx — g () I [p3(GDLf ()] |
0

- [ /0 p3(X)§DL g(x)SDf () dox — f (%) 1L "[pg(x)gDi:g(x)]lgo}
= 0.

Finally, let f and g be arbitrary real valued functions satisfying boundary conditions (24).
Then we have

(ir.gl -1 Lig) = [ Dt D s et ds— [ DL s gt s
Using the integration by parts (12) and applying the boundary conditions (24), we get
(Laf.g) - (£, Lhg) = gy " [pa@)SDLf )]0 - /0 Pa()SDIf (x)SDH g (x) dx

- [f(x)oli“[m(x)CD“ gDy /0 Pa) D g(x) DY f (x) d. ]

=0. O
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Theorem 3.2 The eigenvalues of SFSLP1 (17)-(18) are real and the corresponding eigen-
functions of the distinct eigenvalues of SFSLP1 (17)-(18) are orthogonal with respect to the

weight function 1.

Proof In the first part, we prove that the eigenvalues of SFSLP1 (17)-(18) are real-valued.
Assume that an eigenfunction f(x) and its complex conjugate f(x) correspond to eigen-

value X and its complex conjugate eigenvalue A, respectively. Then
Li'f(x) + 1o (®)f (%) = 0, (25)
subject to the boundary conditions

Pl f(®)],_ =0,

(26)
lim py(x)oly "f (x) = 0,
X—> 00
and
Li'f(x) + 2o (%) (%) = 0, (27)
subject to the boundary conditions
ol f )],y =0,
(28)

lim py(x)oL,"f (x) = 0.
By multiplying (25) by f and (27) by f and then subtracting both equations, we obtain
(A = N @) @)f (x) = f@LLF () - f@)LLS ().
Integrating over [0, 00) and using the integration by parts equation (12), we get
(h—7) /0 0P @)|f )| dx
- [ reniwds- [ feeds
0 0
- [ iDL s DLl )

- /0 Pr(®) §DLf (R)SDLS () dx — pr(X)EDLf ()0 Iy F (%) |-

Using the boundary conditions (26) and (28), we have
(h—7) /o 0P @)|f@)|’ dx = 0.

Since a)f}) and the eigenfunction f are non-zero, we conclude that A = A.
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Next, we prove the orthogonality of two eigenfunctions corresponding to distinct eigen-
values. Suppose A; and A, are distinct eigenvalues of SESLP1 (17)-(18) and the correspond-
ing eigenfunctions are f; and f;, respectively. Similar to the first part, we write equation
(17) for functions f; and f;, multiply the equation for f; by f; and vice versa, and subtract
one equation from another to obtain

FOLALE - AELIAR) = (1 = Ao)ol) ®)f (%) ().

Integrating the above equation in [0, 00) and applying the boundary conditions (18) yields

(M- )»2)/ w,(})(x)ﬁ(x)fz(x) dx=0.
0

Since A1 # Ay, the orthogonality is proved. O

We further study the eigenproperties of SESLP2-SFSLP4 in the following theorem. The
proof is straightforward and similar to Theorem 3.2 and thus omitted.

Theorem 3.3 The eigenvalues of SEFSLP2-SFSLP4 are real and the corresponding eigen-
functions of the distinct eigenvalues of SFSLP2-SFSLP4 are orthogonal with respect to the
weight function a)g), i=2,3,4.

4 The fractional Laguerre equation
In this section, we consider the special singular fractional Sturm-Liouville equation, show
the discreteness of the corresponding eigenvalues, and we find the explicit eigenfunctions.
Before that, we recall the Laguerre equation, Laguerre polynomials, and some useful prop-
erties.

For « < 1, the equation

x +(l-a—-x)y +1y=0, 0<x<o0

is known as the Laguerre equation, which can be converted to a singular Sturm-Liouville
form as follows:

D(xl_"‘e_xD(y(x))) +Ax e *y(x) = 0. (29)

In particular, the Laguerre polynomials, L (x), defined by

n k
L0 =Y (-1 (" ' “) L n=0,12,..
P n-kj) k!

are eigenfunctions of the Laguerre equation (29) and the corresponding eigenvalues are
Ay=—-A=-n.

A useful representation of the Laguerre polynomials is the following:

L (x) = <n ; a>1F1(—n,oe + 1), (30)
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k— k. .
where 1Fi(-ma + L;x) = >, (-)F %% is the confluent hypergeometric
function. The Laguerre polynomials LY (x) are orthogonal with respect to the weight

function w, = x*¢™*. We have

Fn+a+1)

> () () Ao~ o =
/0 L)L) (x)xe™ dx NCTS)

S (31)

In addition, the generating function for the Laguerre polynomials is

e 1 i*
o Zt“ﬁ("‘ @), <. (32)

In the following, we prove several equations of fractional integrals and derivatives of the
Laguerre polynomial which will be used later.

Lemma 4.1 Forn—1< u < nand for all x € [0,00), we have

IF'n+a+1)

1 (% @) (1)) = i plocti) _

I (2 L (x))_l"(n+a+u+1)x L% (x),  a>-1, (33)
Fn+a+1

oDz (4 £76) = W’”’“y’”(")' @b oY
IF'n+a+1) B B

Cryit (2 () _ a—p ra—p) _

oDl (x* L (x))_F(n+a—u+1)x LY (x), a>p-1. (35)

Proof We use the identity of the fractional integral of the Laguerre polynomials exhibited
in [14], p.287. For real numbers 4, b, and p with b, u > 0,

IN0Z
*P N Fi(a, b + %) = (b);:,u) f (x =) '¢"" Fila, by t) .

Taking a = —n, b = o + 1, (30) implies that

R+ Tla+1+p) Jfrrat+u £
g ( n )ﬁ "0 +1>r<u>/( = lt( n ) v B

Fn+a+1+p)

-+ (o) _
R T A

(x — )P L9 (w) dit

The following equation holds:

F'n+a+1)

X0 Ll (4
Fm+a+pu+1) n @

oy [x" L ()] =
Since 8D oI f (x) = f (x), we derive (34) by performing 2D} on both sides of the last equa-
tion and taking  + o by . We have, for o > -1,

I'n+a+1)

= x> p—1.
Fm+a—-pu+1) n @) H

D1 (4 ) =

Since 4 £ (%) 40 = 0, by (10) we replace §Dy by 2D} and complete the proof of (35). [
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Lemma 4.2 Forn—-1< < nand forall x € [0,00), we have

S (€LY () = e L (x), o> p-1, (36)
Dl (e LW (x) = (-1)"e* LM (%), > -1, (37)
D (e LY (%)) = (-1)"e "L (x), o> -1 (38)

Proof Once again, we use the equation in [14], p.287:
(@) 1 > fa-1 -t ()
e LY%) = ——— t—x)P et LB (1) dt, >a>-1.
R Tl Dyar, B
Taking B = o + i, we get
e LO(x) = L (e LM (), a+pu>p-L

By choosing o + i by «r, we prove equation (36) when o > o — 1.
Using the fact that D5, I5%f (x) = (-1)"f (x), we derive equation (37).
By definition, using (37) and (36), we have

L (o™ Ll —K d —x r(a
DY (L)) = oI [d_x(" e )(x))]

= (1) I e L) ()]
= (-)"e "L (x),

which proves (38). O

Now, we consider SFSLP1 (17)-(18) with p; (x) = x!~%¢~* and the weight function a)i" )(x) =
x17*~#¢=* For the parameters «, i € (0,1), we obtain

Dl (A e (DL D(x)) + Ax T e D(x) =0, 0 <x <00, (39)
subject to

X e LT P, =0,
(40)
lim ¥ [ ®(x) = 0.
X—> 00
We derive the eigenfunctions of SFSLP1 (39)-(40) and the corresponding eigenvalues,
which agree well with Theorem 3.2.

Theorem 4.3 The eigenvalues of SEFSLP1 (39)-(40) are given by

Fn+oa+pwn)

A —
" I'n+a)

, n=0,1,2,....

The corresponding eigenfunctions to different eigenvalues are orthogonal with respect to the

weighted functions, ™" (x) = x'~*""¢™*, and are given by

DM (x) = L D) = 0,1,2,.... (41)
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Proof First we prove that the generalized Laguerre polynomials (41) obey the boundary
conditions (40). Using (33), we have

xl—a e_xOI;_M [xa+u_—1££qa+u—l)(x)] _ xl—ae—xxa+u—l+(1—u)Efqaﬂl,—l-v-(l—//.)) (x)

Tn+a+p)

_ % L@ (4).
F(n+a+1)xe n @)

Hence,
xl"ae"”oli"“ [xa+u_—1££la+u_—1)(x)] |x:0 -0
and

lim xl_"‘e_xg];_" [x‘“"‘lﬁ(n"”"‘l)(x)] =0.

X—> 00

Next, substituting the function " in (41) in equation (39) yields
DL [xt e Dl (x LD (1)) ] = —re LD (). (42)

Thanks to (34), (37), and (36), we have

DA [ B0 (e e V)] - S LV w) (b 54)
ey EN by 69)

= 2o @@L (x),
where the corresponding eigenvalues are given by

) _ Frn+o+ ,u).
" I'n+ )

Finally, we show that the eigenfunctions (41) are orthogonal with respect to a)yx"‘ (%) =

x1-¢=Ie=* a5 follows:
oo o0
/ d>(°””)(x)Q(“‘“)(x)a)""”(x) dx = / xz(amfl)ﬁ(awfl)(x)ﬁ(aﬂkl) (x)xlfot*uefx dx
m n n m
0 0

)
— / E(a+u—1)(x)£(a+u—l) (x)xot+u—le—x dx
n m
0

~ Fn+a+w)

Symn-
I'n+1) O

We now turn to SESLP2 (19)-(20) with p,(x) = x**#~Le* and the weight function ng) (x) =
x%71¢*, For the parameter a, € (0,1), we obtain

gDﬁj (x‘““_lex ﬁD’o‘o\I/(x)) W () =0, 0<x<oo0, (43)
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subject to

x““_le"xl;“‘ll(x”x:o =0,

lim $DX W (x) = 0.
X—> 00
Theorem 4.4 The eigenvalues of SFSLP2 (43)-(44) are given by

e _ Lo )
n I'(n+a)

The corresponding eigenfunctions to different eigenvalues are orthogonal with respect to the

weighted functions, a)ga)(x) =x%"Le*, and are given by

VO ) =e* L0 VW), 1n=0,1,2,.... (45)

Proof First we prove that the generalized Laguerre functions W.* in (45) obey the bound-
ary conditions (44). Using (36) and (37), we have

xa-v—y.—lexxl}x;p. [e—xﬁila—l)(x)] ix:() _ xa+u—lex[e—x££la+u)(x)] |x:0

- a+u—1££la+u)(x)| 0

x=0 =

and

i € —x p(a-1) — 1 —x pletp=1) () _
Tim DL [ L5V ()] = lim —e* L8 (x) = 0.

Next, substituting the function quf‘) in (45) in equation (43) yields

gD;L [xot+u—lex fDloLo (e—xﬁ(na—l)(x))] — ng [xa+u—lexe—x££’a+u—l)(x)]

- ng [xa+u—1££la+u—1) (x)]

_ F'n+a+mw)

a1 p(a-1)
I'n+oa) FUL )

= 2@ ) () W) (),

where the corresponding eigenvalues are given by

Fn+a+pwp)

k(%#) _
" '(n+a)
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Finally, we show that the eigenfunctions (51) are orthogonal with respect to cog)‘) (x) = x%le*
as follows:

/ W () W) () ol () dx = / e LIV @) LED (w)x e dx
0 0

_ / LD () LD ()27 e dix
0

Tn+a)
T T(n+1)

mn»

which completes the proof. d

Analogously, we derive in the following theorem the eigenvalues and eigenfunctions of
SFSLP3 (21)-(22) with p3(x) = ¢~ and & (x) = x*"1¢*.

DL (6 e SDEF(x)) + Ax*TTe T f(x) =0, 0 <x<o00, (46)
subject to
f@0)=0,
: 1-pu[1-a —xCryn (47)
xlggoxloo [x' e *§DLf (x)] = 0.

For SESLP4 (23)-(24) with p4(x) = x***~1¢* and wff‘)(x) = x17*"1¢*, the proofs are straight-

forward and similar to Theorem 4.3 and Theorem 4.4 and we omit them. Now, we consider
ngf (x"‘“‘_lex SD’;Qf(x)) + A f(x) =0, 0 <x <00, (48)
subject to

OI;—M [xaﬂt—lexSDgof(x)] |x:0 =0,
lim f(x) = 0.
X—> 00
Theorem 4.5 1. The eigenvalues of SFSLP3 (46)-(47) are given by

e _ _Lnvar ) oo
n I'(n+a)

The corresponding eigenfunctions to different eigenvalues are orthogonal with respect to the
weighted functions, a)ga)(x) =x*"Le™, and are given by

fx) = @@ (x) = g1 LO D) 1=0,1,2,.... (50)

The eigenvalues of SFSLP4 (48)-(49) are given by

e L) o0,
" Fn+a)
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The corresponding eigenfunctions to different eigenvalues are orthogonal with respect to the

weighted functions, 0" (x) = x1~*~"'¢*, and are given by

f@)=vD ) =e L), n=0,1,2,.... (51)

Remark 1 We obtain two types of eigenfunctions for four classes of SESLPs. The first
one is given by @ (x) = x2 1LV (), which we call the generalized Laguerre poly-
nomials (GLPs), and the second one is given by \IJ,(,O‘) (x) = e‘xﬁff‘_l)(x), which we call the
generalized Laguerre functions (GLFs). In contrast to the GLPs, the GLFs are well behaved
at infinity, due to the exponential decay term. Moreover, thanks to the self-adjointness of

SESLOs, we have real and discrete eigenvalues.

We turn to the orthogonal basis for the weighted Hilbert space Li( ,(0,00), where

o,

@M = xl=@=1e=* helongs to the most important properties of our eigenfunctions. In or-

der to prove that the obtained eigenfunctions @5,“"‘ )(x) in (41) form an orthogonal basis

for L? , , (0,00), the orthogonality of eigenfunctions is proved in Theorem 4.3. Hence, we
@

(873

only need to prove the completeness of the eigenfunctions M (x).

The completeness of a system of functions on a compact interval can be straightfor-
wardly proved, while the difficult cases are dealing with the system of functions on un-
bounded intervals. However, there is a nice trick by von Neumann that uses the generating
function (32) of the Laguerre polynomial to permit the reduction to a bounded interval
(for relevant results, see [15], p.108).

We present below the completeness of the GLFs @™ (x) in (41) and also the complete-
ness of the GLF \Ifi,a)(x) in (45) on the half-line.

Theorem 4.6 For o, € (0,1), we have the following:
1. The GLPs

D) () = xtrl Ll Dy =0,1,2,... (52)

form a complete subspace of Lz)( 1(0,00), 0@ (x) = xl-a e,

2. The GLFs

a,

VO x)=e*LOV(x), n=0,1,2,... (53)
form a complete subspace of Li(a) (0,00), @@ (x) = x* 1e*.

Proof Proving that <I>£,“'“ )(x) is complete in Lz)a,,L(O, 00) is equivalent to proving that
O (x) 1= X e 30" (x) is complete in L%(0,00). Now, by setting y = e™*, we will

prove instead that

a+pn-1

~ 1 1 ~
Bl (x) = (1“ _) N <ln _> =)
y Yy

are complete in L2(0,1).
a+p-1

Since the polynomials are dense in L%(0,1) and (lni) LARWVTRS L%(0,1) for  + . > 0,

a+p—1

we deduce that the functions Qiﬁ'“ )(y) =(In %) 2~ /¥y span a dense subspace of L%(0,1).
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Hence, it is sufficient to prove that the closed linear space, determined by Pln '), in-
cludes the functions Q%" (). If ¢, is the nth generalized Laguerre coefficient of Qun )(y),

we have to prove that

N

) 2
fo [Qiﬁ’”)(y) - @2“'“’@] dy
n=0
N 1 2
ﬂ(ym - Z ¢, Lt <1n ;))] dy — 0,
n=0

[13)

as N — oo. By transforming back to (0, 00), this reduces the task to showing that

a+pu—1
2

/ ol [ Zc Ll xj| dx —> 0, (54)
0

as N — oo. Thanks to the generating function in (32),
Z L D), |t <1

By taking = ;"= we obtain e T = ¢ Now choosing ¢, = (1 - t)***¢" and substituting
it into (54) yields

oo
/ xo{+/.l. 1 —x § Cn (x+p. 1) (x
0

o0

2
_ / xaﬂ/,—le—x |:(1 _ t)a+u. Z tn[’;a+u—1)(x):| dx.
0

n=N+1

Since the summation is convergent, the last expression becomes arbitrarily small when N
is sufficiently large. Therefore, the system dJ (x) is complete in L2(0, c0), and we com-
plete the proof of (52).

The second part (53) can be obtained in a similar manner. O

5 Approximation results by the generalized Laguerre functions
In this section, we present some approximation properties of the GLFs. Let us first define

the finite dimensional approximation space

EFG(RY) = {x"y, ¥ € Py, €(0,1)},

where Py is the set of all polynomials of degree at most N.
(R*) — Fjy(R*) defined by

(o)

Consider the orthogonal projection mry : L?
(mhu—u,v) (o =0, VveFy(RY),

where (f,8) en = [ f®)gx)w @ dx
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Thanks to the orthogonality, we can write

N
(mhu) (@) = &P Dl (), (55)
n=0
here f@M _ @) ) (@m) _ Tlrrae)
where 7,;"" = Mo G VT

In order to describe the Li(a, . -Projection error, we introduce a weighted Sobolev space

involving fractional derivatives. We have

BZ}i(R*) = {u :SDrRy € Lz(%,k) (R*),O <p+k<m0<p< 1}, m € Ny,

By (RY)

o,

{u:CD”+kueL2(ak)(R+),O§u+k§m,0§,u§1}, m € Ny,

equipped with the norm and semi-norm

1
m 2
”u”BZ“ﬁ = |:ZHOCD§:+]<M||Q)(0¢,—I<):| , |M|B$ﬁ _ ||CD/I.+/<M||
) k=0
and
m 3
||U||BZ“,% = [Z“ng‘gkun(a,k)} , |u|3$ﬁ - ”ngofku”w(a,k)-
k=0

We deduce from (34) and (33) that

SDA @) (x) = SDA A LN (), with K <+ k <k +1

IF(n+a+u) ok kD) ).

- I'n+a-u—-k-1)

By using the above result, D4, " (x) are orthogonal with respect to the weight

(o, =k) _ xl—owke—x, i.e‘,

0]

o0
/ OCD;L+/< q>£:)ll,lt) (x)ngch CI)EI‘“‘)(x)a)(D"_k) dx
0

Smn- (56)

_ I'n+o+w) Tn+a-k)
- [r(ma—u_k—n] C(n+1)

By summing (56) over 0 < k < m, we obtain
m
Z CDM+ch (a,t) CD/“fkq) o) > et =0, Ym#n, (57)
k=0

/L)

which implies that <I> are also orthogonal in Bgfﬁ(R*).
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Theorem 5.1 Let u € Bg,’fﬁ (R*) and m € Ny. Then we have
1. for0<k<m<N,

6D (ekn =) | < N2 [ G2

wlemm)

2. for0<m<N,

m+p+2

|fou = ua]| oy <N 16D ]| oy

Proof By (55), we have
oo
SDE* (hu —u) =~ Z 2o SpIk e (i)

n=N+1

Hence, by the orthogonality (56), we get

(
n

> Tn+a+p) 1°TH+a—-k),,
”gDﬁctJrk(”J/\;”_u)“Z(“"k): Z |:1"(n+oc—/<—1)i| £
n=N+1
In particular, we have
[ Fn+a+p) 1PTn+a-k)
t+k — 9
D] ;[F(n+a—k—1):| roeD 2

Now, we obtain

“oD’Hk(”N” ”) Ha)(a k)

I'(n+1)

o) |2

o) |2

Sri%( n+a-k-1) Fn+1) Fn+a+mwp) n+a—m)
it F'n+a+mwp) I'(n+a—-m) )
.n;\m[f’(n+a—m—l)i| I'(n+1) ‘ ”
Fn+a-m-1)Tn+a-k) o
Er;ia}\)z({[r‘(n+a—k—l)] F(n+oz—m)}”0DM “‘”(“ -

By the Stirling equation,

Clx+1)~+/2 x"+2e x> 1,

we have
Fn+o-m-1) ., Fn+a-k) ik
— "~ and ———~
Fn+a-k-1) I'n+o—m)

Hence,
5D (e - M)Hw(a o SN G0 “ (o)

which proves (58).

F'n+a+pw) Frn+a-K[Tn+a-m-17* Tm+1)
{l: | [ I

forn>1.

Page 17 of 22

(58)

(59)

|
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The Li(m ,»-Projection error (59) can be obtained by using the same argument. We have

o]

w2 gan 2L+ 1)
|7 ”mem n§+l|u" | (n+1)

im(a,m‘z[ Fn+oa+p) ]ZF(nﬂx—u)
n

ot Frn+a-—m-1) I'(n+1)

Tn+a-m-D)PTn+a+wp
il

I'n+a-m)

< N—(m+lL+2) ” (():Diﬁmu H i(aﬁm)’
which implies (59). O

Theorem 5.2 Letu € Bg’fﬁ(R*) and m € Ny. Then we have
1. for0O<k<m<N,

| eDA* (s — 1) | e < N D55 1] e (60)

2. for0<m<N,

m+pu+2
T2

e = u] oo <N

D1 o (61)
Proof The proof is similar to that of Theorem 5.1 and thus omitted. O

6 The generalized Laguerre transform

This section is based on the classical Laguerre transform by McCully [16]. We introduce
the generalized Laguerre transform and use this transform to solve the fractional heat
(diffusion) equation.

Definition 6.1 The generalized Laguerre transform of a function F is defined by
T{F()) = (n) = / e LD () F(x) dx.
0

The inverse transform T~ {f“") (n)} of T{F(x)} is given by

n!

_ =1 plop) _atp-l = . (or, 1) (a+p-1)
F(x) = T {9 ()} = x40 Z(}—umw)f () LD (),

Example 1 For O <« + i < 2, we have the following:

Fn+oa+upu-1) . .
1. T{l} = m (Equatlon (1629) n [17]),

2. T{s**"'}=0 (Equation (124)in [13]),

" Y
3 (n o+ M) (-1) s>1 (Equation (125) in [13]),

3. Tles)=— R
— n-k J(s+1)*

s+l
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F(n+a+wp)s"

oa+pu—-1_—sx\| _
4., T{x e } = 7}1!(“_ Ty

, s>-1 (Equation (16.2.10) in [17]),

— (- l)kF(k+/3)

5. T{xa+u+ﬂ—1}

, p>0

k=0

(Equation (16.2.15) in [17]).

Theorem 6.2 If T{F(x)} = f*" (n) exists and
1. F satisfies the boundary conditions (40), then

T{xa+/4—lex fDloLo [xl—ae—x gD
2. F satisfies the boundary conditions (44), then
{ o+pu—1 xxDu, [ l1-o e CDMF(QC)]} (0{ /J,)fau)(n) (63)

where ). = Fl(f;;i;‘)‘ ),

Proof First, by using the integration by parts equation (12), we obtain

T (1" D [~ Bl ()}

[o¢]
- /0 x Ll () Cp (x1 e~ EDIF(x)) dc

= f & D F () D (x# 1 LEH D ()) dx
0

+ &l e DI F (%) LI (2T LI D () 7

Fn+a+up) [ " B
=" F(x) L9V (x) dx.
Toira) )y e " oDEF(x) LY (x) dx
Applying the integration by parts equation (12) and using (36) and (37), we get

T{xaﬂL—leng;;o[ l1-o —xODp.F(x)]}

_Tta+w c = pla-1)
" Tosa ), F(x)xD‘;o(e LEV(x)) dx

— e LV ) I F )|,
IFn+a+p) [ . _ _
_ F Tt (e (a—1)
Toira) )y ()2l g ( e L) (x)) dx
Fn+o+pwp)

- _ OOF —x p(a+p—-1)
Torra) ), WL s

—)»La’”)f(a'“) (n).
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The second part can be proved similarly, by using the integration by parts equation (11).
We have

T (a1 RDI [l SDLF(x)])

_ /0 AL LD (1) D [0~ CDI ()| dix

e ¢}
= / '™ GDYF(x) DU [w# 7 LE D (x) | dx
0

_ xaﬂt‘lﬁfflw_l) () xlé;u [xl_a e ocDﬁcLF(x)] |ZO

- Tn+a+p) [

> CpHE @D (x) dx.
Toira) Jy e GDEF(x) L) (x) dx

The last expression is obtained by replacing $DY by DY and using (34). Applying the in-
tegration by parts equation (11) again and using (37), we get

T {8 [al-e EDLE)] )

= -2l [ / " @ s, (e LYV (x)) dx

0

+ F@)uIi* (e LV ()| ]

x=0
= —plem g ), O
Example 2 (The space-fractional heat transfer problem of type 1) We consider the one

dimension heat transfer in a semi-infinite medium, which is described by the following

fractional partial differential equation with order u € (0,1):
coll(x,t) = ngo[K DU )]+ Qlx,t), 0=<x<00,t>0,

where ¢ = x17*7#, p = ¢, and k = "% are the thermal coefficients. The source Q(x, t) =

e *F(t). Therefore, SESLP1 describing this semi-infinite fractional heat transfer is
ut(x’ t) — xaﬂ/,—lex ngo [xl—ae—x ng (u(x’ t))] + xo‘”‘_lF(t). (64)

If the medium is insulated laterally, the corresponding boundary conditions and initial
condition are

xl’“e_xoli_“u(x, t)|x=0 =0, xl_i)noloxl_“e"‘oli_"u(x, t)=0, t>0,

U(x,0)=G(x), 0<x<oo.

Applying the generalized Laguerre transform with respect to x to (64) and using (62), we
obtain

d
Eu(“’“)(n, t) = —Ai“'“)u(“’“)(n, t), n=12,....
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When n =0, we get

d
Euw(o, £) = =280, 1) + T(a + w)E(2),

with the initial condition #'**)(n,0) = T{G(x)} := g“* (n). We have

a,

(@)
W (n,t) = g@W(m)e "t n=1,2,...,

()
w0, £) = g0 e

t
[g(“’“)(O) + o + ,u)/ F(r)e}‘g e dt].
0

The inverse generalized Laguerre transform leads to the solution

xa+u—1

t
U(x,t) = e‘*g 'M)t[g(“'“)(O) + Do + u)/ F(t)e*g e d‘l,':| -
0 INCEYT

00
n! (ept)
+xa+;/,—1 2 (at, ) n e—)\n tﬁaﬂ/.—l x).

nll"(n+oz+u)g ) nw

We note that the solution of the fractional heat transfer problem coincides with the so-
lution obtained from the integer-order heat transfer problem (see [16]) with « = 0 and
n=1

Example 3 (The space fractional heat conduction problem of type 2) Analogous to the
previous example, we consider the one dimension heat transfer in a semi-infinite medium,
which is described by SESLP2. We have

Uy(x, t) = x> 1e* Rpre [x'“e™™ SD (U (x, 1) ] +a* 1 E (), (65)
with the corresponding boundary conditions and initial condition

u,t =0, xlin;oxlé;” [xl_ae_" gDﬁ U(x, t)] =0, t>0,

U(x,0)=G(x), 0<x<oo.

Applying the generalized Laguerre transform with respect to x to (65), we obtain the so-
lution, which coincides with the solution of the space fractional heat conduction problem
of type 1.
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