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1 Introduction

In [1], the periodic solutions of difference equations, the solutions of boundary value prob-
lems and the steady state solutions of the majority of neural networks can be summed up
in the solutions of the nonlinear algebraic system as follows:

Bu =f(u), 1)

where B = (b;j),xx is a real symmetric # by # matrix and f(u) = (f(i11), /o(12), ... ST
for u = (uy, uy,...,u,)T €R”, where fi : R — R for each k.

A column vector u = (i1, Uy, ..., u,)T € R" is said to be a solution corresponding to it if
substitution of u into (1) renders it an identity. A vector u = (u1,uy,...,u,)7 is said to be
positive if u; > 0 for i € {1,2,...,n}, negative if u; < 0 for i € {1,2,...,n}, zero-free if u; #0
forallie(1,2,...,n}, respectively.

It has come to our attention that: if B in (1) is a real positive definite matrix, the exis-
tence of zero-free solutions of (1) is studied in [2—4]; if B in (1) takes the form of a real
symmetric matrix and has a positive eigenvalue, the existence of non-trivial solutions of
(1) is discussed in [1, 5, 6]; if B in (1) represents a symmetric non-negative matrix, the
existence of positive and negative solutions of (1) is explored in [7].

In case B is a real symmetric matrix with some additional conditions attached to its el-
ements, and by using variational approaches (see [8]), this paper presents the existence
criteria for the positive and negative solutions of (1). Our proofs are elementary. Further-
more, we provide some examples to show that our conditions are new and our results are
sharp.
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2 Preliminaries
In this section, we give some notations and definitions.
Let
Q= {u = (uy, Uy Uy) . €ER" tup >0fork e {1,2,..,,71}}
and

Q = {V:(vl,vz,...,v,,)TeR”:kaOforke {1,2,...,n}}.

Consider the function I : 2* — R defined by

1 e
Iu)=-u"Bu-Y_ f fi(s) dis. 2)
2 0
k=1
Since
ol(u)
= (Bu)k _ﬁ<(uk)r ke {1) 2:“«1”}»
Buk
a column vector u = (uy, uy,...,u,)" is a positive solution of (1) if and only if  is a critical

point of function I in the interior of Q7.
Let B = (bjj)uxn be a real symmetric # by # matrix. For convenience, for some {i, iy, ...,
iy} C{1,2,...,n}, let

Blivyizy..oik) = Y by,

i»je{iltizv"viko }

and let Ap,x be the maximum eigenvalue of B and A, the minimum eigenvalue of B.

3 Superlinear case
In this section, we are concerned with f;,...,f, that are ‘superlinear’ near 0.

Theorem 3.1 Let B = (b;),xn be a real symmetric matrix with b; > 0 for i,j € {1,2,...,n},
while i # j, max{by, b12} > 0, max{bj,1,, bir1,41} > 0 for i € {1,2,...,n — 1}, and there exists
some {iy, iz, ..., iy} C{L,2,...,n} such that E(il,iz,...,iko) > 0. Assume furthermore that
fx € C([0, +00), R) for each k and

(G1) There exist constants a; > %Amax, as >0 and M > 0 such that
z
/ Sfi(s)ds > izt —a, forz>Mandk € {1,2,...,n}.
0

(Gy) Foreachke{l,2,...,n},

fim 7f0fk(;)ds -0

z—0* z

Then system (1) has at least one positive real solution.
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Proof First, we prove that I is bounded from above in Q*. According to (Gy), if

a:max{ +42:0§z§M},

1<k<n

/ Sfi(s)ds — az +ay
0

then for anyz>0and k € {1,2,...,n},

/ fis)ds > a2* - a.
0

For any u € Q*,

n

1
xmmnmﬁ—aIE:ui+na=(—xmx—m>nmﬁ+nm (3)
k=1 2

I(M)S%

Since a; > %Amax, for any u € Q*,
(1) < na.
That is, I is bounded from above in Q7.

Claim 1 Let ¢y = sup,.q+ I(1), then ¢y > 0.

By (Gy), there exist constants § > 0 and § € (0, ﬁg(il, ig,...,ik,)) such that for any 0 <
z <,

/Oka(S)dS§ﬁz2, k=12,...,n. (4)

Choosing v = Vi, Ve, ..., ve)T € QF, where v; =8 if i € (i1, 0050 sl b, vi = 0 if i & {iy, do,...,
ik, ). By (2) and (4),

1(v)

1 ,— 2L v
5823(i1,i2,...,ik0) - Z/ ﬂ(S)dS
i=1 ¥0

1 . 8
SO Bl ok = D fils)ds

iein iz iy} 0

\

1o 2
= 55 B(ll;lZ;-n:lko)_ Z ﬂ8

i€{i1,iz,miky }

v

1= . . .
(EB(lh 125000y lko) - k013>82
> 0.
This shows that ¢ = sup,,cq+ I(1#) > 0.

By the definition of cy, there is a sequence {x)} C Q* such that lim;_, o, I(u"?) = ¢. It is
easy to see that there is a positive number p such that for i > 1,

p=1(u). )
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By (3) and (5),

1

»= I(u(i)) < (E)\max - m) ||u(i) H2 + na.

It follows that
, 1 -l
||u(‘) ||2 < (al - Ekmax) (na + p).

Thus {#?} is a bounded sequence in Q*. Consequently, it has a convergent subsequence
{9} Let {9} tend to u© = (u%o), u(zo), o7 asj — 0o. Then u©@ € Q* and I(u®) = .
Note that /(0) = 0 and ¢y > 0. Clearly, there exists iy € {1,2,...,n} such that ug))) > 0.

Claim 2 u% is a positive critical point of function I.

Letio € {3,4,...,n—1}. First, we prove that uf«gll, ”Eglzi couare greater than zero. As-

(0)
sume that #, ,; = 0, then

0
1 %
Co :1(1/[(0)) = E Z b,,ufo)uj(o) - Z / ﬁ(S) ds. (6)
iio+1,j#ig+1 iig+1¥ 0
Forr > 0, let
L(r)= lbi +1i +1'"2 + b4 M(0)7+V Z b; +1ju(»o) _/’ﬁ «(s)ds. (7)
9 Ttotlio o+Lio %iy 0+1/%j 0 0

Jj#i0,j#io+1

We assert that there exists a positive constant r; such that I;(r;) > 0. Since max{b;,1,,,
biy+1,i9+41} > 0, the problem can be discussed on two scenarios: if b;y,1,, > 0, then

1 2 (0)
. N §bi0+1,i0+17‘ + bio+l,io u,r
limr — 0 > = +00. (8)
7

By (7), (8) and (Gy), the assertion holds; if b;;.1,,+1 > 0, note that b; > 0 fori,j € {1,2,...,n}
while i #j, then

1 r
L(r)> 5bi0+1,io+172 —/ Sior1(8) ds. 9)
0

By (9) and (Gy), the assertion holds. In conclusion, there exists a positive constant r; such
that I;(r;) > 0.
Choosing

=0) _ (,,(0) (0) (0) onT
g = (), ) u))

then 7¥ € Q* and

I(ﬁ(o)) = I(M(O)) +L(r) > I(u(o)) = o,
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(0)

which is contrary to the definition of ¢y. Thus u +1 > 0. Slmllarly, ., Uy are greater

l0+2’
than zero.

It can be deduced that ”('2)1 > 0 by changing iy + 1 as ip — 1 in the above mentioned
procedure. Similarly, u(zo), o u(o) !, are greater than zero.

Finally, we prove that u1 > 0. Assume that uﬁo) = 0. Since u(20) > 0, we see that

co= (0) Z bl,u u Z/ f (10)

z;!l J#1

Forr > 0, let

L(r) = —bur +hpuyr+r Y byu / fi(s)ds. (11)
J#Lj72

We assert that there exists a positive constant r, such that I5(r,) > 0. Since max{by, b12} >
0, the problem can be discussed on two scenarios: if b5 > 0, then

1 2 (0)

Sbhir® +bpuy'r
% = +00. (12)

r—>0t r

By (11), (12) and (Gy), the assertion holds; if by; > 0, note that b;; > 0 for i,j € {1,2,...,n}
while i #j, then

L(r) = —bur +b12u2 r+r Z blju /fl

j#Lj#2

v

1 r
—byr? - / fi(s)ds.
2 0

By (G3), the assertion holds. In conclusion, there exists a positive constant r, such that
12(1’2) > 0.
Choosing 79 = (ry, u(zo), ey u;O))T, we have 7¥ € Q* and

I(ﬁ(o)) = I(u(o)) +1I(rp) > I(u(o)) = o,

which is contrary to the definition of ¢y. Thus uﬁo) > 0.

All cases are exhausted, then #® belongs to the interior of Q*and I(u(?)) = sup,co+ I(u).

It follows that #(©) is a positive critical point of I, that is, u® = (u§0),u(20),...,u5,0))T is a
positive solution of (1).
The proof is completed. O

Theorem 3.2 Let B = (bj),xn be a real symmetric matrix which satisfies the conditions in
Theorem 3.1. Assume furthermore that f; € C((—00, 0], R) for each k and

(G}) There exist constants a; > %Amax, ar >0 and M > 0 such that

/ fis)ds > az* —ay forz<-Mandke{1,2,...,n}.
0
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(Gy) Foreachke{1,2,...,n},

lim Lfk(;)ds -0

z—0~ z
Then system (1) has at least one negative real solution.

Consider the function I : @~ — R defined by
- 1 e
I(v) = =vTBv - 2/ fi(s) ds. (13)
2 k=170

Let u = —v, then finding a critical point of / in the interior of Q~ is equivalent to finding a

critical point of function (14) in the interior of Q*,

Ju)= s Bu- Y /0 " futs)ds. (14)
k=1

Similar to the proof of Theorem 3.1, it can be proved that there exists a negative critical
point of J in the interior of Q*, so the conclusion of Theorem 3.2 is true.
According to Theorems 3.1 and 3.2, the following can be directly obtained.

Corollary 3.1 Let B = (bjj)uxn be a real symmetric matrix which satisfies conditions in
Theorem 3.1. Assume furthermore that fi € C(R, R) for each k and

(GY) There exist constants a; > %Amax, as > 0 and M > 0 such that
z
/ fi(s)ds > mz - ay for|z| > M and k € {1,2,...,n}.
0

(GY) Foreachke{l,2,...,n},

lim L0045 _

0.
z—0 Z2

Then system (1) has at least one positive real solution and one negative real solution.

Example 3.1 The system

-1 1 1 X1 X1
101 x|=1x] re@+o0), (15)
1 1 -1) \xs x5
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and fi(s) = 5", k =1,2,3. B is neither a non-negative matrix nor a positive definite matrix
because the main diagonal elements of B are negative, but a real symmetric matrix with
b; > 0 for i,j = 1,2,3 while i #j, max{by, b12} = max{by, bay} = max{bsy, b33} = 1, and the
sum of all its elements is 3. The eigenvalues of B are 1, -2 and 2. Let a; =1, a, =1 and
M=(r+ l)ﬁ, then for any z > M and k € {1,2,3}, we have

z Zr+1
[ sioyds -
0 r+1
Zr—l
= x z°
r+1
> 7
> 61122 —dy.
For each k € {1,2,3},
z r+1
s)ds Z_
Y L
z—0* 22 z—0% Z2

That is, (15) satisfies all the conditions of Theorem 3.1. Thus, (15) has at least one positive
solution.
Indeed, (1,1,1)7 is the unique positive solution to (15). Let (x1,%2,%3)7 be the positive

solution to (15) such that

—X1 + %2 + X3 = X[,
X1 — % + X3 = &, (16)

X1+ Xy — X3 = X5,

we assert that x; = x, = x3. By the first and second equations of (16) and differential mean

value theorem,
201 + 2% = &} — x5 = 10] (%1 — x2), 17)

where 6, is a certain positive number between x; and x,. If x; # x5, by (17), then r6; -1-_2,
which is contrary to the condition that » and 6 are positive. Similarly, by the second and
third equations of (16) and differential mean value theorem, it is easy to find x; = x3. In
conclusion, x; = x, = x3. Let x; = xy = x3 = £. By (15), ¢ = 1. Thus (1,1,1)7 is the unique

positive solution of (15) and Theorem 3.1 is sharp.

Example 3.2 Consider the scenario that 7 = 3 for the nonlinear algebra system (15). It is
easy to verify that (15) satisfies all the conditions of Corollary 3.1. Thus by Corollary 3.1,
the system has one positive solution and one negative solution. From the discussion in
Example 3.1, (1,1,1)7 is the unique positive solution. It is easy to find that (-1,-1,-1)T is

the unique negative solution because r = 3. This example shows that Corollary 3.1 is sharp.
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Example 3.3 The system

-2 % 0 X1 xf
3 13 1.3
s =2 = 0 X X
’ 13 . 3 * - %é (18)
0 i 2 2 X3 §x3
0 0 2 -2/ \xm A
is one of the form (1), where
3
-2 3 0
3 13
e
o 3T -2 3
0 0 3 -2

£i1(s) = fa(s) = %, and fo(s) = f3(s) = %53, B is neither a non-negative matrix nor a pos-
itive definite matrix because the main diagonal elements of B are negative, but a real
symmetric matrix with b; > 0 for i,j = 1,2, 3,4 while i #j, max{by, b2} = max{ba1, b} =
max{by3, bas} = %, max{bszy, b33} = %, and the sum of all its elements is %. The eigenvalues
of Bare -3 + £/313, -2 — £4/313, -2 + 1 /313 and - % + §4/313. Let @; = 1, 4, = 3 and
M = 3, it is easy to verify that (18) satisfies all the conditions of Corollary 3.1. Thus, (18)
has at least one positive solution and one negative solution. Indeed, all the solutions of
(18) can be found and given by (0,0,0,0)7, (1,2,2,1)T and (-1,-2,-2,-1)T. This example
shows that Corollary 3.1 is sharp.

4 Sublinear case

In this section, we are concerned with f;, ..., f, that are ‘sublinear’ near 0.

Theorem 4.1 Let B = (b;)uxn be a real symmetric matrix with by <0 for i,j € {1,2,...,n}
while i # j. Assume furthermore that fi € C([0, +00), R) for each k and

(G3) There exist constants a; < %Amin, as >0 and M > 0 such that
z
/ fis)ds<az* +ay forz>Mandke(1,2,...,n).
0

(G4) Foreach ke€{1,2,...,n},

zZ
d
lim Lfk(s) % too
z—0% Z2

Then system (1) has one positive real solution.

Proof Let I be defined by (2). First, we prove that I is bounded from below in Q*. By (Gs3),
if

/ Sfi(s)ds — sz - ay
0

a = max
1<k<n

+42:0525M},
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then for anyz> 0 and k € {1,2,...,n},

z
/ fils)ds < a2* +a.
0

For any u € Q*,

1 “ 1
1) 2 S hwinll — a1 ) i~ na = (Exmin —al) llul® = na. (19)
k=1

Since a; < %)»mm, for any u € Q*,
I(u) > —na.
That is, I is bounded from below in Q*.

Claim 3 Let ¢y = inf,cq+ (1), then cg < 0.

By (Ga), there exist constants § > 0 and 8 > i ZZFI b such that forany 0 <z <4,

/ka(s)dszﬂzz, k=1,2,...,n. (20)
0

Choosing v = (5, 6,...,8)T € Q*, by (2) and (20),

1 ) n n §
1) = 5 Zbi,—Z/o fils)ds
i=1

ij=1

1 n n
<% Zbly - Zﬁ82
ij=1 i=1
_ (% S by - 25)82
ij=1 i=1

< 0.

This shows that ¢q = inf,,cq+ () < 0.
By the definition of cy, there is a sequence {x)} C Q* such that lim;_, o, I(u"?) = ¢,. It is
easy to see that there is a positive number p such that for any i > 1,

1(u?) < p. (21)

By (19) and (21),

(300 ) " = na < 1) <

It follows that

1

=l
|u® ||2 < (E)\min - ﬂ1> (na +p).
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Thus {#?} is a bounded sequence in Q. Consequently, it has a convergent subsequence

{u%}. Let {u®} tend to u® = (u(o) u(z V)T asj— co. Then u® € Q* and I(u?) = cq.

Note that I(0) = 0 and ¢y < 0, therefore u® 0.
Claim 4 49 is a zero-free critical point of functional I.
Assume that there exists iy € {1,2,...,n} such that uf(())) =0,

co= Z bl,u u Z/ fs)ds (22)

2 orio iio

Forr > 0, let

B(r) = ~bigigr* + 1Y by / fio(5) ds.
Jj#io
Since b;,; <0 forj € {1,2,...,n} while j # iy, by (Ga),

(0) r
I 1 it b; U i d
tim 20 _ i <—bio io + ifo bott” _ JofolS) S) = 00, (23)

r—>0*t 12 r—0%\ 2 ’ r r2

then there exists a positive constant r3 such that I3(r3) < 0.

(0) (0)

Choosing 7 = (uio), L INSTLCYE /XAt ..,ui,o))T, we have 79 € Q*and

1(#7) = 1) + I (r3) < I(u©) = co,

which is contrary to the definition of c¢y. Thus u©® belongs to the interior of Q* and
Iw®) = inf,,em I(u). Tt follows that xis a positive critical point of I, that is, u® =

(uio), u(zo), . u,, )T is a positive solution of (1).
The proof is completed. O

Theorem 4.2 Let B = (byj),xn be a real symmetric matrix with b; <0 for i,j € {1,2,...,n}
while i # j. Assume furthermore that f; € C((—00, 0], R) for each k and

(Gs) There exist constants ay < %Amin, as >0 and M > 0 such that
z
/ fis)ds<amz* +ay forz<-Mandke{1,2,...,n}.
0

(G)) Foreachke({l,2,...,n},

fofk(s) ds

z~>0_

Then system (1) has one negative real solution.

Let J be defined by (14). Similar to the proof of Theorem 4.1, it can be proved that there
exists a critical point of J in the interior of Q*, so the conclusion of Theorem 4.2 is true.
According to Theorems 4.1 and 4.2, the following can be directly obtained.
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Corollary 4.1 Let B = (b;),x, be a real symmetric matrix with b; <0 for i,j € {1,2,...,n}
while i # j. Assume furthermore that fi € C(R,R) for each k and

(G%) There exist constants ay < %)\min, as >0 and M > 0 such that
z
/ fe(s)ds < mz +ay for|zl >Mand k € {1,2,...,n}.
0

(G}) Foreachke({l,2,...,n},

_ [ofi(s)ds

lim =—— = +00

z—0 22

Then system (1) has one positive real solution and one negative real solution.

Example 4.1 The system

2 -1 -1\ (x Si(xr)
-1 2 -1 x|=]|Aw] (24)
-1 -1 2 X3 Sfalx3)

-s-2, s<-1,
fils) = {53, Is|<1, fork=1,2,3.

-s+2, s>1,

(24) is one of the form (1), where

2 -1 -1
B=|-1 2 -1|, n=3.
-1 -1 2

B is not a positive definite matrix but a positive semidefinite matrix. The eigenvalues of
B are 0,3 and 3, therefore Ay, = 0. Let a; = —i, ap =4 and M = 8, it is easy to verify that
(24) satisfies all conditions of Corollary 4.1. Thus, (24) has one positive solution and one
negative solution.

Indeed, let (x1,%,,%3) be a positive solution, we assert min{xy,xy,x3} > 1.

Let minf{x;, x5, 23} = x1. If 0 < min{xy, x5, x3} < 1, by (24),

1
2x) — Xy — X3 = X .
1

It follows that x1 > 2x; — % = % + x3, which is contrary to min{x;, x5, x3} = x;. This shows
min{x;, x5, x3} > 1.

The positive solution of (24) is obtained by

2 -1 -1 X1 —X1 + 2
-1 2 -1 x l=]-x+2]. (25)
-1 -1 2 X3 —X3+2



Zhang and Wang Advances in Difference Equations (2017) 2017:322 Page 12 0f 13

It follows that

3 -1 -1 x1
-1 3 -1 X | =
-1 -1 3 X3

(26)

NN

The solution of (26) can be found and given by (2,2,2). Thus (2,2,2)7 is the unique
positive solution of (24). Similarly, (-2,-2,-2)7 is the unique negative solution of (24).

This example shows that Corollary 4.1 is sharp.

Example 4.2 The system

-2 -1 -1 X1 f1 (xl)
-1 -2 -1 X2 = fz(xz) » (27)
-1 -1 -2 X3 f?,(x?,)

where
fi(s) = s3 —55% fork= 1,2,3.

(27) is one of the form (1), where

-2 -1 -1
B=|-1 -2 -1|, n=3.
-1 -1 -2

B is a negative definite matrix. The eigenvalues of B are —4, -1 and —1. Let a; = —%, a;>0
and M = 2, it is easy to verify that system (27) satisfies all the conditions of Corollary 4.1.
Thus, (27) has one positive solution and one negative solution. Indeed, all the solutions of
(27) can be found and given by (0,0,0)7, (1,1,1)7 and (-1, -1, -1)T. This example shows
that Corollary 4.1 is sharp.
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