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1 Introduction
In this paper, we consider the existence and blowup for the following modified Klein-
Gordon-Zakharov equations for plasmas with a quantum correction:

Uy — Au+u=—-nu—|u*u, x€Qt>0, (1)
m+V-V=0, xeQ,t>0, (2)
Vi+Vn+Vu>~H*VAn=0, xeQ,t>0, 3)

with the periodic initial conditions

ulx + Le;, t) = u(x, t), n(x + Le;, t) = n(x, t), Vix+ Le;, t) = V(x,t), (4)

u(x, 0) = MO(x)! ut(x,O) = ul(x)’ n(x, 0) = I’l()(x), V(.?C, 0) = VO(x)! (5)

where x € Q, ¢ > 0. The spatial domain €2 is a bounded domain in two dimensional real Eu-
clidean space, and the time ¢ > 0. The unknown complex vector-valued function u = u(x, t)
is the electric field, V = V(x, t) is an unknown real vector-valued function and # = n(x, t) is
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an unknown real scalar-valued function, which represents the density fluctuation of ions.
System (1)-(3) describes the interaction between Langmuir waves and ion-acoustic waves
in a plasma considering the quantum effects [1-4]. The quantum parameter H expresses
the ratio between the ion plasmon energy and the electron thermal energy, which appears
in the modified Zakharov equations for plasmas with a quantum correction [4]. L > 0 is
the period and e; (i =1,2) is the standard coordinate vector.

Combining (2) and (3) to eliminate the function V(x,t), we find that system (1)-(3) is
equivalent to

Uy — Au+u+nu+|ulPu=0, ©)
ny — An— A(lul?) + H*A’n =0,

which combines the Klein-Gordon equation and the modified Zakharov equations for
plasmas with a quantum correction. The latter equation describes the interaction between
high frequency Langmuir waves and low frequency ion-acoustic waves considering the
quantum effects [4]. The importance of quantum effects in ultrasmall electronic devices,
in dense astrophysical plasma systems and in laser plasmas has produced an increasing
interest in the investigation of the quantum counterpart of some of the classical plasma
physics phenomena [5]. That is why we call system (1)-(3) the modified Klein-Gordon-
Zakharov equations for plasmas with a quantum correction. Thus it is an interesting topic
to study the coupled system (1)-(3) mathematically. For the modified Zakharov equations
with a quantum correction, a series of works have been devoted to the mathematical analy-
sis. For example, we studied the exact solutions and obtained kinds of exact traveling wave
solutions [6]; and we also investigated the existence of weak solutions for another form of
Zakharov equations under Dirichlet boundary condition [7]. Long time behavior of the
solutions for the dissipative modified Zakharov equations is also studied in our previous

work [8, 9]. For some other classical results, see [4, 10] and the references therein.
System (1)-(3) with the absence of H>V Axn has been studied in recent years. Guo and
Yuan [11] proved the existence and uniqueness of global smooth solutions via the so-called
continuous method and delicate a priori estimates and studied the asymptotic behavior
of the solutions. Gan et al. discussed the instability of standing wave, global existence and
blowup for the Klein-Gordon-Zakharov system [12]. Some exact solutions were also ob-
tained by various methods, see [13, 14] and the references therein. Furthermore, when
system (1)-(3) with the absence of H>V An and —|u|*u, it is more classic and describes the
interaction between Langmuir waves and ion sound waves in a plasma [1, 3]. Some exis-
tence and uniqueness of global solutions under different conditions were investigated by
many researchers [2, 15-17], as well as the exact explicit traveling wave solutions [18, 19].
However, for the modified Klein-Gordon-Zakharov equations (1)-(3) with H>V An and
—|u|*u, which is more suitable to describe the interaction between high frequency Lang-
muir waves and low frequency ion-acoustic waves in a plasma considering the quantum
effects, no more research results in mathematical studies have been obtained as we know,
even the study on the well-posedness for the equations. Thus, in the present paper, we
are going to do the research tentatively and investigate the existence and blowup for the
modified Klein-Gordon-Zakharov equations (1)-(5). More specifically, we adopt a priori
estimates and the Galerkin method to study the existence and uniqueness of local smooth
solutions for the periodic initial value problems (1)-(5) under the condition that the initial
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data are sufficiently regular. What follows and what is more, by introducing two auxiliary
functionals and two invariant manifolds, we study and derive a sharp threshold for the
global existence and blowup of the solutions by applying potential well argument [20] and
the concavity method [21]. Moreover, two more specific conditions of how small the ini-
tial data are for the solutions to exist globally are investigated by some suitable dilation
transformation.

The rest of paper is organized as follows. In Section 2, we briefly give some notations
and preliminaries. In Section 3, we establish a prior estimates for the solutions of the pe-
riodic initial value problem (1)-(5) and obtain the existence and uniqueness for the local
solutions. In Section 4, a sharp threshold for global existence and blowup of the solutions
are derived by utilizing two invariant manifolds, applying potential well argument and the

concavity method. In the last section we make some conclusions.

2 Notations and preliminaries

We shall use the following conventional notations throughout the paper. Let L’;er and H{;er,

k=1,2,..., denote the Hilbert and Sobolev spaces of L-periodic, complex-valued func-

tions endowed with the usual L? inner product (u,v) = fQ u(x)v(x) dx and the norms

lull2 = v/ (u), Nt e = <Z HD“u(x)H) g

|or| <k

Here v denotes the complex conjugate of v. For brevity, we write ||| = ||«||;> and denote
the L”-norm by || u||, = ( fﬂ |ulP dx)VP. Without any ambiguity, we denote a generic positive
constant by C which may vary from line to line.

In the following sections, we frequently use the following inequalities.
Lemma 1 (Gagliardo-Nirenberg inequality [22]) Let Q2 be a bounded domain with 92 in

C™, and let u be any function in W™ (Q)NL1(Q),1 < gq,r < 0o. For any integerj,0 <j < m,

and for any number a in the interval jlm < a <1, set

1 j 1 1

VAP (e e +(1-a)-.

p N r N q
If m—j— N/r is not a nonnegative integer, then

1D, < CliullGymr el 2" (7)
If m — j — N/r is a nonnegative integer, then (7) holds for a = j/m. The constant C depends
onlyonQ,r,q,j,a.

As the specific cases for N = 2, there holds

”D’uHLOC §C||u||i1m||u||l_“, ma=j+1, (8)
|Dul 2 < Cllullfpnllul=*,  ma=j, ©)

|Du|| o < Cllullfomllull™,  ma=j+1/2. (10)
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3 The local existence and uniqueness of solutions
In this section, we will obtain existence and uniqueness of local solutions for problem
(1)-(5). Firstly we derive some a priori estimates for the solutions.

Lemma 2 Assume uy(x) € H-. (Q), u1(x) € L2 (Q), no(x) € H. (Q), and Vo(x) € L2 ().

per per per per

Then, for the solutions of problem (1)-(5), we have
laae > + Null® + I Val)® + el o + Nlnll* + [ Vel + | V]* < C, (11)

where C is a constant depending only on |lug ”Héer(ﬂ ez,

2er(Q) ||”10||Héer(g) and || VO”L%er(Q)

Proof Multiplying (1) by u;, integrating with respect to x over 2 and taking the real part,
we obtain

d
——(||ut||2 + | Vul? + ||u||2) +Ref nuﬁtdx+Re/ |u|*uti, dx = 0. (12)
2dt Q Q

Using equations (2) and (3) repeatedly and noticing the periodicity, we have

Re/ nul; dx
Q
1 _ 1 d
:E/s;n(uut+uut)dx:E/S;na(lulz)dx

1d 1
Zdt/mu' d. —E/Qnt|u|2dx

1d 1
n|u| dx + — fVV|u|2dx
Zdt 2
1d 1
dx—~ | vV(lu*)d
=57 n|u| X 2/9 (1ul®) dx
1d 1 )
n|u| dx — — V(—Vt—Vn+H VAn)dx
T odt 2 Ja
1d 1d 1 H?
=—— nlul dx+ ——||V|? ——/VVndx+—/VVAndx
2dt 4 dt 2 Jo
1d 1d 1 H?
:EE/QMM dx + E%”V” +§/Qntndx—7/9ntAndx
1d ) H2
- dx+——||V|> + 24 Vn|? 13
Zdt/inul x+4dt” ”+ || I°+ || nll (13)
and
Re/ |u|>um; dx = 1/ || (s, + au,) dx = liuun‘* (14)
o tax =3 o ¢ ¢ P TAL

Combining (12),(13) and (14), we have

d 2 2 2 1 4 1 2
E(Ilutll ™+ IVall™+ S llelis + S 7l

H? 1
+—||Vn||2+—||V||2+/n|u|2dx =0, (15)
2 2 o
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which implies

1 1 H? 1
2 2 4 2 2 2 2
Nleaell” + Nluellzp +§|lullL4+§llnll +7||an| +5||V|| +/Qn|u| dx

1 1
= P+ ol + ol + 3 Il
H? 1
+—WVMW+—N%V+/HMMPM
2 2 o
= EO (MO; u, no, VO); (16)

where Ej is a positive constant depending only on ||z ”Héer(ﬂ)’ |21 ”L%er(ﬂ)’ [l ”Héer(ﬂ) and

[ Vo ||le)er(9). Since

1 1 1
/nlulzdx 5/ = (2 + |ul*) dr = < Nlull® + < [lull s 17)
o Q2 2 2
Thus we have
2 1 2 2 1 2 H2 2 1 2
[l |l +§||M|| + [ Vull +5||"|| +THVWH +§||V|| <E,. (18)

By the Gagliardo-Nirenberg inequality (10) and (18), we have
lullfs < Cllullfa lu)* < C. (19)
Thus Lemma 2 is completed from (18) and (19). a

Lemma 3 Assume ug(x) € ngr(Q), u(x) € Héer(Q), no(x) € ngr(Q), and Vy(x) € Hllaer(Q)‘

Then, for the solutions of problem (1)-(5), there holds
IVael” + Vel ® + | Au])* + | Va|® + | An|* + [V V|* < C, (20)

where C is a constant depending only on ||u0||ngr(Q), ””1”H$er(9)’ ||Vlo||H§er(Q), [I V‘)”Héer(ﬂ)
and T.

Proof Taking the inner product of (1) with —A#, in € and using the integration by parts,
we obtain

1d

= —(IVae® + | Aul® + [ V) ?) +Re/ V(nu) Vi, dx

2 dt Q

+Re/ V(|lul*u) Vi, dx = 0. (21)
Q

From Gagliardo-Nirenberg inequality (8) and Lemma 2, we have

Re] V(nu)Vu, dx
Q

=/ |Vn||u||Vut|dx+f |n||Vu||Vu:| dx
Q Q

< llullzoe VAl Vaell + 7]l oo [ Vel [ Vit |
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1 1 1 1
< Cllull g |2 [ Vel + Clinll S 17l 2 | Vg |

< CllAul? + Cl|An|® + C||Vu, |
and

< 3lutl| oo I Vatll | Vi |

Re/ V(|u|2u)Vﬁt dx
Q

< Cllull 2 [l IV ul[ | Vot |

< ClAul® + ClI Ve .

Combining (21),(22) and (23), we get

d
E(IIVWII2 +lAull® + [Vull?) < C(I1Aull? + | Anl® + [ Vuell?),

where C is a positive constant.
On the other hand, equations (2) and (3) are equivalent to

g — An+ H*A%n = A(|u|2).

Page 6 of 23

(22)

(23)

(24)

(25)

Then one multiplies (25) by 7, and integrates with respect to x over €2, and combines the

result with (2) to have

N =

d
E(uvvuz + | Vall* + H*|| An|?) :/ A(|ul*)(-VV)dx.
Q

By the Gagliardo-Nirenberg inequality (8) and Lemma 2, we can obtain

f A(Jul?)(-VV)dx
Q

52/ |Vu|2|VV|dx+2/ |uAu||VV|dx
Q Q
<2|Vul 2 IV VIl + 2]|ull o | Aull [V V|
3 1 3 1
= Cllull 2 lull2 IV VIE+ Cllull o el 2 [ Aul[V V|
<ClAaul®+C|VV|>.

From (24),(26) and (27), it follows

d
E(IIVWII2 + I Vull® + | Aull® + | Va))? + H | An|* + |V V%)
< C(1Aull® + | Anl> + | Vae |* + IVV]?)

< C(IVael® + IVull® + | Autll® + | Va|)* + HA | An|® + [V V).

By Gronwall’s inequality, we can complete the proof of Lemma 3.

(26)

(27)

(28)

d

Lemma4 Assume ug(x) € H2, (), u1(x) € H2 (Q), no(x) € H2, (), and Vy(x) € H2, ().

per per per

Then, for the solutions of problem (1)-(5), there holds

| Auell® + 1| Aull® + [V Aul® + [|An|* + [VAR|* + |AV]* < C,

(29)
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where C is a constant depending only on ||u0||ngr(Q), ””1”H§er(9)’ ”nOHHSH(Q)’ I V°||H§er(9)
and T.

Proof Multiplying (1) by A%%;, integrating with respect to x over Q and taking the real
part, we have

N =

d
%(||Aut||2 + VAU + | Aul?) +Re/ nuA*, dx
Q
+Re/ lu|>un?%, dx = 0. (30)
Q

Meanwhile, one takes the inner product of (25) with —A#; in 2, and combines it with (2)

to obtain

Ld

2dt(||AV||2 + | An|* + H* |V An|?) =f A(lul*)VAV dx. (31)
Q

Adding (30) and (31) together, we obtain

| &

(IAw® + IV AUl® + | Aul® + |AVI? + | Anll* + H ||V An|®)

N =
Qu

t

:—Re/ nquﬁtdx—Re/ |u|2uA2mdx+/ A(|ul*) VAV dx. (32)
Q Q Q

Now we need some estimates for the terms on the right-hand side of (32). First from
Gagliardo-Nirenberg inequality (8), Lemma 2 and Lemma 3, we have

‘— Re/ nuAu, dx
Q

< / (|An||u| +2|Vn||Vu| + |n||Au|)|Au,|dx
Q
< (lullze | An] + 20 Vall oo | Vall + Il | Aull) | Aul

i 1
< CllAn|* + CllAull? + C|Va| 2, I VAl 2 || Awl| + C|| Aue |

< C||Aul* + Cl|An|* + C|VAn|* + C|| Au || (33)
and

‘—Re/ lu|>un?4, dx
Q

< / (61ul|Vul® + 3|ul?| Aul)| Au,| dx
Q

< (61Vall oo llall + Bl Foo Il Auell) | A |
< ClIVul2IVullll Aull + Cll Aul® + C| Auy ||

< CIVAul® + CllAul® + Cll Aug|*. (34)

Similarly, we can compute that

< C|VAu|?+ C|lAul® + C|AV|% (35)

/A(|u|2)VAde
Q
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Combining (32),(33), (34),and (35), we get

d
%(nAutnz + IVAull® + | Aull® + | Anl*> + H* |V An|* + | AV]?)

<C(IlAu® + IVAR|? + | Aul® + [|An|* + [|AV]?)

< C(1Au|® + IVAull® + | Aull® + | An|* + H*|VAn|> + |AV]?), (36)

where C is a positive constant. Applying Gronwall’s inequality, the proof of Lemma 4 is
completed. 0

Generally, based on the results of the previous lemmas and the mathematical deduction,
we have the following lemma for problem (1)-(5).

Lemma5 Assume uy(x) € H*Y(Q), u1(x) € HX (Q), no(x) € H*Y(Q), and Vo(x) € HX (Q)

per per per per

(k > 0). Then, for the solutions of problem (1)-(5), we have the following estimates:
ool ? i+ Natll2 s + 12l s + IV 126 < C, (37)

where C is a positive constant depending only on ||u0||HII§e+r1(Q), ”ulHH{;er(Q)’ ||710||Hlp<e+r1(9),
Vo ”Héer(ﬂ) and T.

Based on the estimates in Lemmas 2-5, we can employ the Galerkin method to obtain
the existence of local smooth solutions for problem (1)-(5). Similarly, the uniqueness of the
smooth solutions can also be obtained by the usual method of energy estimates. We omit
the detailed proof here. Thus we have the following existence and uniqueness theorems
for the local smooth solutions of problem (1)-(5).

Theorem 1 (Existence and uniqueness for local smooth solutions) Suppose that uy(x) €
HMY(Q), w1 (x) € HE_(Q), no(x) € HX*X(Q), and Vo(x) € HX () (k > 2). Then there exists

per per per per
unique local smooth solutions u(x, t), n(x,t) and V(x,t), which satisfy

ulx,t) € L°(0, T HZHQ)),  un(x,t) € L®(0, T; Hygp (),

per per

n(x,t) € L°(0, T; HEN ),  nilw,t) € L0, T; HAH(Q)),

per per

Vix,t) € (0, T; Hr(Q)),  Vilw,t) € L%(0, T; Hr (),

per per
for the periodic initial value problem (1)-(5).

4 Global existence and blowup

In the previous section, when we employ the Gronwall’s inequality to deduce the esti-
mates for higher regularity, it holds only with C = C(T). That is why we just obtain the
local existence for the solutions. However, we found in the proof of Lemma 2 that the
boundedness of the estimates is independent of the time T. Thus we need to ask, if the
initial values (1o, u1, 19, Vo) € Héer(Q) X Lﬁer(Q) X Héer(Q) X L;er(Q), does problem (1)-(5)
admit a global unique solution? If it does, what are the conditions? In this section, we will
answer these questions.
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First, from the results in Lemma 2 and previous section theorem, we know that for any
(o, ur, 1m0, Vo) € Hpo (Q2) X L2, (Q) x Hj, () x L7

per per per per

(2), problem (1)-(5) admits a unique
solution

(Q) x H!

per

(ul ut: n, V) € C([O’ Tmax)§Hl (Q) X L2

per per

(Q) x L2,.(Q)), (38)

per

where t € [0, Thax) (0 < Tiax < 00). And from (16), the following conserved energy holds:
E(u,u;,n, V) = E(uo, u1, 19, Vo), (39)
where E(u, us,n, V) is defined as
Bl V) = il + el + 192+ 2l +

H? 1
+ —|Vu|*+ = V|? +/ nlu|* dx. (40)
2 2 Q

As we have noticed, system (1)-(3) includes derivative nonlinearity and different-degree
nonlinearities, thus we need to imply some proper techniques to handle these terms. To

deal with the derivative nonlinearity, we first introduce a homogeneous Sobolev space
H;1 () defined by

HL(Q)= {n|EIv :Q— Qsuchthatn=-V-v,vel? (Q)

per per

and ||”||1L11;e1r(g) = ”U”Lger(ﬂ)}‘ (41)

Second, we make the assumption that there exists a real vector-valued function g(x,t) €
2
L5, (€2) such that

gi(x,t) = Vi t). (42)

For the different-degree nonlinearities, we introduce some functionals and manifolds to
handle it. That is to say, for any (¢, ) € H:,(Q) x H:_(R2), we define

per per

1 1 H?
F(p, V) := ||¢||2+||V¢||2+5||¢||§4+5||¢f||2+7||vw||2+/91/f|¢|2dx, (43)

G, ) =2(81> +2[Ve|* + 2l plI 74 + 1WII* + H* VY| +3/Qw|¢|2dx, (44)

D6 Y) = Eg ) - = G6.), (a5)
and

®:={(§, V) € H},(Q) x H},.(R)IG(¢, ) = 0,(¢, %) #(0,0)}, (46)

= {(¢, V) € Hpo(R) x Hp (Q)G(¢,9) < 0,(¢, %) #(0,0)}, (47)

where A > 1 is a constant.
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Additionally, we define two constrained variational problems

de = (¢711/[I1)£q>F(¢, W)» de- 1= (¢,1}/I)1£<1>_ P(¢7 W)~ (48)

According to the definitions, it is easy to find that the energy functional E can be rewrit-

ten as
2 1 2
E(u,us,n, V) = |lu|| +§|IV|| + F(u, n), (49)
or
2 1 2 1 4 1 2 1
E(u,up,n, V) = lull” + SIVIE = s llullfa — 5 | nlul”dx + - G(u,n). (50)
2 2 2 Jao 2

For the properties of F(¢, y) and dg, we have the following results.
Proposition 4.1 F(¢, V) is bounded below on ®, F(¢, ) > 0 for all (¢, ) € ® and de > 0.

Proof First, from (43) and (44), we have

1 1 H?
3F(¢p,¥) - G, ) = 911> + | VI* - 5|l¢|l§4 + Elltﬁll2 + TIIVWIIZ- (51)

Thus on ® there holds G(¢, ) = 0 and

1 1 1 H? 1
F(p,¥) = §||<¢>||2 + gIIWSII2 + gllt/fll2 + ?IIWfII2 - gll¢>|l2‘4. (52)

On the other hand, from (44) we have

20811° + 2[IVPI* + 21l 1s + 111> + H* [V |* = —3/9 Vo) dx

3 2 3.
< illlﬁll + §II¢||L4, (53)
which implies
2 2 2 2 _1 2 1 4
0 =2[olI” +2|IVoII* + H*| VY|~ < §||1/f|| - 5|I¢||L4' (54)
That is also to say
I 1* > lIgll;s on . (55)
Combining (52) and (55), we can complete the proof of Proposition 4.1. O

For the functional P(¢, ) and d¢-, we have the following results.

Proposition 4.2 If G(¢, V) <0 and (¢, V) #(0,0), then P(0 5 ¢,0) is an increasing func-
tion of 6 € (0,00). And

do=_ inf F(p,y)=de-= inf P(},¥). (56)
@0)e® (@)ed™
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Furthermore, if G(¢, V) < 0, then

P(p, ) > do. (57)

Proof The first result that P(0 3 ¢,0) is an increasing function of 6 can be proved directly
by computing the derivation with respect to 6. Here we prove (56).

First, from definition (44), we have

1
G(02¢,09) =20(81> + 201V + 26§75 + 0> 1|1

+ H?02|Vyr|® + 392f91p|¢|2dx. (58)

Then, for 6 =1, G(¢,v¥) < 0, and for 6 > 0 close to zero, G(O%qﬁ,el//) > 0. Thus from
1
the continuity there exists 6y € (0,1) such that G(6; ¢,6p%) = 0, which also implies
1
(65 ¢,60) € ®. Noticing ® C @7, and from (48), there holds

do <  inf F(eo%qs,eow)

1
OF ¢Hov)e®

. } 1 1
<  inf (P(QO $,00%) + mG(@0 ¢,901p))

1
O ¢.00v)e®™

1
= inf  P(63¢,00%) < inf P($,%)
(¢ )ed™

1
OF ¢H0v)ed™

= de-. (59)

Meanwhile, we have

. , 1
0= eV = (¢,{£‘)@(P<¢’ )+ 6@, w)
i <¢vi‘/fn>£¢P(¢' V)= <¢,vif>1;fa>— Pl ) = do-. (60)

Thus one combines (59) and (60) to get (56).
Finally, since G(¢, V) < 0, then there also exists 6 € (0,1) such that G(G%qb, 6v) =0 and
(¢, v¥) #(0,0). Thus there holds

1
P(p, ) > P(626,09) =F(629,00) - < G(076,09) =F(676,09) 2 da,  (61)
which leads to (57). The proof of Proposition 4.2 is completed. d
Since dg > 0, then we define a set S as

S = {1 b, Y1, ¥2) € HEp () X L2y () X HLol(Q) X L2,(9)

per per per per

E(¢1, ¢, Y1, ¥2) < do },
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and introduce two invariant sets as

S1 = { (@1, ¢, Y1, ¥2) € S|G(¢1, Y1) > 0} U {(0,2,0,9) € S},
Sy = {(p1, d2, Y1, ¥2) € S|G(h1, Y1) < 0}.

For the sets S; and S,, we have the following proposition.

Proposition 4.3 S; and S, are invariant sets under the solution flow generated by the

periodic initial value problem (1)-(5).

Proof We prove the proposition by contradiction. First we prove that &7 is an in-
variant set. Let (ug,u;, 10, Vo) € S1, and suppose that there exists a time #; such that
(u(tr), us(t1), n(t), V(&) € S1, then G(u(f), n(t1)) < 0 and (u(t1), n(#)) # (0,0), which im-
plies (u(t1), n(t;)) € . Set

s=inf{0 < ¢ < ](u(®), u,(0), n(t), V(1)) & S1}, (62)

then G(u(t),n(t)) > 0 for all 0 < ¢ < s. Let {sx} be the minimizing sequence for problem
(62), then (u(sk), n(sk)) € ®~. By the weak lower semi-continuity of G(u(-), n(-)), we have

G(u(s), n(s)) < klim infG(u(sk),n(sk)) <0, (u(s),n(s)) #(0,0). (63)
On the other hand, from (45), (49) and (56) in Proposition 4.2, we obtain
P(u(s),n(s)) = }B?- ian(u(t),n(t))
< tli)rp inf(P(u(t), n(t)) + ﬁG(w(t),n(t)))
= }Eﬁl inf F(u(t), n(t))
< lim infE(u(t), u,(t), n(t), V(t))

t—s~

<de =do-, (64)

which contradicts definition (48). So S; is invariant.

Now we turn to proving that S, is also invariant. Similarly, let (ug, 1,19, Vo) € S,
and assume that there exists £, such that (u(ty), us(£2), n(ty), V(t2)) ¢ S,, which implies
G(u(ty), n(ty)) > 0. From (45) and (49), we have

P(u(ty), n(t)) = F(u(t), n(t)) - G(u(t2), n(t))

A+l
< F(u(tz),n(t)) < do. (65)

Let

s= inf{O <t< t2|(u(t),ut(t),n(t), V(t)) ¢ 82}, (66)
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then G(u(t), n(t)) > dg for all 0 < ¢ < s. However, from (45), there holds

G(u(s),n(s)) = }EP— inf(A + 1)[F(u(t),n(t)) - P(u(t),n(t))]
< tlir?_ inf(h + 1)[E(u(t), uy(6), n(2), V(1)) - do |

< (. + 1)[E(uo, ur, o, Vo) — do|

<0. (67)

From Proposition 4.2, we know that if G(u(s), n(s)) < 0, then G(u(s), n(s)) > de, which
makes contradiction. Thus S, is also invariant. The proof of Proposition 4.3 is com-
pleted. d

Based on the results from previous propositions, we can derive a sharp threshold
of global existence and blowup for the solution (u(x,t),n(x,t), V(x,¢)) to the periodic
initial value problem (1)-(5) in terms of the relationship between the initial energy
E(ug,u1,n9, Vp) and dg > 0. Here we state the main results as follows.

Theorem 2 (Global existence and blowup) Suppose that (ug,u1,n9, Vo) € Héer(Q) X

L2, (Q) x Hpo (Q) x L3, (Q) and satisfy
E(uo, w1, 19, Vo) < do. (68)
Then
@ If
G(uo,np) <0, (69)

then the solution (u(x,t), n(x,t), V(x,t)) of the periodic initial value problem (1)-(5) blows
up in finite time. That is, there exists T > 0 such that

: 2 2 _
tlgr%(”””Léerm) + ”””Hgém) =00
) If
G(”Or VIO) > 01 (70)

then the solution (u(x,t), n(x,t), V(x,t)) of the periodic initial value problem (1)-(5) exists
globally on t € [0,00) and satisfies

2 2 2 1 4 1 2 H2 2 1 2
o™+ Naell™ + IVall™ + Slullpa + S 1nll” + —1Val™ + SIVI® < do, (71)
2 2 2 2
or

4 4 1 2 1 1,
lloee || + gllull2 + §||VMII2 + gllnll2 + §H2IIVHII2 + EIIVII2 <2dg + EC dy, (72)

where C* is a positive constant which satisfies the Gagliardo-Nirenberg inequality.
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Proof First we prove (1) of Theorem 2. From (39), (49) and condition (68), we have
F(uo, no) < E(uo, u1,no, Vo) < do. (73)

(1) When G(ug,ng) < 0, as the initial values (ug, u1, 19, Vo) € So, and it follows that
(e, £), s (x, t), n(x, £), V(x, £)) € Sy by Proposition 4.3. Thus

G(u(x, t), n(x, t)) <0forte(0,T). (74)
And from (49) and (73), there holds
F(u(x,t),n(x,1)) < do. (75)

On the other hand, since (u(x, t), u:(x, t), n(x, £), V(x, £)) is a solution of periodic initial value
problem (1)-(5), under assumption (42), we set

Y(0) = 2| ux, ) |* + g )| (76)
Thus we get
Y/ = 2 t_ _t d 2 t d ) 77
(1) /Q(uuﬂm) X + /Qgg x (77)

where % is the complex conjugate of u. By computing F”(¢), one can obtain

Y”(t)=2/9(u”ﬁ+ utﬁt+utﬁt+uﬁ”)dx+2/9(gtgt +ggy) dx
:4||ut||2+4fQRe(uttﬁ)dx+2||gt||2+2/S;ggndx
=4||ut||2+4/QRe((Au—u—mt—|u|2u)ﬁ)dx+2||gt||2
+2/Qg(—Vn—V|u|2+H2VAn)dx

= dlug|1* — 4lll)? - 41 Vel > = 4ull s —4/971|M|201x+2||V||2
+2/Q(V~g)(n+|u|2—H2An)dx

= 4l |® + 20 V1P = 4llull® — 4 Vael® = 4|l —4/ nlul* dx

Q

—2||n||2—2/ nlu*dx — 2H?||Vn|?
Q
=220l > + IVIP) = 4llul® = 41 Vil * = 4|l 1 = 217>
—2H2||Vn||2—6/ nlu|? dx
Q

=2(20|uel* + [ V11?) - 2G(u, ). (78)



Guo and Fang Advances in Difference Equations (2017) 2017:293 Page 15 of 23

Combining (74), it yields that
Y'()>0, fortel0,T). (79)

Before continuing to complete the proof, we give some property about the function Y (£)
defined in (76).

Proposition 4.4 The function Y'(t) in (77) is positive for some t. That is, there exists t; > 0
such that Y'(t) > 0 forall t > t,.

Proof We prove it by contradiction. Suppose that, for all ¢ > 0, there holds
Y'(t) <0. (80)

Combining (79), Y(¢£) must tend to a finite and nonnegative limit Y, as ¢t — oo. From
Proposition 4.3, it concludes Y; > 0. And as ¢ — oo, there holds Y () — Yy, Y’(t) — 0 and
Y”(t) — 0. Then, from (78) and G(u, n) < 0, it follows that

lim 2(2lu >+ IVI*) =0 (81)
and
tlim G(u,n) =0. (82)

Now, for any fixed ¢ > 0, and since G(u, ) < 0, there exists 0 < 6§ < 1 such that G(H%u,en) =
0 and (9 > u,0n) #0. Thus from (44) we can get

3 1 1
—Eezf nlul®dx =0 ([ull® + | Vull®) + 6> ul}, + 592||n||2+ EHZGZIIWIV (83)
Q
and
/nlulzdx<0. (84)
Q
Thus by (48) we get
F(Q%u,en) > do. (85)

From (43) and (83) it follows that
1 2 2 L, 4 Lo o
F(02u,0m) =0 (Jlull® + || Vul?) + 59 lullys + 59 7l
HZ
+ —92||Vu||2+92/ n|u|? dx
2 Q
3 2 2 Loy 4 2 2
=—=0 nlul”dx — =0%||ull;4 +6 nlu|” dx
2 Ja 2 Q

1 1
= ——92/ n|ul® dx - ~60*|ul}. (86)
27 Ja 2
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Thus
1 2 2 1 s 1 2 H? 2
F(u,n) — F(02u,0n) = |lul® + || Vull +EIIMIIL4+§|IWII +7||Vn||
2 Lo 2 Loy 14
+ | nlu|”dx+ =6 nlul”dx + =07 ||ull;4
Q 2 Ja 2

1 H?
= Nl + IVl + Nl o + Ellnll2 + 7||V11||2

1 1
+/n|u|2dx+—02/ nlul® dx+ = (0% = 1)||u s
Q 2 Jo 2

On the other hand, from definition (44) and (82), we can obtain as ¢ — oo,
I + 2ty +3 [ nlu?dx <o.
Q
Together with

3 3 3 3
——||n||2——/ |u|4dx53/n|u|2dxs—||n||2+—/ |ul* dx,

there holds

/ jul* dx < Il
Q

and
/|u|4dxs ||n||25—2||u||24—3/ nlul dx,
Q Q

which shows

/|u|4dx§—/n|u|2dx.
Q Q

Since 0 <0 <1, we have as t — 00,
Lo 4 L 2
—(9 —1) |24 dxz—(@ —1) — [ nlu|*dx ).
2 Q 2 Q
Combining (87) and (93), we get
1 2 2 s 1 2
F(u,n) = F(02u,0n) > |ul* + | Vul +||u||L4+§||n||
H? 1
+—||Vn||2+/nlulzdx+—/n|u|2dx
2 Q 2 Ja
2 2 4 1 2
= [lull” + [ Vull” + ||u||L4+§||n||
H? 3
+—||Vn||2+—fn|u|2dx
2 2 Jo

1
= —G(u,n).
5 Glwn)

Page 16 of 23

(87)

(88)

(89)

(91)

(92)

(93)

(94)
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In all, from (82), (85) and (94), we can conclude that as t — oo,
F(u,n) ZF(G%M,GI’I) >do, (95)

which contradicts F(u, n) < dg from (75). So supposition (80) is not true. Thus Y’(¢) > 0
for some ¢. Thus the proof of Proposition 4.4 is completed. O

Corollary 1 Under the conditions of Proposition 4.4, the function Y (t) defined in (76) and
Z(t) = |\ulx, t)||* are both increasing for all t > t,.

Proof We can compute that
Z/(t) = / (0 + uniy) dx
Q
and
Z"(0) = 20wl = 20\l - 20| Vael* = 2] el 74 —2/ nlul? dx
Q
=2lue||* + [|ml|® + H?||V||* - <—/ n|u|2dx) - G(u,n)
Q
2 2 2 2 Lo 1.,
> 2 uell” + llnll* + HIVa|® - EIIHII + §||M||L4 - G(u,n)
2 Lo 2 2 1oy
> 2lu]|” + Ellnll +H?||Vh|” - Ellullex - G(u,n). (96)
Since G(u, n) < 0, we have
3 3
20lull® + 20| Varll* + 20|l s + 1) + H? | Va||* < —3f nlul® dx < llul s+ Slinll,
Q
which implies that
1 1
0 < 2wl + 2(Vaul> + 2lull 4 + H? || Vn|* < 2 lln]|* - 2 lll s (97)
Combining G(&, ) < 0, (96) and (97), we have Z"(¢) > 0. So Z'(t) is strictly increasing for
all £ > 0. Thus if we choose (1o, u;) properly such that Z’(0) = fQ(uou_l +urug) dx > 0, then
forall £ > 0, Z'(t) > 0. Therefore, Z(t) = ||u(x, t)||? is strictly increasing for all £ > 0. Without

loss of generality and for simplicity, we omit the condition in the present paper and assume

that if Y (¢) is increasing for all £ > ¢;, then | u||? is increasing for all £ > ;. O
Now we go back to the proof. First from (39), (40) and (78), one gets

—6/ nlul® dx = —6E(uo, ur, o, Vo) + 6|uc|1* + 6]|ull* + 6]| V| *
Q

+3lull}s + 3lnl* + 3H? || Vn|* + 3| V|
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and

Y'(8) = 520 uc)* + 1 VI?) + 2[lull® + 2] Vue]?

+ H? ||Vl + || ))* = ul s — 6E(uto, w1, 1o, Vo). (98)
Since E(uo, u1, 1o, Vp) is a fixed value, and by Corollary 1, the term 2 || — 6 E (o, uy, 1o, Vo)
will eventually become positive and still remain positive thereafter. Meanwhile, combining
(97), we know that the quantity
20wl + 20Vl + H* | Val|* + |n)* = lullfs — 6E(uo, u1, 10, Vo)
will eventually become positive and will remain positive thereafter. Thus

Y"(£) = 52l well® + 1V]I?). (99)

From (76), (77) and (99), we obtain
Y'(t)=2 / (uett + uty) dx + 2 / ggrdx < 4llulllull + 20V (100)
Q Q

and

RV
(Y'(®)" <160 luel*Mleel)® + 161 e || el NN VI + 4llgl> V1>

= (4wl el + (2l ig) - Nl 1 V) + g I1VI7)
< 4 (el + 200117 + 201 UV I + 111V 1)

4
=z % 5(20ull® + 1g17) llul® + 1V1%)

< SYOY'0), (101)
which implies
Y)Y (t) - Z(Y/(t))Z > 0. (102)

On the other hand, we have

(Y7i(r)" = _i Yy~ (t)(Y(t)Y”(t) - Z(Y/(t))z). (103)
Thus from (102) we have
(Y71(r)" <o. 104)

Therefore F~1 (#) is convex for sufficiently large ¢, and Y () > 0, thus there exists a finite
time 7™ such that

lim Y(£) =0,
t—T*
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which implies

lim Y(£) = lim (2]lull” + lig|*) = oc. (105)

t—>T*

Thus one gets T < oo and
. 9 ) ~
Yim (Il ) + Wl ) = 00 (106)

The proof (1) of Theorem 2 is completed.

(2) Now we turn to proving (2) of Theorem 2. When G(uy, 1) > 0, (73) and Proposi-
tion 4.3 imply that (u(x, £), u,(x, £), n(x, t), V(x,t)) € Sy and E(u, u;, n, V) < dg. There will be
two cases to be discussed: [, n|u|>dx > 0 and [, n|u|* dx < 0, respectively.

For case (i) [, nlu|*dx > 0, from (39), (40) and (73) we have

1 1 H? 1
lletel® + Naall® + 1 Vel + Ellulliaf + 5||”||2 + 7||V?1||2 + §||V||2
S E(M(), ui, no, VO) < d(p. (107)
Thus we established the a priori estimates of u; in L?($2), u in H'(2), n in H(R) and V in
L*(Q) for t € [0, T). Thus it must be T = co. Then the solution (i, #, V) of the periodic ini-
tial value problem (1)-(5) exists globally on ¢ € [0, 00). Furthermore, (107) implies estimate

(71).

For case (ii) fQ n|u|? dx < 0. First, from Holder’s inequality, we have

1 1
—f el de < il + s (108)
Q
Thus we can get

1 1
E(,ue,m, V) = g |® + lul® + [ V] + Ellullﬁzx + EIIWII2

H? 1
+—IVa* + < | V* - —/ nlul* dx
2 2 o

2 2 2 H2 2 1 2
= e lI” + el + WVall™ + —= VAl + ZAVI (109)

which leads to

H? 1
llaae | + Naall® + 1| Vael* + THVWH2 + §||V||2 <E(u,u;,nV)
= E(”Or uy, no, VO) < d(b' (110)

Meanwhile, from G(u, n) > 0 and F(u, n) < deo, we obtain

2 2 2 1 1
/ nlul® dx > == |lull®> = S| Vull® - < lull}s - <lln)* - =H?*||Va|? (111)
Q 3 3 3 3 3
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and
2 2 1oy 1o, H? 2 2
lull® + IVul” + §||M||L4 + EIIHII + TIIVHII + | nlul"dx<do. (112)
Q
Thus from (111) and (112) there holds

1 1 1 1 1
gllull2 + gIIVMII2 + gllnll2 + EHZIIWII2 <do + gllullﬁ4~ (113)

According to inequality (10) in Lemma 1 and (110), we have
lullty < C*(lul® + | Vul?)* < C*d3, (114)

where C* is a positive constant which satisfies the Gagliardo-Nirenberg inequality. Com-
bining (113) and (114) yields

Lo 1 2 Lo 1oy 2 1 2
—|lull” + =||Vull* + =|n||* + =H*||Vu|* <do + =C*d5. 115
3 flull 3 IVull 5 lI7ll 5 Vh|* <de cCdo (115)
Therefore, by (110) and (115), we have

4 4 1 2 1
luell® + < lleell® + IVl + —[ln))* + ZH*|Val* + <[ VI

3 3 6 3 2

1
<2dg + gC*de. (116)

Similarly, we have established the a priori estimates of u; in L*(2), u in H(Q), n in HY(Q)
and V in L2(Q) for t € [0, T). Thus it must be T = co. Then the solution (i, 1, V) of the pe-
riodic initial value problem (1)-(5) exists globally on ¢ € [0, 00). Furthermore, (116) implies
estimate (72).

From the discussions of case (i) and case (ii), we complete the proof of (2) of Theorem 2.
In sum, the proof of Theorem 2 is completed. d

Based on the results in Theorem 2, we give two more specific conditions of how small
the initial data are for the solutions to exist globally.

Theorem 3 (Small initial values criterions) Suppose that (ug,u1,n9, Vo) € H., () x

per
L2 () x HL,(Q) x L2 () and satisfy
Jo noluol® <0,
@) ol + llo I* + | Vo> + %Iluoll}‘}; + 3012 (117)
+ Vo |12 + LIV < do,
or
fQ 1’10|M0|2 >0,
(2) o l1® + llo 1* + | Vo II* + ||M0||§4 + ||mo||? (118)

H? 1
+ L\ Vnol” + 5 Voll* < do.
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Then the solution (u(x,t), n(x,t), V(x,t)) of the periodic initial value problem (1)-(5) exists
globally.

Proof (1) If fQ no|uo|? < 0, and from (117), we have

1 1
E(uo, 1,10, Vo) = [l |I” + luo 1> + [ Vo 1> + Elluollizx + Ellnoll2
H2 2 1 2 2
+ —IVnoll® + = | Voll* + [ noluol|” dx
2 2 o

1 1
<l + ol + 1ol + o + 3 o
B ol + L ival?
+ —|IVnoll* + =
2 off Toltro
<do. (119)

Next we will prove G(ug, ng) > 0. If it is not true, there holds G(ug,np) < 0. Similar to
Proposition 4.2, there exists 0 < & <1 such that G(Q%uo,Qno) =0 and (9%u0,9n0) #0.
Since (ug, n9) # (0,0), so (9%140,91/10) € ® and

Meanwhile, for 0 <9 <1, (Q%MO, uy,0np, Vp) satisfy condition (117), so we arrive at
1 2 2 2 1, 4 1 2
F(02ug,0m0) = 0lur||> + 0lluoll” + 01| Vuso|* + 59 lluollya + 59llnoll
H? 1
+—0(|Vnol* + =0 Voll* +92/ no|uo|* dx
2 2 Q

1 1
< laa P+ o I+ Vg + 2 s + 3
B ol + L 1val?
+ —||Vno|* + =
2 ol T lro

< d<1>, (121)

which is contradictory to (120). So there must be G(u, 1p) > 0. Combining (119) and The-
orem 2, we obtain the first result.

(2) If [, noluo|* > 0, and from (118), we have

1 1
2 2 2 4 2
Euo, u1, 10, Vo) = |l + lluoI” + 1Vuto ™ + S latoll s + S llmoll

H? 1
+—IVnol* + = 1IVoll? +/ noluo|* dx
2 2 o

1 1
2 2 2 4 2
= llall” + o |I” + [ Varo 1™ + S ol 1a + S llmoll

7 IVnoll? IIIV I 1|| I? 1|| Iz
+ —IVnoll“ + = + —llmoll” + < llu
D) 0 Vo 5110 5 I1Holl e

2 2 2 4 2
< llwall” + lluo I* + I Vuo ™ + llutoll 4 + lI70l
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B ol + L 1val?
+—|Vnol* + =
2 ol Ty ltro

<dg. (122)
While from (44), there holds

G(uo, no) = 2l|luo||* + 2/ Vusoll* + 2|10l F4 + 7o 1>
+H2||Vn0||2+3/ o luo)? dx
Q

> 0. (123)

Thus combining (122), (123) and Theorem 2, we obtain the second result. In sum, the
proof of Theorem 3 is completed. O

Remark 1 From Theorem 3, one could see that if (i, 11, 119, V) € Héer(Q) X L%er(Q) X

Hfl,er(Q) X Léer(Q), no matter [, no|uol* < 0 or [, noluol* > 0, the solution (u(x,t), n(x, t),

V(x,t)) of the periodic initial value problem (1)-(5) still exists globally only if

H? 1
ol + o> + Vo 1> + llusollfa + llmo > + - VoI + §||V0||2 <do. (124)

5 Conclusions

The modified Klein-Gordon-Zakharov equations combine the classical Klein-Gordon
equation and the modified Zakharov equations for plasmas with a quantum correction,
which considers the quantum effects. Thus it is better to describe the interaction between
high frequency Langmuir waves and low frequency ion-acoustic waves. In this paper, we
mainly do the mathematical analysis for the modified Klein-Gordon-Zakharov equations
with periodic initial conditions. First we obtained the existence and uniqueness for local
smooth solutions for the periodic initial value problem (1)-(5) via the a priori estimates
and the Galerkin method. Secondly, a sharp threshold for the global existence and blowup
of the solutions was derived by introducing some auxiliary functionals and invariant man-
ifolds and applying potential well argument and the concavity method. Furthermore, two
more specific conditions of how small the initial data are were given out to ensure that the

solutions of the periodic initial value problem (1)-(5) exist globally.
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